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PREFACE TO THE SIXTH EDITION 


The popularity of the fifth edition and reprints of the book A Textbook of Strength 
of Materials amongst the students and the teachers of the various Indian universities, has 
srompted the bringing out of the sixth edition of the book so soon. The sixth edition has been 
shoroughly revised and brought up-to-date. A large number of problems from different B.E. 
legree examinations of Indian universities and other examining bodies, such as Institution 
of Engineers, U.P.S.C. (Engineering Services) and GATE have been selected and have been 
solved at proper places in this edition in S.I. Units. 

Four advanced topics of Strength of Materials such as stresses due to rotation in thin and 
chick cylinders, bending of curved bars, theories of failure of the material and unsymmetrical 
»ending and shear centre have been added. These chapters have been written in such a simple 
and easy-to-follow language that even an average student can understand easily by self-study. 

In the chapter of ‘Columns and Struts’, the advanced articles such as columns with 
sccentric load, with initial curvature and beam columns have been included. Also in the chapter 
of ‘Principal Stresses and Strains’, strain on an oblique plane and Mohr’s strain circle have 
seen added. 

The notations in this edition have been used up-to-date by the use of sigma and tau for 
stresses. 

The objective type multiple-choice questions are often asked in the various competitive 
3xaminations. Hence a large number of objective type questions with answers have been added 
at the end of the book. 

Also a large number of objective type questions which have been asked in most of 
>ompetitive examinations such as Engineering Services Examination and GATE with answers 
ind explanation have been incorporated in this edition. 

With these editions, it is hoped that the book will be quite useful for the students of 
lifferent branches of Engineering at various Engineering Institutions. 

I express my sincere thanks to my colleagues, friends, students and the teachers of 
lifferent Indian universities for their valuable suggestions and recommending the book to 
sheir students. 

Suggestions for the improvement of this book are most welcome and would be incorpo- 
sated in the next edition with a view to make the book more useful. 


—Author 


PREFACE TO THE FIRST EDITION 


I am glad to present the book entitled, A Textbook of Strength of Materials to the 
engineering students of mechanical, civil, electrical, aeronautical and chemical and also to the 
students of A.M.I.E. Examination of Institution of Engineers (India). The course-contents have 
been planned in such a way that the general requirements of all engineering students are 
fulfilled. 

During my long experience of teaching to the engineering students for the past 20 years, 
I have observed that the students face difficulty in understanding clearly the basic principles, 
fundamental concepts and theory without adequate solved problems along with the text. To 
meet this very basic requirement to the students, a large number of the questions taken from 
the examinations of the various universities of India and from other professional and competitive 
examinations (such as Institution of Engineers, and U.P.S.C. Engineering Service Examinations) 
have been solved along with the text, in 8.I. units. 

This book is written in a simple and easy-to-follow language, so that even an average 
students can grasp the subject by self-study. At the end of each chapter, highlights, theoretical 
questions and many unsolved numerical problems with answers are given for the students to 
solve them. 

Iam thankful to my colleagues, friends and students who encouraged me to write this 
book. I am grateful to Institution of Engineers (India), various universities of India and those 
authorities whose work have been consulted and gave me a great help in preparing this book. 

Texpress my appreciation and gratefulness to my publisher, Shri R.K. Gupta (a Mechanical 
Engineer) for his most co-operative, painstaking attitude and untiring efforts for bringing out 
the book in a short period. 

Smt. Nirmal Bansal deserves special credit as she not only provided an ideal atmos- 
phere at home for book writing but also gave inspiration and valuable suggestions. 

Though every care has been taken in checking the manuscripts and proof reading, yet 
claiming perfection is very difficult. I shall be very grateful to the readers and users of this book 
for pointing any mistakes that might have crept in. Suggestions for improvement are most 
welcome and would be incorporated in the next edition with a view to make the book more 
useful. 


—Author 
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STRAINS. | 


1.1. INTRODUCTION 


When an external force acts on a body, the body tends to undergo some deformation. 
Due to cohesion between the molecules, the body resists deformation. This resistance by which 
material of the body opposes the deformation is known as strength of material. Within a 
certain limit (i.e., in the elastic stage) the resistance offered by the material is proportional to 
the deformation brought out on the material by the external force. Also within this limit the 
resistance is equal to the external force (or applied load). But beyond the elastic stage, the 
resistance offered by the material is less than the applied load. In such a case, the deformation 
continues, until failure takes place. 

Within elastic stage, the resisting force equals applied load. This resisting force per 
unit area is called stress or intensity of stress. 


1.2. STRESS 


The force of resistance per unit area, offered by a body against deformation is known as 
stress. The external force acting on the body is called the load or force. The load is applied on 
the body while the stress is induced in the material of the body. A loaded member remains in 
equilibrium when the resistance offered by the member against the deformation and the 
applied load are equal. 

Mathematically stress is written as, o = - 
), 


where o = Stress (also called intensity of stress 

P = External force or load, and 

A = Cross-sectional area. 

1.2.1. Units of Stress. The unit of stress depends upon the unit of load (or force) and 
unit of area. In M.K.S. units, the force is expressed in kgf and area in metre square (i.e., m?). 
Hence unit of stress becomes as kgf/m?. If area is expressed in centimetre square (i.e., cm”), 
the stress is expressed as kgf/cm?. 

In the S.I. units, the force is expressed in newtons (written as N) and area is expressed 
as m?. Hence unit of stress becomes as N/m?. The area is also expressed in millimetre square 
then unit of force becomes as N/mm? 

1 N/m? = 1N/(100 cm)? = 1 N/104 cm? 


= 10-4 N/cm? or 10-° N/mm? é 1 _ 1 | 
c 
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: 1 N/mm? = 10° N/m?. 
Also 1 N/m? = 1 Pascal = 1 Pa. 
The large quantities are represented by kilo, mega, giga and terra. They stand for : 
Kilo = 10? and represented by ...... k 
Mega = 10° and represented by ...... M 
Giga = 10° and represented by ...... G 
Terra = 10” and represented by ...... ue 
Thus mega newton means 10° newtons and is represented by MN. The symbol 1 MPa 
stands for 1 mega pascal which is equal to 10° pascal (or 10° N/m?). 
The small quantities are represented by milli, micro, nano and pico. They are equal to 
Milli = 10° and represented by ...... m 
Micro = 10 and represented by ...... u 
Nano = 10~° and represented by ...... n 
Pico = 10- and represented by ...... p. 
Notes. 1. Newton is a force acting on a mass of one kg and produces an acceleration of 1 m/s? i.e., 
1N =1 (kg) x 1 m/s?. 
2. The stress in S.I. units is expressed in N/m? or N/mm?. 
3. The stress 1 N/mm? = 10° N/m? = MN/m?. Thus one N/mm? is equal to one MN/m?. 
4, One pascal is written as 1 Pa and is equal to 1 N/m?. 


1.3. STRAIN 


When a body is subjected to some external force, there is some change of dimension of 
the body. The ratio of change of dimension of the body to the original dimension is known as 
strain. Strain is dimensionless. 

Strain may be : 

1. Tensile strain, 2. Compressive strain, 

3. Volumetric strain, and 4. Shear strain. 

If there is some increase in length of a body due to external force, then the ratio of 
increase of length to the original length of the body is known as tensile strain. But if there is 
some decrease in length of the body, then the ratio of decrease of the length of the body to the 
original length is known as compressive strain. The ratio of change of volume of the body to 
the original volume is known as volumetric strain. The strain produced by shear stress is 
known as shear strain. 


1.4. TYPES OF STRESSES 


The stress may be normal stress or a shear stress. 

Normal stress is the stress which acts in a direction perpendicular to the area. It is 
represented by o (sigma). The normal stress is further divided into tensile stress and compressive 
stress. 

1.4.1. Tensile Stress. The stress induced in a body, when subjected to two equal and 
opposite pulls as shown in Fig. 1.1 (a) as a result of which there is an increase in length, is 
known as tensile stress. The ratio of increase in length to the original length is known as tensile 
strain. The tensile stress acts normal to the area and it pulls on the area. 
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P = Pull (or force) acting on the body, 
A = Cross-sectional area of the body, 
L = Original length of the body, 

dL = Increase in length due to pull P acting on the body, 

o = Stress induced in the body, and 

Strain (i.e., tensile strain). 

Fig. 1.1 (a) shows a bar subjected to a tensile force P at its ends. Consider a section x-x, 
which divides the bar into two parts. The part left to the section x-x, will be in equilibrium if 
P = Resisting force (R). This is shown in Fig. 1.1 (6). Similarly the part right to the section 
x-x, will be in equilibrium if P = Resisting force as shown in Fig. 1.1 (c). This resisting force per 
unit area is known as stress or intensity of stress. 


for) 
Il 


- 
P P 
<— 
x @ 


P 
<< | Resisting force (R) 


Resisting force (R) 


Fig. 1.1 
ter . 
ieadlewteds =a Resisting orce (R) 2 Tensile load (P) (: P=R) 
Cross-sectional area A 
P 
o=— wa) 
or ri 


And tensile strain is given by, 


_ Increaseinlength — dL 
Originallength ~§ L ” 
1.4.2. Compressive Stress. The stress induced in a body, when subjected to two equal 
and opposite pushes as shown in Fig. 1.2 (a) as a result of which there is a decrease in length 
of the body, is known as compressive stress. And the ratio of decrease in length to the original 
length is known as compressive strain. The compressive stress acts normal to the area and it 
pushes on the area. 
Let an axial push P is acting on a body in cross-sectional area A. Due to external push P, 
let the original length L of the body decreases by dL. 


...(1.2) 
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Then compressive stress is given by, 
_ Resisting Force(R) Push(P)_ P 
Area (A) ~ Area(A) A’ 


And compressive strain is given by, 


o = Decreaseinlength dL 


Original length = 


1.4.3. Shear Stress. The stress induced in a body, when subjected to two equal and 
opposite forces which are acting tangentially across the resisting section as shown in Fig. 1.3 
as a result of which the body tends to shear off across the section, is known as shear stress. The 
corresponding strain is known as shear strain. The shear stress is the stress which acts tangential 
to the area. It is represented by Tt. 


aa 
MUM 
NAN 
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Consider a rectangular block of height h, length L and width unity. Let the bottom face 
AB of the block be fixed to the surface as shown in Fig. 1.4 (a). Let a force P be applied 
tangentially along the top face CD of the block. Such a force acting tangentially along a 
surface is known as shear force. For the equilibrium of the block, the surface AB will offer a 
tangential reaction P equal and opposite to the applied tangential force P. 


+R 
| Resistance 
A <+— P B A <— P B 
\¢ Li > 
(a) (d) (c) 
Fig. 1.4 


Consider a section x-x (parallel to the applied force), which divides the block into two 
parts. The upper part will be in equilibrium if P = Resistance (R). This is shown in Fig. 1.4 (6). 
Similarly the lower part will be in equilibrium if P = Resistance (R) as shown in Fig. 1.4 (c). 
This resistance is known as shear resistance. And the shear resistance per unit area is known 
as shear stress which is represented by tT. 


Shear resistance R 


2 Sh 7 - 
Shear stress, T Shear area A 


P 
~ £1 
Note that shear stress is tangential to the area over which it acts. 


As the bottom face of the block is fixed, the face 
ABCD will be distorted to ABCD, through an angle 6 D ; c CP 


(. R=PandA=L~x 1) ...(1.3) 


as a result of force P as shown in Fig. 1.4 (d). ———j 
And shear strain (0) is given by, } : 7 
_ Transversal displacement : Ni ri 
Distance AD if: |? 
DD, dl 7 oF 
or ay a .(1.4) P L > 


Fig. 1.4 (d) 


1.5. ELASTICITY AND ELASTIC LIMIT 


When an external force acts on a body, the body tends to undergo some deformation. If 
the external force is removed and the body comes back to its original shape and size (which 
means the deformation disappears completely), the body is known as elastic body. This property, 
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by virtue of which certain materials return back to their original position after the removal of 
the external force, is called elasticity. 

The body will regain its previous shape and size only when the deformation caused by 
the external force, is within a certain limit. Thus there is a limiting value of force up to and 
within which, the deformation completely disappears on the removal of the force. The value 
of stress corresponding to this limiting force is known as the elastic limit of the material. 

If the external force is so large that the stress exceeds the elastic limit, the material 
loses to some extent its property of elasticity. If now the force is removed, the material will 
not return to its original shape and size and there will be a residual deformation in the material. 


1.6. HOOKE’S LAW AND ELASTIC MODULII 


Hooke’s Law states that when a material is loaded within elastic limit, the stress is 
proportional to the strain produced by the stress. This means the ratio of the stress to the 
corresponding strain is a constant within the elastic limit. This constant is known as Modulus 
of Elasticity or Modulus of Rigidity or Elastic Modulii. 


1.7. MODULUS OF ELASTICITY (OR YOUNG’S MODULUS) 


The ratio of tensile stress or compressive stress to the corresponding strain is a constant. 
This ratio is known as Young’s Modulus or Modulus of Elasticity and is denoted by E. 


Tensile stress Compressive stress 
Tensile strain Compressive strain 
oO 
or E=— Pe wins’, 
e 


1.7.1. Modulus of Rigidity or Shear Modulus. The ratio of shear stress to the 
corresponding shear strain within the elastic limit, is known as Modulus of Rigidity or Shear 
Modulus. This is denoted by C or G or N. 


Shear stress T 


C (or G or N) = 6) 


Shear strain 0 
Let us define factor of safety also. 


1.8. FACTOR OF SAFETY 


It is defined as the ratio of ultimate tensile stress to the working (or permissible) stress. 
Mathematically it is written as 


Ultimate stress 
suaeseedinee re 
actor of safety Permissible stress - 


1.9. CONSTITUTIVE RELATIONSHIP BETWEEN STRESS AND STRAIN 


1.9.1. For One-Dimensional Stress System. The relationship between stress and 
strain for a unidirectional stress (i.e., for normal stress in one direction only) is given by 
Hooke’s law, which states that when a material is loaded within its elastic limit, the normal 
stress developed is proportional to the strain produced. This means that the ratio of the normal 
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stress to the corresponding strain is a constant within the elastic limit. This constant is 
represented by # and is known as modulus of elasticity or Young’s modulus of elasticity. 


Normal stress oO 
= Constant or a 


Corresponding strain 
where o = Normal stress, e = Strain and E = Young’s modulus 
ee ge [1.7 (A)] 

The above equation gives the stress and strain relation for the normal stress in one 
direction. 

1.9.2. For Two-Dimensional Stress System. Before knowing the relationship between 
stress and strain for two-dimensional stress system, we shall have to define longitudinal 
strain, lateral strain, and Poisson’s ratio. 

1. Longitudinal strain. When a body is subjected to an axial tensile load, there is an 
increase in the length of the body. But at the same time there is a decrease in other dimensions 
of the body at right angles to the line of action of the applied load. Thus the body is having 
axial deformation and also deformation at right angles to the line of action of the applied load 
(i.e., lateral deformation). 

The ratio of axial deformation to the original length of the body is known as longitudinal 
(or linear) strain. The longitudinal strain is also defined as the deformation of the body per 
unit length in the direction of the applied load. 

Let L_ =Length of the body, 
P =Tensile force acting on the body, 
dL = Increase in the length of the body in the direction of P. 


Then, longitudinal strain = =. 


2. Lateral strain. The strain at right angles to the direction of applied load is known 
as lateral strain. Let a rectangular bar of length L, breadth b and depth d is subjected to an 
axial tensile load P as shown in Fig. 1.5. The length of the bar will increase while the breadth 
and depth will decrease. 


Let SL = Increase in length, 
50 = Decrease in breadth, and 
dd = Decrease in depth. 


Then longitudinal strain = ~ gil (B34) 


and lateral strain = = or — éllet CO] 
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Note. (i) If longitudinal strain is tensile, the lateral strains will be compressive. 

(ii) If longitudinal strain is compressive then lateral strains will be tensile. 

(tii) Hence every longitudinal strain in the direction of load is accompanied by lateral strains of 
the opposite kind in all directions perpendicular to the load. 

3. Poisson’s ratio. The ratio of lateral strain to the longitudinal strain is a constant 
for a given material, when the material is stressed within the elastic limit. This ratio is called 
Poisson’s ratio and it is generally denoted by u. Hence mathematically, 

Lateral strain 


Poi ’s ratio, U = sill® ED 
SER coe Longitudinal strain ae 


or Lateral strain = x Longitudinal strain 

As lateral strain is opposite in sign to longitudinal strain, hence algebraically, lateral 
strain is written as 

Lateral strain = — u x Longitudinal strain [1.7 (£)] 

4, Relationship between stress and strain. Consider a 
two-dimensional figure ABCD, subjected to two mutually 
perpendicular stresses 6, and o,. 

Refer to Fig. 1.5 (a). 

Let 6, = Normal stress in x-direction 

6, = Normal stress in y-direction or 
Consider the strain produced by o,. 


The stress 6, will produce strain in the direction of x and 
also in the direction of y. The strain in the direction of x will be Op 


oO; 


longitudinal strain and will be equal to 7 whereas the strain Fig. 1.5 (a) 


in the direction of y will be lateral strain and will be equal to — u x 7 


(.: Lateral strain. =— wu x longitudinal strain) 
Now consider the strain produced by ©,. 
The stress 6, will produce strain in the direction of y and also in the direction of x. The 


0 
strain in the direction of y will be longitudinal strain and will be equal to a whereas the 


strain in the direction of x will be lateral strain and will be equal to — u x 22 


E 
Let e, = Total strain in x-direction 
e, = Total strain in y-direction 


Now total strain in the direction of x due to stresses 6, and 6, = a —U “2 
Similarly total strain in the direction of y due to stresses 6, and 6, = “2 —U 7 
O71 Oo 
= —-p= ehtor ae 
er [1.7 (P)] 
G9 O71 
a _ shen GG) 
rr ns 7 ! 
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The above two equations gives the stress and strain relationship for the two-dimensional 
stress system. In the above equations, tensile stress is taken to be positive whereas the 
compressive stress negative. 


1.9.3. For Three-Dimensional Stress System. Fig. 1.5 (6) shows a three-dimensional 
body subjected to three orthogonal normal stresses 6,, 6,, 6, acting in the directions of x, y 
and z respectively. 


Consider the strains produced by each stress 
separately. 


The stress 6, will produce strain in the direction of 
x and also in the directions of y and z. The strain in the 
direction of x will be a whereas the strains in the direction 
O71 


of y and z will be — uw E 


Similarly the stress 6, will produce strain <2 in 


Fig. 1.5 (6) 


the direction of y and strain of — u <2 in the direction of x 


and y each. 
Also the stress 6, will produce strain Ss in the direction of z and strain of — u x Ss in 
the direction of x and y. 


Total strain in the direction of x due to stresses 6,, 6, and 6, = = -—u 2 —U 3 : 


Similarly total strains in the direction of y due to stresses 6,, 6, and 6, 


_ G2, Og | OF 
—E bE he 
and total strains in the direction of z due to stresses 6,, 6, and 6, 
_ 03  , O1_ , O2 
EE "F 
Let e,, e. and e, are total strains in the direction of x, y and z respectively. Then 
O71 O2 O3 
7 - - all, 7 CH, 
i ra re [1.7 GD] 
fo) o o 
e, = 7. =i 7 —u E sll Gy] 
o o o 
and ae | pe ey (fee es 
an i a [1.7 (J)] 


The above three equations give the stress and strain relationship for the three orthogonal 
normal stress system. 
Problem 1.1. A rod 150 cm long and of diameter 2.0 cm is subjected to an axial pull of 
20 RN. If the modulus of elasticity of the material of the rod is 2 x 10° N/mm? ; determine : 
(i) the stress, 
(ii) the strain, and 
(iii) the elongation of the rod. 


STRENGTH OF MATERIALS 


Sol. Given : Length of the rod, 2=150cm 


Diameter of the rod, D=2.0 cm = 20 mm 
Area, A= ; (20)2 = 100n mm2 
Axial pull, P = 20 KN = 20,000 N 
Modulus of elasticity, E = 2.0 x 10° N/mm? 
(i) The stress (6) is given by equation (1.1) as 
O= cilia 63.662 N/mm2, Ans. 
A 100x 
(ii) Using equation (1.5), the strain is obtained as 
Bo, 
e 
o 63.662 
Strain, e=—= 5 = 0.000318. Ans. 
E 2x10 
(iii) Elongation is obtained by using equation (1.2) as 
dL 
e=—. 


Elongation, dL =e t L 
= 0.000318 x 150 = 0.0477 cm. Ans. 
Problem 1.2. Find the minimum diameter of a steel wire, which is used to raise a load 
of 4000 N if the stress in the rod is not to exceed 95 MN/m?. 
Sol. Given: Load, P=4000N 


Stress, o = 95 MN/m? = 95 x 10° N/m? (.: M = Mega = 10°) 
= 95 N/mm? (10° N/m? = 1 N/mm?) 
Let D = Diameter of wire in mm 
Area, A= 7 D? 
Load P 
N t = =— 
ow stress aa 
4 4 4 4 4 
poe | ee. ee a 
X p nD Tm x95 
4 


D=%732mm. Ans. 


Problem 1.3. Find the Young’s Modulus of a brass rod of diameter 25 mm and of 
length 250 mm which is subjected to a tensile load of 50 kN when the extension of the rod 
is equal to 0.3 mm. 


Sol. Given : Dia. of rod, D=25 mm 


Area of rod, A = 7 (25)? = 490.87 mm2 
Tensile load, P = 50kN=50 x 1000 = 50,000 N 
Extension of rod, dL = 0.3mm 
Length of rod, EL = 250mm 
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Stress (0) is given by equation (1.1), as 


o= fou 101.86 N/mm?. 
A 490.87 
Strain (e) is given by equation (1.2), as 
e= ao = 0.0012. 
L 250 


Using equation (1.5), the Young’s Modulus (£) is obtained, as 
E- Stress _ 101.86 N/mm” 


= 84883.33 N/mm? 


Strain 0.0012 
= 84883.33 x 106 N/m2. Ans. (1 N/mm? = 10° N/m?) 
= 84.883 x 109 N/m? = 84.883 GN/m2, Ans. ("| 109 =G) 


Problem 1.4. A tensile test was conducted on a mild steel bar. The following data was 
obtained from the test : 


(i) Diameter of the steel bar =3cm 
(ii) Gauge length of the bar = 20cm 
(iii) Load at elastic limit =250kN 
(iv) Extension at a load of 150 kN = 0.21 mm 
(v) Maximum load = 380 kN 
(vi) Total extension = 60mm 
(vii) Diameter of the rod at the failure = 2.25 cm. 
Determine : (a) the Young’s modulus, (b) the stress at elastic limit, 


(c) the percentage elongation, and_ (d) the percentage decrease in area. 


Sol. Area of the rod, A= ; D2 = 7 (3)? em? 


1 2 
= 7.0685 cm? = 7.0685 x 10~ m2. : — (80 m) | 


(a) To find Young’s modulus, first calculate the value of stress and strain within elastic 
limit. The load at elastic limit is given but the extension corresponding to the load at elastic 
limit is not given. But a load of 150 kN (which is within elastic limit) and corresponding 
extension of 0.21 mm are given. Hence these values are used for stress and strain within 
elastic limit 
Load 150 x 1000 N/m? 
Area 7.0685 x 10+ 


= 21220.9 x 104 N/m? 


Stress = (.* 1kKN = 1000 N) 


Increase in length (or Extension) 
Original length (or Gauge length) 
0.21mm 


= ——_——— = 0.001 
20 x 10 mm B.00TOS 


and Strain = 


.. Young’s Modulus, 


pq Stress _ 21220.9 x 10! 


eee = 20209523 x 104 N/m? 
Strain 0.00105 
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= 202.095 x 109 N/m? (.* 109 = Giga = G) 
= 202.095 GN/m?2. Ans. 

(b) The stress at the elastic limit is given by, 

Load at elastic limit _ 250 x 1000 


Area 7.0685 x 10+ 
= 35368 x 104 N/m? 


= 353.68 x 10° N/m? (.- 10° = Mega = M) 
= 353.68 MN/m?. Ans. 
(c) The percentage elongation is obtained as, 


Stress = 


Percentage elongation 
_ Total increase in length 
7 Original length (or Gauge length) 
60 mm 
~ 20x 10mm 
(d) The percentage decrease in area is obtained as, 


x 100 


x 100 = 30%. Ans. 


Percentage decrease in area 


_ (Original area — Area at the failure) x 100 
~ Original area 


(z x 32 ri x 225" 
= x 100 
uid x 3? 
4 
2 2, 
22 a5. 
_ (ea x 100 = AS x 100 = 43.75%. Ans. 


Problem 1.5. The safe stress, for a hollow steel column which carries an axial load of 
2.1 x 10° RN is 125 MN/m2. If the external diameter of the column is 30 cm, determine the 
internal diameter. 


Sol. Given : 

Safe stress*, 06 = 125 MN/m? = 125 x 10® N/m? 
Axial load, P=2.1 x 102 kN = 2.1 x 10°N 
External diameter, D=30cm=0.30m 

Let d = Internal diameter 


.. Area of cross-section of the column, 


Tt Tt 
A= D? — d?) = 80? — d? 2 
( ) ( )m 


P 
Using equation (1.1), o = ri 


*Safe stress is a stress which is within elastic limit. 
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° 6 
or 125 x 106 = 2x0 or (302 —q2) = 2X21%10 
4 (30° =i") mx 125x 10 

or 0.09 — d? = 213.9 or 0.09 — 0.02139 = d? 


d = 0.09 - 0.021389 =0.2619 m = 26.19 cm. Ans. 


Problem 1.6. The ultimate stress, for a hollow steel column which carries an axial load 
of 1.9 MN is 480 N/mm?. If the external diameter of the column is 200 mm, determine the 
internal diameter. Take the factor of safety as 4. 


Sol. Given : 

Ultimate stress = 480 N/mm? 

Axial load, P = 19MN=1.9x10°N ("| M = 108) 
= 1900000 N 

External dia., D = 200 mm 

Factor of safety = 4 

Let d = Internal diameter in mm 


Area of cross-section of the column, 


A= 7 (D2 — d?) = 7 (2002 — d2) mm? 


Using equation (1.7), we get 
Ultimate stress 


Factor of safet = 
e: Working stress or Permissible stress 


_ 480 
~ Working stress 


480 
or Working stress oer tun 120 N/mm? 
o = 120 N/mm? 


Now using equation (1.1), we get 


P 1900000 1900000 x 4 
Oo= a or 120= 5 — 5 
q (2002 = d?) (40000 = d ) 
1 4 
ee 40000 — d2 = 1200000%4 _ 50159.6 
tm x 120 
Gi d? = 40000 — 20159.6 = 19840.4 


d=140.85 mm. Ans. 


Problem 1.7. A stepped bar shown in Fig. 1.6 is subjected to an 
axially applied compressive load of 35 kN. Find the maximum and 
minimum stresses produced. 


Sol. Given : 
Axial load, P=385kN =35 x 10?N 
Dia. of upper part, D,=2cm=20mm 
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.. Area of upper part, A, = 7 (202) = 100 x mm? 


Area of lower part, A, = a Dea ; (302) = 225 7 mm? 


The stress is equal to load divided by area. Hence stress will be maximum where area 
is minimum. Hence stress will be maximum in upper part and minimum in lower part. 


Load ? 
Gad) _ Som ID" = 4999-408 Nina. doa 


.. Maximum stress 


A, 100xz 
102 

Minimum stress load = enue = 49.5146 N/mm?. Ans. 
Ag 225 x 1 


1.10. ANALYSIS OF BARS OF VARYING SECTIONS 


A bar of different lengths and of different diameters (and hence of different cross- 
sectional areas) is shown in Fig. 1.6 (a). Let this bar is subjected to an axial load P. 


Section 3 
Section 2 


Section 1 


}¢— L, +}¢— L, > 1t—_ L, —— 


Fig. 1.6 (a) 


Though each section is subjected to the same axial load P, yet the stresses, strains and 
change in lengths will be different. The total change in length will be obtained by adding the 
changes in length of individual section. 


Let P = Axial load acting on the bar, 
L, = Length of section 1, 
A, = Cross-sectional area of section 1, 
L,,A, = Length and cross-sectional area of section 2, 
L,,A; = Length and cross-sectional area of section 3, and 
E = Young’s modulus for the bar. 


Then stress for the section 1, 
a Load Oe 
' Area of section1 A, ~ 


Similarly stresses for the section 2 and section 3 are given as, 


0» and 6, = 


~ Ay As 
Using equation (1.5), the strains in different sections are obtained. 


. ‘ O71 P P 
Strain of section 1, e, = = “ 0; =— 


E A,E 
uw 
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Similarly the strains of section 2 and of section 3 are, 
Oo, P 63; =P 
eo = FAs and e,= zz A,E ° 
Change in length of section 1 
Length of section 1 
aL, 
Ly 
where dL, = change in length of section 1. 
Change in length of section 1, dL, = e,L, 


_ Ply os i 
= Ae : “aE 


Similarly changes in length of section 2 and of section 3 are obtained as : 
Change in length of section 2, dL, = e, L, 


But strain in section 1 = 


or ey — 


PL, P 
= Age [ a 5) 
and change in length of section 3, dL, =e, L, 
oes G ee ) 
” AE " 3° ASE 


.. Total change in the length of the bar, 


PL, PL, PL, 
L=dL L be= + + 

dL =dL,+dL,+dL, AE AE A,E 
2 P| L, r L, - L; 
E\|A, A, Ag 

Equation (1.8) is used when the Young’s modulus of different sections is same. If the 

Young’s modulus of different sections is different, then total change in length of the bar is 

given by, 


wl LS) 


+ + 
EA, EA, BA, (19) 


Problem 1.8. An axial pull of 35000 N is acting on a bar consisting of three lengths as 


shown in Fig. 1.6 (b). If the Young’s modulus = 2.1 x 10° N/mm?, determine : 
(i) stresses in each section and 


(ii) total extension of the bar. 


Section 3 


; Section 2 
Section 1 


35000 N 
2cm DIA 


ke 20 cm Pi— 25 cm —ole- 22 cm | 


35000 N 
-——> 


Fig. 1.6 (b) 
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Sol. Given : 

Axial pull, P = 35000N 

Length of section 1, L, = 20cm = 200 mm 
Dia. of section 1, D, = 2cm=20mm 

.. Area of section 1, Aj = ; (202) = 100 x mm? 
Length of section 2, L, = 25cm = 250 mm 
Dia. of section 2, D, = 3cm= 30mm 

.. Area of section 2, Ay = 7 (302) = 225 x mm? 
Length of section 3, L, = 22cm = 220mm 
Dia. of section 3, D;, = 5cm=50mm 

.. Area of section 3, A, = i (502) = 625 x mm? 
Young’s modulus, E = 2.1.x 10° N/mm?. 


(it) Stresses in each section 


Stress in section 1 o, = Beal Wed 
, 1“ Area of section 1 
P 35000 
= 7 > = ° 2, ° 
= A, 100% 111.408 N/mm*. Ans 
P 35000 
. . oo ge = 2 
Stress in section 2, Op = Ap 25x" 49.5146 N/mm*. Ans. 
P 35000 
i i = {>= = ° 2. ° 
Stress in section 3, 0; = A, 625% 17.825 N/mm*. Ans 
(ii) Total extension of the bar 
Using equation (1.8), we get 
P(L, L, L 
Total extension =F x + re 4 ms 
_ 35000 200 Z 250 ‘ 220 
2.1x10°\100n 225xn 625xn 
35000 
= ——_ (6.366 + 3.536 + 1.120) = 0.183 mm. Ans. 
2.1x 10 


Problem 1.9. A member formed by connecting a steel bar to an aluminium bar is shown 
in Fig. 1.7. Assuming that the bars are prevented from buckling sideways, calculate the 
magnitude of force P that will cause the total length of the member to decrease 0.25 mm. The 
values of elastic modulus for steel and aluminium are 2.1 x 10° N/mm? and 7 x 104 N/mm? 
respectively. 

Sol. Given : 


Length of steel bar, L, = 30cm = 300 mm 
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Area of steel bar, A, =5 x5 = 25 cm? = 250 mm? 
Elastic modulus for steel bar, 


E, = 2.1 x 10° N/mm? * Sos en 
ae Steel bar 
Length of aluminium bar, 30 cm 
L, = 38 cm = 380 mm ¥ 
Area of aluminium bar, ; 
Ocmx 10cm 
A, = 10 x 10 = 100 cm? = 10000 mm2 o_ Aluminium bar 


Elastic modulus for aluminium bar, 
E, = 7 x 104 N/mm? 
Total decrease in length, dL = 0.25 mm Fig. 1.7 
Let P = Required force. 
As both the bars are made of different materials, hence total change in the lengths of 
the bar is given by equation (1.9). 


dL=P fi + I 
E,A, EA, 


or 0.25 = P - + = 


2.1x 10° x 2500 7x10* x 10000 
= P (5.714 x 107-7 + 5.428 x 10-7) = P x 11.142 x 10-7 


0.25 _ 0.25x 10" 
~ 41142x107 ~—«:11.142 
= 2.2437 x 10° = 224.87 kN. Ans. 
Problem 1.10. The bar shown in Fig. 1.8 is subjected to a tensile load of 160 kN. If 
the stress in the middle portion is limited to 150 N/mm?, determine the diameter of the 


middle portion. Find also the length of the middle portion if the total elongation of the bar 
is to be 0.2 mm. Young’s modulus is given as equal to 2.1 x 10° N/mm?. 


Sol. Given : 

Tensile load, P=160 kN = 160 x 10°N 
Stress in middle portion, 06, = 150 N/mm? 

Total elongation, dL =0.2 mm 

Total length of the bar, L = 40 cm = 400 mm 
Young’s modulus, E = 2.1 x 10° N/mm? 


Diameter of both end portions, D, = 6 cm = 60 mm 
Area of cross-section of both end portions, 


A, = = x 60? = 900 x mm?. 
4 


160 KN 160 kN 
6cm DIA 6cmDIA 


le 40 cm >| 


Fig. 1.8 
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Let D, = Diameter of the middle portion 
L, = Length of middle portion in mm. 
Length of both end portions of the bar, 
L, = (400 -L,) mm 
Using equation (1.1), we have 


Stress = Tone 
Area 
For the middle portion, we have 
P T 
63> A where A, = ri De 
or 150 = soon" 
“Dd.” 
42 
D,? — 4 x 160000 = 1358 mm2 
mt x 150 
or D, = 41358 = 36.85 mm = 3.685 em. Ans. 


.. Area of cross-section of middle portion, 
A, = ; x 36.85 = 1066 mm? 


Now using equation (1.8), we get 


P\|L, OL 
Total extension, dL = a [ + 3] 


A, A, 
- jor 160000 S00 by 
“21x 105 9007 1066 


[- L, = (400 -L,) and A, = 1066] 


0.2x2.1x10°  (400-L,) Ly, 
= + 


= 160000. 900n 1066 
1066(400 — L,) + 9007 Ly 

_ ae 900 x x 1066 
or (0.2625 x 900m x 1066 = 1066 x 400 — 1066 L, + 900n x Ly 
br 791186 = 426400 — 1066 L, + 2827 L, 
oe 791186 — 426400 = L, (2827 — 1066) 
ax 364786 = 1761 L, 

_ 364786 


9 = ——— = 207.14 mm = 20.714 cm. Ans. 
1761 


1.10.1. Principle of Superposition. When a number of loads are acting on a body, 
the resulting strain, according to principle of superposition, will be the algebraic sum of strains 
caused by individual loads. 

While using this principle for an elastic body which is subjected to a number of direct 
forces (tensile or compressive) at different sections along the length of the body, first the free 
body diagram of individual section is drawn. Then the deformation of the each section is 
obtained. The total deformation of the body will be then equal to the algebraic sum of 
deformations of the individual sections. 
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Problem 1.11. A brass bar, having cross-sectional area of 1000 mm?, is subjected to 
axial forces as shown in Fig. 1.9. 


A B Cc D 
50 kN 80 kN 10 kN 
<— |» << <—— 
20 kN 
1000 ag —— 1m» ——i ——_ 1.20m ——>1 
Fig. 1.9 
Find the total elongation of the bar. Take E = 1.05 x 10° N/mm?. 
Sol. Given : 
Area, A = 1000 mm? 
Value of E = 1.05 x 10° N/mm2 
Let dL = Total elongation of the bar. 


The force of 80 KN acting at B is split up into three forces of 50 kN, 20 KN and 10 KN. 
Then the part AB of the bar will be subjected to a tensile load of 50 KN, part BC is subjected 
to a compressive load of 20 kN and part BD is subjected to a compressive load of 10 KN as 


shown in Fig. 1.10. 
50 kN 50 KN 
— a 


A B 
20 KN 20 KN 
B Cc 
10 kN 10 kN 
B D 


Fig. 1.10 


Part AB. This part is subjected to a tensile load of 50 KN. Hence there will be increase 
in length of this part. 
Increase in the length of AB 
_ 50 x 1000 
~ 1000 x 1.05 x 10° 
= 0.2857. 
Part BC. This part is subjected to a compressive load of 20 KN or 20,000 N. Hence 
there will be decrease in length of this part. 


Decrease in the length of BC 


x 600 (- P, = 50,000 N, L, = 600 mm) 


P, 20,000 

7 = x 1000 eT = t= 1006 
AE” 1000 1.05 x 10° ee a 

= 0.1904. 
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Part BD. This part is subjected to a compressive load of 10 kN or 10,000 N. Hence 
there will be decrease in length of this part. 


Decrease in the length of BD 
P; 10000 


x Lg = 5 = 2200 
AE 1000 x 1.05 x 10 


Ce L, = 1.2+1=2.2 mor 2200 mm) 


0.2095. 
.. Total elongation of bar = 0.2857 — 0.1904 — 0.2095 


(Taking +ve sign for increase in length and 
—ve sign for decrease in length) 


=-0.1142 mm. Ans. 
Negative sign shows, that there will be decrease in length of the bar. 


Problem 1.12. A member ABCD is subjected to point loads P,, P,, P, and P, as shown 
in Fig. 1.11. 


1250 mm* 


2500 mm 


}¢—— 120 cm ——>e— 60 cm —«— 90 cm | 


Fig. 1.11 


Calculate the force P, necessary for equilibrium, if P, = 45 kN, P, = 450 kN and 
P, = 130 kN. Determine the total elongation of the member, assuming the modulus of 
elasticity to be 2.1 x 10° Nimm?. 


Sol. Given : 

Part AB : Area, A, = 625 mm? and 
Length, L, = 120 cm = 1200 mm 

Part BC: Area, A, = 2500 mm? and 
Length, L, = 60 cm = 600 mm 

Part CD: Area, A, = 1250 mm? and 
Length, L, = 90 cm = 900 mm 

Value of E =2.1x 10° N/mm?. 


Value of P, necessary for equilibrium 
Resolving the forces on the rod along its axis (i.e., equating the forces acting towards 
right to those acting towards left), we get 


P,+P,=P,+P, 
[2SALL 
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But P, = 45kN, 
P, = 450 KN and P, = 130 kN 
45+450=P,+130 or P,=495-130 = 365 kN 


The force of 365 kN acting at B is split into two forces of 45 kN and 320 KN (i.e., 365 — 
45 = 320 KN). 

The force of 450 KN acting at C is split into two forces of 320 kN and 130 KN (i.e., 450 — 
320 = 130 KN) as shown in Fig. 1.12. 


From Fig. 1.12, it is clear that part AB is subjected to a tensile load of 45 KN, part BC 
is subjected to a compressive load of 320 KN and part CD is subjected to a tensile load 130 KN. 


A B 
45 kN 45 kN 
320 kN 320 kN 
—" 
B C 
130 kN 130 kN 
Cc D 
Fig. 1.12 


Hence for part AB, there will be increase in length ; for part BC there will be decrease 
in length and for part CD there will be increase in length. 


Increase in length of AB 


ao, t= See pepe * 1200 (1 P= 45 kN = 45000 N) 
= 0.4114 mm 
Decrease in length of BC 
BANU 3606 (-: P = 320 kN = 320000) 
A,E 2500 x 2.1x 10° 
= 0.3657 mm 
Increase in length of CD 
oF gp = Or 2900 (- P = 130 kN = 130000) 
A3E 1250 x 2.1x 10° 
= 0.4457 mm 


Total change in the length of member 
= 0.4114 — 0.3657 + 0.4457 


(Taking +ve sign for increase in length and 
—ve sign for decrease in length) 


= 0.4914 mm (extension). Ans. 


Problem 1.13. A tensile load of 40 RN is acting on a rod of diameter 40 mm and of 
length 4 m. A bore of diameter 20 mm is made centrally on the rod. To what length the rod 
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should be bored so that the total extension will increase 30% under the same tensile load. Take 
E=2x 10° Nimm?. 


Sol. Given : 
40 kN 40 kN 
le 4m >| 
Fig. 1.12 (a) 
Tensile load, P =40 KN = 40,000 N 
Dia. of rod, D=40 mm 


Area of rod, A= ii (402) = 4002 mm2 


x (4-—x)m pid xm >| 


l¢ 4m >| 
Fig. 1.12 (b) 
Length of rod, L =4m=4-x 1000 = 4000 mm 
Dia. of bore, d =20mm 
. Area of bore, a = ; x 20? = 100 x mm? 
Total extension after bore = 1.3 x Extension before bore 
Value of E = 2x 10° N/mm? 


Let the rod be bored to a length of x metre or x x 1000 mm. Then length of unbored 
portion = (4—x)m =(4-—x) x 1000 mm. First calculate the extension before the bore is made. 
The extension (6Z) is given by, 


P 40000x 4000 2 
Le kL = im 
AE 400 x 2 x 10 Tt 
Now extension after the bore is made 
= 1.3 x Extension before bore 
=1.3«x a2e88 mm ..(L) 
tl 


The extension after the bore is made, is also obtained by finding the extensions of the 
unbored length and bored length. 
For this, find the stresses in the bored and unbored portions. 
Stress in unbored portion 
7 Load _P __ 40000 _ 100 N/mm? 
Area A 4002 T 
Extension of unbored portion 


_ Stress 


x Length of unbored portion 


SIMPLE STRESSES AND STRAINS 


oe ado 000d ante 
mx 2x10 2m 
Stress in bored portion 
_bload_  P _ 40000 _ 40000 


~ Area (A-a) (400m-100n) 3007 
Extension of bored portion 
= mires x Length of bored portion 
7 40000 
300 x 2x 10° 
Total extension after the bore is made 
_ (4 — x) " 4x 
Qn 61 
Equating equations (i) and (ii), 


x 1000x = ee mm 
61 


(it) 


T 27 61 
or 2.6= ==, or 2.6x6=3x(4—x)+4x 
or 15.6 =12-—38x+4« or 156-12=x or 36=x 


Rod should be bored upto a length of 3.6m. Ans. 


Problem 1.14. A rigid bar ACDB is hinged at A and supported in a horizontal position 
by two identical steel wires as shown in Fig. 1.12 (c). A vertical load of 30 kN is applied at B. 
Find the tensile forces T, and T, induced in these wires by the vertical load. 


30 kN 
Fig. 1.12 (c) Fig. 1.12 (d) 


Sol. Given : 

Rigid bar means a bar which will remain straight. 

Two identical steel wires mean the area of cross-sections, lengths and value of E for 
both wires is same. 

rf A, =A,, E,=E, and L,=L, 

Load at B=30KN =30,000N 

Fig. 1.12 (c) shows the position of the rigid bar before load is applied at B. Fig. 1.12 (d) 
shows the position of the rigid bar after load is applied. 
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or 


as: 


and 


Let T, = Tension in the first wire 
T, = Tension in the second wire 
5, = Extension of first wire 
6, = Extension of second wire 
Since the rigid bar remains straight, hence the extensions 6, and 4, are given by 


on ees 
5. AD 
“ 25, = 5, 
But 6, is the extension in wire EC 
Ese x Ly 
Stress in EC x L, A, T, x L, 
E, E, 1x£, 
i. T, x Ly 
Similarly 5, = Axe, 


Substituting the values of 5, and 6, is equation (Z), 
T,xl, T%xL, 
; A, x E, ~ Ay x Ey 
But A, =A,, E, = E, and L, = L,. Hence above equation becomes 
ae 2T,=T, 
Now taking the moments of all the forces on the rigid bar about A, we get 
T,x1+T,x2=30x3 


2 


T, + 2T, = 90 


Substituting the value of T, from equation (ii), into equation (iii), we get 
T,+2(27T,)=90 or 57, =90 
90 


T= =18KN. Ans. 


From equation (iz), 
T,=2x18=36KN. Ans. 


(2) 


»(it) 


(Zit) 


Note. After calculating the values of T, and T,, the stresses in the two wires can also be obtained 


Stress in wire EC= Load = Ty 
Area Aj 
ar iT, 

Stress in wire FD =—*. 
Ag 


1.11. ANALYSIS OF UNIFORMLY TAPERING CIRCULAR ROD 


A bar uniformly tapering from a diameter D, at one end to a diameter D, at the other 
end is shown in Fig. 1.13. 


Let P = Axial tensile load on the bar 
L = Total length of the bar 
E = Young’s modulus. 
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|< 
i ¢—__—_ — L 


Fig. 1.13 


Consider a small element of length dx of the bar at a distance x from the left end. Let 
the diameter of the bar be D, at a distance x from the left end. 


D, — Dy 
Then D,=D,- (Ps) x 
D, - D, 
L 
Area of cross-section of the bar at a distance x from the left end, 


= D, — kx where k = 


™ ™ 
Ape D2 () =hx), 
a | (D, — k.x) 
Now the stress at a distance x from the left end is given by, 
Load 
Oo. = 
~“ A 


x 


P 4P 


= 5) = 
7 (Dy- kx)? ™Pr— k.x) 


The strain e, in the small element of length dx is obtained by using equation (1.5). 


— Stress _ 0, 
a E 
- 4P yd 4P 
~ n(D,-k.x)®? En E(D,-k.x)? 


Extension of the small elemental length dx 
= Strain. dx =e, . dx 
4P 
= oe .(Z) 
n E(D, -—k.x) 


Total extension of the bar is obtained by integrating the above equation between the 
limits 0 and L. 
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.. Total extension, 


L 4P .dx 4P fl 
L = = (D, —k.x)* . dx 
J, nE(D,-k.x)? mE I ? 


_ 4P (Lh (D,-k.x)* xk) 


.dx [Multiplying and dividing by (— k)] 


~ 1E Jo (-k) 
_ 4P (D, -k. x) 7 4P 1 | 
~ TE | - Dx) |, ~ nek [Di-k-x) Jy 


4P i. -: ia 
“TER |D,-k.L D,—-kx0 


4P ssa 5,| 
ar D,-D,. : 
Substituting the value of k = jz in the above equation, we get 


Total extension, 


4P 1 1 


dL = = 
ng.( 71522) D, - (7172). D, 


7 4PL il! | 
_ 4PL i. 4 
~ tE.(D,-D,)| Dp D, 

4PL  Pi= D2) __ 4PL 


: = ALT 

If the rod is of uniform diameter, then D, —- D, = D 

-. Total extension, dL = a Pees at 
tH.D 


Problem 1.15. A rod, which tapers uniformly from 40 mm diameter to 20 mm diameter 
in a length of 400 mm is subjected to an axial load of 5000 N. If E = 2.1 x 10° N/mm?, find the 


extension of the rod. 


Sol. Given : 

Larger diameter, D, = 40mm 

Smaller diameter, D, = 20 mm 

Length of rod, LE = 400 mm 

Axial load, P=5000N 

Young’s modulus, E =2.1 x 10° N/mm? 
Let dL = Total extension of the rod 
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Using equation (1.10), 

APL 4 x 5000 x 400 
~ TED,D, x 2.1x 10° x 40 x 20 
= 0.01515 mm. Ans. 


dL 


Problem 1.16. Find the modulus of elasticity for a rod, which tapers uniformly from 
30 mm to 15 mm diameter in a length of 350 mm. The rod is subjected to an axial load of 
5.5 kN and extension of the rod is 0.025 mm. 


Sol. Given : 
Larger diameter, D, =30mm 
Smaller diameter, D, =15 mm 
Length of rod, EL =3850 mm 
Axial load, P =5.5 kN =5500N 
Extension, dL = 0.025 mm 
Using equation (1.10), we get 
dL = 4PL 
TE D,D, 
4PL 4 x 5500 x 350 
or K= 


1 D,D, dL ™x 80x 15x 0.025 
= 217865 N/mm? or 2.17865 x 10° N/mm2, Ans. 


1.12. ANALYSIS OF UNIFORMLY TAPERING RECTANGULAR BAR 


A bar of constant thickness and uniformly tapering in width from one end to the other 
end is shown in Fig. 1.14. 


Fig. 1.14 
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Let P = Axial load on the bar 
L = Length of bar 
a = Width at bigger end 
b = Width at smaller end 
E = Young’s modulus 
t = Thickness of bar 
Consider any section X-X at a distance x from the bigger end. 
Width of the bar at the section X-X 
(a —b)x 
~ EL 


=a 


=a—kx wherek = —— 


Thickness of bar at section X-X = t 
.. Area of the section X-X 
= Width x thickness 
= (a —kx)t 
.. Stress on the section X-X 
Load P 
“Area (a — kext 
Extension of the small elemental length dx 
= Strain x Length dx 


_ Stress 


: Stress 
x dx E Strain = ee | 


(ana 
(a= kat) dx E Stress = 


E 
P 


~ E(a—kxt *~ 


Total extension of the bar is obtained by integrating the above equation between the 
limits 0 and L. 


.. Total extension, 


_P 
(a— kx)t 


P 


L P L dx 
di= i, Ela—hkat “= Fe } 


0 (a-kx) 


L 
P 1 P 
= Fi’ log, c = ko] x (- ;] =— Tae [log, (a — kL) — log, a] 


P ZN = 


P a a-b 
log, é k= 
E(2=*) a-(2")z L 


SIMPLE STRESSES AND STRAINS 


PL a 
= ] : Pe © en 
Hest)" B tials 


Problem 1.17. A rectangular bar made of steel is 2.8 m long and 15 mm thick. The rod 


is subjected to an axial tensile load of 40 kN. The width of the rod varies from 75 mm at one 
end to 30 mm at the other. Find the extension of the rod if E = 2 x 10° N/mm?. 


Sol. Given : 

Length, L =2.8m = 2800 mm 
Thickness, t =15mm 

Axial load, P =40KN = 40,000 N 


Width at biggerend, a =75mm 
Width at smaller end, 6 =30mm 


Value of E =2~x 10° N/mm2 
Let dL= Extension of the rod. 
Using equation (1.12), we get 
PL a 
dL = lo 
Eia—b) °°b 
7 40000 x 2800 e (=) 
2x 10° x 15(75-30) ~°\30 


0.8296 x 0.9163 = 0.76 mm. Ans. 


Problem 1.18. The extension in a rectangular steel bar of length 400 mm and thickness 


10 mm, is found to be 0.21 mm. The bar tapers uniformly in width from 100 mm to 50 mm. If 
E for the bar is 2 x 10° N/mm?, determine the axial load on the bar. 


or 


Sol. Given : 
Extension, dL = 0.21 mm 
Length, L = 400 mm 
Thickness, t = 10mm 
Width at bigger end, a = 100mm 
Width at smallerend, 6 = 50mm 
Value of E = 2x 10° N/mm? 
Let P = axial load. 
Using equation (1.12), we get 
PL lo (=) 
l= gab) \B 
0.21 = ee 5200 08, (=) 
2x 10° x 10(100 — 50) 50 
= 0.000004 P x 0.6931 
p21 ___ eae 
0.000004 x 0.6931 


= 75.746 kN. Ans. 
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1.13. ANALYSIS OF BARS OF COMPOSITE SECTIONS 


A bar, made up of two or more bars of equal lengths but 
of different materials rigidly fixed with each other and behaving 
as one unit for extension or compression when subjected to an 
axial tensile or compressive loads, is called a composite bar. 
For the composite bar the following two points are important : 

1. The extension or compression in each bar is equal. 
Hence deformation per unit length i.e., strain in each bar is 
equal. 

2. The total external load on the composite bar is equal 
to the sum of the loads carried by each different material. 

Fig. 1.15 shows a composite bar made up of two different 
materials. 


Let P = Total load on the composite bar, 


L = Length of composite bar and also length of bars of different materials, 


A, = Area of cross-section of bar 1, 
A, = Area of cross-section of bar 2, 
E, = Young’s Modulus of bar 1, 

E, = Young’s Modulus of bar 2, 

P, = Load shared by bar 1, 

P, = Load shared by bar 2, 

6, = Stress induced in bar 1, and 
6, = Stress induced in bar 2. 


Now the total load on the composite bar is equal to the sum of the load carried by the 


two bars. 
. P=P,+P, 


Load carried by bar 1 


The stress in bar 1, 


Pi 
Oo; = AL or P, = 0, A, 

a : P, 
Similarly stress in bar 2, 0, = om or P, =0,A, 


Substituting the values of P, and P, in equation (i), we get 


P=0,A,+0,4A, 


~ Area of cross-section of bar 1° 


w(t) 


»(it) 


(Zit) 


..(4U) 


Since the ends of the two bars are rigidly connected, each bar will change in length by 
the same amount. Also the length of each bar is same and hence the ratio of change in length 


to the original length (i.e., strain) will be same for each bar. 


Stress in bar 1 


O71 


But strain in bar 1, 


Similarly strain in bar 2, =. 


~ Young’s modulus of bar 1 : E,° 
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But strain in bar 1 = Strain in bar 2 
0; _ Oe 
es es (Uv) 
E, Ey, 
From equations (iv) and (v), the stresses 6, and o, can be determined. By substituting 


the values of 6, and o, in equations (ii) and (iii), the load carried by different materials may 
be computed. 


E 
Modular Ratio. The ratio of ae is called the modular ratio of the first material to the 
2 


second. 
Problem 1.19. A steel rod of 3 cm diameter is enclosed centrally in a hollow copper tube 


of external diameter 5 cm and internal diameter of 4 cm. The composite bar is then subjected 
to an axial pull of 45000 N. If the length of each bar is equal to 15 cm, determine : 


(i) The stresses in the rod and tube, and 
(ii) Load carried by each bar. 
Take E for steel = 2.1 x 10° N/mm? and for copper = 1.1 x 10° N/mm?. 


Sol. Given : | 
Dia. of steel rod = 3 cm = 30 mm VTL ILL 
.. Area of steel rod, 4 SS 
a 2 2 Z Copper 
A,= ri (30)* = 706.86 mm tube 
External dia. of copper tube 
=5cm=50 mm 
Internal dia. of copper tube 
=4cm=40 mm 
.. Area of copper tube, 
A, = ~ [502-402] mm? = 706.86 mm? 
c 4 45000 N 
Axial pull on composite bar, P = 45000 N 
Length of each bar, L=15cm ooo 
Young’s modulus for steel, E, = 2.1 x 10° N/mm? 


Young’s modulus for copper, £, = 1.1 x 10° N/mm? 
(i) The stress in the rod and tube 
Let 6, = Stress in steel, 
P, = Load carried by steel rod, 
6, = Stress in copper, and 
P= Load carried by copper tube. 
Now strain in steel = Strain in copper 


or PE ag ( == strain] 
E, E, E 
0 Es 0 alee 0. = 1.909 6 (i) 
= — xX = ee = ae ool 
oe Deo . 
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Now stress = ies ; Load = Stress x Area 
Area 
Load on steel + Load on copper = Total load 
o,xA,+6,xA,=P (-- Total load = P) 
or 1.909 o, x 706.86 + 6, x 706.86 = 45000 
or 6, (1.909 x 706.86 + 706.86) = 45000 
or 2056.256, = 45000 
45000 
%, = Soseon = 21.88 N/mm2. Ans. 


Substituting the value of 6, in equation (7), we get 
o, = 1.909 x 21.88 N/mm? 
= 41.77 N/mm?. Ans. 

(ii) Load carried by each bar 


As load = Stress x Area 
.. Load carried by steel rod, 
P, =6,xA, 


= 41.77 x 706.86 = 29525.5 N. Ans. 
Load carried by copper tube, 
P. = 45000 — 29525.5 


c 


= 15474.5 N. Ans. 


Problem 1.20. A compound tube consists of a steel tube 140 mm internal diameter 
and 160 mm external diameter and an outer brass tube 160 mm internal diameter and 
180 mm external diameter. The two tubes are of the same length. The compound tube carries 
an axial load of 900 kN. Find the stresses and the load carried by each tube and the amount 
it shortens. Length of each tube is 140 mm. Take E for steel as 2 x 10° N/mm? and for brass 
as 1 x 10° N/mm?. 


Sol. Given : 

Internal dia. of steel tube = 140 mm 

External dia. of steel tube = 160 mm 

.. Area of steel tube, A= : (1602 — 1402) = 4712.4 mm? 
Internal dia. of brass tube = 160 mm 

External dia. of brass tube = 180 mm 

T 
.. Area of brass tube, A, = i (1802 — 1602) = 5340.7 mm? 


Axial load carried by compound tube, 
P = 900 kN = 900 x 1000 = 900000 N 


Length of each tube, L=140mm 

E for steel, E, = 2 x 10° N/mm? 

E for brass, E,, = 1x 10° N/mm? 

Let o, = Stress in steel in N/mm? and 


0, = Stress in brass in N/mm? 
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Now strain in steel = Strain in brass 


Be. = De e Strain = sess 
E, E, E 
E 2x10° 
Oo. = —xo, = ——~ 6, = 20 ..(L) 
? E, ixie? ~~? 
Now load on steel + Load on brass = Total load 
or 6,xA,+0,xA, = 900000 ( Load = Stress x Area) 
or 26,x4712.4 + 6, x 5340.7 = 900000 (~ 6, = 20;) 
or 14765.5 6, = 900000 
0, = ae = 60.95 N/mm2. Ans. 


Substituting the value of p, in 
o, = 
Load carried by brass tube 


Load carried by steel tube 


14765.5 
equation (i), we get 


2 x 60.95 = 121.9 N/mm?. Ans. 
Stress x Area 

6, x A, = 60.95 x 5340.7 N 
325515 N = 325.515 kN. Ans. 


900 — 325.515 = 574.485 KN. Ans. 


Decrease in the length of the compound tube 


Decrease in length of either of the tubes 
Decrease in length of brass tube 
Strain in brass tube x Original length 


Op 


60.95 
x L = ——_~ x 140 = 0.0853 mm. Ans. 
E, 1x 10 


Problem 1.21. Two vertical rods one of steel and the other of copper are each rigidly 
fixed at the top and 50 cm apart. Diameters and lengths of each rod are 2cm and 4 m respectively. 
A cross bar fixed to the rods at the lower ends carries a load of 5000 N such that the cross bar 
remains horizontal even after loading. Find the stress in each rod and the position of the load 


on the bar. Take E for steel = 2 x 10° 
E for copper = 1 x 10° N/mm?. 
Sol. Given : 
Distance between the rods 
= 50 cm = 500 mm 
Dia. of steel rod 
= Dia. of copper rod 
=2cm= 20mm 
.. Area of steel rod 
= Area of copper rod 


- ; x (20)? = 100 x mm? 


N/mm? and 


Steel Copper 
2cm dia 2cmdia 
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». A,=A,= 100 nmm? 


Length of each rod =4m= 4000 mm 
Total load carried by rods, 
P = 5000 N 
E for steel, E, = 2x 10° N/mm? 
E for copper, E, = 1x 10° N/mm? 
Let o, = Stress in steel rod and 


o, = Stress in copper rod. 

Since the cross bar remains horizontal, the extensions of the steel and copper rods are 
equal. Also these rods have the same original length, hence the strains of these rods are 
equal. 

Strain in steel = Strain in copper 


0, 0, ( : : sass 
bn aba appeals - Strain = 

E, E, E 

5 
Now load on steel rod + Load on copper rod = Total load 
= 5000 N 

or 6,xA,+0,xA, = 5000 (: Load = Stress x Area) 
or o, x 1002 + 6, x 100m = 5000 (. A, =A, = 100 mm?) 
or 20, x 1007 + 6, x 100m = 5000 (-- 6, = 20,) 
or 36, x 100n = 5000 

o, = _~ = 5.305 N/mm?. Ans. 


Substituting this value of 6, in equation (i), we get 
o, = 2x 5.305 = 10.61 N/mm”. Ans. 
Position of the load of 5000 N on cross bar 
Let x = The distance of the 5000 N load from the copper rod (i.e., from 
the right hand rod). 

Now first calculate the load carried by each rod. 
Load carried by steel rod, 
P, =6,%A, (.. Load = Stress x Area) 

= 10.61 x 100z = 3333 N 
Load carried by copper rod, 
P, = Total load — P, 

= 5000 — 3333 = 1667 N 
Now taking the moments about the copper rod and equating the same, we get 

5000 xx =P, x50 
3333 x 50 ( P, = 3333) 
ee = = 88.33 em. Ans. 
Problem 1.22. A load of 2 MN is applied on a short concrete column 500 mm x 500 mm. 

The column is reinforced with four steel bars of 10 mm diameter, one in each corner. Find the 
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stresses in the concrete and steel bars. Take E for steel as 2.1 x 10° N/mm? and for concrete as 


1.4 x 104 Nimm?. 


Sol. Given : oa 
Total load applied, P =2MN=2x10°N ~~ / 
Area of column = 500 x 500 = 250000 mm? Steel bars 
Area of 4 steel bars, A, = 4x 7(10)" = 314.159 mm? coe 
Area of concrete, A, = Area of column 
— Area of steel bars 
= 250000 — 314.159 i eae 
7 2 
= 249685.841 mm eeu 
E for steel, E_ = 2.1 x 10° N/mm? ; 
s Fig. 1.18 
E for concrete, E, = 1.4x 10* N/mm? 
Let 6, = Stress in steel bar in N/mm? 
6, = Stress in concrete in N/mm? 
Now strain in steel = Strain in concrete 
Ce Oe . . _ Stress 
E, £, (: Strain = E 
E, 2.1x 10° 
= x6, =—___ 6, =156, PAG 
ae) 1.4x 104 us 


Now load on steel + Load on concrete = Total load 
6,.A,+6,.A, =P 
or 150, x 314.159 + 6, x 249685.841 = 2000000 


or 2543986, = 2000000 
2000000 
i abe ks ee 2 
Oo, = 954398 = 7.86 N/mm*. Ans. 


Substituting this value in equation (i), we get 
o,= 15 x 7.86 = 117.92 N/mm2. Ans. 


(.: Load = Stress x Area) 
(-- 6, = 150,) 


Problem 1.23. A reinforced short concrete column 250 mm x 250 mm in section is 
reinforced with 8 steel bars. The total area of steel bars is 2500 mm?. The column carries a 
load of 390 kN. If the modulus of elasticity for steel is 15 times that of concrete, find the 


stresses in concrete and steel. 


Sol. Given : 
Area of concrete column = 250 x 250 = 62500 mm? 
Area of steel bars, A, = 2500 mm? 
.. Area of concrete, A, = 62500 — 2500 = 60000 mm? 
Total load on column, P = 390 kN= 390,000 N 
E for steel = 15 x E for concrete 
or E,= 15E, 
Let 6, = Stress in steel in N/mm? 


co, = Stress in concrete in N/mm? 
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Now strain in steel = Strain in concrete 
or aol Semple e Strain = sae | 
E, s E 
E, . 
or Oo, = E. 6, = 150, +e(B) 
Also, we know that 
Total load = Load on steel + Load on concrete 
or P = o,.A,-6,.A, (.. Load = Stress x Area) 
or 390000 = 1560, x 2500 + o, x 60000 (- o, = 150,) 
= 975000, 
390000 
= 7 2 
o, = 97500 = 4.0 N/mm*. Ans. 


Substituting this value in equation (i), we get 
o. = 15x 4.0 = 60.0 N/‘mm?. Ans. 


Ss 
Area of steel required so that column may support a load of 480 kN and maximum 
stress in concrete is 4.5 N/mm?. 


Let A,* = Area of steel required 
Area of concrete = 62500 -A,* 
o,* = Stress in steel in N/mm? 
o,* = Stress in concrete = 4.5 N/mm? 
P* = Total load = 480 kN = 480000 N 
We know that o,* = 150," 
= 15x 4.5 (Ce o,* = 4.5) 
= 67.5 N/mm2 


Also, we know that 
Total load = Load on steel + Load on concrete 


or P¥ = o,* xA*+6,* x A.* 
or 480000 = 67.5 x A,* + 4.5 x (62500 — A,*) 
= 67.5xA,* + 4.5 x 62500 — 4.5 A.* 
or 480000 — 4.5 x 62500 = 63A,* 
or 198750 = 63A,* 
A,* = et = 3154.76 mm?. Ans. 


63 


Problem 1.24. A steel rod and two copper rods together support a load of 370 kN as 
shown in Fig. 1.19. The cross-sectional area of steel rod is 2500 mm? and of each copper rod 
is 1600 mm2. Find the stresses in the rods. Take E for steel = 2 x 10° N/mm? and for copper 
= 1 x 10° Nimm?. 


Sol. Given : 
Load, P = 370 kN = 370,000 N 
Area of steel rod, A, = 2500 mm? 
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Area of two copper rods, <A, = 2 x 1600 

= 3200 mm? anil 
E for steel, E, = 2x 10° N/mm? 
E for copper, E,= 1x 10° N/mm? 
Length of steel rod, L,= 15 + 10 cm 

= 25 cm = 250 mm 
Length of copper rods, L,=15 em = 150 mm 


Let o, = Stress in steel rod in N/mm? 


Copper Steel Copper 
a a 


6, = Stress in copper rods in N/mm? 


We know that decrease in the length of steel rod 
is equal to the decrease in the length of copper rods. ¥ 


But decrease in length of steel rod Pig, 1.19 
= Strain in steel rod x Length of steel rod 


Stress in steel 7 aa 
—— L, . Strain = 


s 


Stress 
E 


ae an x 250 Ai) 
x 


Similarly decrease in length of copper rods 


= Strain in copper roods x Length of copper rods 


Stress in copper 
= E x L, 


c 


ah We = x 150 ...(ti) 
1x 10 


Equating the decrease in length of steel rod to the decrease in the length of copper 
rods, we get 


Os % 250 2 "8150 
2x 10 1x 10 
2x 10° | 150 1 . 
or 5. = 5. * F408 * o50 = 1-26. sel BUL) 


Also, we know that 
Load on steel + Load on copper = Total load applied 


or 0,xA,+6,xA, = P (- Load = Stress x Area) 
or 1.26, x 2500 +6, x 3200 = 370,000 (- 6, = 1.26,) 
or 6200o, = 370000 

6.2 — = 59.67 N/mm2. Ans. 
Substituting this value in equation (iii), we get 

o, = 12x00, 


= 1.2 x 59.67 = 71.604 N/mm2. Ans. 


STRENGTH OF MATERIALS 


together support a load as shown in Fig. 1.20. If the stresses 
in brass and steel are not to exceed 60 N/mm? and 120 N/ 
mm?, find the safe load that can be supported. Take E for 
steel = 2 x 10° N/mm? and for brass = 1 x 10° N/mm?2. The 
cross-sectional area of steel rod is 1500 mm? and of each 
brass rod is 1000 mm?. 


Problem 1.25. Two brass rods and one steel rod 


Sol. Given : 
Stress in brass, 6, = 60 N/mm? 
Stress in steel, o, = 120 N/mm? 
E for steel, E, = 2x 10° N/mm? 
E for brass, E, = 1x 10° N/émm? 
Area of steel rod, A, = 1500 mm? 
Area of two brass rods, A, = 2 x 1000 

= 2000 mm? 
Length of steel rod, L,= 170 mm 
Length of brass rods, L, = 100 mm 


We know that decrease in the length of steel rod should be equal to the decrease in 


length of brass rods. 


or 


But decrease in length of steel rod 
= Strain in steel rod x Length of steel rod 
=e, x L, where e, is strain in steel 
Similarly decrease in length of brass rods 
= Strain in brass rods x Length of brass rods 
=e, x L, where e, is strain in brass rod 
Equating the decrease in length of steel rod to the decrease in length of brass rods, we get 


e, L, 100 
e,L, = e,xL, or ra = L, 170 
But stress in steel = Strain in steel x E, (. Stress = Strain x F) 
o, = e,xE, Ah) 
Similarly stress in brass is given by, 
0, = e,xE, ... (Zi) 


Dividing equation (i) by equation (ii), we get 


5, _e,xE, 100. 2x10° 


= x 
oO, e,xE, 170° 1x10° 


= 1.176 


Suppose steel is permitted to reach its safe stress of 2 x 10° N/mm/2, the corresponding 


stress in brass will be 


5 
gp aa Seek gn Nie 
1.176 1.176 
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1.7 x 105 N/mm? which exceeds the safe stress of 1 x 10° N/mm? for brass. Therefore let brass 
be allowed to reach its safe stress of 1 x 10° N/mm?2. Then corresponding stress in steel will be 
1.176 x 105 N/mm? which is less than 2 x 10° N/mm?. 
Total load =P = Load on steel + Load on copper 
=0,xA,+06,xA, 
= 1.176 x 10° x 1500 + 1 x 10° x 2000 
= 3764x10°N or 376.4 x 10°N 
= 376.4 MN. Ans. (.- M-= 109) 
Problem 1.26. Three bars made of copper, zinc and aluminium are of equal length and 
have cross-section 500, 750 and 1000 square mm respectively. They are rigidly connected at 
their ends. If this compound member is subjected to a longitudinal pull of 250 kN, estimate the 
proportional of the load carried on each rod and the induced stresses. Take the value of E for 
copper = 1.3 x 10° N/mm?, for zinc = 1.0 x 10° N/mm? and for aluminium = 0.8 x 10° N/mm?. 
Sol. Given : 
Total load, P = 250 kN = 250 x 10°N 
For copper bar, 
Area, A,=500mm? and £,=1.3 x 10°N/mm? 
For zinc bar, 
Area, A,=750mm? and £,=1.0x 10°N/mm? 
For aluminium bar, 
Area, A, = 1000 mm?, and E, = 0.8 x 10° N/mm? 


Copper 
Zinc 
Aluminium 


Let 6, = Stress induced in copper bar, 
6, = Stress induced in zinc bar, P = 250 kN 
6,, = Stress induced in aluminium bar, Fig. 1.21 


P= Load shared by copper rod, 
P, = Load shared by zinc rod, 
P = Load shared by aluminium rod, and 
L = Length of each bar. 
Now, we know that the increase in length of each bar should be same, as length of each 
bar is equal hence strain in each bar will be same. 
Strain in copper = Strain in zinc = Strain in aluminium 


Stressincopper Stressinzinc Stress in aluminium 


il E. 7 E, 7 Ey 
or Se 2 9e . Ba 
E, E, Ey 
5 
6, = Be xg, = eX og = 1.6256, i) 
E, 0.8 x 10 
5 
Also C= 2; xo, = aici x 6, = 1.250, .. (it) 
E, 0.8 x10 
Now total load = Load on copper + Load on zinc + Load on aluminium 
or 250 x 10? = Stress in copper x A, + Stress in zinc x A, 


+ Stress in aluminium x A, 
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=0,xA,+60,xA,+6,xA, 
= 1.6250, x 500 + 1.250, x 750 + 6, x 1000 
= 27500, (.; 6, = 1.6250, and o, = 1.250,) 


_ 250 x 10° 


Oo = 

. 2750 

Substituting the value of 6, in equations (7) and (iz), we get 
o, = 1.625 x 90.9 = 147.7 N/mm”. Ans. 


= 90.9 N/mm2, Ans. 


and o, = 1.25 x 90.9 = 113.625 N/mm?. Ans. 
Now load shared by copper =o0,xA, 
= 147.7 x 500 = 73850 N. Ans. 
Load shared by zinc rod =0,x A, = 113.625 x 750 


= 85218 N. Ans. 
Load shared by aluminium rod 
=0,xA, = 90.9 x 1000 
= 90900 N. Ans. 
Problem 1.27. A steel rod 20 mm in diameter passes centrally through a steel tube of 
25 mm internal diameter and 30 mm external diameter. The tube is 800 mm long and is closed 


by rigid washers of negligible thickness which are fastened by nuts threaded on the rod. The 
nuts are tightened until the compressive load on the tube is 20 kN. Calculate the stresses in the 


tube and the rod. 
Find the increase in these stresses when one nut is tightened by one-quarter of a turn 
relative to the other. There are 4 threads per 10 mm. Take E = 2 x 10° N/mm?. 


Sol. Given : 
Dia. of rod = 20 mm 


.. Area of rod, A, = . (20)? mm2 = 1002 mm2 


1 
Area of tube, A, = 7 (30? — 252) mm? = 68.752 mm? 


Length of tube, L = 800 mm 
Compressive load on tube, P, = 20 kN = 20 x 10° N 
Value of E = 2 x 10° N/mm? 


Fig. 1.22 


When the nuts are tightened, the tube will be compressed and the rod will be elongated. 
This means that the tube will be under compression and rod will be under tension. Since no 
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external forces have been applied, the compressive load on the tube must be equal to the 
tensile load on the rod. 


Let 0, = Stress in the tube, and 
o,,= Stress in the rod 
Now, Tensile load on the rod = Compressive load on the tube 


or = A, xO,= Te x 6, = 0.68756, ...(Z) 


(i) When the compressive load on the tube is 20 kN or 20,000 N. 
Then stress in the tube, 
Load 20000 
°~ ‘Area of tube — 68.757 
= 92.599 N/mm? (compressive). Ans. 
(ii) Substituting this value in equation (i), we get 
Stress in the rod, 6, = 0.6875 x 6, = 0.6875 x 92.599 
= 63.66 N/mm? (tensile). Ans. 
(iii) Stresses in the rod and tube, when one nut is tightened by one quarter of a turn. 
Let o,* = Stress in the rod and 
o,* = Stress in the tube due to tightening of the nut by one-quarter of a turn. 


As the stress in the tube is compressive and stress in the rod is tensile hence there will 
be decrease in the length of tube but there will be increase in the length of the rod. 


.. Decrease in the length of tube 
= Strain x L 


=: Stress 2 tube x L ( ea 


Stress 


o*, “ 
= 5 x 800 = 0.004 x o, 
2x10 


Increase in the length of the rod 


ok 


_ Stress in rod eee oF i 
E E 
* 
__ 9 = x 800 = (0.6875 x o; ) x 800 (: 6, = 0.68756,) 
2x10 2x 10° 


= 0.00275 x o,* 
Axial advancement of the nut = One-quarter of a turn 


= + of a turn 
But in one turn, the advancement of the nut is <th of 10 mm. 


.. Axial advancement of the nut = 4+ x = x 10 = 0.625 mm 


1ay,l 
44 
But axial advancement of the nut 


= Decrease in length of tube + Increase in the length of rod 
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0.625 = 0.004 x o,* + 0.002750,* = 0.00675 x o,* 
0.625 

= ——— _ 929 59N, 2. Ans. 

: 0.00675 92.59 N/mm s 


and o,* = 0.6875 x 92.59 = 63.65 N/mm?. Ans. 


1.14. THERMAL STRESSES 


Thermal stresses are the stresses induced in a body due to change in temperature. 
Thermal stresses are set up in a body, when the temperature of the body is raised or lowered 
and the body is not allowed to expand or contract freely. But if the body is allowed to expand 
or contract freely, no stresses will be set up in the body. 

Consider a body which is heated to a certain temperature. 

Let L = Original length of the body, 

T = Rise in temperature, 
E = Young’s Modulus, 
o = Co-efficient of linear expansion, 
dL = Extension of rod due to rise of temperature. 
If the rod is free to expand, then extension of the rod is given by 
aL =a. T.L. aisle) 


oO 


This is shown in Fig. 1.23 (a) in which AB represents ri . = 
the original length and BB’ represents the increase in length skied 
due to temperature rise. Now suppose that an external (a) et 
compressive load, P is applied at B’ so that the rod is decreased in 4 L ple_-dL > 
its length from (Z + «TL) to L as shown in Figs. 1.23 (6) and (c). 4A 5 

D in | h 1g P 

Then compressive strain = eee wens (b) 4 wm 

Original length ey "i , 

a.T.L aTL 
— = = aT A B 
DetL iP 
(c) 
Stress 
B a 4¢—— L —— | 
Strain Fig. 1.23 


Stress = Strain x H=a.T.E 
And load or thrust on the rod = Stress x Area = 0.T.E x A 
If the ends of the body are fixed to rigid supports, so that its expansion is prevented, 
then compressive stress and strain will be set up in the rod. These stresses and strains are 
known as thermal stresses and thermal strain. 


Extension prevented 


AT hi 1 strai = 
ermal strain, e Original length 
dL a.T.L 
= TL = a = o.T wt la 
And thermal stress, o = Thermal strain x E 
=aTE. pats) 


Thermal stress is also known as temperature stress. 
And thermal strain is also known as temperature strain. 
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1.14.1. Stress and Strain when the Supports Yield. If the supports yield by an 
amount equal to 6, then the actual expansion 
= Expansion due to rise in temperature — 5 


=a.7.L —5. 
teenies - Acwal expansion _ (a .7'.L —8) 
Original length L 
And actual stress = Actual strain x E 
= ers xE. (1.16) 


Problem 1.28. A rod is 2 m long at a temperature of 10°C. Find the expansion of the 
rod, when the temperature is raised to 80°C. If this expansion is prevented, find the stress 
induced in the material of the rod. Take E = 1.0 x 10° MN/m? and «= 0.000012 per degree centigrade. 


Sol. Given : 

Length of rod, L =2m=200cm 

Initial temperature, T, = 10°C 

Final temperature, T, = 80°C 

.. Rise in temperature, T =T,-T, = 80° - 10° = 70°C 
Young’s Modulus, E =1.0 x 10° MN/m? 


= 1.0 x 10° x 10° N/m? (.. M = 108) 
= 1.0 x 10" N/m? 
Co-efficient of linear expansion, « = 0.000012 
(i) The expansion of the rod due to temperature rise is given by equation (1.13). 
.. Expansion of the rod =a.T.L 
= 0.000012 x 70 x 200 
= 0.168 cm. Ans. 
(ii) The stress in the material of the rod if expansion is prevented is given by equation (1.15). 
.. Thermal stress, o=a.T.E 
= 0.000012 x 70 x 1.0 x 10! N/m? 
= 84 x 10° N/m? = 84 N/mm?, Ans. (- 10° N/m? = 1 N/mm?) 
Problem 1.29. A steel rod of 3 cm diameter and 5 m long is connected to two grips and 
the rod is maintained at a temperature of 95°C. Determine the stress and pull exerted when the 
temperature falls to 30°C, if 
(i) the ends do not yield, and 
(ii) the ends yield by 0.12 cm. 
Take E = 2 x 10° MN/m? and o = 12 x 10-°/°C. 
Sol. Given : 
Dia. of the rod, d=3cm=30mm 


.. Area of the rod, A= * x 802 = 225 1 mm? 


Length of the rod, L=5m= 5000 mm 
Initial temperature, T, = 95°C 
Final temperature, T, = 30°C 
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.. Fall in temperature, 


Modulus of elasticity, 


(i) When the ends do not yield 


= 2x 10° x 10° N/m? 
= 2x 10!! N/m? 
Co-efficient of linear expansion, o = 12 x 10-§/°C. 


The stress is given by equation (1.15). 


Pull in the rod = Stress x Area 


a) When the ends yield by 0.12 cm 


6 = 0.12 cm = 1.2 mm 


T =T,-T, = 95-30 = 65°C 
E =2x 10° MN/m? 


Stress = a.T.E = 12 x 10° x 65 x 2 x 101! N/m? 
= 156 x 10° N/m? or 156 N/mm? (tensile). Ans. 


= 156 x 225 n= 110269.9 N. Ans. 


The stress when the ends yield is given by equation (1.16). 


Stress = 


(a.T.L—8) 


L 


xE 


_ (12x 10° x 65 x 5000 — 1.2) 


5 
_ (8.9- 1.2) 
~ 5000 


000 


Pull in the rod = Stress x Area 


x2x10°= 


1.15. THERMAL STRESSES IN COMPOSITE BARS 


Fig. 1.24 (a) shows a composite bar consisting of two members, a bar of brass and 
another of steel. Let the composite bar be heated through some temperature. If the members 
are free to expand then no stresses will be induced in the members. But the two members are 
rigidly fixed and hence the composite bar as a whole will expand by the same amount. As the 
co-efficient of linear expansion of brass is more than that of the steel, the brass will expand 
more than the steel. Hence the free expansion of brass will be more than that of the steel. But 
both the members are not free to expand, and hence the expansion of the composite bar, as a 
whole, will be less than that of the brass, but more than that of the steel. Hence the stress 


x 2 x 10° N/mm2 


108 N/mm2. Ans. 


= 108 x 225 n = 76340.7 N. Ans. 


Brass 


(a) 


Steel 


Brass 


Y 


(b) 


Fig. 1.24 


Steel 


Brass 


NY 
N 


(c) 
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induced in the brass will be compressive whereas the stress in steel will be tensile as shown 
in Fig. 1.24 (c). Hence the load or force on the brass will be compressive whereas on the steel 
the load will be tensile. 


Let A, = Area of cross-section of brass bar 
6, = Stress in brass 
e, = Strain in brass 
o,, = Co-efficient of linear expansion for brass 
E,, = Young’s modulus for copper 
A,, 6,,e, and a, = Corresponding values of area, stress, strain and co-efficient 
of linear expansion for steel, and 
E, = Young’s modulus for steel. 
5 = Actual expansion of the composite bar 
Now load on the brass = Stress in brass x Area of brass 
= 6, xA, 


And load on the steel = 6, x A, 


For the equilibrium of the system, compression in copper should be equal to tension in 
the steel 


or Load on the brass = Load on the steel 
6, x A, =9, x A,. 
Ais we know that coal expansion of steel 
= Actual expansion of brass .-(Z) 
But actual expansion of steel 
= Free expansion of steel + Expansion due to tensile stress 
in steel 
=a,.T.L+ a eS 
And actual expansion of copper 
= Free expansion of copper — Contraction due to compressive 
stress induced in brass 
OPE 
E, 
Substituting these values in equation (7), we get 


Ot, Pre ee es Ve a ig ener 
E, E, 


or .% Pao 
E 


om 
E, Fi 
where T = Rise of temperature. 


Problem 1.30. A steel rod of 20 mm diameter passes centrally through a copper tube of 
50 mm external diameter and 40 mm internal diameter. The tube is closed at each end by rigid 
plates of negligible thickness. The nuts are tightened lightly home on the projecting parts of the 
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rod. If the temperature of the assembly is raised by 50°C, calculate the stresses developed in 
copper and steel. Take E for steel and copper as 200 GN/m? and 100 GN/m? and « for steel and 
copper as 12 x 10 per °C and 18 x 10-8 per °C. 

Sol. Given : 


Dia. of steel rod = 20 mm 


.. Area of steel rod, A, = — x 20? = 100x mm? 


ala #la 


Area of copper tube, A, = — (50? — 40?) mm? = 2252 mm? 


Rise of temperature, T = 50°C 


E for steel, E, = 200 GN/m? 
= 200 x 109 N/m? (-- G= 109%) 
= 200 x 10? x 10° N/m? 
= 200 x 10? N/mm? (.- 10° N/m? = 1 N/mm?) 
E for copper, E., = 100 GN/m? = 100 x 109 N/m? 
= 100 x 10? x 10° N/m? = 100 x 10° N/mm? 
o for steel, a, = 12x 10-* per °C 
o for copper, a, = 18 x 10 per °C. 


As « for copper is more than that of steel, hence the free expansion of copper will be 
more than that of steel when there is a rise in temperature. But the ends of the rod and the 
tube is fixed to the rigid plates and the nuts are tightened on the projected parts of the rod. 
Hence the two members are not free to expand. Hence the tube and the rod will expand by the 
same amount. The free expansion of the copper tube will be more than the common expansion, 
whereas the free expansion of the steel rod will be less than the common expansion. Hence 
the copper tube will be subjected to compressive stress and the steel rod will be subjected to 
tensile stress. 

Let 6, = Tensile stress in steel 

6, = Compressive stress in copper. 

For the equilibrium of the system, 


Tensile load on steel = Compressive load on copper 


or 0,.-A, =6,.A, 
A, 
or 6, =—* xo, 
A, 
2257 ; 
her x 6, = 2.250, ..Z) 
We know that the copper tube and steel rod will actually expand by the same amount. 
Actual expansion of steel = Actual expansion of copper ... (ii) 


But actual expansion of steel 


= Free expansion of steel + Expansion due to tensile stress in steel 


a ry Lee De a 
E 


s 
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and actual expansion of copper 
= Free expansion of copper — Contraction due to compressive stress in copper 
0 
=a,.T.L—-—.L 
€ E. 


Substituting these values in equation (ii), we get 


0 he ea 
8 E ¢ E 


s c 

or GT he Tao 

E, E, 
or 12 x 10° x 50+ 22 Se_ = 1g x 10-8 x 50- —2 (2 6, = 2.25 6,) 

200 x 10° 100 x 10 
or 220 Ge 4 Se __ 18 x 10-8 x 50-12 x 10° x 50 
200x 10°  100x 10 
or 1.125 x 106, +1056, =6 x 10 x 50 
or 2.125 x 10° 6, = 30 x 10% 
or 2.1256, = 30 
30 ‘ 
o, = —— =14.117 N/mm’. Ans. 
#9195 


Substituting this value in equation (i), we get 
G, = 14.117 x 2.25 
= 31.76 N/mm?2. Ans. 


Problem 1.31. A steel tube of 30 mm external diameter and 20 mm internal diameter 
encloses a copper rod of 15 mm diameter to which it is rigidly joined at each end. If, at a 
temperature of 10°C there is no longitudinal stress, calculate the stresses in the rod and tube 
when the temperature is raised to 200°C. Take E for steel and copper as 2.1 x 10° N/mm? and 
1 x 10° N/mm? respectively. The value of co-efficient of linear expansion for steel and copper is 
given as 11 x 10~6 per °C and 18 x 10~ per °C respectively. 


Sol. Given : 

Dia. of copper rod =15mm 

.. Area of copper rod, A,= t x 15? = 56.252 mm? 
Area of steel tube, A,= 7 (302 — 202) = 1252 mm? 
Rise of temperature, T = (200 — 10) = 190°C 

E for steel, E, = 2.1 x 10° N/mm? 

E for copper, E,=1x 10° N/mm? 

Value of o for steel, a, = 11 x 10 per °C 

Value of « for copper, a, = 18 x 10-* per °C 
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As the value of o for copper is more than that of steel, hence the copper rod would 
expand more than the steel tube if it were free. Since the two are joined together, the copper 
will be prevented from expanding its full amount and will be put in compression, the steel 
being put in tension. 

Let 6, = Stress in steel 

6, = Stress in copper. 

For equilibrium of the system, 


Compressive load on copper = Tensile load on steel 
or 6,.A, = 6,.A, 
A 1251 : 
Oo, =o,.—=0 = 2.22 xo, ..(Z) 


: : A, 8* 56.25 1 
We know that the copper rod and the steel tube will actually expand by the same 
amount. 
Now actual expansion of steel = Free expansion of steel + Expansion due to tensile stress 
Oo; 
E_ . 


s 


=a,.7T.L+ L 


and actual expansion of copper = Free expansion of copper 
— Contraction due to compressive stress 


o 
=o,.T.L-—.L 
Ot, Ez 


c 
But actual expansion of steel = Actual expansion of copper 


Ss Se 


ie ne ee ee Pee ea 9 
OQ, ag E, Oo, E, 
fo} fe} 
Pe 2 Ta 
or el OL, E. 
2.29 
or 11 x 10 x 190 + —°__ = 18 x 10% x 190 - ———° (0, = 2.226,) 
2.1x 10° 1x 10 
2.29 
or _—Ss__ 4 SPESs = 18 x 10-6 x 190-11 x 10-6 x 190 
21x10? 1x10 
21x 2.22 
or eS 510-8 190 
2.1x 10 
or 6, + 4.6620, = 5x 10% x 190 x 2.1 x 10° 
or 5.6620, = 199.5 
199.5 
ao Gees 2 
5, = F66a = 35.235 N/mm*. Ans. 


Substituting this value in equation (i), we get 
6, = 2.22 x 35.235 = 78.22 N/mm”. Ans. 
Problem 1.32. A steel tube of 30 mm external diameter and 25 mm internal diameter 


encloses a gun metal rod of 20 mm diameter to which it is rigidly joined at each end. The 
temperature of the whole assembly is raised to 140°C and the nuts on the rod are then screwed 
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lightly home on the ends of the tube. Find the intensity of stress in the rod when the common 
temperature has fallen to 30°C. The value of E for steel and gun metal is 2.1 x 10° N/mm? and 
1 x 10° N/mm? respectively. The linear co-efficient of expansion for steel and gun metal 
is 12 x 10 per °C and 20 x 10~ per °C. 


Sol. Given : 

Dia. of gun metal rod = 20mm 

.. Avea of gun metal rod, A, = : x 20? = 100n mm? 

Area of steel tube, A, = + (302 — 252) = 68.75 mm? 
Fall in temperature, T= 140 —-30 = 110 

Value of E for steel, E,= 2.1 x 10° N/mm? 

Value of E for gun metal, E, = 1 x 10° N/mm? 

Value of o for steel, a, = 12 x 10-6 per °C 


Value of o for gun metal, 0, = 20 x 10% per °C. 

As 0, is greater than o,, hence the free contraction of the gun metal rod will be more 
than that of steel when there is a fall in temperature. But, since the ends of the rods have 
been provided with nuts, the two members are not free to contract fully, each of the member 
will contract by the same amount. The free contraction of the gun metal rod will be greater 
than the common contraction, whereas the free contraction of the steel tube will be less than 
the common contraction. Hence the steel tube will be subjected to compressive stress while 
the gun metal rod will be subjected to tensile stress. 

Let 6, = Stress in steel tube and 

6, = Stress in gun metal rod. 
For the equilibrium of the system, 
Total compressive force in steel = Total tensile force in gun metal 
: o,.A,=6,.A, 


7 Ag 7 100n 
or 5, =6,. re =O, - Gocen 
or 6, = 1.45450, ..(Z) 


We also know that the steel tube and gun metal rod will actually contract by the same 
amount. 


Actual contraction of steel = Actual contraction of gun metal rod 
But actual contraction of steel = Free contraction of steel 
+ contraction due to compressive stress in steel 


=o,.T.L+22 .L 
E, 
Actual contraction of gun metal = Free contraction of gun metal 
— expansion due to tensile stress in gun metal 


o 
St... L=— 2h 
g E, 
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Equating the two values, we get 


oO 
(Pe Se a PE a a EO 
s E 8 E 


s &§ 
o 
or a,.T+22 =0,.T-—& 
E, E, 
1.4545 o, Og 
or 12 x 10° x 110+ sani = 20x 10-6 x 110 — 5 (+ 6, = 1.4545 o,) 
2.1x 10 1x10 = 
o 
or aa z = 20 x 10% x 110 — 12 x 10-® x 110 


oO_.+ 
2.1x10° *¥ 1x10° 
1.4545 c, +2.1x Og 


or ; =8x10*~x 110 
2.1x 10 
or 3.5545 a, = 8 x 10-6 x 110 x 2.1 x 10° = 184.8 
184.8 


Oo, = = 51.99 N/mm2. Ans. 
8 3.5545 


Substituting this value in equation (i), we get 
6, = 1.4545 x 51.99 = 75.62 N/mm”. Ans. 


1.16. ELONGATION OF A BAR DUE TO ITS OWN WEIGHT 


Fig. 1.25 shows a bar AB fixed at end A and hanging freely 
under its own weight. 


Let L = Length of bar, 
A = Area of cross-section, 


E = Young’s modulus for the bar material, 


w = Weight per unit volume of the bar material. al L 
Consider a small strip of thickness dx at a distance x from the aK 
lower end. i 
Weight of the bar for a length of x is given by, * 
P= Specific weight x Volume of bar upto length x B L eh ie 


=wxAxx Fig. 1.25 

This means that on the strip, a weight of w x A x x is acting in 

the downward direction. Due to this weight, there will be some increase in the length of 
element. But length of the element is dx. 


Now stress on the element 


_ Weight acting onelement wxAxx 


Area of cross-section A 
The above equation shows that stress due to self weight in a bar is not uniform. It 
depends on x. The stress increases with the increase of x. 


Stress wxx 
E E 


Strain inthe element = 
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Elongation of the element 
= Strain x Length of element 
_ Wxx 


= a & dx 


Total elongation of the bar is obtained by integrating the above equation between limits 


zero and L. 


L L 
bL = \ dx = eh x. dx 


1.17. ANALYSIS OF BAR OF UNIFORM STRENGTH 


W=wxL) 


rere eg 


Fc 


In the previous article we have seen that the stress due to self weight of the bar is not 
constant but the stress increases with the increase of distance from the lower end. If the self 
weight is neglected and a bar of uniform section is subjected to an axial load, then the stress 


in the bar would be uniform. 


Let us find the shape of the bar of which self weight of the bar is considered and is 
having uniform stress on all sections when subjected to an axial P. Such bar is shown in 
Fig. 1.26, in which the area of the bar increases from the lower end to the upper end. 


Let A, = Area of upper end, 


LLLLLLLSLYELL LSS SSS 


A, = Area of lower end, 
w = Weight per unit volume of the bar, 
o = Uniform stress on the bar. 
Consider a strip of length dx at a distance x from 
the lower end. Let A be the area of the strip at section 
AB and (A + dA) be the area at section DC. Consider the 
equilibrium of the strip ABCD. 
The forces acting on the strip are: 
(i) Weight of strip acting downward and equal to 
w x volume of strip i.e., w x A x dx. 
(ii) Force on section AB due to uniform stress (0) 


vpP 
Fig. 1.26 


o(A + dA) 


oA + wAdx 


and is equal to o x A. This is acting downward. 


(iii) Force on section CD due to uniform stress (o) and is equal to o (A + dA). This is 


acting upwards. 
Now, total force acting upwards 
= Total force acting downwards 


or o(A+dA) = 0xA+wAdx 
or oxAt+odA = o6xA+wAdx 
or odA = wAdx 

dA w 
or “A. = ou 
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Integrating the above equation, we get 


=| dx or log,A=—x+C (i) 
oO oO 


where C is the constant of integration. 


or 


or 


At x =0, A=A, 
Substituting these values in equation (i), we get 
log, Ay = — x0+C 
C = log, A, 


Substituting the value of C in equation (i), we get 


log, A = — x + log, A, 


log, A — log, Ay = — x or log, (4) = = ae 
Wx Wx 

eee e* or A=A,e ° wach bd) 

Ag 
The above equation gives the area at a distance x from lower end. 
At x=L, A=A, 
Substituting these values in equation (ii), we get 

wL 
A, =Aye = ss E19) 


Problem 1.33. A vertical bar fixed at the upper end and of uniform strength carries an 


axial tensile load of 600 kN. The bar is 20 m long and having weight per unit volume as 
0.00008 Nimm®. If the area of the bar at the lower end is 400 mm, find the area of the bar at 
the upper end. 


or 


Sol. Given : 
Axial load, P =600kN = 600 x 10° N 
Length, L =20m=20x 10? mm 


Weight per unit volume, w = 0.00008 N/mm? 
Area of bar at lower end, A,= 400 mm? 


Let A, = Area of bar at upper end. 
Now the uniform stress* on the bar, 
3 
a SON 2 ishe Nine 
Ay 400 
Using equation (1.19), we get 
wL 
A, =A, ¢ ° 
0.00008 x 20 x 10* 
= 400 x e aout = 400 x e®00iee7 
Ay _ ,0.0010667 
400 


*The stress on lower end = i We want that the stress in the bar should be uniform i.e., equal to =. 
2 2 
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Ay 
or log, = G59 = 0.0010667 
Ay 
or 2.3 logig Gog = 0.0010667 
A, _ 0.0010667 
or lofi 399 = ag = 0:00046378 
A 
Joo = Antilog of 0.00046378 = 1.00107 


A, = 400 x 1.00107 = 400.428 mm”. Ans. 


HIGHLIGHTS 


1. The resistance per unit area, offered by a body against deformation is known as stress. The 
stress is given by 


P 
re 


where P = External force or load ; A = Cross-sectional area. 
Stress is expressed as kegf/m?, kgf/cem?, N/m? and N/mm. 
1 N/m? = 10-* N/cem? or 10-® N/mm?. 


The ratio of change of dimension of the body to the original dimension is known as strain. 


AP 2 


The stress induced in a body, which is subjected to two equal and opposite pulls, is known as 
tensile stress. 


6. The stress induced in a body, which is subjected to two equal and opposite pushes, is known as 
compressive stress. 


7. Elasticity is the property by virtue of which certain materials return back to their original 
position after the removal of the external force. 


8. Hooke’s law states that within elastic limit, the stress is proportional to the strain. 


9. The ratio of tensile stress (or compressive stress) to the corresponding strain is known as Young’s 
modulus or modulus of elasticity and is denoted by E. 


E= Tensile or compressive stress 
Corresponding strain 


10. The ratio of shear stress to the corresponding shear strain within the elastic limit, is known as 
modulus of rigidity or shear modulus. It is denoted by C (or G or N). 


11. Total change in the length of a bar of different lengths and of different diameters when sub- 
jected to an axial load P, is given by 


e [a yey Ls a 


dba Ay Ay As 


ies when E is same 


fees when E is different. 


Ly Lg L3 
+ + AP esas 
EyA; HE gAg E3A3 
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12. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


The total extension of a uniformly tapering circular rod of diameters D, and D,, when the rod is 
subjected to an axial load P is given by 
_ _ 4PL 

~ 2ED,D», 

A composite bar is made up of two or more bars of equal lengths but of different materials rigidly 
fixed with each other and behaving as one unit for extension or compression. 


dL where L = Total length of the rod. 


In case of a composite bar having equal length : (i) strain in each bar is equal and (ii) total load 
on the composite bar is equal to the sum of loads carried by each different materials. 


The stresses induced in a body due to change in temperature are known as thermal stresses. 
Thermal strain and thermal stress is given by 
thermal strain, e=a.7 and _ thermal stress, p = a.T.E 
where a = Co-efficient of linear expansion , 
T = Rise or fall of temperature, 
E = Young’s modulus. 
Total elongation of a uniformly tapering rectangular bar when subjected to an axial load P is 
given by 
PL a 
= Fie—b)  B 
where L = Total length of bar ; t = Thickness of bar 
a = Width at bigger end; 6 = Width at smaller end 
E = Young’s modulus. 
In case of a composite bar having two or more bars of different lengths, the extension or com- 
pression in each bar will be equal. And the total load will be equal to the sum of the loads carried 
by each member. 
In case of nut and bolt used on a tube with washers, the tensile load on the bolt is equal to the 
compressive load on the tube. 


Elongation of a bar due to its own weight is given by 


w LP WL 
aba sO SE 
where w = Weight per unit volume of the bar material 


L = Length of bar. 


EXERCISE 


ee ge ee 


(A) Theoretical Questions 


Define stress and strain. Write down the S.I. and M.K.S. units of stress and strain. 
Explain clearly the different types of stresses and strains. 

Define the terms : Elasticity, elastic limit, Young’s modulus and modulus of rigidity. 
State Hooke’s law. 


Three sections of a bar are having different lengths and different diameters. The bar is sub- 
jected to an axial load P. Determine the total change in length of the bar. Take Young’s modulus 
of different sections same. 


6. 


10. 
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Distinguish between the following, giving due explanation : 

(i) Stress and strain, 

(ii) Force and stress, and 
(iii) Tensile stress and compressive stress. 

Prove that the total extension of a uniformly tapering rod of diameters D, and D,, when the rod 
is subjected to an axial load P is given by 
_ 4PL 
~ 1ED,Dy 
where L = Total length of the rod. 


Define a composite bar. How will you find the stresses and load carried by each member of a 
composite bar ? 
Define modular ratio, thermal stresses, thermal strains and Poisson’s ratio. 


aL 


A rod whose ends are fixed to rigid supports, is heated so that rise in temperature is T°C. Prove 
that the thermal strain and thermal stresses set up in the rod are given by, 


Thermal strain = o.T and 
Thermal stress = o«.T.E 
where © = Co-efficient of linear expansion. 
What is the procedure of finding thermal stresses in a composite bar ? 
What do you mean by ‘a bar of uniform strength’ ? 
Find an expression for the total elongation of a bar due to its own weight, when the bar is fixed 
at its upper end and hanging freely at the lower end. 
Find an expression for the total elongation of a uniformly tapering rectangular bar when it is 
subjected to an axial load P. 


(B) Numerical Problems 


A rod 200 cm long and of diameter 3.0 cm is subjected to an axial pull of 30 KN. If the Young’s 
modulus of the material of the rod is 2 x 10° N/mm?, determine : (Z) stress, (ii) strain and (iii) the 
elongation of the rod. [Ans. (i) 42.44 N/mm? (ii) 0.000212 (iii) 0.0424 cm] 
Find the Young’s modulus of a rod of diameter 30 mm and of length 300 mm which is subjected 
to a tensile load of 60 KN and the extension of the rod is equal to 0.4mm. _ [Ans. 63.6 GN/m?] 
The safe stress, for a hollow steel column which carries an axial load of 2.2 x 10° KN is 120 MN/m?. 
If the external diameter of the column is 25 cm, determine the internal diameter. 
[Ans. 19.79 cm] 

An axial pull of 40000 N is acting on a bar consisting of three sections of length 30 cm, 25 cm and 
20 cm and of diameters 2 cm, 4 cm and 5 cm respectively. If the Young’s modulus = 2 x 10° N/mm2, 
determine : 
(i) stress in each section and (ii) total extension of the bar. 

[Ans. (i) 127.32, 31.8, 20.37 N/mm/?, (ii) 0.025 cm] 
The ultimate stress for a hollow steel column which carries an FE 
axial load of 2 MN is 500 N/mm?. If the external diameter of the 
column is 250 mm, determine the internal diameter. Take the a 
factor of safety as 4.0. 


6cmx6cm 
Steel bar 


10cm x 10cm 


[Ans. — 205.25 mm] as 
Aluminium bar 


A member formed by connecting a steel bar to an aluminium 30 cm 
bar is shown in Fig. 1.27. Assuming that the bars are 
prevented from buckling sideways, calculate the magnitude of 


force P, that will cause the total length of the member to Fig. 1.27 
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10. 


11. 


12. 


decrease 0.30 mm. The values of elastic modulus for steel and aluminium are 2 x 10°N/mm? 

and 6.5 x 10¢ N/mm? respectively. [Ans. 406.22 kN] 
The bar shown in Fig. 1.28 is subjected to a tensile load of 150 KN. If the stress in the middle 
portion is limited to 160 N/mm?, determine the diameter of the middle portion. Find also the 
length of the middle portion if the total elongation of the bar is to be 0.25 cm. Young’s modulus 


is given as equal to 2.0 x 10° N/mm?. [Ans. 3.45 cm, 29.38 cm] 
150 KN 150 KN 
<+— 10cmDIA 10cm DIA ——»> 


1 ?_ 45 cm —______> 


Fig. 1.28 


A brass bar, having cross-section area of 900 mm2, is subjected to axial forces as shown in 
Fig. 1.29 in which AB = 0.6 m, BC =0.8 mand CD=1.0 m. 


A B Cc D 
40 kN 70 kN 20 kN 10 kN 
—— Ec 4 |» 
Fig. 1.29 
Find the total elongation of the bar. Take E = 1 x 10° N/mm. [Ans. — 0.111 mm] 


A member ABCD is subjected to point loads P,, P,, P, and P, as shown in Fig. 1.30. Calculate 
the force P, necessary for equilibrium if P, = 120 KN, P, = 220 kN and P, = 160 KN. Determine 
also the net change in the length of the member. Take E = 200 GN/m?. [Ans. 0.55 mm] 


40 mm x 40 mm 25 mm x 25 mm 30 mm x 30 mm 


Fig. 1.30 


A rod, which tapers uniformly from 5 cm diameter to 3 cm diameter in a length of 50 cm, is 
subjected to an axial load of 6000 N. If E = 2 x 10° N/mm’, find the extension of the rod. 
[Ans. 0.00127 cm] 
Find the modulus of elasticity for a rod, which tapers uniformly from 40 mm to 25 mm 
diameter in a length of 400 mm. The rod is subjected to a load of 6 KN and extension of the rod 
is 0.04 mm. [Ans. 76.39 kN/mm?2] 
A rectangular bar made of steel is 3 m long and 10 mm thick. The rod is subjected to an axial 
tensile load of 50 KN. The width of the rod varies from 70 mm at one end to 28 mm at the other. 
Find the extension of the rod if E = 2 x 10° N/mm?. [Ans. 1.636 mm] 


13. 


14. 


15. 


16. 


v7. 


18. 


19. 


20. 


SIMPLE STRESSES AND STRAINS 


The extension in a rectangular steel bar of length 800 mm and of thickness 20 mm, is found to be 
0.21 mm. The bar tapers uniformly in width from 80 mm to 40 mm. If £ for the bar is 2 x 10° 
N/mm?, determine the axial tensile load on the bar. [Ans. 60.6 kN] 


A steel rod of 2 cm diameter is enclosed centrally in a hollow copper tube of external diameter 
4cm and internal diameter of 3.5 cm. The composite bar is then subjected to an axial pull of 
50000 N. If the length of each bar is equal to 20 cm, determine : 


(i) the stress in the rod and tube, and 
(ii) load carried by each bar. 
Take E for steel = 2 x 10° N/mm? and for copper = 1 x 10° N/mm?. 
[Ans. (i) 54.18 ; 108.36 N/mm? (ii) 34043.4 N and 15956.6 N] 


A mild steel rod of 20 mm diameter and 300 mm long is enclosed centrally inside a hollow copper 
tube of external diameter 30 mm and internal diameter of 25 mm. The ends of the tube and rods 
are brazed together, and the composite bar is subjected to an axial pull of 40 KN. If E for steel 
and copper is 200 GN/m? and 100 GN/m? respectively, find the stresses developed in the rod and 
tube. Also find the extension of the rod. 

[Ans. 94.76 N/mm?2, 47.38 N/mm? and 0.142 mm] 


A load of 1.9 MN is applied on a short concrete column 300 mm x 
200 mm. The column is reinforced with four steel bars of 10 mm 
diameter, one in each corner. Find the stresses in the concrete 
and steel bars. Take E for steel as 2.1 x 10° N/mm? and for con- 
crete as 1.4 x 104 N/mm2. 


[Ans. 20.13, 301.9 N/mm?2] 


A reinforced short concrete column 250 mm x 250 mm in section 
is reinforced with 8 steel bars. The total area of steel bars is 
1608.50 mm?. The column carries a load of 270 KN. If the modu- 
lus of elasticity for steel is 18 times that of concrete, find the 
stresses in concrete and steel. 


If the stress in concrete shall not exceed 4 N/mm, find the area of steel required so that the 
column may support a load of 400 kN. [Ans. 6, = 3 N/mm?, o, = 54 N/mm? and A, = 2206 mm?] 
Two vertical rods one of steel and other of copper are each rigidly fixed at the top and 60 cm 
apart. Diameters and length of each rod are 3 cm and 3.5 cm respectively. A cross bar fixed to 
the rods at the lower ends carries a load of 6000 N such that the cross bar remains horizontal 
even after loading. Find the stress in each rod and the position of the load on the bar. Take E for 
steel = 2 x 10° N/mm? and for copper = 1 x 10° N/mm?. 

[Ans. 2.829 and 5.658 N/mm? ; 39.99 cm] 


A steel rod of cross-sectional area 1600 mm? and two brass rods each of cross-sectional area of 
1000 mm? together support a load of 50 kN as shown in Fig. 1.31. 


Find the stresses in the rods. Take E for steel = 2 x 10° N/mm? and £ for brass = 1 x 10° N/mm2. 
[Ans. o, = 12.1 N/mm? and o, = 16.12 N/mm?] 


Arod is 3 m long at a temperature of 15°C. Find the expansion of the rod, when the temperature 
is raised to 95°C. If this expansion is prevented, find the stress induced in the material of the 
rod. Take E = 1 x 10° N/mm? and o = 0.000012 per degree centigrade. 


[Ans. 0.288 cm, 96 N/mm2] 
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21. 


22. 


23. 


24, 


A steel rod 5 cm diameter and 6 m long is connected to two grips and the rod is maintained at a 
temperature of 100°C. Determine the stress and pull exerted when the temperature falls to 
20°C if (Z) the ends do not yield, and (ii) the ends yield by 0.15 cm. 
Take E = 2 x 10° N/mm? and o@ = 12 x 10°*/°C. 

[Ans. (i) 192 N/mm? and 376990 N (ii) 142 N/mm2, 278816.3 N] 
A steel rod of 20 mm diameter passes centrally through a copper tube 40 mm external diameter 
and 30 mm internal diameter. The tube is closed at each end by rigid plates of negligible thickness. 
The nuts are tightened lightly home on the projected parts of the rod. If the temperature of the 
assembly is raised by 60°C, calculate the stresses developed in copper and steel. Take E for steel 
and copper as 200 GN/m? and 100 GN/m? and « for steel and copper as 12 x 10-° per °C and 
18 x 10° per °C. [Ans. 16.23, 28.4 N/mm?] 
A vertical bar fixed at the upper end and of uniform strength carries an axial tensile load of 500 
KN. The bar is 18 m long and having weight per unit volume as 0.00008 N/mm”. If the area of the 
bar at the lower end is 500 mm?, find the area of the bar at the upper end. [Ans. 500.72 mm?] 


A straight circular rod tapering from diameter ‘D’ at one end to a diameter ‘d’ at the other end 
is subjected to an axial load ‘P’. Obtain an expression for the elongation of the rod. 


Ans. a 
nE.D.d 


2.1. INTRODUCTION 


When a body is subjected to an axial tensile load, there is an increase in the length of 
the body. But at the same time there is a decrease in other dimensions of the body at right 
angles to the line of action of the applied load. Thus the body is having axial deformation and 
also deformation at right angles to the line of action of the applied load (i.e., lateral deformation). 
This chapter deals with these deformations, Poisson’s ratio, volumetric strains, bulk modulus, 
relation between Young’s modulus and modulus of rigidity and relation between Young’s 
modulus and bulk modulus. 


2.2. LONGITUDINAL STRAIN 


When a body is subjected to an axial tensile or compressive load, there is an axial 
deformation in the length of the body. The ratio of axial deformation to the original length of 
the body is known as longitudinal (or linear) strain. The longitudinal strain is also defined as 
the deformation of the body per unit length in the direction of the applied load. 

Let L = Length of the body, 

P = Tensile force acting on the body, 
SL = Increase in the length of the body in the direction of P. 


éL 
Then, longitudinal strain = TL: 


2.3. LATERAL STRAIN 


The strain at right angles to the direction of applied load is known as lateral strain. Let 
a rectangular bar of length L, breadth b and depth d is subjected to an axial tensile load P as 
shown in Fig. 2.1. The length of the bar will increase while the breadth and depth will 
decrease. 


Let SL = Increase in length, 
5b = Decrease in breadth, and 
dd = Decrease in depth. 


bL 
Then longitudinal strain = Tr ..(2.1) 
5b 
and lateral strain =a or “ wl 2.2) 
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Fig. 2.1 


Note. (i) If longitudinal strain is tensile, the lateral strains will be compressive. 

(ii) If longitudinal strain is compressive then lateral strains will be tensile. 

(tii) Hence every longitudinal strain in the direction of load is accompanied by lateral strains of 
the opposite kind in all directions perpendicular to the load. 


2.4. POISSON’S RATIO 


The ratio of lateral strain to the longitudinal strain is a constant for a given material, 
when the material is stressed within the elastic limit. This ratio is called Poisson’s ratio 
and it is generally denoted by u. Hence mathematically, 

Lateral strain 
Longitudinal strain 


Poisson’s ratio, u ...(2.3) 


or Lateral strain = wu x longitudinal strain 

As lateral strain is opposite in sign to longitudinal strain, hence algebraically, the lateral 
strain is written as 

Lateral strain = — ux longitudinal strain 12.3 (A) 

The value of Poisson’s ratio varies from 0.25 to 0.33. For rubber, its value ranges from 
0.45 to 0.50. 

Problem 2.1. Determine the changes in length, breadth and thickness of a steel bar 
which is 4m long, 830 mm wide and 20 mm thick and is subjected to an axial pull of 30 RN in 
the direction of its length. Take E = 2 x 10° N/mm? and Poisson’s ratio = 0.3. 


Sol. Given : 

Length of the bar, L=4m = 4000 mm 

Breadth of the bar, 6=30mm 

Thickness of the bar, t= 20 mm 

Area of cross-section, A=bxt=30 x 20 = 600 mm? 

Axial pull, P = 30 KN = 30000 N 

Young’s modulus, E = 2 x 10° N/mm? 

Poisson’s ratio, u = 0.3. 

Now strain in the direction of load (or longitudinal strain), 

= Stress __Load ( areas eat) 

E Area x E Area 
Pen 30000 


= 0.00025. 


“AE. 600x2x 105 
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or 


But longitudinal strain = Tr 
bL 


= 0.00025. 


SL (or change in length) = 0.00025 x L 


= 0.00025 x 4000 = 1.0 mm. 


Using equation (2.3), 
Lateral strain 


~ Longitudinal strain 
Lateral strain 
0.3 = ——____—_ 
0.00025 
Lateral strain = 0.3 x 0.00025 = 0.000075. 
We know that 


5b 
Lateral strain = or SE (or =) 


Poisson’s ratio 


b 
5b = 6 x Lateral strain 
= 30 x 0.000075 = 0.00225 mm. Ans. 
Similarly, dt = ¢ x Lateral strain 
= 20 x 0.000075 = 0.0015 mm. Ans. 


Ans. 


Problem 2.2. Determine the value of Young’s modulus and Poisson’s ratio of a metallic 
bar of length 30 cm, breadth 4 cm and depth 4 cm when the bar is subjected to an axial 
compressive load of 400 kN. The decrease in length is given as 0.075 cm and increase in breadth 


is 0.003 cm. 
Sol. Given : 
Length, L = 30cm; Breadth, 6 = 4cm;and Depth, d =4 cm. 
.. Area of cross-section, A = bxd=4x4 
= 16cm? = 16 x 100 = 1600 mm? 
Axial compressive load, P = 400 kN = 400 x 1000 N 
Decrease in length, dL = 0.075 cm 
Increase in breadth, 5b = 0.003 cm 
Longitudinal strain 7 “ 2 = 0.0025 
L 30 
Lateral strain = 2 = ones = 0.00075. 


or 


Using equation (2.3), 


Poisson’s ratio = 


Lateral strain — 0.00075 


= 0.3. Ans. 


consihidnnet aient Stress  P 
ongl udinal strain = E A ¥ E 
0.0025 = 400000_ 
1600x E 
400000 


~ 1600 x 0.0025 


Longitudinal strain 0.0025 


=1x10°N/mm?2. Ans. 
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2.5. VOLUMETRIC STRAIN 


The ratio of change in volume to the original volume of a body (when the body is subjected 
to a single force or a system of forces) is called volumetric strain. It is denoted by e,,. 
Mathematically, volumetric strain is given by 
éV 
ey = 
where SV = Change in volume, and 
V = Original volume. 


2.5.1. Volumetric Strain of a 
Rectangular Bar which is Subjected to an 
Axial Load P in the Direction of its Length. 
Consider a rectangular bar of length L, width b 
and depth d which is subjected to an axial load P 
in the direction of its length as shown in Fig. 2.2. 

Let dL = Change in length, 

56 = Change in width, and 
5d = Change in depth. 
Final length of the bar =L+68L 

Final width of the bar =b+5b 

Final depth of the bar =d+6d 

Now original volume of the bar, V = L.b.d 

Final volume = (L + 5L)(b + 5b)(d + dd) 

= L.b.d. + bddL + Lbdd + Ld.db 
(Ignoring products of small quantities) 


Change in volume, 
SV = Final volume — Original volume 
= (Lbd + bdéL + Lbéd + Lddb) — Lbd 
= bddL + Lbéd + Lddb 


Volumetric strain, 


fc) 
ey ry 
bddL + Lbéd + Lddb 
~ Lbd 
_ SL, Sd, 8 a) 
a G me 
5L bn tae : dd __ 8b . 
But E Longitudinal strain and oe or i are lateral strains. 
Substituting these values in the above equation, we get 
e, = Longitudinal strain + 2 x Lateral strain .(Z) 
From equation (2.3A), we have 
Lateral strain = — u x Longitudinal strain. 


Substituting the value of lateral strain in equation (i), we get 
e,, = Longitudinal strain — 2 x u longitudinal strain 
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= Longitudinal strain (1 — 2u) 
= oL (1 — 2u) (2:5) 
=> (1 -2u iS. 


Problem 2.3. For the problem 2.1, determine the volumetric strain and final volume of 
the given steel bar. 
Sol. Given : 
The following data is given in problem 2.1 : 
L = 4000 mm, b = 30 mm, ¢t ord = 20 mm, u = 0.3. 
Original volume, V = L.b.d = 4000 x 30 x 20 = 2400000 mm? 


The value of longitudinal strain (i. é., =| in problem 2.1 is calculated 


oF = 0.00025 
as, 7, =? 


Now using equation (2.5), we have 


Vv 


= 0.00025(1 — 2 x 0.3) = 0.0001. Ans. 


or ov = 0.0001 ( e,= *) 
V 
dV =0.0001 x V 
= 0.0001 x 2400000 = 240 mm? 
Final volume = Original volume + 5V 
= 2400000 + 240 mm? 
= 2400240 mm?. Ans. 
Problem 2.4. A steel bar 300 mm long, 50 mm wide and 40 mm thick is subjected to a 


pull of 300 RN in the direction of its length. Determine the change in volume. Take E = 2 x 10° 
N/mm? and u = 0.25. 


5L 
Volumetric strain, e,= TT (1 — 2u) 


Sol. Given : 

Length, L = 300mm 

Width, 6b = 50mm 

Thickness, t = 40mm 

Pull, P = 3800 KkN = 300 x 10°N 
Value of E = 2x 10° N/mm? 

Value of uw = 0.25 

Original volume, V = Lxbxt 


= 3800 x 50 x 40 mm? = 600000 mm? 
The longitudinal strain (i.e., the strain in the direction of load) is given by 


dL _ Stress in the direction of load 


L E 
But stress in the direction of load 
P _--P 
Area 6bxt 
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300 x 102 
= ———— 150 N/mm? 
50 x 40 oe 
ees a = 0.00075 
Li. 3610? ~~ 


Now volumetric strain is given by equation (2.5) as 


dL 
TL (1 — 2u) 
0.00075 (1 — 2 x 0.25) = 0.000375 


ey 


Let 6V = Change in volume. Then = represents volumetric strain. 


ev = 0.000375 
vy =o 
or dV = 0.000375 x V 
= 0.000375 x 600000 = 225 mm?. Ans. 
2.5.2. Volumetric Strain of a Z 
Rectangular Bar Subjected to Three Forces | YY 


which are Mutually Perpendicular. 


x, y and z subjected to three direct tensile 
stresses along three mutually perpendicular oe - 
axis as shown in Fig. 2.3. Z 


Consider a rectangular block of dimensions a -annnnn-- ore = ae 
X 


Then volume of block, V = xyz. Fig. 2.3 


Taking logarithm to both sides, we have 
log V = log x + log y + log z. 
Differentiating the above equation, we get 


Egy = dp aya ay 
V x y zZ 


dV dx dy. dz 
= +“ + 


or 
V x Yy 2 
dV Ch f vol 
But = ee ee Volumetric strain 
V Original volume 
dx _ Change of dimension x 
x Original dimension x 
= Strain in the x-direction = e, 
ss dy — ere 
Similarly, — = Strain in y-direction = e, 
y 
dz 5. . F 
and — = Strain in z-direction = e, 


ses26) 
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Substituting these values in equation (2.6), we get 
av 
V 

Now, Let 6, = Tensile stress in x-x direction, 


=e, +e, +e, 


0, = Tensile stress in y-y direction, and 
o, = Tensile stress in z-z direction. 

E = Young’s modulus 

u = Poisson’s ratio. 


Now o, will produce a tensile strain equal to Ss in the direction of x, and a compressive 


strain equal to as in the direction of y and z. Similarly, o, will produce a tensile strain 


0 XO 
equal to ae in the direction of y and a compressive strain equal to H ” in the direction of x 


0 
and z. Similarly o, will produce a tensile strain equal to 7 in the direction of z and a comp- 


ressive strain equal to noes in the direction of x and y. Hence 0, and o, will produce 


xo xo 
” and HX 


compressive strains equal to E in the direction of x. 


Net tensile strain along x-direction is given by 


Ox UXxGy beSe Sey (S252) 


% E E E E 
. . _ Oy = Ox +0, 
Similarly, ey = uu E 
oO 0,+090 
d vec ey (pe a 
an =F u( E ) 


Adding all the strains, we get 


a 2u 
e, tey +e, = 5 (6, + 0, + 5,)— F- (6, + 5, + G,) 


1 
ae (6, + 6, + 6,)(1 — 2p). 


. : dV 
But e,te,+e,= Volumetric strain = vv" 
GN. as (o, + 6, + 6,)(1 — 2u) wh) 
V &E * 


Equation (2.7) gives the volumetric strain. In this equation the stresses 6, , o, and o, 
are all tensile. If any of the stresses is compressive, it may be regarded as negative, and the 


above equation will hold good. If the value of “ is positive, it represents increase in volume 


: V : 
whereas the negative value of ~ represents a decrease in volume. 
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Problem 2.5. A metallic bar 300 mm x 100 mm x 40 mm is subjected to a force of 5 RN 
(tensile), 6 RN (tensile) and 4 RN (tensile) along x, y and z directions respectively. Determine 
the change in the volume of the block. Take E = 2 x10° N/mm? and Poisson’s ratio = 0.25. 


Sol. Given : 
Dimensions of bar = 300 mm x 100 mm x 40 mm 
' x = 300 mm, y = 100 mm and z = 40 mm 
Volume, V=xxyxz= 300 x 100 x 40 
= 1200000 mm? 
Load in the direction of x =5 kN =5000N 
Load in the direction of y =6kN =6000 N 
Load in the direction of z =4kN =4000N 
Value of E = 2x 105° N/mm? 
Poisson’s ratio, wu = 0.25 
Stress in the x-direction, uel 
_ Load in x-direction 5 kN 
yxe = a 
= 2000 24.98 Nimm? F300 mm —9p9S 
100 x 40 6 kN Fig. 2.4 


Similarly the stress in y-direction is given by, 


é 2 Load in y-direction 


y xXZ 


6000 


= Se 2 
= enn AD 0.5 N/mm 


Load in z-directi 
And stress in z-direction acer = ida 
xxXY 


= 4000 
=~ 300 x 100 
= 0.133 N/mm? 


or 


Using equation (2.9), we get 


av (o, + 6, + 6,)(1 — 2y) 
V «EE 7 


= oar (1.25 + 0.5 + 0.113)(1 - 2 x 0.25) 


_ 1.883 
~ 2x10° x2 
1.883 

= 5 x 
4x10 

_ 1.883 

~ 4x 10° 

= 5.649 mm?®. Ans. 


x 1200000 


Problem 2.6. A metallic bar 250 mm 
x 100 mm x 50 mm is loaded as shown in 
Fig. 2.5. 

Find the change in volume. Take 
E =2 x 10° Nimm? and Poisson’s ratio 
= 0.25. 

Also find the change that should be 
made in the 4 MN load, in order that there 
should be no change in the volume of the 
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[ MN 


bar. Fig. 2.5 

Sol. Given : 
Length, x = 250 mm, y = 100 mm and z = 50 mm 

Volume, V = xyz = 250 x 100 x 50 = 1250000 mm? 
Load in x-direction = 400 KN = 400000 N (tensile) 
Load in y-direction = 2 MN = 2 x 10° N (tensile) 
Load in z-direction = 4MN = 4x 10° N (compressive) 
Modulus of elasticity, E = 2 x 10° N/mm? 
Poisson’s ratio, u = 0.25. 
Now 6, = Stress in x-direction 


Load in x-direction 


Area of cross-section 


_ 400000 _ 400000 


yXzZ 


Similarly, 


= 5 ; 
100x50 — 80 N/mm“ (tension). 


os Load in y-direction 


y 


xXZ 


2x 10° 


~ 250 x50 
4000000 


and o.= 


= 160 N/mm2 


* 250 x 100 


= 160 N/mm? (compression). 
Using equation (2.7) and taking tensile stresses positive and compressive stresses 


negative, we get 


dV 1 
+= 
dV _ 
= ‘Vo 2x108 
80 
~ 2x 10° 


Change in volume, 
dV = 0.0002 x V 


7 (0, + 0, + 6,)(1 — 2p) 
(80 + 160 — 160)(1 — 2 x 0.25) 


x 0.5 = 0.0002. 


= 0.0002 x 1250000 


= 250 mm?. 


Ans. 
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Change in the 4 MN load when there is no change in volume of bar 


1 
a (6, + 6, + 6,)(1 — 2) 


If there is no change in volume, then = =0 


= (0, + O, + 6,)(1 — 2) = 
But for most of materials, the value of u lies between 0.25 and 0.33 and hence the term 
(1 — 2) is never zero. 
: 6, + 6,+6,= 0. 


The stresses 0, and o, are not ‘6 be changed. Only the stress corresponding to the load 
4 MN (i.e., stress in z- -direction) i is to be changed. 


5, =—6,—6, = — 80-160 =— 240 N/mm? (compressive) 
_ Load _ Load Load 
But 240 = ———__ 
7 *. “Area xxy 250 x 100 


Load = 240 x 250 x 100 =6 x 10°N=6 MN 
But already a compressive load of 4 MN is acting. 
Additional load that must be added 
= 6 MN - 4 MN = 2 MN (compressive). Ans. 


2.6. VOLUMETRIC STRAIN OF A CYLINDRICAL ROD 


Consider a cylindrical rod which is subjected to an axial tensile load P. 
Let d = diameter of the rod 
L = length of the rod 


Due to tensile load P, there will be an increase in the length of the rod, but the diameter 
of the rod will decrease as shown in Fig. 2.6. 


Fig. 2.6 
Final length =L+8L 
Final diameter =d—dd 
Now original volume of the rod, 
ie : d2 x L 
Final volume = 7 (d- 8d + BL) 


a (dG £3? oF KEANE 48D) 
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T (dx L + 8d? x L~ 2d x L x 8d +d? x SL 
+ §d2 x 5L — 2d x &d x 5L) 


4 (dx L 2d x L x 8d + d? x BL) 


Neglecting the products and higher powers of two small quantities. 
Change in volume, SV = Final volume — Original volume 


4 (dx L-2d xL x 8d +d? x 8L)—7 a? xL 


i (d? x 8L ~ 2d x L x 8d) 


. . Change in volume déV 
Volumetric strain, e, = — = 
* Original volume V 


T / 79 
at ciiieeise awe Some 


*a@xL L d 
4 


..(2.8) 


where “ is the strain of length and < is the strain of diameter. 
Volumetric strain = Strain in length — Twice the strain of diameter. 


Problem 2.7. A steel rod 5 m long and 30 mm in diameter is subjected to an axial 
tensile load of 50 kN. Determine the change in length, diameter and volume of the rod. Take E 
= 2 x 10° N/mm? and Poisson’s ratio = 0.25. 


Sol. Given : 
Length, L =5m=5x10?' mm 
Diameter, d = 30mm 
T 

Volume, Va, Oxi ; (30)2 x 5 x 103 = 35.343 x 105 
Tensile load, P =50kN =50 x 10° 
Value of E = 2x 10° N/mm? 
Poisson’s ratio, u = 0.25 
Let dd = Change in diameter 


5L = Change in length 
5V = Change in volume 


Now strain of length = aes 
Load 1 ( Load 
= x= : Stress = 
Area E Area 


P 1 50x10° 1 
T a Te . 5 
Re T 392 2x10 
4 4 
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3 
_ 0.4 oe x 10 — = 0.0003536 
mx 30° x 2x10 
But strain of length = = 
éL 
7 = 0.0003536 


SL = 0.0003536 x 5 x 10° 
1.768 mm. Ans. 
Lateral strain 


Now Poisson’s ratio = —————__—_- 
Longitudinal strain 


Lateral strain = Poisson’s ratio x Longitudinal strain 


= 0.25 x 0.0003536 E Longitudinal strain = *) 
= 0.0000884 
But Lateral strain = “ 
bd 
a = 0.0000884 


dd = 0.0000884 x d 
= 0.0000884 x 30 = 0.002652 mm 
Now using equation (2.8), we get 
5V SL 28d 
VoeL d 

= 0.0003536 — 2 x 0.0000884 = 0.0001768 
5V = Vx 0.0001768 

= 35.343 x 10° x 0.0001768 

= 624.86 mm?®. Ans. 


Volumetric strain, 


2.7. BULK MODULUS 


When a body is subjected to the mutually perpendicular like and equal direct stresses, 
the ratio of direct stress to the corresponding volumetric strain is found to be constant for a 
given material when the deformation is within a certain limit. This ratio is known as bulk 
modulus and is usually denoted by K. Mathematically bulk modulus is given by 


Direct stress Oo 
K= = (29 
Volumetric strain (+) ) 
V 


2.8. EXPRESSION FOR YOUNG’S MODULUS IN TERMS OF BULK MODULUS 


Fig. 2.7 shows a cube A B C DE F GH which is subjected to three mutually perpendicular 
tensile stresses of equal intensity. 


Let JL = Length of cube 
dL = Change in length of the cube 
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E = Young’s modulus of the material of the cube 
o = Tensile stress acting on the faces 
u = Poisson’s ratio. 

Then volume of cube, V = L? 

Now let us consider the strain of one of the sides of 
the cube (say AB) under the action of the three mutually 
perpendicular stresses. This side will suffer the following 
three strains : 


1. Strain of AB due to stresses on the faces AFHD 


and BFGC. This strain is tensile and is equal to a Fig. 2.7 


2. Strain of AB due to stresses on the faces AEFB and DHGC. This is compressive 
lateral strain and is equal to — u = 

3. Strain of AB due to stresses on the faces ABCD and EFGH. This is also compressive 
lateral strain and is equal to—u a 


Hence the total strain of AB is given by 


dL o re) o Oo : 

— = —- ux —-ux— = =(1-2 see 

Coe ae ee w 
Now original volume of cube, V = L? soltt) 


If dL is the change in length, then dV is the change in volume. 
Differentiating equation (ii), with respect to L, 

dV = 3L? x dL .. (Li) 
Dividing equation (iii) by equation (ii), we get 


WV 3 xd Bab 
V iL? L 


Substituting the value of “ from equation (i), in the above equation, we get 


dV 30 
haere 
yg 
From equation (2.9), bulk modulus is given by 
o_o 4 EY 88 
——| = W=2y) 
V E 
__# (2.10) 
3(1- 2u) 
or E = 3K (1- 2u) ...(2.11) 
: : : ; : ‘ : 3K -E 
From equation (2.11), the expression for Poisson’s ratio (1) is obtained as up = 6K 
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Problem 2.8. For a material, Young’s modulus is given as 1.2 x 10° N/mm? and 


Poisson’s ratio f. Calculate the Bulk modulus. 


Sol. Given : Young’s modulus, E = 1.2 x 10° N/mm? 


Poisson’s ratio, u 


Let K 
Using equation (2.10), 


K= 


4 
Bulk modulus 


E tx 10? 12% 10? 


_ 2*%12% 10" 


BQ. - 2u) 3(1- 7] ax 


2 


= 0.8 x 10° N/mm?2. Ans. 


Problem 2.9. A bar of 30 mm diameter is subjected to a pull of 60 kN. The measured 
extension on gauge length of 200 mm is 0.1 mm and change in diameter is 0.004 mm. Calculate : 


(i) Young’s modulus, 
(iit) Bulk modulus. 
Sol. Given : Dia. of bar, 
Area of bar, 


Pull, 

Gauge length, 
Extension, 

Change in dia., 

(i) Young’s modulus (E) 


Tensile stress, 


Longitudinal strain 


.. Young’s modulus, 


(ii) Poisson’s ratio (Ww) 


d 
A 


E 


(ii) Poisson’s ratio and 


= 30mm 


= 7 (30)? = 225n mm2 
= 60 kN = 60 x 1000 N 
= 200 mm 


= 0.1mm 
= 0.004 mm 


P _ 60000 
A 2251 
on = Ok = 0.0005 
L 200 


Tensile stress 


= 84.87 N/mm? 


Longitudinal strain 


84.87 


= = 16.975 x 104 N/mm? 


0.0005 


1.6975 x 10° N/mm2, Ans. 


Poisson’s ratio is given by equation (2.3) as 


Poisson’s ratio 


(uw) 


Lateral strain 


Longitudinal strain 


¢ Lateral strain = =) 
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(2004) 
30 ) 0.000133 
0.0005 0.0005 ~ "266. Ans. 
(iti) Bulk modulus (K) 
Using equation (2.10), we get 
E  _ 1.6975 x 10° 


K 


~ 3(1-2u)  3(1— 0.266 x 2) 
1.209 x 10° N/mm?2, Ans. 


2.9. PRINCIPLE OF COMPLEMENTARY SHEAR STRESSES 


It states that a set of shear stresses across a plane is | ; 
always accompanied by a set of balancing shear stresses (i.e., es — Cc 
of the same intensity) across the plane and normal to it. 

Proof. Fig. 2.8 shows a rectangular block ABCD, | |: 
subjected to a set of shear stresses of intensity t on the faces 
AB and CD. Let the thickness of the block normal to the plane A —> B 
of the paper is unity. . 

The force acting on face AB Fig. 2.8 


= Stress x Area 
=tTxABx1=1.AB 
Similarly force acting on face CD 
=tTxCDx1=t1.CD 
= t.AB (. CD = AB) 
The forces acting on the faces AB and CD are equal and opposite and hence these forces 
will form a couple. 
The moment of this couple = Force x Perpendicular distance 
=1.AB x AD (2) 
If the block is in equilibrium, there must be a restoring couple whose moment must be 
equal to the moment given by equation (i). Let the shear stress of intensity tv’ is set up on the 
faces AD and CB. 
The force acting on face AD = 1’ x ADx 1=7'.AD 
The force acting on face BC = 7 x BCx 1=1BC =17.AD (. BC = AD) 
As the force acting on faces AD and BC are equal and opposite, these forces also forms 
a couple. 
Moment of this couple = Force x Distance = t’.AD x AB .. (1) 
For the equilibrium of the block, the moments of couples given by equations (i) and (it) 
should be equal 
a tAB x AD=v7.AD x AB ort=T. 
The above equation proves that a set of shear stresses is always accompanied by a 
transverse set of shear stresses of the same intensity. 
The stress t’ is known as complementary shear and the two stresses (t and 17’) at right 
angles together constitute a state of simple shear. The direction of the shear stresses on the 
block are either both towards or both away from a corner. 
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In Fig. 2.8, as a result of two couples, formed by the shear forces, the diagonal BD will 
be subjected to tension and the diagonal AB will be subjected to compression. 


2.10. STRESSES ON INCLINED SECTIONS WHEN THE ELEMENT IS SUBJECTED 


TO SIMPLE SHEAR STRESSES 


Fig. 2.9 shows a rectangular block ABCD which is in a 
state of simple shear and hence subjected to a set of shear 
stresses of intensity t on the faces AB, CD and the faces AD 
and CB. Let the thickness of the block normal to the plane of 
the paper is unity. 

It is required to find the normal and tangential stresses 
across an inclined plane CE, which is having inclination 0 with 
the face CB. 

Consider the equilibrium of the triangular piece CEB 
of thickness unity. The forces acting on triangular piece CEB 
are shown in Fig. 2.10 and they are : 

(i) Shear force on face CB, 

Q, = Shear stress x area of face CB 

=tTxBCx1 
= tx BC acting along CB 

(ii) Shear force on face EB, 

Q, = Shear stress x area of face EB 

=tx EBx1=tx EB acting along EB 

(iit) A force P,, normal to the plane EC 

(iv) A force P, tangential to the plane EC 


L 


——_»> B 
tx EB=Q, 


Fig. 2.10 


The force Q, is acting along the face CB as shown in Fig. 2.11. This force is resolved 
into two components, i.e., Q, cos 0 and Q, sin 0 along the plane CE and normal to the plane 


CE respectively. 


The force Q, is acting along the face EB. This force is also resolved into two components, 
i.e., Q. sin 0 and Q, cos 0 along the plane EC and normal to the plane EC respectively. 


For equilibrium, the net force normal to the plane CE 
should be zero. 
P,—Q, sin 6 — Q, cos 6 = 0 
or P, =Q, sin 0 + Q, cos 0 
=tx BC x sin0+71x EB x cos 0 
(- @,=1x BC and Q, =t x EB) 
For equilibrium, the net force along the plane CE should 
be zero. 
P,—Q, cos 8 + Q, sin 8 = 0 
or P, = Q, cos 0 — Q, sin 8 
(— ve sign is taken due to opposite direction) 
=tx BC x cos8—tx EB x sin 9 


and 


Let 


Then 
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Normal stress on plane CE 
Tangential stress on plane CE 
Normal force on plane CE 


Area of section CE 
P, _ tx BCxsin0+tx EB xcos0 
CEx1_ CEx1 


PO eee 9 
Ono Rs ag wr 


tx cos 8x sin8+tTx sin 8 x cos 0 
(: In triangle EBC, Be = cos 6 and a) sin 0] 
CE CE 


2t cos 9 x sin 8 =T sin 20 #2. 12) 
Tangential force on plane CE 
Area of plane CE 


P, _ txBC xcos0—tx EB xsin 0 
CEx1- CE 


BO cog Bc crh 
TX CE xX COS EE Tia x sin 


Tx cos 8 x cos O— Tx sin 8 x sin 0 
t cos? 8 —T sin? 0 
t[cos? 0 — sin? 0] = t cos 20 ... (2.13) 


For the planes carrying the maximum normal stress, o,, should be maximum. But from 
equation (2.12) it is clear that 6, will be maximum when sin 20 = + 1 


i.e 20-1 
e., =15 
or @=+ . which means 0 = 45° or — 45° 
When 8 = 45°, then from equation (2.12), we have 
6, =Tsin 90° =T D Cc 
When @ =-—45°, theno, =-T ie 
(Positive sign shows the normal stress is tensile 
whereas negative sign shows the normal stress is 
compressive. ) 
When 0 = + 45°, then from equation (2.13), we find ae 
that 
0, =T cos 2 x 45° A _ £ B 
= 408 90%=0 Fig. 2.12 
This shows that the planes, which carry the 
maximum normal stresses, are having zero shear stresses. 
Now from equation 2.13, it is clear that shear stress 
will be maximum when cos 20 = +1, 
1.é., 20 = 0° or 180° or 0=0° or 90° 
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When 0 = 0° or 90°, the value ofc, from equation (2.12), is zero. 
This shows that the planes, which carry the maximum shear stresses, are having zero 
normal stresses. These planes are known as planes of simple shear. 
Important points. When an element is subjected to a set of shear stresses, then : 
(i) The planes of maximum normal stresses are perpendicular to each other. 
(ii) The planes of maximum normal stresses are inclined at an angle of 45° to the planes 
of pure shear. 
(iii) One of the maximum normal stress is tensile while the other maximum normal 
stress is compressive. 


(iv) The maximum normal stresses are of the same magnitude and are equal to the 
intensity of shear stress on the plane of pure shear. 


2.11. DIAGONAL STRESSES PRODUCED BY SIMPLE SHEAR ON A SQUARE BLOCK 


Fig. 2.13 shows a square block ABCD of each side equal to ‘a’ and subjected to a set of 
shear stresses of intensity t on the faces AB, CD and faces AD and CB. Let the thickness of 
the block normal to the plane of the paper is unity. 


c Tt T 
D <_——— C D <————_ Cc D <—___ _: Cc 
Tt tT OT TOT 4 
A as B A Ss: B A ee B 
T Tt T 
(a) (b) (oc) 
| Fig. 2.13 


The normal stress (6,,) on plane AC is given by equation (2.12) as 
6, = Tsin 20 .{Z) 
But as shown in Fig. 2.13 (6) the angle made by plane AC with face BC is given by, 


AB a i : : Cy? 
tan 0 = BC a [ ABCD is a square of side ‘a’] 
=i 
@ = 45° 


Substituting this value of 6 in equation (i), we get 
0, =Tx sin 2 x 45° =T x sin 90° = T 
and 6, =T x cos 20 = T x cos 2 x 45° 
=T x cos 90° = 0 
Hence on the plane AC, a direct tensile stress of magnitude Tt is acting. This tensile 
stress is parallel to the diagonal BD. Hence the diagonal BD is subjected to tensile stress of 
magnitude tT. 


ELASTIC CONSTANTS 


Similarly it can be proved that on the plane BD, a direct compressive stress of magnitude 
tis acting. This compressive stress is perpendicular to the plane BD or this compressive 
stress is along the diagonal AC. Hence the diagonal AC is subjected to compressive stress of 
magnitude t. The pure direct tensile and compressive stresses active on the diagonal planes 
AC and BD are called diagonal tensile and diagonal compressive stresses. The stress on the 
diagonal plane AC (i.e., along diagonal BD) is tensile whereas on the diagonal plane BD i.e., 
along the diagonal AC is compressive. 

Hence the set of shear stresses tT on the faces AB, CD and the faces AD and CB are 
equivalent to a compressive stress t along the diagonal AC and a tensile stress t along the 
diagonal BD. 


2.12. DIRECT (TENSILE AND COMPRESSIVE) STRAINS OF THE DIAGONALS 


In Art. 2.11, we have proved that when a square block ABCD of unit thickness is 
subjected to a set of shear stresses of intensity g on the faces AB, CD and the faces AD and CB, 
the diagonal BD will experience a tensile stress of magnitude q 
whereas the diagonal AC will experience a compressive stress 
of magnitude q. Due to these stresses the diagonal BD will be 
elongated whereas the diagonal AC will be shorted. Let us 
consider the joint effect of these two stresses on the diagonal 
BD. 


Due to the tensile stress gq along diagonal BD, there will 
be a tensile strain in diagonal BD. Due to the compressive stress 
q along the diagonal AC, there will be a tensile strain in the 
diagonal BD due to lateral strain.* 

Let w= Poisson’s ratio 

E = Young’s modulus for the material of the block 

Now tensile strain in diagonal BD due to tensile stress t 

along BD 


_ Tensile stress along BD _ 1 


E E 
Tensile strain in diagonal BD due to compressive stress t along AC 


_ Wxt 
- £E 
.. Total tensile strain along diagonal BD 
T UXT T 
=—t+ = 
ER’ EE (1+) 


..(2,14) 


Similarly it can be proved that the total strain in the diagonal AC will be compressive 
and will be given by 


Total compressive strain in diagonal AC 


*Please refer to Art. 2.4, in which it is proved that every strain in the direction of load is accom- 
panied by lateral strain of the opposite kind perpendicular to the direction of load. 
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The total tensile strain in the diagonal BD is equal to half the shear strain. This is 
proved as given below : 

Due to the shear stresses acting on the faces, the square block ABCD will be deformed 
to position ABCD, as shown in Fig. 2.14. 

Now increase in the length of diagonal BD = BD, — BD 

.. Tensile strain in the diagonal BD 


Increase in length BD,-BD 
Original length ~ BD uae 
From D, draw a perpendicular DE on BD,. 
We know that the distortion DD, is very small and hence angle DBD, will be very 
small. Hence we can take 
BD=BE 
and ZCDB = ZC,D,B = 45° 
Now in triangle DD,E, ZDD,E = 45° 
: Length D,E = DD, cos (DD,E) 
DD, 


= DD, cos 45° = 2 


In triangle ABD, BD = ./AB? + AD? 


= JAD? +AD? = /2 x AD ( AB = AD) 
Now from equation (i), we have 
Tensile strain in diagonal 
BD, - BD 
BD 
i BE [BD = BE] 
BD 
D,E 
BD 


Jax AD 


1, DD, _1 DD, 
~ J2xJ/2 AD 2 AD 


BD = 


[- BD,- BE =D,E] 


DD 
- DiE= Land BD = J2 x AD| 
[ i 


1 DD 
a= +k ee - 1 
=5 Shear strain i: Shear strain we(2.15) 


2.13.RELATIONSHIP BETWEEN MODULUS OF ELASTICITY AND MODULUS OF 
RIGIDITY 


We have seen in the last article that when a square block of unit thickness is subjected 
to a set of shear stresses of magnitude t on the faces AB, CD and the faces AD and CB, then 


*Please refer to Art. 1.4.3, for shear strain. 
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the diagonal strain due to shear stress T is given by equation (2.14) as 


tT 
Total tensile strain along diagonal BD = E (1 + py) 


From equation (2.15) also we have total tensile strain in diagonal BD 


: 1 
shear strain = 


Shear stress f _Shear stress _ iduiiser Radin c) 


2 C " Shear strain 
= ; x a (. Shear stress = T) 
.. Equating the two tensile strain along diagonal BD, we get 
Tt 1 T 
EO YH o*o 
Ghepae (Cancelling 1 from both sides) 
or pLtW= 56 ancelling t from both sides 
E=2C (1+) #42.16) 
E 
_————_—_— e217 
or 20+W ( ) 


Problem 2.10. Determine the Poisson’s ratio and bulk modulus of a material, for which 
Young’s modulus is 1.2 x 10° N/mm? and modulus of rigidity is 4.8 x 104 N/mm?. 


Sol. Given : 
Young’s modulus, E = 1.2 x 10° N/mm? 
Modulus of rigidity, C = 4.8 x 104 N/mm? 
Let the Poisson’s ratio =U 
Using equation (2.16), we get 
E =2C(1+w) 
or 1.2x10° =2x48x104(1+4) 
5 
or (l+u) = ax =1.250r p=1.25-1.0=0.25. Ans. 
Bulk modulus is given by equation (2.10) as 
5 
K E ee (= 0.25) 


~ 8(1-2u)  3(1-0.25 x 2) 
= 8x 10*N/mm2. Ans. 

Problem 2.11. A bar of cross-section 8 mm x 8 mm is subjected to an axial pull of 
7000 N. The lateral dimension of the bar is found to be changed to 7.9985 mm x 7.9985 mm. If 
the modulus of rigidity of the material is 0.8 x 10° N/mm?, determine the Poisson’s ratio and 
modulus of elasticity. 


Sol. Given : 

Area of section = 8 x 8 = 64 mm? 

Axial pull, P = 7000 N 

Lateral dimensions = 7.9985 mm x 7.9985 mm 
Volume of C = 0.8 x 10° N/mm? 
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Let u = Poisson’s ratio and 
E = Modulus of elasticity. 
Change in lateral dimension 


] ] in = 
Pe SEEE SN Ore Original lateral dimension 


_ 8- 7.9985 _ 0.0015 
= 5 = 
To find the value of Poisson’s ratio, we must know the value of longitudinal strain. But 
in this problem, the length of bar and the axial extension is not given. Hence longitudinal 
strain cannot be calculated. But axial stress can be calculated. Then longitudinal, strain will 
be equal to axial stress divided by E. 


= 0.0001875. 


P 7000 o 
. ey es as es 2 . . . eater 
Axial stress, Gea 6 109.375 N/mm? and longitudinal strain = E 
0 
But lateral strain =p x longitudinal strain = ux z 
or 0.0001875 = — (~ Lateral strain = 0.0001875) 
= agen, = 583333.33 
Me ~ 0.0001875 ~ 
or E =583333.33u (7) 
Using equation (2.17), we get 
a og FA 2C(1 
corer or = + UL) 
=2x 0.8 x 10° (1 + w) ( C=0.8 « 10°) 
or 583333.33u =2 x 0.8 x 10° (1+) (- EF = 583333.33u) 
or i efhke e eikan 
2x0.8 x 10 


1 = 3.6458 — = 2.6458 


1 
Poisson’s ratio =U = 26458 = 0.378. Ans. 


Modulus of elasticity (Z) is obtained by substituting the value of u in equation (i). 
: E =583333.33u 
583333.33 
~ 2.6458 
Problem 2.12. Calculate the modulus of rigidity and bulk modulus of a cylindrical bar 
of diameter 30 mm and of length 1.5 m if the longitudinal strain in a bar during a tensile 


stress is four times the lateral strain. Find the change in volume, when the bar is subjected to 
a hydrostatic pressure of 100 N/mm?. Take E = 1 x 10° N/mm?. 


Sol. Given : 
Dia. of bar, d =30mm 
Length of bar, LZ =1.5m=1.5 x 1000 = 1500 mm 


= 2.2047 x 10° N/mm2, Ans. 


T T 
-. Volume of bar,V = ri dxL= 4% 30 x 1500 
= 1060287.52 mm? 
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Longitudinal strain =4 x Lateral strain 
Hydrostatic pressure, p = 100 N/mm? 


Lateral strain _ 1 _ 0.95 
Longitudinal strain 4 — 
or  Poisson’s ratio, u =0.25 
Let C =Modulus of rigidity 


K =Bulk modulus 
E =Young’s modulus = 1 x 10° N/mm? 
Using equation (2.16), we get 


E =2C(1+ yp) 
or 1x10° =2C(1 + 0.25) 
1x 10° 


=4x104N/mm?. Ans. 


~ 29% 125 


For bulk modulus, using equation (2.11), we get 
E =3K (1—- 2p) 


or 1x 105 =3K(1-2 x 0.25) (p= 0.25) 
Pals 0.667 x 10° N/ 2, An 
=auog 70 x mm?. s. 
Now using equation (2.9), we get 
~ Volumetric strain ( dV ) 
Vv 
where p = 100 N/mm? 
100 
i hee 
0.667 x 10° = Ga 
Vv 
dV 100 
OE se 3 
oF vy > Oeerxig 1 29 


dV =Vx1.5 x 10° = 1060287.52 x 1.5 x 10° 
= 1590.43 mm*. Ans. 


HIGHLIGHTS 


1. Poisson’s ratio is the ratio of lateral strain to longitudinal strain. It is generally denoted by u. 


2. The tensile longitudinal stress produces compressive lateral strains. 


3. Ifa load acts in the direction of length of a rectangular bar, then longitudinal strain = - and 


iets oe 
ateral strain = he or d 


where 6/ = Change in length, 
56 = Change in width, 
dd = Change in depth. 
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10. 


11. 


12. 


The ratio of change in volume to original volume is known as volumetric strain. 
Volumetric strain (e,) for a rectangular bar subjected to an axial load P, is given by 


81 
e,= = (1-2). 
Volumetric strain for a rectangular bar subjected to three mutually perpendicular stresses is 
; 1 
given by, =F (6, + 6, + 6,)(1 — 2) 


where o,, oO, and o, are stresses in x, y and z direction respectively. 


Principle of complementary shear stresses states that a set of shear stresses across a plane is 
always accompanied by a set of balancing shear stresses (i.e., of the same intensity) across the 
plane and normal to it. 


Volumetric strain of a cylindrical rod, subjected to an axial tensile load is given by, 
e, = Longitudinal strain — 2 x strain of diameter 


Bulk modulus K is given by, 
0 


= a) 
V 
The relation between Young’s modulus and bulk modulus is given by, 
E = 3K (1 — 2u). 
When an element is subjected to simple shear stresses then : 
(i) The planes of maximum normal stresses are perpendicular to each other. 


(ii) The planes of maximum normal stresses are inclined at an angle of 45° to the plane of pure 
shear. 


(iii) One of the maximum normal stress is tensile while the other maximum normal stress is 
compressive. 


(iv) The maximum normal stresses are of the same magnitude and are equal to the shear stress 
on the plane of pure shear. 


The relation between modulus of elasticity and modulus of rigidity is given by 
E 


E=2C (14+ wp) or oe Fie 


EXERCISE 


(A) Theoretical Questions 
Define and explain the terms : Longitudinal strain, lateral strain and Poisson’s ratio. 


Prove that the volumetric strain of a cylindrical rod which is subjected to an axial tensile load is 
equal to strain in the length minus twice the strain of diameter. 


What is a bulk modulus ? Derive an expression for Young’s modulus in terms of bulk modulus 
and Poisson’s ratio. 


Define volumetric strain. Prove that the volumetric strain for a rectangular bar subjected to an 
axial load P in the direction of its length is given by 


él 
e,= - (1 - 2u) 


él 
where ut = Poisson’s ratio and Oe Longitudinal strain. 


CNIS 
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(a) Derive an expression for volumetric strain for a rectangular bar which is subjected to three 
mutually perpendicular tensile stresses. 

(6) A test element is subjected to three mutually perpendicular unequal stresses. Find the change 
in volume of the element, if the algebraic sum of these stresses is equal to zero. 

Explain briefly the term ‘shear stress’ and ‘complimentary stress’ with proper illustrations. 

State the principle of shear stress. 

What do you understand by ‘An element in a state of simple shear’ ? 

When an element is in a state of simple shear then prove that the planes of maximum normal 

stresses are perpendicular to each other and these planes are inclined at an angle of 45° to the 

planes of pure shear. 

Derive an expression between modulus of elasticity and modulus of rigidity. 


(B) Numerical Problems 
Determine the changes in length, breadth and thickness of a steel bar which is 5 m long, 40 mm 
wide and 30 mm thick and is subjected to an axial pull of 35 KN in the direction of its length. 
Take E = 2 x 10° N/mm? and Poisson’s ratio = 0.32. 
[Ans. 0.0729 cm, 0.000186 cm, 0.000139 cm] 


For the above problem, determine the volumetric strain and the final volume of the given steel 
bar. [Ans. 0.0000525, 6000317 mm?] 


Determine the value of Young’s modulus and Poisson’s ratio of a metallic bar of length 25 cm, 
breadth 3 cm and depth 2 cm when the bar is subjected to an axial compressive load of 240 KN. 
The decrease in length is given as 0.05 cm and increase in breadth is 0.002. 

[Ans. 2 x 10° N/mm? and 0.33] 
A steel bar 320 mm long, 40 mm wide and 30 mm thick is subjected to a pull of 250 KN in the 
direction of its length. Determine the change in volume. Take E = 2 x 10° N/mm? and m = 4. 

[Ans. 200 mm?] 

A metallic bar 250 mm x 80 mm x 30 mm is subjected to a force of 20 KN (tensile), 30 KN (tensile) 
and 15 KN (tensile) along x, y and z directions respectively. Determine the change in the volume 
of the block. Take E = 2 x 10° N/mm? and Poisson’s ratio = 0.25. [Ans. 19.62 mm?] 
A metallic bar 300 mm x 120 mm x 50 mm is loaded as shown in Fig. 2.15. 
Find the change in volume. Take F = 2 x 10° N/mm? and Poisson’s ratio = 0.30. 


| 4.5 MN 


! 


500 kN 


50 


mm 120 mm 


Fig. 2.15 


Also find the change that should be made in 4.5 MN load, in order that there should be no 
change in the volume of the bar. [Ans. 450 mm?, 4.5 MN] 
A steel rod 4 m long and 20 mm diameter is subjected to an axial tensile load of 40 kN. Deter- 


mine the change in length, diameter and volume of the rod. Take E = 2 x 10° N/mm? and Poisson’s 
ratio = 0.25. [Ans. 2.5464, 0.05092, 5598 mm*] 
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11. 


12. 


13. 


14, 


For a material, Young’s modulus is given as 1.4 x 105 N/mm? and Poisson’s ratio 0.28. Calculate 
the bulk modulus. [Ans. 1.06 x 10° N/mm?] 
A bar of 20 mm diameter subjected to a pull of 50 KN. The measured extension on gauge length of 
250 mm is 0.12 mm and change in diameter is 0.00375 mm. Calculate : 
(i) Young’s modulus (ii) Poisson’s ratio and (iit) Bulk modulus. 
[Ans. (z) 1.989 x 10° N/mm_2, (ii) 0.234, (iii) 1.2465 x 10° N/mm?] 
Determine the Poisson’s ratio and bulk modulus of a material, for which Young’s modulus is 
1.2 x 10° N/mm? and modulus of rigidity is 4.5 x 10* N/mm?. [Ans. 0.33, 1.2 x 10° N/mm?] 
A bar of cross-section 10 mm x 10 mm is subjected to an axial pull of 8000 N. The lateral dimen- 
sion of the bar is found to be changed to 9.9985 mm x 9.9985 mm. If the modulus of rigidity of the 
material is 0.8 x 10° N/mm/2, determine the Poisson’s ratio and modulus of elasticity. 
[Ans. 0.45, 2.4 x 10° N/mm2] 
Calculate the modulus of rigidity and bulk modulus of a cylindrical bar of diameter of 25 mm 
and of length 1.6 m, if the longitudinal strain in a bar during a tensile test is four times the 
lateral strain. Find the change in volume, when the bar is subjected to a hydrostatic 
pressure of 100 N/mm?. Take E = 1 x 10° N/mm’. 
[Ans. 4 x 10* N/mm?, 0.667 x 10° N/mm?, 1178 mm?®] 
A bar 30 mm in diameter was subjected to tensile load of 54 KN and the measured extension on 
300 mm gauge length was 0.112 mm and change in diameter was 0.00366 mm. Calculate Poisson’s 
ratio and values of three modulii. 
[Ans. yt = 0.326, E = 204.6 kN/mm?, C = 77.2 kN/mm?, K = 196 kN/mm?] 
Derive the relation between E and C. Using the derived relationship, estimate the Young’s modulus 
(E) when the modulus of rigidity (C) is 0.80 x 10° N/mm? and the Poisson’s ratio is 0.3. 
(Hint. E = 2C (1 + w) = 2 x 0.80 x 10° (1 + 0.3) = 2.08 x 10° N/mm?.] 


1. INTRODUCTION 


In Chapter 2, the concept and definition of stress, strain, types of stresses (i.e., tensile, 
compressive and simple shear) and types of strain (i.e., tensile, compressive, shear and 
volumetric strains etc.) are discussed. These stresses were acting in a plane, which was at 
right angles to the line of action of the force. In many engineering problems both direct (tensile 
or compressive stress) and shear stresses are acting at the same time. In such situation the 
resultant stress across any section will be neither normal nor tangential to the plane. In this 
chapter the stresses, acting on an inclined plane (or oblique section) will be analysed. 


.2. PRINCIPAL PLANES AND PRINCIPAL STRESSES 


The planes, which have no shear stress, are known as principal planes. Hence principal 
planes are the planes of zero shear stress. These planes carry only normal stresses. 


The normal stresses, acting on a principal plane, are known as principal stresses. 


.3. METHODS FOR DETERMINING STRESSES ON OBLIQUE SECTION 


The stresses on oblique section are determined by the following methods : 
1. Analytical method, and 2. Graphical method. 


4. ANALYTICAL METHOD FOR DETERMINING STRESSES ON OBLIQUE SECTION 


The following two cases will be considered : 

1. A member subjected to a direct stress in one plane. 

2. The member is subjected to like direct stresses in two mutually perpendicular 
directions. 

3.4.1. A Member Subjected to a Direct Stress in one Plane. Fig. 3.1 (a) shows a 
rectangular member of uniform cross-sectional area A and of unit thickness. 

Let P= Axial force acting on the member. 

A =Area of cross-section, which is perpendicular to the line of action of the force P. 


The stress along x-axis, 6 = 


Hence, the member is subjected to a stress along x-axis. 
Consider a cross-section EF which is perpendicular to the line of action of the force P. 
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P al P 
— a” > < > 
, P P 
F 
Fig. 3.1 (a) Fig. 3.1 (b) 
Then area of section, EF=EFX1=A. 
The stress on the section EF is given by 
Force P 


o" Mresof EF A @ 


The stress on the section EF is entirely normal stress. There is no shear stress (or 
tangential stress) on the section EF. 


Now consider a section FG at an angle 0 with the normal cross-section EF as shown in 
Fig. 3.1 (a). 


Area of section FG = FG x 1 (member is having unit thickness) 


- EF olnA RG” =eoae a Ress 
cos 0 FG cos 0 
aie (. EFx1=A) 

~ cos 0 : 7 
.. Stress on the section, FG 
Force P 

= - = =— cos 9 

Area of section FG A A 

cos 8 
=o cos 80 E Fo) wits) 
A 


This stress, on the section FG, is parallel to the axis of the member (i.e., this stress is 
along x-axis). This stress may be resolved in two components. One component will be normal 
to the section FG whereas the second component will be along the section FG (i.e., tangential 
to the section FG). The normal stress and tangential stress (i.e., shear stress) on the section 
FG are obtained as given below [Refer to Fig. 3.1 (0)]. 


Let P,,= The component of the force P, normal to section FG 
= Pcos0 
P, = The component of force P, along the surface of the section FG (or tangential 
to the surface FG) 
= Psin®@ 
6, = Normal stress across the section FG 
6, = Tangential stress (i.e., shear stress) across the section FG. 
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*. Normal stress and tangential stress across the section FG are obtained as, 


Force normal to section FG 
Ageia atneee, on = Area of section FG 
P cos® 


Ta 


P P 
aie eee 2 
=a cos 8. cos 8 A cos“ 0 


Ce PQ = P'¢os 8) 


= 0 cos? 0 c = °) ets) 


Tangential stress (i.e., shear stress), 


Tangential force across section FG 
: Area of section FG 
P, P sin @ 


(ae) a) 


P 
=7 sind. cos 8 = o sin 8. cos 0 


(. P,=P sin 0) 


7 7 x 2 sin 0 cos 6 [Multiplying and dividing by 2] 
a sin 20 (+ 2sin@cos@=sin20) — ...(3.3) 


From equation (3.2), it is seen that the normal stress (6,,) on the section FG will be 
maximum, when cos? 6 or cos 9 is maximum. And cos 0 will be maximum when 6 = 0° as 
cos 0° = 1. But when 0 = 0°, the section FG will coincide with section EF. But the section 
EF is normal to the line of action of the loading. This means the plane normal to the axis 
of loading will carry the maximum normal stress. 

-. Maximum normal stress, = 0 cos? 0 = o cos? 0° = 6 wS A) 

From equation (3.3), it is observed that the tangential stress (i.e., shear stress) across 
the section FG will be maximum when sin 20 is maximum. And sin 20 will be maximum when 
sin 20 = 1 or 20 = 90° or 270° 
or @ = 45° or 185°. 

This means the shear stress will be maximum on two planes inclined at 45° and 135° to 
the normal section EF as shown in Figs. 3.1 (c) and 3.1 (d). 


Max. value of shear stress = . sin 20 = : sin 90° = a bilo) 


2 
eam 
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First plane of maximum 
shear stress 0 = 45° 


E \ E 
P a PoP dail P 
< b > < > 
F F Z 


second plane of maximum 
shear stress 0 = 135° 


Fig. 3.1 (c) Fig. 3.1 (d) 
From equations (3.4) and (3.5) it is seen that maximum normal stress is equal to o 
whereas the maximum shear stress is equal to 0/2 or equal to half the value of greatest 
normal stress. 
Second Method 


A Member Subjected to a Direct Stress in one Plane. Fig. 3.2 shows a rectangular 
member of uniform cross-sectional area A and of unit thickness. The bar is subjected to a 
principal tensile stress 6, on the faces AD and BC. 


D E Cc 


O71 


+» P,=0,xBCx1 
[> 


A F B 
Fig. 3.2 
Area of cross-section = BC x Thickness of bar 
=BCx1 


Let the stresses on the oblique plane FC are to be calculated. The plane FC is inclined 
at an angle 0 with the normal cross-section EF (or BC). This can be done by converting the 
stress o, acting on face BC into equivalent force. Then this force will be resolved along the 
inclined planes FC and perpendicular to FC. (Please note that it is force and not the stress 
which is to be resolved). 

Tensile stress on face BC = 6, 

Now, the tensile force on BC, 

P, = Stress (o,) x Area of cross-section 
= 6,xBCx1 (. Area = BC x 1) 

The above tensile force P, is also acting on the inclined section FC, in the axial direction 
as shown in Fig. 3.2. This force P, is resolved into two component, i.e., one normal to the plane 
FC and other along the plane FC. 

Let P,, = Component of the force P,, normal to the section FC 

P, cos 0 
o, x BC x 1x cos 6 (. P,=0,x BC x1) 
Component of the force P,, along the section FC 
P, sin 0 
o, x BC x 1x sin 6 
Normal stress on the section FC 


P 


t 


Q 
ll 
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6, = Shear stress (or tangential stress) across the section FC. 


t 
Force normal to section FC 


Then normal stress, 6, = 


Area of section FC 
= Fi (bar is of unit thickness) 
FCx1 
= Xess (+ P =o) x BC x cos 6) 
: BC 
= 0, x cos 8 x cos 0 *: In triangle FBC, Fo™ cos 0 
= 0, x cos? 6 ...(3.5A) 


Similarly, tangential (or shear) stress, 
fe Force along section FC iP, 
‘Area of section FC FORA 


x BC x1xsin@ 
ap = (: P,=0,x BC x1) 


FC 
; : BC 
= 0, x cos 8 x sin 0 ' In triangle FBC, FC cos 8 
= 0, x cos 8 x sin 0 
0 
= os x 2 x cos @ x sin 0 (Multiplying and dividing by two) 
= o x sin 20 ..(3.5B) ( 2-sin @ cos @ = sin 26) 


From equation (3.5A), it is seen that the normal stress (o,) on the section FC will 
be maximum, when cos? @ or cos @ is maximum. And cos 0 will be maximum when 0 = 0° 
as cos 0° = 1. But when 0 = 0°, the section FC will coincide with section EF. But the section 
EF is normal to the line of action of the loading. This means the plane normal to the axis 
of loading will carry the maximum normal stress. 

Maximum normal stress = 6, cos? 6 = 6, cos? 0° = 6, .(3:5C) 

From equation (3.5B), it is observed that the tangential stress (i.e., shear stress) across 
the section FC will be maximum when sin 20 is maximum. And sin 20 will be maximum when 

sin 20=1 or 20=90° or 270° or 0=45° or 135°. 

This means the shear stress will be maximum on two planes inclined at 45° and 135° to 
the normal section EF or BC as shown in Figs. 3.2 (a) and 3.2 (6). 


Second plane of 
First plane of maximum maximum shear 
shear stress, 0 = 45° stress, 0 = 135° 

: \ 0 

P P P 
F B 
(a) 
Fig. 3.2 


STRENGTH OF MATERIALS 


Max. value of shear stress = 7 sin 20 = a sin 90° = o inl .0D} 


From equations (3.5C) and (3.5D) it is seen that maximum normal stress is equal to o, 


o 
whereas the maximum shear stress is equal to = or equal to half the value of greatest 


normal stress. 

Note. It is the force which is resolved in two components. The stress is not resolved. 

Problem 3.1. A rectangular bar of cross-sectional area 10000 mm? is subjected to an 
axial load of 20 kN. Determine the normal and shear stresses on a section which is inclined at 
an angle of 30° with normal cross-section of the bar. 

Sol. Given : 

Cross-sectional area of the rectangular bar, 

A = 10000 mm? 


Axial load, P = 20 KN = 20,000 N 
Angle of oblique plane with the normal cross-section of the bar, 
8 = 30° 
Now direct stress o= oO 2 N/mm? 
A 10000 
Let o,,= Normal stress on the oblique plane 


6, = Shear stress on the oblique plane. 
Using equation (3.2) for normal stress, we get 
o,, = 6 cos? 0 
= 2 x cos? 30° (| o = 2 N/mm?) 
= 2 x 0.866? ("cos 30° = 0.866) 
=1.5 N/mm”, Ans. 
Using equation (3.3) for shear stress, we get 
0, = . sin 20 = : x sin (2 x 30°) 
= 1x sin 60° = 0.866 N/mm?. Ans. 
Problem 3.2. Find the diameter of a circular bar which is subjected to an axial pull of 
160 kN, if the maximum allowable shear stress on any section is 65 N/mm?. 


Sol. Given : 
Axial pull, P=160 kN = 160000 N 
Maximum shear stress = 65 N/mm2 
Let D = Diameter of the bar 
Area of the bar = . D? 
Direct stress, o= £2 OO cern) N/mm? 


A Tp? nD? 
Maximum shear stress is given by equation (3.5). 
o _ 640000 
~ 2 2x nD? ° 
But maximum shear stress is given as = 65 N/mm?. 
Hence equating the two values of maximum shear, we get 


_ 640000 
~ 2x nD? 


Maximum shear stress 


65 
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p= 640000 
2x1 x65 
ro D=39.58 mm. Ans. 
Problem 3.3. A rectangular bar of cross-sectional area of 11000 mm? is subjected to a 
tensile load P as shown in Fig. 3.3. The permissible normal and shear stresses on the oblique 
plane BC are given as 7 N/mm? and 3.5 N/mm? respectively. Determine the safe value of P. 


= 1567 


Sol. Given : 
Area of cross-section, A = 11000 mm? C 
Normal stress, o, = 7 N/mm? p P 
Shear stress, 6, = 3.5 N/mm? -— 
Angle of oblique plane with the axis of bar = 60°. 60° 
Angle of oblique plane BC with the normal cross- B 
section of the bar, Fig. 3.3 
6 = 90° — 60° = 30° 
Let P = Safe value of axial pull 


6 = Safe stress in the member. 
Using equation (3.2), 
6, =0cos?8 or 7=6 cos? 30° 
= 6 (0.866)?. (-* cos 30° = 0.866) 
7 


° = 0.866 x 0.866 


= 9.334 N/mm? 
Using equation (3.3), 


6, = . sin 20 


or 3.5 = © sin2 x 30° = © sin 60° = © x 0.866 
2 2 2 
i SOE. cpus wm 
0.866 


The safe stress is the least of the two, i.e., 8.083 N/mm:2. 
Safe value of axial pull, 
P = Safe stress x Area of cross-section 
= 8.083 x 11000 = 88913 N = 88.913 KN. Ans. 
Problem 3.4. Two wooden pieces 10 cm x 10 cm 
in cross-section are glued together along line AB as 
shown in Fig. 3.3(a) below. What maximum axial force P 
Pcan be applied ifthe allowable shearing stress along 
AB is 1.2 Nlmm?2 ? 


Sol. Given : A Fig. 3.3 (a) 
Area of cross-section = 10x 10=100 cm? 

= 100 x 100 mm? = 10000 mm? 
Allowable shear stress, 0,=1.2 N/mm? 


Angle of line AB with the axis of axial force = 30° 
Angle of line AB with the normal cross-section, 
6 = 90° — 30° = 60° 
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Let P = Maximum axial force 
o = Maximum allowable stress in the direction of P. 
Using equation (3.3), 


9, = > sin 20 


or 12= : x sin (2 x 60°) = : x sin 120° 


12x2 2.4 
~ gin 120° 0.866 
Maximum axial force, 
P = Stress in the direction of P x Area of cross-section 
= 6 x 10000 = 2.771 x 10000 = 27710 N = 27.71 KN. Ans. 


3.4.2. A Member Subjected to like Direct Stresses in two Mutually 
Perpendicular Directions. Fig. 3.4 (a) shows a rectangular bar ABCD of uniform cross- 
sectional area A and of unit thickness. The bar is subjected to two direct tensile stresses (or 
two-principal tensile stresses) as shown in Fig. 3.4 (a). 


= 2.771 N/mm? 


92 P, sind ac 


of TIT Tt ttt. 


82 me 


Fig. 3.4 (a) 


Let FC be the oblique section on which stresses are to be calculated. This can be done 
by converting the stresses 0, (acting on face BC) and o, (acting on face AB) into equivalent 
forces. Then these forces will be resolved along the inclined plane FC and perpendicular to 
FC. Consider the forces acting on wedge FBC. 


Let 6 = Angle made by oblique section FC with normal cross-section BC 
6, = Major tensile stress on face AD and BC 
6, = Minor tensile stress on face AB and CD 
P, = Tensile force on face BC 
P, = Tensile force on face FB. 
The tensile force on face BC, 
P, = 0, x Area of face BC = 6, x BC x 1 (. Area = BC x 1) 
The tensile force on face FB, 
P, = Stress on FB x Area of FB = 0, x FB x 1. 
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The tensile forces P, and P, are also acting on the oblique section FC. The force P, is 
acting in the axial direction, whereas the force P, is acting downwards as shown in Fig. 
3.4 (a). Two forces P, and P, each can be resolved into two components i.e., one normal to the 
plane FC and other along the plane FC. The components of P, are P, cos 8 normal to the plane 
FC and P, sin @ along the plane in the upward direction. The components of P, are P, sin 0 
normal to the plane FC and P, cos 8 along the plane in the downward direction. 

Let P,, = Total force normal to section FC 
= Component of force P, normal to section FC 
+ Component of force P, normal to section FC 
= P,cos0+P, sin 0 
= 6,x BC xcos0+06,x BF xsin®@ (. P,=0,xBC,P,=06, x BF) 
P, = Total force along the section FC 
= Component of force P, along the section FC 
+ Component of force P, along the section FC 
= P, sin 0+(—P, cos 6) (-ve sign is taken due to opposite 
direction) 
= P, sin ®—P, cos 0 
= 0, x BC x sin 0-0, x BF x cos 0 
(Substituting the values P, and P,) 
o, = Normal stress across the section FC 
Total force normal to the section FC 


Area of section FC 


P, _06,x BC xcos 0+ 06, x BF xsin 0 
FCx1_ FC 


BC BF . 
= 0, X —~ xcos0+60, x —~ x sin 8 
FC FC 


= 6, x cos 8 x cos 8 + 6, x sin 0 x sin 8 


é In triangle FBC, = = cos 0, = =sin 0] 


= 6, cos? @ + 6, sin? 0 


1+ cos 20 ‘ 1-cos 20 7 
hr rs ee rr re 


[.: cos? 6 = (1 + cos 20)/2 and sin? 6 = (1 — cos 26)/2] 


0;,+0O9 01-09 


7 5 + 3 098 20 s(3.6) 
6, = Tangential stress (or shear stress) along section FC 
Total force along the section FC ( : Geka are | 
~ Area of section FC ; Area 
* cos 20 = cos? 6 — sin? 0 ** cos 20 = cos? 0 — sin? 0 
= cos? 0 — (1 — cos? @) = 2 cos? 0-1 = (1-sin? 6) — sin? 6 = 1-2 sin? 6 
. cos? @= seat) a ») . sin?@ = ies) a zi 
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_ PF _6,x BC xsin 0-6, x BF x cos 0 
~ FCx1 FC 


=0 cave i seat 
“> a EC 


FC 


= 0, x cos 8 x sin 8 — 6, x sin 8 x cos 0 


é In triangle FBC, — = cos 0, a =sin 0] 
= (6, — 6,) cos 0 sin 0 
= Sst x 2cos 0 sin 0 (Multiplying and dividing by 2) 
= ose sin 20 (3.7) 


The resultant stress on the section FC will be given as 


Op 7 Won” + a 
Obliquity [Refer to Fig. 3.4 (b)]. The angle made 
by the resultant stress with the normal of the oblique 


plane, is known as obliquity. It is denoted by 9. 
Mathematically, 


oO; 


tan o = .. ...L3.8 (A)] 
Maximum shear stress. The shear stress is given Fig. 3.4 (b) 
by equation (3.7). The shear stress (o,) will be maximum 
when 
sin20=1 or 20=90° or 270° («sin 90° = 1 and also sin 270° = 1) 
or 8 = 45° or 135° 
And maximum shear stress, (6,),,4, = 4 5 a nde) 


The planes of maximum shear stress are obtained by making an angle of 45° and 135° 
with the plane BC (at any point on the plane BC) in such a way that the planes of maximum 
shear stress lie within the material as shown in Fig. 3.4 (c). 


Plane of maximum shear stress 


Cc Cc 


45° 


135° 


ive) 
iv) 


Fig. 3.4 (c) 


Hence the planes, which are at an angle of 45° or 135° with the normal cross-section 
BC [see Fig. 3.4 (c)], carry the maximum shear stresses. 
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Principal planes. Principal planes are the planes on which shear stress is zero. To 
locate the position of principal planes, the shear stress given by equation (3.7) should be 
equated to zero. 


For principal planes, 


Oj 


O12 gin 20 = 0 
2 
or sin 20 = 0 I." (6, — 6,) cannot be equal to zero] 
or 20 = 0 or 180° 
8 =0 or 90° 
when 0 = 0, Oo, = ee ae ae cos 20 
pp RG A cae 
2 
gp DEES 4 81-88 ("cos 0° = 1) 
2 2 
= oO; 
when 0 = 90°, 0, = 21702 4 O12 cos 2 x 90° 


0,+90 0,-0 
= —1 =a a 2 cos 180° 


= Es ; x (- 1) (." cos 180° = — 1) 


Note. The relations, given by equations (3.6) to (3.9), also hold good when one or both the stresses 
are compressive. 


Problem 3.5. The tensile stresses at a point across two mutually perpendicular planes 
are 120 Nlmm? and 60 N/mm?. Determine the normal, tangential and resultant stresses on a 
plane inclined at 30° to the axis of the minor stress. 


Sol. Given : 
Major principal stress, 6, = 120 N/mm? 
Minor principal, 6, = 60 N/mm? 


Angle of oblique plane with the axis of minor principal stress, 
8 = 30°. 
Normal stress 


The normal stress (6,,) is given by equation (3.6), 
o, = eee Fes OS) cos 20 
2 2 


7 ae 60 * — 60 cos 2 x 30° 


90 + 30 cos 60° = 90 + 30 x 4 
105 N/mm2, Ans. 
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Tangential stress 5 
The tangential (or shear stress) o, is given 02 = arr 
by equation (3.7). 


Oj 


= ak 20 a q+ |__» “g 
a 2 eu = ‘ Axis of ____-»| = 
£ minor stress S 

120-60 oe [= 5 2 

= —— sin (2 x 30°) a <_] Axis Pa > 

2 1 q_———} majorstress | > i 

= 30 x sin 60° = 30 x 0.866 c 


aye TT 


Resultant stress — 6 = 60 N/mm’ 
The resultant stress (Gp) is given by 
equation (3.8) Fig. 3.5 


Gp= 0,2 +02 = 105? + 25.98? 


= 11025 +674.96 = 108.16 N/mm?. Ans. 


Problem 3.6. The stresses at a point in a bar are 200 N/mm? (tensile) and 100 N/mm? 
(compressive). Determine the resultant stress in magnitude and direction on a plane inclined 
at 60° to the axis of the major stress. Also determine the maximum intensity of shear stress in 
the material at the point. 


Sol. Given : 
Major principal stress, 6, = 200 N/mm? 
Minor principal stress, 0, = — 100 N/mm? 


(Minus sign is due to compressive stress) 
engle of the plane, which it makes with the major principal stress = 60° 
Angle 6 = 90° — 60° = 30°. 
Resuliant stress in magnitude and direction 
First calculate the normal and tangential 


stresses. ‘unin 
Using equation (3.6) for normal stress, 1 | 1 1 1 | 1 
0, = oie ips a cos 20 
2 2 ‘2 6 = 
200 +(— 100) _ 200 —(— 100) E 4__| co, _» £ 
. 2 : 3 4 ey . = 3 
cos (2 x 30°) Se «| major stress | _» & 
(." 6 = 30°) 
_ 200-100 _ 200+ 100 60° | | | | | | 
7 - = “a pee 100 Nimm* 
= 50 + 150 x $ ("cos 60° = $) Fig. 3.6 
= 50 + 75 = 125 N/mm”. 
Using equation (3.7) for tangential stress, 
3, = 18 sin 20 = — sin (2 x 30°) 


_ 200 + 100. 60° = 150 x 0.866 = 129.9 N/mm?. 
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Using equation (3.8) for resultant stress, 


Op = Jo,24+6,2 = 41257 + 129.9? 
= 15625 + 16874 = 180.27 N/mm?. Ans. 


The inclination of the resultant stress with the normal of the inclined plane is given by 
equation [3.8 (A)] as 


= tan! 1.04 = 46° 6’. Ans. 
Maximum shear stress 
Maximum shear stress is given by equation (3.9) 
0,-O, 200-(-100) 200+ 100 
max = 2 = 2 = 2 
Problem 3.7. At a point in a strained material the principal tensile stresses across two 
perpendicular planes, are 80 N/mm? and 40 N/mm?. Determine normal stress, shear stress 


and the resultant stress on a plane inclined at 20° with the major principal plane. Determine 
also the obliquity. What will be the intensity of stress, which acting alone will produce the 


=150N/mm2. Ans. 


(o,) 


same maximum strain if Poisson’s ratio = 4. 


Sol. Given : 60 N/mm? 
Major principal stress, 6, = 80 N/mm? 
Minor principal stress, 6, = 40 N/mm? «. ~__B co. 
The plane CE is inclined at angle 20° with Major principal “Ee 
major principal plane (i.e., plane BC). 2 plane § 
@ = 20° © 8 
1 5 E n 
Poisson’s ratio, =a i | | s- 
Leto, = Normal stress on inclined plane : 
CE 60 N/mm 
0, = Shear stress and Fig. 3.7 
Op = Resultant stress. 
Using equation (3.6), we get 
0,+0, 6,-S6 4 _4 
g, = EES 4 S108 95 99 = ee © cos (2 x 20°) 


= 60 + 20 x cos 40° = 75.32 N/mm?, Ans. 
The shear stress is given by equation (3.7) 


_ — 40 
6, = G1 5 o2 sin 20 = 5 sin (2 x 20°) = 20 sin 40° 
= 12.865 N/mm?. Ans. 


The resultant stress is given by equation (3.8) 


= 2 2 
Gp = 0, +0; 


= 75.32? + 12.8562 = 76.4 Nimm?. Ans. 
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Obliquity (0) is given by equation [3.8 (A)] 


_ GO; _ 12.856 
tan =F 75.32 
12.856 
= -1 _ aoe , 
= tan 7532 7 9° 41’. Ans. 


Let o = stress which acting alone will produce the same maximum strain. The maximum 
strain will be in the direction of major principal stress. 
0, UO, 1 


Maximum strain = ER EE (0; —UG,) 
_1 30 40\ 70 
E 4 E 
: o 
The strain due to stress o=F 
Equating the two strains, we get = = = 


o = 70 N/mm2, Ans. 


Problem 3.8. At a point in a strained material the principal stresses are 100 N/mm? 
(tensile) and 60 N/mm? (compressive). Determine the normal stress, shear stress and resultant 
stress on a plane inclined at 50° to the axis of major principal stress. Also determine the 
maximum shear stress at the point. 

Sol. Given : 

Major principal stress, o, = 100 N/mm? 

Minor principal stress, o,=—60 N/mm? (Negative sign due to compressive stress) 

Angle of the inclined plane with the axis of major principal stress = 50° 

.. Angle of the inclined plane with the axis of minor principal stress, 

6 = 90 — 50 = 40°. 

Normal stress (6,,) 

Using equation (3.6), 

0, +6, oO,- 
a eal 

_ 100 + (— 60) i 100 — (— 60) 
2 2 

100-60 100+60 
a 
= 20 + 80 x cos 80° = 20 + 80 x .1736 
= 20 + 13.89 = 33.89 N/mm?. Ans. 

Shear stress (6,) 


O2 cos 20 


cos (2 x 40°) 


os 80° 


0,-O5 . 
Using equation (3.7), 6, = 1 ; 2 sin 20 


_ 100 -(-60) 


5 sin (2 x 40°) 
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100 + 60 
see sin 80° = 80 x 0.9848 = 78.785 N/mm”. Ans. 


Resultant stress (6,) 
Using equation on (3.8), 


Gp = Jo? +02 = (33.89? + 78.785” 


= 114853 + 6207.07 = 85.765 N/mm. Ans. 
Maximum shear stress 
Using equation (3.9), 
2 2 
1 
= =o = 80 N/mm”. Ans. 

Problem 3.9. At a point in a strained material, the principal stresses are 100 N/mm 
tensile and 40 N/mm? compressive. Determine the resultant stress in magnitude and direction 
on a plane inclined at 60° to the axis of the major principal stress. What is the maximum 
intensity of shear stress in the material at the point ? 


Sol. Given : 


The major principal stress, o, = 100 N/mm? 


(Op) ay = 


2 


The minor principal stress, o, =— 40 N/mm? (Minus sign due to compressive stress) 
Inclination of the plane with the axis of major principal stress = 60° 
.. Inclination of the plane with the axis of minor principal stress, 
6 = 90 — 60 = 80°. 
Resultant stress in magnitude 
The resultant stress (6,) is given by equation (3.8) as 


Op = Jo. +07 
where o,, = Normal stress and is given by equation (3.6) as 


O0,+0, 61-O% 
= + 2 
9 3 cos 20 
100 + (- 40) r 100 — (— 40) 


2 2 


_ 100 — 40 ‘ 100+ 40 cos 60° 

2 2 
= 30+70x 0.5 (-* cos 60° = 0.5) 
= 65 N/mm? 


and 6, = Shear stress and is given by equation (3.7) as 
_ 100—(— 40) 
7 2 


cos (2 x 30°) 


= 18 sin 20 sin (2 x 30°) 
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100+4 
= 100+ 40 in 60° = 70 x .866 = 60.62 N/mm? 


Op = 65? + 60.622 = 88.9 N/mm”. Ans. 


Direction of resultant stress 
Let the resultant stress is inclined at an angle to the normal of the oblique plane. 
Then using equation [3.8 (A)]. 


6, 60.62 
t =-—t."—" 
an . a 
60.62 
0) = tant = 43°. Ans. 
Maximum shear stress 
Using equation (3.9), (6,)nax = “1 


_ 100-(-40) _ 100+40 
~ 2 2 


Problem 3.10. A small block is 4.cm long, 3 cm high and 0.5 cm thick. It is subjected to 
uniformly distributed tensile forces of resultants 1200 N and 500 N as shown in Fig. 3.7 (a) 
below. Compute the normal and shear stresses developed along the diagonal AB. 


=70 N/mm?2. Ans. 


0.5 cm 


v | 
A k¢———_—_—_—- 4 —— 
500 N 


Fig. 3.7(a) 


Sol. Given : 

Length = 4 cm, height = 3 cm and width = 0.5 cm 

Force along x-axis = 1200 N 

Force along y-axis = 500 N 

Area of cross-section normal to x-axis = 3 x 0.5 = 1.5 cm? 
Area of cross-section normal to y-axis = 4 x 0.5 = 2 cm? 


Fig. 3.8 shows a rectangular bar ABCD of uniform cross- D 
sectional area A and of unit thickness. The bar is subjected to a 
simple shear stress (q) across the faces BC and AD. Let FC be 

the oblique section on which normal and tangential stresses aI 
are to be calculated. 
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Force along x-axis 


.. Stress along x-axis = ; 
8 Area normal to x-axis 


1200 
ean ae 2 
=a = 800 N/cm 


6, = 800 N/em? 


Force along y-axis 


Stress along y-axis, 6, = Aves nomial oysias 


500 
= “3. = 250 N/em2 


Also tan 0 = “ = 1.33 


6 = tan! 1.33 = 53.06° 
Let 6,, = Normal stress on diagonal AB 
6, = Shear stress on diagonal AB 


Using equation (3.6), 6, = °1 — ga > cos 20 
2 -2 
= ceiea ala + eee cos (2 x 53.06) 


2 2 
= 525 + 275 x cos 106.12° = 525 + 275 x (— 0.2776) 
= 525 — 76.35 = 448.65 N/em?. Ans. 


0,-9 
Now using equation (3.7), 6, = 1 5 2 sin 20 


800 — 250 
on aa sin (2 x 53.06°) 


= 275 sin 106.12° = 275 x 0.96 = 264.18 N/em2. Ans. 
3.4.3. A Member Subjected to a Simple Shear Stress. 


Let 0 =Angle made by oblique section FC with normal 
cross-section BC, 


Fig. 3.8 


t = Shear stress across faces BC and AD. 
It has already been proved (Refer to Art. 2.9) that a shear stress is always accompanied 


by an equal shear stress at right angles to it. Hence the faces AB and CD will also be subjected 
to a shear stress g as shown in Fig. 3.8. Now these stresses will be converted into equivalent 
forces. Then these forces will be resolved along the inclined surface and normal to inclined 
surface. Consider the forces acting on the wedge FBC of Fig. 3.9. 
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Let Q, = Shear force on face BC 
= Shear stress x Area of face BC 
=tTxBCx1 
(.: Area of face BC = BC x 1) 
=tx BC 


Q., = Shear force on face FB 
= tx Area of FB 
=txFBx1=t.FB . 
P_, = Total normal force on section FC Fig. 3.9 *@ 
P, = Total tangential force on section FC. 
The force Q, is acting along face CB as shown in Fig. 3.9. This force is resolved into two 
components i.e., Q, cos 8 and Q, sin 6 along the plane CF and normal to the plane 
CF respectively. 
The force Q, is acting along the face FB. This force is also resolved into two components 
i.e., QM, sin 9 and Q, cos 6 along the plane FC and normal to the plane FC respectively. 
Total normal force on section FC, 
P,, = Q, sin 8 + Q, cos 0 
=txBCxsinO0+txFBxcos®@. (. @,=1x BC and Q, = x FB) 
And total tangential force on section FC. 
P, = Q, sin 6 — Q, cos 8. (-ve sign is taken due to opposite direction) 
=1xFBx sin @—tx BC x cos 0 (. Q,=1.FB and Q,=7. BC) 
Let 6, = Normal stress on section FC 
6, = Tangential stress on section FC 
_ Total normal force on section FC 


7 Area of section FC 
P. 


n 


~ FCx1 


t.BC.sin0+71.FB.cos0 a FC 
= FCx1 (. ea = x 1) 


Then 


=7 Be sin 0+T ee cos 0 
FCS “FC 


=T.cos8@.sin0+7T.sin@.cos 0 

E In triangle FBC, ~ = cos 8, = =sin 0| 
= 2tcos 8.sin 0 
=Tsin 20 (.* 2 sin 8 cos 8 = sin 20) ...(3.10) 

aa a Total tangential force on section FC 
. Area of section FC 
P, 
~ FCx1 
tx FB x sin 8-—1tx BC x cos 
FC x1 


ape yan Gee wey 
"FC FC 


=Tx sin 8 x sin 89—T x cos 8 x cos 8 
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= tT sin? § — 7 cos? 0 = — 7 [cos? 6 — sin? 6] 

=—Tcos 20 (.* cos? 6 — sin? @ = cos 20) ...(3.11) 
—ve sign shows that o, will be acting downwards on the plane CF. 
3.4.4. A Member Subjected to Direct Stresses in two Mutually Perpendicular 


Directions Accompanied by a Simple Shear Stress. Fig. 3.10 (a) shows a rectangular 
bar ABCD of uniform cross-sectional area A and of unit thickness. This bar is subjected to : 


Ltt. 


P 
TAL 
o A | 1G: 
i* 1 P,=0,xBCx1 
<< P, 
F n > 
Op P,=0,xFBx 1 


(a) (b) 
Fig. 3.10 


(i) tensile stress 6, on the face BC and AD 
(ii) tensile stress 6, on the face AB and CD 
(iii) a simple shear stress t on face BC and AD. 


But with reference to Art. 2.9, a simple shear stress is always accompanied by an equal 
shear stress at right angles to it. Hence the faces AB and CD will also be subjected to a shear 
stress t as shown in Fig. 3.10 (a). 


We want to calculate normal and tangential stresses on oblique section FC, which is 
inclined at an angle 0 with the normal cross-section BC. The given stresses are converted into 
equivalent forces. 

The forces acting on the wedge FBC are : 

P, = Tensile force on face BC due to tensile stress 6, 
= 0, x Area of BC 
=0,xBCx1 (.: Area = BC x 1) 
=0,xBC 

P, = Tensile force on face F'B due to tensile stress 0, 
= 0, x Area of FB = 6, x FB x 1 
= 0, x FB 

Q, = Shear force on face BC due to shear stress T 
= 7x Area of BC 
=tx BCx1=txBC 

Q., = Shear force on face FB due to shear stress t 
= 7x Area of FB 
=tx FBx1=tx FB. 

Resolving the above four forces (i.e., P,, P,, Q, and @,) normal to the oblique section 


FC, we get 
108 
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Total normal force, 
P, =P,cos@ +P, sin €@ + Q, sin 6 + Q, cos 8 
Substituting the values of P,, P,, Q, and Q,, we get 
P=06,.BC.cos6+6,.FB.sin6+t.BC.sin@+t. FB. cos 8 
Similarly, the total tangential force (P,) is obtained by resolving P,, P,, Q, and Q, along 
the oblique section FC. 
Total tangential force, 
P, =P, sin 6 — P, cos 6 — Q, cos 0 + Q, sin 8 
= 6,.BC.sin®-o,.FB.cos0-—1t.BC.cos68+1.FB.sin9 
(substitute the values of P,, P,, Q, and Q,) 
Now, Let __o, = Normal stress across the section FC, and 
6, = Tangential stress across the section FC. 
Then normal stress across the section FC, 


_ Total normal force across sectionFC _P, 

an Area of section FC ~ FCx1 
_ 6,.BC.cos0+6,.FB.sin0+1.BC.sin0+7t.FB.cos0 
7 FC x1 


BC F : BC, FB 
=0,.—~ .cos0+06,.—=~— .sinO0+T. —— .sin0+T. —— . cos 0 
FC FC FC FC 
=0,.cos@.cos0+6,sin0.sin0+7tT.cos@.sin0+7Tsin 0. cos 0 


c In triangle FBC, Be = cos 0 and a sin 0] 
FC FC 


= 0, cos? 6 + 6, sin? 6 + 2t cos 6 sin 8 


1+ cos 20 1-cos 20 . 
= 0, 2 + Og 2 +Tsin 20 


c cos? 9 = Lt00828 5 2g_ 1-cos 26 


and 2 cos 0 sin 0 = sin 20) 


O71 + ey) co O71 = 
2 2 
and tangential stress (i.e., shear stress) across the section FC, 


2 cos 20 +7 sin 20 ...(3.12) 


Total tangential force across section FC iP, 
a Area of section FC ~ FCx1 
0,.BC.sin0-o0,.FB.cos0-t.BC.cos0+7.FB.sin 9 
7 FC x1 
a ee Bil 0 = 6... B oat,” cos 64.22. sin 
FC FC FC FC 


=0,.cos0.sin0—o,.sin0.cos@—tT.cos@.cos0+7T.sin0.sin 0 
E In triangle FBC, 2 = cos 0 and 5 =sin 0] 
= (0, — 6,) . cos 0 sin 0 — t cos? 6 + T sin? 6 


6,-0 
= (1522) . 2 cos 0 sin 0 — t (cos? 6 — sin? 6) 
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= see . sin 20 —t cos 20 (- cos? @— sin? 6 = cos 20) ...(3.13) 


Position of principal planes. The planes on which shear stress (i.e., tangential stress) 
is zero, are known as principal planes. And the stresses acting on principal planes are known 
as principal stresses. 

The position of principal planes are obtained by equating the tangential stress [given 
by equation (3.13)] to zero. 

For principal planes, 6,=0 
or S1—©2 sin 26-1 cos 20 = 0 


O;,- 


or 2 sin 20 = t cos 20 


sin 20 _ tT _ 2t 
or cos20 (61-62) (0,-0¢) 
2 


2 
or tan 20 = ee whBi 143 
(0; -—O9) 


But the tangent of any angle in a right angled triangle 
Height of right angled triangle 


Base of right angled triangle 


Height of right angled triangle _ 2t Ot 


Base of right angled triangle ~ (co, —c,) 


Height of right angled triangle = 21 
Base of right angled triangle = (6, — 0,). 
Now diagonal of the right angled triangle L 


=t io, ~65)7 +(2t)? =+ {or —62)7 +41” Fig. 3.11 


= {or ~6,)?+417 and — (oy —6,)? +41? 


Ist Case. Diagonal = to, ga pat 
Height 2t 
Diagonal 7 {(o, 6)? +40? 
Base (0, — G9) 
Diagonal ~ \o, ~ 65)? +402 . 


The value of major principal stress is obtained by substituting the values of sin 20 and 
cos 28 in equation (3.12). 
Major principal stress 


Then sin 20 = 


and cos 20 = 


0,+0, 06,-0 
= = 24 - 2 cos 20+ tT sin 20 
0,+0, 01,-69 (0; —O9) 2t 
we eg. ere wala er 
(1-63) +41 (o1 - 93) +4t 
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G1 +02 | 1 (o,-6,)” + i 


2 2 \(o, - 0)? +47” \(o, - 0)? +47” 


0, +09 + (a;=65) +407 
2 2,I(o, 65)" $40" 


0,+0 1 
a 2 +5 oy - 02)? +40” 
0,+090 Oo oe} 
1 2 17 V2 2 
= + +t 
3 ( 9 nda ld) 


2nd Case. Diagonal = — lo, ~65)% +40? 
. 2T 
Then sin 20 = 
~ (1 = O95 va + At? 


(0, -—Gg) 
cos 20 = u 2 
= \o, = Ga) = 47 


Substituting these values in equation (3.12), we get minor principal stress. 


and 


Minor principal stress 


Gp tte 6,6 ; 
= —1 24-1 2 eos 26+ t sin 20 


2 
O01 +02 | 01-02 01 — 0% 2t 
oe ee ee 
- (0, — O02)" +4t - (oc; =o5)° +47” 
0, +09 (Gy =ey ae 


2 2,\(o, —6,)" +40” (or —~6,)? +407 


01+, (0, - Gy) ear" 
2 No, —6,)* +41? 


7 1782 = lo, ~ 6)? +40? 
0,+0 (e.—o5)) 
2 Sie 02? lost 
ae “apts ... (3.16) 


Equation (3.15) gives the maximum principal stress whereas equation (3.16) gives 
minimum principal stress. These two principal planes are at right angles. 

The position of principal planes is obtained by finding two values of 0 from equation (3.14). 

Fig.3.11(a)shows the principal planes in which0, and®@, arethevalues from equation (3.14). 
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Fig. 3.11 (a) 


Maximum shear stress. The shear stress is given by equation (3.13). The shear stress 
will be maximum or minimum when 


d 
— (o,)=0 
ao | * 
or id | Sic 0s sin 20 — t cos 20 | = 0 
dé 2 ~ 
or S182 (cos 26) x 2-1 (— sin 26) x 2 = 0 


(o, —6,) . cos 20 + 21 sin 20 = 0 
or 2t sin 20 = — (G, — 6,) cos 20 
= (6, — 64) cos 20 
sin20 62-6, 


or 


cos 20 2T 
Oo -6 
or tan 20 = 2+ (3.17) 
2t 
Equation (3.17) gives condition for maximum or minimum shear 
stress. 
If tan 29 = 22° = 
2T o 
: Og — Oj . 
Then sin 20 =+ AS 
(oz = oir + 47 
2t 
and cos 20 =+ 


(6. —6,)° +42? 
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Substituting the values of sin 20 and cos 20 in equation (3.13), the maximum and 
minimum shear stresses are obtained. 


Maximum shear stress is given by 


(G)...= C17 °2 sin 26 — 1 cos 26 
Ci Oey (Og — 04) ds cea 20” 
2 (os -—0,)? +41 los -—6,)? +41? 


(6, -65)” 9c” 


= 
2(65 =O) at" (oe 0) +407 


(Go 0)) +At" 


=a 
(oy =~G,)? $407 


1 
=t 2 (oo yy +477 


al 
Con ne = 9 {(o. _ 01)” + Ar? 


1 
: 5 V0, - 03)" +42 (3.18) 


The planes on which maximum shear stress is acting, are obtained after finding the 
two values of 6 from equation (3.17). These two values of 0 will differ by 90°. 


The second method of finding the planes of maximum shear stress is to find first principal 
planes and principal stresses. Let 0, is the angle of principal plane with plane BC of Fig. 3.11 
(a). Then the planes of maximum shear will be at 0, + 45° and 0, + 135° with the plane BC as 
shown in Fig. 3.12 (a). 


Fig. 3.12 (a) 


Note. The above relations hold good when one or both the stresses are compressive. 
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Problem 3.11. At a point within a body subjected to two mutually perpendicular 
directions, the stresses are 80 N/mm? tensile and 40 N/mm? tensile. Each of the above stresses 
is accompanied by a shear stress of 60 N/mm?. Determine the normal stress, shear stress and 
resultant stress on an oblique plane inclined at an angle of 45° with the axis of minor tensile 
stress. 


Sol. Given : 

Major tensile stress, 6, = 80 N/mm? 

Minor tensile stress, 6, = 40 N/mm? 

Shear stress, t = 60 N/mm? 

Angle of oblique plane, with the axis of minor tensile stress, 


@ = 45°. 

(i) Normal stress (6,,) 
Using equation (3.12), 

_ o1t 8 4 8172 
80 + 40 " 80 — 40 

2 

60 + 20 cos 90° + 60 sin 90° 
=60+20x0+60x1 ("cos 90° = 0) 
= 60+0+60=120 N/mm?. Ans. 


40 N/mm* 
60 vinnie —| — 


Axis of minor 


1 
I 
2 tensile stress ' 2 
80 N/mm 1 80 N/mm 
eet ett eet Se et ae eared eae teats 
1 
1 
1 
i) 


40 N/mm* 


cos 20 + T sin 20 


cos (2 x 45°) + 60 sin (2 x 45°) 


Fig. 3.13 


(ii) Shear (or tangential) stress (6,) 
Using equation (3.13), 
O1- 
Oo, = 


_ 80-40 


2 sin 20 —t cos 20 


sin (2 x 45°) — 60 x cos (2 x 45°) 


= 20 x sin 90° — 60 cos 90° 
=20x1-60x0 
= 20 N/mm2. Ans. 

(iii) Resultant stress (6p) 


Using equation, 6p = 10, +6," 
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= 120 + 20? = [14400 + 400 
= /14800 = 121.655 N/mm?. Ans. 
Problem 3.12. A rectangular block of material is subjected to a tensile stress of 110 
N/mm? on one plane and a tensile stress of 47 N/mm? on the plane at right angles to the former. 


Each of the above stresses is accompanied by a shear stress of 63 N/mm? and that associated 
with the former tensile stress tends to rotate the block anticlockwise. Find : 


(i) the direction and magnitude of each of the principal stress and 
(ti) magnitude of the greatest shear stress. 

Sol. Given : 

Major tensile stress, 6, = 110 N/mm? 

Minor tensile stress, 6, = 47 N/mm? 

Shear stress, t = 63 N/mm? 


(i) Major principal stress is given by equation (3.15). 


2 
0,+090 0,-0 
.. Major principal stress = — 5 a 4 i i ; 2] 472 


47 N/mm* 


63 N/mm 


4110 N/mm? 110 N/mm* 


63 N/mm* 


47 N/mm* 


Fig. 3.14 


2 
_ 110+47 | 110-47 +632 
2 2 


2 
ooh, i +(63)? 
2 2 


= 78.5 + 31.57 + 63? = 7854+ [992.25 + 3969 


= 78.5 + 70.436 = 148.936 N/mm?. Ans. 
Minor principal stress is given by equation (3.16). 


2 
: bak 0; + Og 01 — O2 2 
.. Minor principal stress, = - +7 


2 
— 0 
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110+47 |(110-47) _., 
—- - +637 = 78.5 — 70.436 


= 8.064 N/mm?. Ans. 
The directions of principal stresses are given by equation (3.14). 
.. Using equation (3.14), 


2 2 
fess oe ee 
6,-0, 110-47 


a 2x 63 20 
63 
20 = tan“! 2.0 = 63° 26’ or 243° 26’ 
ay 6 = 31° 43’ or 121° 43’. Ans. 
(ii) Magnitude of the greatest shear stress 
Greatest shear stress is given by equation (3.18). 


Using equation (3.18), 


(6,) so —~G_)" +40” 


max 


u 5 v0 ~ 47)? +4 63" 


= 563" + 4x63" = 5x 63x15 


= 70.436 N/mm2, Ans. 

Problem 3.13. Direct stresses of 120 N/mm? tensile and 90 N/mm? compression exist on 
two perpendicular planes at a certain point in a body. They are also accompanied by shear 
stress on the planes. The greatest principal stress at the point due to these is 150 N/mm?. 

(a) What must be the magnitude of the shearing stresses on the two planes ? 

(6) What will be the maximum shearing stress at the point ? 


Sol. Given : 

Major tensile stress, 6, = 120 N/mm? 

Minor compressive stress, 6, = — 90 N/mm? (Minus sign due to compression) 
Greatest principal stress = 150 N/mm? 

(a) Let t = Shear stress on the two planes. 


Using equation (3.15) for greatest principal stress, we get 


vets 01 +02 01 — 99 i 2 
Greatest principal stress = 5 + 5 +T 


2 
” 150 = 120+(- 90) , [(120-90))” | 2 
2 2 
120-90 |(120+90\) , 
= + +7 
2 2 
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or 


or 


or 


15 + 105? +7? 
150-15 (105? +7? 
1385 = 105? +7? 


Squaring both sides, we get 
1352 = 1057+7? 
7 1352 — 1057 = 18225 — 11025 = 7200 
as t = 7200 = 84.853 N/mm?. Ans. 
(6) Maximum shear stress at the point 


Using equation (3.18) for maximum shear stress, 


1 
(Oy) max = 2 (oy = G5)” 2 Ar? 


7 ; \f120 - (- 90) + 4 x 7200 


- = (210° + 28800 = ; [44100 + 2880 -5 x 270 


= 135 N/mm?. Ans. 


(2? 9=7200) 


Problem 3.14. At a certain point in a strained material, the stresses on two planes, at 
right angles to each other are 20 N/mm? and 10 N/mm? both tensile. They are accompanied by 
a shear stress of a magnitude of 10 N/mm?. Find graphically or otherwise, the location of 
principal planes and evaluate the principal stresses. 


Sol. Given : 
10 N/mm? 


t= 10N/mm* 


Tt 


planes 


10 N/mm* 


Fig. 3.14 (a) 


20 N/imm> 


t=10 N/mm* 
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Major tensile stress, 6, = 20 N/mm? 
Minor tensile stress, 6, = 10 N/mm? 
t= 10 N/mm? 


Shear stress, 


Location of principal planes 
The location of principal planes is given by equation (3.14). 


Using equation (3.14), 
2T 2x10 2x10 
tan 20 = = = 7 
a 1-6, 20-10 10 
20 = tan"! 2.0 = 68° 26’ or 243° 26’ 
6 = 31° 43’ or 121° 43’. Ans. 


2.0 


or 


Magnitude of principal stresses 
The major principal stress is given by equation (3.15) 


Major principal stress 
2 2 
_ 01 +69 (252) pe _ 20410 (22) see 


2 2 2 
=15+ ao" +100 =15+4+ /25+100 =15+ 125 =15+11.18 
= 26.18 N/mm2. Ans. 


The minor principal stress is given by equation (3.16). 
Minor principal stress 


2 
_ O1 +t Og [82 Ly 


= 2 2 
2 
_ 20+ 10 (25 10) ah? 
2 2 


= 15-11.18 = 3.82 N/mm?2. Ans. 


Problem 3.15. A point in a strained material is subjected to the stresses as shown in 


Fig. 3.15. 
Locate the principal planes, and evaluate the principal stresses. 


40 N/mm* 


60 N/mm? 


60 N/mm? 


40 N/mm* 


Fig. 3.15 
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Sol. Given : 
The stress on the face BC or AD is not normal. It is inclined at an angle of 60° with face 
BC or AD. This stress can be resolved into two components i.e., normal to the face BC (or AD) 
and along the face BC (or AD). 
Stress normal to the face BC or AD 
= 60 x sin 60° = 60 x 0.866 = 51.96 N/mm? 
Stress along the face BC or AD 
= 60 x cos 60° = 60 x 0.5 = 30 N/mm? 
The stress along the face BC or AD is known as shear stress. Hence t = 30 N/mm?. Due 
to complementary shear stress the face AB and CD will also be subjected to shear stress 
of 30 N/mm2. Now the stresses acting on the material are shown in Fig. 3.16. 


40 N/mm* 
30 N/mm 
“Eg “Eg 
£ £ 
2 2 
ico} ico} 
2 
ey ey 
2 
30 N/mm 
40 N/mm* 
Fig. 3.16 
Major tensile stress, 0, = 51.96 N/mm? 
Minor tensile stress, 0, = 40 N/mm? 
Shear stress, t = 30 N/mm? 


Location of principal planes 
Let 6 = Angle, which one of the principal planes make with the stress of 40 N/mm?. 
The location of the principal planes is given by the equation (3.14). 
Using equation (3.14), we get 
2T 2 x 30 
tan 20 = SG, 0,  B1.96—40 = 4,999 
- 20 = tan“! 4.999 = 78° 42’ or 258° 42’ 
or 8 = 39° 21’ or 129° 21’. Ans. 
Principal stress 
The major principal stress is given by equation (3.15). 
Major principal stress 


2 
eal ay 01-92 cag? 
2 2 


2 
: anes 40 + (E82) eae 
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= 45.98 + 30.6 
= 76.58 N/mm2. Ans. 
The minor principal stress is given by equation (3.16). 


2 
O,+09 (1522) ig? 
2 2 


Z 
_ 51.96 +40 (25-2) a 


Minor principal stress 


2 2 
= 45.98 — 30.6 
= 15.388 N/mm?. Ans. 

Problem 3.16. The normal stress in two mutually perpendicular directions are 600 N/mm? 
and 300 N/mm? both tensile. The complimentary shear stresses in these directions are of intensity 
450 Nimm?. Find the normal and tangential stresses on the two planes which are 
equally inclined to the planes carrying the normal stresses mentioned above. 


Sol. Given : 

Major tensile stress, 6, = 600 N/mm? 
Minor tensile stress, 6, = 300 N/mm? 
Shear stress, t = 450 N/mm? 


The normal and tangential stresses are to be calculated on the two planes which are 
equally inclined to the planes of major tensile stress and of minor tensile stress. This means 
@ = 45° and 135°. 

Angle 6 = 45° and 135°. 

(i) Normal stress (6,,) is given by equation (3.12). 


6,-0 - 
o =— 2491 oe cos 20 + Tt sin 20 
i 2 2 
(a) When 6 = 45°, the normal stresses (6,,) becomes as 
600+300 600-300 
fo} + 
nu 2 2 
450 + 150 cos 90° + 450 sin 90° 
= 450+ 150x0+450x1 (.- cos 90° = 0 and sin 90° = 1) 
= 900 N/mm2. Ans. 
(6) When @ = 135°, the normal stress (o,,) becomes as 


600+3800 600-300 
o + 
” 2 2 
450 + 150 cos (270°) + 450 sin 270° 
= 450 + 150 x 0 + 450 x (— 1) (-. cos 270° = 0 and sin 270° = — 1) 
= 450 -450=0. Ans. 
(ii) Tangential stress (o,) is given by equation (3.13) 


cos (2 x 45°) + 450 sin (2 x 45°) 


cos (2 x 135) + 450 sin (2 x 135°) 


-O 
Oo = — 5 sin 20 — t cos 26 
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(a) When 6 = 45°, the tangential stress (o,) becomes as 


600 — 300 
0, = ee sin 90° — 450 cos 90° 


= 150 x 1-450 x0=150 N/mm?. Ans. 
(6) When 0 = 135°, the tangential stress (o,) becomes as 


600 — 300 
0, = —o * sin 270° — 450 cos 270° 


= 150 x (-1)— 450 x0 =— 150 N/mm?. Ans. 
Problem 3.17. The intensity of resultant stress on a 


plane AB |Fig. 3.16 (a)| at a point in a material under stress i Niom’ 
is 800 Nicm? and it is inclined at 30° to the normal to that © Sey Ci 
plane. The normal component of stress on another plane BC 800 N/om 
at right angles to plane AB is 600 N/cm?. 
Determine the following : 30° 
(i) the resultant stress on the plane BC, 
(ii) the principal stresses and their directions, A 
(iit) the maximum shear stresses and their planes. Fig. 3.16 (a) 
Sol. Given : 
Resultant stress on plane AB = 800 N/cm? 
Angle of inclination of the above stress = 80° 
Normal stress on plane BC = 600 N/cm? 


The resultant stress 800 N/cm? on plane AB is resolved into normal stress and tangential 
stress. 


6» = 600 N/om 
t= 400 N/cm* 


y t= 400 N/om* 
o, = 692.82 N/om 


t= 400 N/cm* 


co, = 692.82 N/om™ 


D 


t= 400 N/cm* : 
0, = 600 N/cem 


Fig. 3.16 (b) 


The normal stress on plane AB 

= 800 x cos 30° = 692.82 N/cm?. 
The tangential stress on plane AB 

= 800 x sin 30° = 400 N/cm?. 
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The shear stress on plane AB is, 7.e., t,4, = 400 N/cm2, then to maintain the equilibrium 
on the wedge ABC, another shear stress of the same magnitude, i.e., T3, = 400 N/cm? must act 
on the plane BC. The free body diagram of the element ABCD is shown in Fig. 3.16 (a), showing 
normal and shear stresses acting on different faces. 


(i) Resultant stress on plane BC 
On plane BC, from Fig. 3.16 (a), 
6, = 600 N/em? 
Shear stress, t = 400 N/cm? 
Resultant stress on plane BC 


S465 25" 
= 6007 + 400? = 721 N/em2. Ans. 


The resultant will be inclined at an angle 0 with the horizontal given by, 


s 6 = tan“! 1.5 = 56.3°.. Ans. 

(ii) Principal stresses and their directions 

The major principal stress is given by equation (3.15). 
Major principal stress 


2 
Oi Oo ¢ 01 — 02 gg? 
2 2 


2 
_ 692.82 + 600 + (22) +4002 


2 
= 646.41 — 402.68 
= 1049.09 N/em?2 (Tensile). Ans. 
The minor principal stress is given by equation (3.16) 
Minor principal stress 


2 
0, +09 01-02 me 
2 2 


2 
692.82 + 600 i 692.82 — =) +4002 
2 2 
= 646.41 — 402.68 
= 243.73 N/em? (Tensile). Ans. 
The directions of principal stresses are given by equation (3.14), as 
2t 2x 400 800 
tan20= "Gi =e) (o2e2=600) ga62 °°" 
20 = tan! 8.618 = 83.38° or 263.38° 
@ = 41.69° or 131.99°. Ans. 
(iii) The maximum shear stress and their planes. 
The maximum shear stress is given by equation (3.18). 


STRENGTH OF MATERIALS 


2 
1 Pa 
(0) nae = 9 (0; 7 Ga) at At” = [122 + 2 


2 
= | 22282=00) or 


2 


= 402.68 N/em?. Ans. 

Problem 3.18. At a certain point in a material under stress the intensity of the resultant 
stress on a vertical plane is 1000 N/cm? inclined at 30° to the normal to that plane and the 
stress on a horizontal plane has a normal tensile component of intensity 600 N/cm? as shown in 
Fig. 3.16 (c). Find the magnitude and direction of the resultant stress on the horizontal plane 
and the principal stresses. 


600 N/cm* 


Cc B 41000 N/cm* 


30° 


A 
Fig. 3.16 (c) 


Sol. Given : 

Resultant stress on vertical plane AB = 1000 N/cm? 

Inclination of the above stress = 30° 

Normal stress on horizontal plane BC = 600 N/cm? 

The resultant stress on plane AB is resolved into normal and tangential component. 

The normal component 

= 1000 x cos 30° = 866 N/cm? 
Tangential component 
= 1000 x sin 30° = 500 N/cm?. 

Hence a shear stress of magnitude 500 N/cm? is acting on plane AB. To maintain the 
wedge in equilibrium, another shear stress of the same magnitude but opposite in direction 
must act on the plane BC. The free-body diagram of the element ABCD is shown in Fig. 3.16 (d), 
showing normal and shear stresses acting on different faces in which : 


0, = 866 N/cm?, 
6, = 600 N/cm? 
and t = 500 N/cm? 
(i) Magnitude and direction of resultant stress on horizontal plane BC. 
Normal stress on plane BC, o, = 600 N/cm? 
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Tangential stress on plane BC, t = 500 N/cm? 


o> = 600 N/om 


C t B 

2 
t = 500 N/cm 
s, = 866 N/om 
2 

: s, = 866 N/cm 

D ++ A 

+ = 500 N/cm* 


Yc» = 600 Nom 


Fig. 3.16 (d) 


Resultant stress = lo? qe 
= 16002 +5002 = 781.02 N/em2. Ans. 


The direction of the resultant stress with the horizontal plane BC is given by, 


6 = tan! 1.2 = 50.19°. Ans. 
(ii) Principal stresses 
The major and minor principal stresses are given by equations (3.15) and (3.16). 


2 
_ 01, +02 01 — 09 2 
Principal stresses = 5 a 5 +T 


2 
_ 865700 , (88-600 +5002 


= 733 + 517.38 

= (733 + 517.38) and (733 — 517.38) 

= 1250.38 and 215.62 N/cm?. 
Major principal stress = 1250.38 N/em?. Ans. 
Minor principal stress = 215.62 N/em?. Ans. 

Problem 3.19. At a point in a strained material, on plane BC there are normal and 
shear stresses of 560 N/mm? and 140 N/mm? respectively. On plane AC, perpendicular to plane 
BC, there are normal and shear stresses of 280 N/mm? and 140 N/mm? respectively as shown in 
Fig. 3.16 (e). Determine the following : 

(i) principal stresses and location of the planes on which they act, 

(ii) maximum shear stress and the plane on which it acts. 


STRENGTH OF MATERIALS 


A 
280 N/mm* 
140 Nimm* 
B Cc 
140 N/imm* 
560 N/mm 
Fig. 3.16 (e) 
Sol. Given : 
On plane AC, 0, = — 280 N/mm? (— ve sign due to compressive stress) 
t = 140 N/mm? 
On plane BC, 0, = 560 N/mm? 
t = 140 N/mm? 


(i) Principal stresses and location of the planes on which they act. 
Principal stress are given by equations (3.15) and (3.16) 


2 
Principal stresses 3 + 5 +7 


_ = 280 +560 , ie 280 - =) sai? 
2 2 
140 + 442.7 
= 582.7 and (140 — 442.7) N/mm? 
= 582.7 and — 302.7 N/mm? 
Major principal stress = 582.7 N/mm? (Tensile). Ans. 
Minor principal stress = — 302.7 N/mm”. Ans. 


The planes on which principal stresses act, are given by equation (3.14) as 


2T 2x 140 280 
Maes = a; <oeioee 
e 20 = tan! — 0.33 = —18.26° 
— ve sign shows that 20 is lying in 2nd and 4th quadrant 
20 = (180 — 18.26°) or (3860 — 18.26°) 
= 161.34° or 341.34° 
0 = 80.67° and 170.67°. Ans. 


(ti) Maximum shear stress and the plane on which it acts. 


Maximum shear stress is given by equation (3.18). 
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2 
CO). ae = oa + 2 


2 
_ \(- = =) +1402 


= {4207 +140? = 442.7 N/mm?. Ans. 


The plane on which maximum shear stress acts is given by equation (3.17) as 


tan 20 = ie Sei) 
Qt 


560-—(—280) 840 _ 
~ 9x140 280 


20 = tan 3.0 = 71.56" or 251.56° 
6 = 35.78° or 125.78°. Ans. 


Problem 3.20. On a mild steel plate, a circle of diameter 50 mm is drawn before the 
plate is stressed as shown in Fig. 3.17. Find the lengths of the major and minor axes of an 
ellipse formed as a result of the deformation of the circle marked. 


20 N/mm* 


40 N/mm* 


40 N/mm* 
80 N/mm* 


80 N/mm* 
40 N/mm* 


A : B 
40 N/mm 
20 N/mm* 
Fig. 3.17 
Z 2 1 1 
Take E = 2 x 10° N/mm? and ar 
m 


Sol. Given : 


Major tensile stress, o, = 80 N/mm? 


STRENGTH OF MATERIALS 


Minor tensile stress, 6, = 20 N/mm? 

Shear stress, t = 40 N/mm? 

Value of E = 2x 10° N/mm? 

Major principal stress is given by equation (3.15). 
Major principal stress 


2 
ea ae 01 —9e -e 
2 2 


2 
2 so20,, [s0-20) +402 


2 2 


= 50+ [392 4 492 = 50+ 50 = 100 N/mm? (tensile) 


Minor principal stress 


2 
0, +99 0, —92 qe 
2 2 


_ 80+ 20 80 — 20 
~ 9 2 


2 
+40? =50—50=0. 


From Fig. 3.17, it is clear that diagonal BD will be elongated and diagonal AC will be 
shortened. Hence the circle will become an ellipse whose major axis will be along BD and 
minor axis along AC as shown in Fig. 3.17.The major principal stress acts along BD and 
minor principal stress along AC. 

Strain along BD 


_ Major principal stress Minor principal stress 


E mE 
100 0 (. 4-4) 
~ 2x10® 2x10°x4 “m 4 
1 
~ 2000 


Increase in diameter along BD 


1 
= Strain along BD x Dia. of hole = 2000 x 50 = 0.025 mm 


Strain along AC 
Minor principal stress Major principal stress 
~ E mE 
_ 0 100 
~ 2x10° 4x 2x10° 
=— — (— ve sign shows that there is a decrease in length) 
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Decrease in length of diameter along AC 


1 
= Strain along AC x Dia. of hole = 0 x 50 = 0.00625 mm 


The circle will become an ellipse whose major axis will be 50 + 0.025 = 50.025 mm 
and minor axis will be 


50 — 0.00625 = 49.99375 mm. 


3.5. MOHR’S CIRCLE 


Mohr’s circle is a graphical method of finding normal, tangential and resultant stresses 
on an oblique plane. Mohr’s circle will be drawn for the following cases : 

(it) A body subjected to two mutually perpendicular principal tensile stresses of unequal 
intensities. 


(ii) A body subjected to two mutually perpendicular principal stresses which are 
unequal and unlike (i.e., one is tensile and other is compressive). 

(iit) A body subjected to two mutually perpendicular principal tensile stresses accompa- 
nied by a simple shear stress. 


3.5.1. Mohr’s Circle when a Body is Subjected to two Mutually Perpendicular 
Principal Tensile Stresses of Unequal Intensities. Consider a rectangular body sub- 
jected to two mutually perpendicular principal tensile stresses of unequal intensities. It is 
required to find the resultant stress on an oblique plane. 


Let 6, = Major tensile stress 
6, = Minor tensile stress, and 
6 = Angle made by the oblique plane with the axis of minor tensile stress. 


Mohr’s circle is drawn as : (See Fig. 3.18). 

Take any point A and draw a horizontal 
line through A. Take AB=o, and AC= 0, towards 
right from A to some suitable scale. With BC as 
diameter describe a circle. Let O is the centre of 
the circle. Now through O, draw a line OE 
making an angle 20 with OB. 


From E, draw ED perpendicular on AB. 
Join AE. Then the normal and tangential stresses 
on the oblique plane are given by AD and ED 
respectively. The resultant stress on the oblique 
plane is given by AE. 

From Fig. 3.18, we have 


Fig. 3.18 


Length AD = Normal stress on oblique plane 
Length ED = Tangential stress on oblique plane 
Length AE = Resultant stress on oblique plane. 


: 3 01—~ 02 
Radius of Mohr’s circle = ——— 


Angle o = obliquity. 
Proof. (See Fig. 3.18) 
oP) 


CO = OB = OE = Radius of Mohr’'s circle = a 


STRENGTH OF MATERIALS 


AO =AC+CO 
- 20,+0,- + 
ae Gg 269+6,-G2g 6,+0¢ 
2 2 2 
OD= OE cos 20 
01702 01702 
—  OK= 
9 cos 20 ( 9 
AD=AO+OD 
+ — 
a ee S2 cos 20 
=o, or Normal stress 
and ED = OE sin 20 


= 91 5 Ze sin 20 
=o, or Tangential stress. 

Important points. (See Fig. 3.18) 

(t) Normal stress is along the line ACB. Hence maximum normal stress will be when 
point Fis at B. And minimum normal stress will be when point F is at C. Hence maximum 
normal stress = AB =o, and minimum normal stress = AB = oy. 

(ii) Tangential stress (or shear stress) is along a line which is perpendicular to line CB. 
Hence maximum shear stress will be when perpendicular to line CB is drawn from point O. 
Then maximum shear stress will be equal to the radius of the Mohr’s circle. 

017 99 
2 
(iii) When the point E is at B or at C, the shear stress will be zero. 


(6,) max = 


(iv) The angle o (which is known as angle of obliquity) will be maximum, when the line 
AE is tangent to the Mohr’s circle. 
Problem 3.21. Solve problem 3.5 by using Mohr’s circle method. 
Sol. The data is given in problem 3.5, is 
0, = 120 N/mm? (tensile) 
6, = 60 N/mm? (tensile) 


6 = 30°. 
Scale. Let 1 cm = 10 N/mm? 
Th soe ag 
en O,)= G59 =12cm 
d ue 6 
an 6, = i9 ~oom 
Mohr’s circle is drawn as : (See Fig. 3.19). 


Take any point A and draw a horizontal 
line through A. Take AB = o, = 12 cm and 
AC = 6, = 6 cm. With BC as diameter (i.e., 
BC=12-—6=6cm) describe a circle. Let O is the 
centre of the circle. Through O, draw a line OE 
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making an angle 20 (i.e., 2 X 30 = 60°) with OB. From E, draw ED perpendicular to CB. Join 


AE. Measure lengths AD, ED and AE. 
By measurements : 
Length AD = 10.50 cm 
Length ED = 2.60 cm 
Length AE = 10.82 cm 


Then normal stress = Length AD x Scale 

= 10.50 x 10 = 105 N/mm?. 
Tangential or shear stress = Length ED x Scale 

= 2.60 x 10 = 26 N/mm’. 
Resultant stress = Length AE x Scale 


= 10.82 x 10 = 108.2 N/mm’. 


3.5.2. Mohr’s Circle when a Body is Subjected to two Mutually Perpendicular 
Principal Stresses which are Unequal and Unlike (i.e., one is Tensile and other is 
Compressive). Consider a rectangular body subjected to two mutually perpendicular princi- 
pal stresses which are unequal and one of them is tensile and the other is compressive. It is 


required to find the resultant stress on an oblique plane. 
Let 6, = Major principal tensile stress, 


6, = Minor principal compressive stress, and 
6 = Angle made by the oblique plane with the axis 


of minor principal stress. 

Mohr’s circle is drawn as : (See Fig. 3.20) 

Take any point A and draw a horizontal line through A 
on both sides of A as shown in Fig. 3.20. Take AB =, (+) towards 
right of A and AC = o,(-) towards left of A to some suitable 
scale. Bisect BC at O. With O as centre and radius equal to CO 
or OB, draw a circle. Through O draw a line OE making an 
angle 20 with OB. 

From E, draw ED perpendicular to AB. Join AE and CE. 
Then normal and shear stress (i.e., tangential stress) on the 
oblique plane are given by AD and ED. Length AE represents 
the resultant stress on the oblique plane. 

“. From Fig. 3.20, we have 

Length AD = Normal stress on oblique plane, 


Length ED = Shear stress on oblique plane, 


Length AE = Resultant stress on oblique plane, and 


Angle o = Obliquity. 
0,+09 


Radius of Mohr’s circle = CO or OB = 5 


Proof. (See Fig. 3.20). 
CO = OB = OE = Radius of Mohr’s circle 


_ 91+09 
2 


Tensile 
(+) 
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AO = OC— AC 
0, +04 0,+0,-20, 6,-0% 
= O09 = = 
2 2 2 
AD=AO+ OD 
= AO + OB cos 20 (. OD= OE cos 28) 
= S17 83 + Cire cos 20 ey OE =Radius=°1*°2 
2 2 2 
=o, or Normal stress 
and ED = OE sin 20 
a See. .Ope oie oe 
9 sin 20 (: 9 


=o, or Tangential (or shear) stress. 
Problem 3.22. Solve problem 3.6 by using Mohr’s circle method. 
Sol. Given : The data given in problem 3.6, is 
6, = 200 N/mm? 
o, =— 100 N/mm? (compressive) 
6 = 380°. 
It is required to determine the resultant stress and the maximum shear stress by Mohr’s 
circle method. First choose a suitable scale. 
Let 1 cm represents 20 N/mm?. 


_ 200 


Then Oo; = 20 =10cm 
F _-100_ , 
an oc ay a =—-ocm 


Mohr’s circle is drawn as given in Fig. 3.21. 

Take any point A and draw a horizontal line through 
A on both sides of A. Take AB= 6, = 10 cm towards right of 
A and AC = 6, =—5 cm towards left of A. Bisect BC at O. 
With O as centre and radius equal to CO or OB, draw a 
circle. Through O draw a line OE making an angle 20 (i.e., 
2 x 30° = 60°) with OB. From E, draw ED perpendicular to 
AB. Join AE and CE. Then AE represents the resultant 
stress and angle @ represents the obliquity. 


By measurement from Fig. 3.21, we have 
Length AE = 9.0 cm 
Length AD = 6.25 cm and length ED = 6.5 cm 
Angle o = 46° 
Resultant stress = Length AE x Scale 
=9.0 x 20=180 N/mm?. Ans. 
Angle made by the resultant stress with the normal of the inclined plane = = 46°. Ans. 
Normal stress = Length AD x 20 
= 6.25 x 20 = 125 N/mm? 
Shear stress = Length ED x 20 


= 6.5 x 20 = 130 N/mm’. 
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Maximum shear stress. Shear stress is along a line which is perpendicular to the line 
AB. Hence maximum shear stress will be when perpendicular to line AB is drawn from point O. 
Then maximum shear stress will be equal to the radius of Mohr’s circle. 
Maximum shear stress = Radius of Mohr’s circle 


+ 200 + 100 
= 1 = = 5 = 150 N/mm?2. Ans. 


3.5.3. Mohr’s Circle when a Body is Subjected to two Mutually Perpendicular 


Principal Tensile Stresses Accompanied by a 
Simple Shear Stress. Consider a rectangular body 
subjected to two mutually perpendicular principal 
tensile stresses of unequal intensities accompanied 
by a simple shear stress. It is required to find the 
resultant stress on an oblique plane as shown in og, 
Fig. 3.22. 


Let o,= Major tensile stress 


Oblique 
plane 


6, = Minor tensile stress 


t = Shear stress across face BC and AD 


@ = Angle made by the oblique plane Fig. 3.22 


with the plane of major tensile stress. 


According to the principle of shear stress, the faces AB and CD will also be subjected to 
a shear stress of T. 

Mohr’s circle is drawn as given in Fig. 3.23. 

Take any point A and draw a horizontal line through A. 

Take AB=o, and AC= 6, towards 
right of A to some suitable scale. Draw 
perpendiculars at B and C and cut off BF 
and CG equal to shear stress T to the same 
scale. Bisect BC at O. Now with O as centre 
and radius equal to OG or OF draw a circle. 
Through O, draw a line OE making an 
angle of 20 with OF as shown in Fig. 3.23. 
From EF, draw ED perpendicular to CB. 
Join AE. Then length AE represents the 
resultant stress on the given oblique plane. 
And lengths AD and ED represents the 
normal stress and tangential stress 
respectively. 


Hence from Fig. 3.23, we have 

Length AE = Resultant stress on the oblique plane 
Length AD = Normal stress on the oblique plane 
Length ED = Shear stress on the oblique plane. 
Proof. (See Fig. 3.28). 


1 1 
CO= 5 CB= 5 Io, — 9] (. CB=0,-6,) 


1 
AO = AC + CO=0,+5 Is, ="6,] 
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s 202 +6,-G_ 6,+52 


2 2 
AD =AO+ OD 
01 +09 
ane ae + OE cos (20 — @) [. OD= OE cos (20—0)] 
0, +09 . . 
age + OE [cos 20 cos © + sin 20 sin a] 
+ 
- + OE cos 20 cos « + OE sin 20 sin o 
0,109 . : 
=—z___ + OE cos a. cos 26 + OF sin a. sin 26 
0,109 . . 
= a + OF cos a.cos 20+ OF sin a. sin 20 
(. OE= OF = Radius) 
0, +09 " 
= ge + OB cos 20+ BF sin 20 
(. OF cos a= OB, OF sin a= BF) 
+ 
= “12 + CO cos 26 + t sin 20 (: OB=CO, BF=1) 
01,+0, 61-09 ; 01-99 
= + + < CO =——= 
9 9 cos 20+ T sin 20 ( 9 
=o, or Normal stress 
Now ED = OE sin (20 — &) = OE (sin 20 cos @ — cos 20 sin @) 


= OE sin 20 cos a— OF cos 20 sin a 
OE cos ©. sin 20 — OE sin a. cos 20 


= OE cos o. sin 20 — OE sin @. cos 20 (. OE= OF = Radius) 
= OB. sin 20— BF cos 20 (. OF cos a= OB, OF sin a= BF) 
= CO. sin 20—t cos 20 (. OB= CO, BF=1) 
= 1= 82. sin 29 —t008 20 é co = o152] 


=o, or Tangential stress. 


Maximum and minimum value of normal stress. In Fig. 3.23, the normal stress is 
given by AD. Hence the maximum value of AD will be when D coincides with M and minimum 
value of AD will be when D coincides with L. 

Maximum value of normal stress, 
(9, max ~ AM = AO + OM 


= 2152 + OF E AO= 2°22, OM = OF = Radius) 
= ous + OB? +BF? (-: Intriangle OBF, OF = JOB? + BF”) 
2 
CP Oe | Cea 38 (. op = 21-2 Br =+] 
2 2 2 
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Minimum value of normal stress, 
(5,) nin ~ AL = AO — LO 
0, +09 


= oa” ia OF (. LO= OF = Radius) 


2 
= Sie es 01 ~ 92 wee 
2 2 


(i) For maximum normal stress, the point D coincides with M. But when the point D 
coincides with M, the point E also coincides with M. Hence for maximum value of normal 
stress, 


Angle 20=a (. Line OE coincides with line OM) 
ie . (i) 
BF 0,-O0 
Also tan 20 = tan a= = s—— ls BF =1,OB = “3 2) 
2 
_  2t 
7 01-82, 


(ii) For maximum and minimum normal stresses, the shear stress is zero and hence the 
planes, on which maximum and minimum normal stresses act, are known as principal planes 
and the stresses are known as principal stresses. 


(iit) For minimum normal stress, the point D coincides with point L. But when the point 
D coincides with L, the point E also coincides with L. Then 


Angle 20=n+o (: Line OF coincides with line OL) 
~ oO “ 

SSS 
) = a ... (iL) 


From equations (i) and (ii), it is clear that the plane of minimum normal stress is in- 
clined at an angle 90° to the plane of maximum normal stress. 


Maximum value of shear stress. Shear stress is given by ED. Hence maximum value 
of ED will be when E coincides with G, and D coincides with O. 


Maximum shear stress, 
(6) 2.=O0H = OF (. OH = OF = radius) 


= JOB? + BF? (. In triangle OBF, OF = OB? + BF?) 


2 = 
= (2522) we is op = "1-2, Br=*] 
9 2 


Problem 3.23. A point in a strained material is subjected to stresses shown in 
Fig. 8.24. Using Mohr’s circle method, determine the normal and tangential stresses across the 
oblique plane. Check the answer analytically. 


STRENGTH OF MATERIALS 


25 N/mm* 


Oblique > 
65 N/mm 


25 N/mm* 
35 N/mm’ 
Fig. 3.24 
Sol. Given : 
Major principal stress, o, = 65 N/mm? 
Minor principal stress, 6, = 35 N/mm? 
Shear stress, t= 25 N/mm? 
Angle of oblique plane, 06 = 45°. 
Mohr’s circle method 
Let lem = 10 N/mm? 
65 
Then 0, = 0 = 6.5 cm, 
35 25 
O= 7p s5emandt=—7 5 =2.5cm 


Mohyr’s circle is drawn as given in Fig. 3.25. 


Take any point A and draw a horizontal line through A. Take AB =o, = 6.5 cm and 
AC = 6, = 3.5 cm towards right of A. Draw perpendicular at B and C and cut off BF and CG 
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equal to shear stress T= 2.5 cm. Bisect BC at O. Now with O as centre and radius equal to OF 
(or OG) draw a circle. Through O, draw a line OF making an angle of 20 (i.e., 2 x 45° = 90°) 
with OF as shown in Fig. 3.25. From E, draw ED perpendicular to AB produced. Join AE. 
Then length AD represents the normal stress and length ED represents the shear stress. 

By measurements, length AD = 7.5 cm and 

length ED =1.5cm. 
.. Normal stress (G,) = Length AD x Scale = 7.5 x 10= 75 N/mm?, Ans. 
(. 1cem=10 N/mm?) 

And tangential stress (o,) = Length ED x Scale = 1.5 x 10=15 N/mm”. Ans. 

Analytical Answers 

Normal stress (6,) is given by equation (3.12). 

.. Using equation (3.12), 


0, +909 0, —99 


a ae cos 20 + T sin 20 
= BE PA cos (2 x 459) + 25 sin (2 X 45% 
= 50 + 15 cos 90° + 25 sin 90° 
=50+15x0+25x1 (cos 90° = 0, sin 90° = 1) 


=50+0+25=75 N/mm?. Ans. 
Tangential stress is given by equation (3.13) 
Using equation (3.13), 


01 — 92 


sin 20 —T cos 20 


_ 65-35 
~~. 3 
= 15 sin 90° — 25 cos 90° = 15 X 1-25 0=15-0 

=15N/mm?2. Ans. 

Problem 3.24. At a certain point in a strained material, the intensities of stresses on 
two planes at right angles to each other are 20 Nlmm? and 10 Nlmm? both tensile. They are 
accompanied by a shear stress of magnitude 10 N/mm?. Find graphically or otherwise, the 
location of principal planes and evaluate the principal stresses. 


sin (2 x 45) — 25 cos (2 x 45) 


Sol. Given : 

Major tensile stress, 6, = 20 N/mm? 
Minor tensile stress, 6, = 10 N/mm? 
Shear stress, t= 10N/mm? 


This problem may be solved analytically or graphi- 
cally. Here we shall solve it graphically (i.e., by Mohr’s 
circle method). 

Scale. Take 1 cm = 2 N/mm? 


20 10 
Then o6,=— =10cm, o,=— =5cm 
2 2 
10 
and c=, om 


Mohr’s circle is drawn as given in Fig. 3.26. 


STRENGTH OF MATERIALS 


Take any point A and draw a horizontal line through A. Take AB = 6, = 10 cm and 
AC = 6, =5 cm towards right side of A. Draw perpendiculars at B and C and cut off BF = CG 
=t=5cm. Bisect BC at O. Now with O as centre and radius equal to OG (or OF), draw a circle 
cutting the horizontal line through A, at Z and M as shown in Fig. 3.26. Then AM and AL 
represent the major principal and minor principal stresses. 

By measurements, we have 

Length AM = 138.1 cm and Length AL = 1.91 cm 

ZFOB (or 28) = 63.7°. 


Major principal stress = Length AM x Scale 
= 13.1 x 2 N/mm? (. 1em=2 N/mm?) 
= 26.2 N/mm?. Ans. 

Minor principal stress = Length AL x Scale 


=1.91x 2=3.82 N/mm?. Ans. 
Location of principal planes 
20 = 63.7° 
63.7° 


0= = 31.85°. Ans. 


The second principal plane is given by 
6 + 90° or 31.85° + 90° or 121.85°. Ans. 
Problem 3.25. An elemental cube is subjected to tensile stresses of 830 Nimm? and 
10 Nimm? acting on two mutually perpendicular planes and a shear stress of 10 Nimm? on 
these planes. Draw the Mohr’s circle of stresses and hence or otherwise determine the magnitudes 
and directions of principal stresses and also the greatest shear stress. 


Sol. Given: 
Major tensile stress, 0, = 30 N/mm? 
Minor tensile stress, o, = 10 N/mm? 
Shear stress, t= 10 N/mm? 
Scale. Take 1 cm = 2 N/mm? 
30 
Then 0, = cy =15cm 
Dion aie goes 
6,=— =5cem an T= =5cm 


Mohr’s circle of stresses is drawn as given in 
Fig. 3.27. 

Take any point A and draw a horizontal line 
through A. 

Take AB = 6, = 15 cm and AC=6, = 5 cm 
towards right side of A. Draw perpendiculars at Band 
Cand cut off BF= CG=t=5 cm. Bisect BC at O. Now 
with O as centre and radius equal to OG (or OF), draw 
a circle cutting the horizontal line through A at Z and 
Mas shown in Fig. 3.27. Then AM and AL represents 
the major and minor principal stresses respectively. 
And OH represents the maximum shear stress. Fig. 3.27 
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By measurements, we have 
Length AM = 17.1 cm 
Length AL = 2.93 cm 
Length OH = Radius of Mohr’s circle 
= 7.05 cm 
ZFOB (or 26) = 45°. 
Major principal stress 
= Length AM x Scale 
=17.1x2 (. 1em=2 N/mm?) 
= 34.2 N/mm?. Ans. 
Minor principal stress = Length AL x Scale 
= 2.93 x 2 (. 1em=2 N/mm?) 
= 5.86 N/mm?. Ans. 
ZFOB or 20 = 45° 


45 
0= ra = 22.5°. Ans. 


The second principal plane is given by 6 + 90°. 
Second principal plane = 22.5 +90=112.5°. Ans. 
The greatest shear stress = Length OH x Scale 
= 7.05 x 20=14.1 N/mm?. Ans. 


3.6. STRAIN ON AN OBLIQUE PLANE 


To determine the strain on an oblique plane due to stresses 6,, 6, and t, we will first 
consider strains due to each stress separately. After that we will combine the result. 

3.6.1. Strain on an Oblique Plane due to Stress (6,). A rectangular bar ABCD is 
subjected to a stress 6,. Due to this stress there is an increase in length ‘dx’ as shown in 
Fig. 3.28. It is required to find the strain on the oblique plane AC (i.e., strain in the diagonal 
AC). Final position of the bar is shown by AB’C’D. 


Fig. 3.28 


Let dx = Increase in length x due to stress 6, 
e, = Strain in x-direction 
_ dx 
x 
ee dx =x Xe, 
But dx = BB’=CC’=xxe 


x 
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Let e is the strain in diagonal AC. 


e= woe But AC’ = AF + FC’=AC + FC’ 
(| AF=AC and FC’ = CC’ cos 8) 
= (AC + CC’ cos 8) — AC 
AC 


CC’ cos 8 
AC 


2 (x x e,) x cos 8 


(. CC’ =dx=xxe,) Alsox=ACcos 0 
AC 


AC cos 0 x e,. x cos 8 


= = 2 
AG e,, cos~ 8 ...(3.19) 


3.6.2. Strain on an Oblique Plane due to 
Stress (o,). Refer to Fig. 3.29. 
Let dy = Increase in length ‘y due to stress o,, 
o> Strain in y-direction : 
e = Strain in diagonal AC 
Now CC’ = DD’ = dy 
But a= strain in y-direction 
_ dy 
oy 
fs dy=yxX e, 
or CO= DD =dy=y Xe, 
Now e = strain in diagonal AC due to stress oO, Fig. 3.29 
= “oe But AC’=AF+FC’ 
=AC+ FC’ (. AF=AC) 
_ (AC+ FC')- AC _ FC’ 
: AC AC 
But FC’ = CC’ cos (90 — 8) 
= CC’ sin 8 
=(y Xe,) sin @ (2 CC’ =dy=yxe,) 
= (AC sin @ Xx e, X sin )) (. y=AC sin 0) 
_ FC’ _ AC x sin? 0 x e, 
“AC AC 
=e, x sin? 0 ...(3.20) 
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3.6.3. Strain on an Oblique Plane due to Shear 
Stress t. Refer to Fig. 3.30. 


Let » = shear strain due to shear stress T 
_ CC 
CB 
CC’ =o x CB 
=oxACsin@ (« CB=ACsin 6) 
We know that the strain in diagonal AC is given by 


AC'- AC _ 
e= ae But AC’ =AF+FC 
=AC+FC 
_ (AC+ FC’) - AC 
AC 
= FC But FC’=CC’xcos0 
AC 


= (o xX AC sin 8) X cos 8 
(. CC’ =x AC sin 8) 
_ >x AC x sin @ x cos 0 


= X sin 8 X cos 8 
AC 


= 2x 2sin 0 x cos 0 = $x sin 20 ...(3.21) 


3.6.4. Strain on an Oblique Plane due to Stresses 6,, 6, and Tt. The total strain on 
an oblique plane will be obtained by adding the R.H.S. of equations (3.19), (3.20) and (8.21). 


Let e = Total strain in diagonal AC due to stresses o,, o,, and t 
= Strain due to 6, + strain due to Go, strain due to T 


=e, cos? 6 + e, sin? @ + : sin 20 


6 (1+ cos 20) +e, (1— cos 20) rn Ci) sin 20 
2 2 2 


(« Kew= 1+ cos 20 in’ = 1- as 72) 


ee é, —é 
= = * x cos 20 +2 x sin 20 Be om.) 


3.6.5. Maximum or Minimum Value of Strain on Oblique Plane. The strain ‘e’ on 


an oblique plane given by equation (3.22) will be maximum or minimum if a =0 


e+e e,—e 
or d | &x Pee ori? wave =0 
do 2 2 2 
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e, —e 
or 0+ (5 2] sin 20) 24-8 (eos 2 x2 =0 
or —(e, —e,) sin 20 + x cos 20= 0 
sin 20 fc) ) 
or = 
cos20 = (e, — ey) 
or tan 20 = = 
(= €,) 
= pat 9 
20 = tan (e, -e,) Fig. 3.30 (a) 
or 0= i tan! b 
2 (,.—¢,) 
From Fig. 3.30 (a), we have 
(e, — ey) 
cos 20=+ ; ; 
(ex = é,) + c) 
and sin 20= + 2 


(ex ey)” Te o” 


Hence the diagonal strain ‘e’ will be maximum or minimum when the value of 


tan 20 = een e® By substituting the +ve values of cos 20 and sin 20 in equation (3.22), we 
Bye, 
get maximum value of strain. 


3 7 a ee a (2,—2,) io, b 
max D) 2 le, _ e,)” 4 o” 2 le, a ey)” it ? 


2, 42 
&. 1c, 2 (e, -e,) +6 


2 ale, -e)t+a* 
_ 2 2 
_ 65 7 : (ene, +0? == ee | se (8) Pe) 


Similarly by substituting the (-ve) values of cos 20 and sin 20 in equation (3.22), we get 
the minimum value of strain. 


_ eet ey Cy ey ep = 8) io, (- 9) 


ae 
min ~ ——9 2 fe-e)?+0 2 fe,-e)? +4" 
+ a 
_ ae 1 le. eh +8 = — (es) (2) «(3.24) 


Equations (3.28) and (8.24) give the values of principal strains. 
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3.7. MOHR'S STRAIN CIRCLE 


In case of Mohr’s strain circle (which is similar to Mohr’s stress circle) the linear strains e,, 


and e, are taken along horizontal axis and half of shear strain (59) is taken along vertical axis. 


If we compare equations (3.12) and (3.22), we find that 6, =e,, 0, = ey and t= : (Half of 


shear strain). Also by comparing equations (3.15), (8.16) with (8.23), (38.24) respectively, we 


get 0, = e,, 0, =e, and t= 3° Hence for drawing Mohr’s strain circle, the linear strains e,, ey 


are taken along horizontal axis whereas half of shear strain (59) along vertical axis. 


Suppose the linear strains (e, and e,) and shear strain $ are given. Construct Mohr’s 
strain circle and find the values of principal strains (e, and e,) and position of principal plane. 
The followings are the steps: (Refer to Fig. 3.31) 
(t) Take any point A. Draw horizontal and vertical lines through A. 
(ii) On horizontal line, take AB = e, and AC = ey towards right side of A if they are 
positive. 
(iit) Draw perpendiculars at B and C and cut off BF = CG = half of shear strain i.e., /2. 
(iv) Join points G and F cutting the 
horizontal line at O. Now with H 
O as centre and radius equal to 
OG (or OF), draw a circle cutting 
the horizontal line through A at 
Land M as shown in Fig. 3.81. 
Then AM and AL represent the 
major and minor principal 
strains e, and e, respectively. 
And OH represents the half of 
maximum shear strain. Measure 
angle MOF. Half of angle MOF 
gives the position of principal 
plane. The second principal Fig. 3.31 
plane will be at an angle of 
90 + 0, where 0 = Half of angle MOF. 


HIGHLIGHTS 


The planes, which have no shear stress, are known as principal planes. 

The stresses, acting on principal planes, are known as principal stresses. 

Analytical and graphical methods are used for finding the stresses on an oblique section. 
When a member is subjected to a direct stress (0) in one plane, then the stresses on an oblique 
plane (which is inclined at an angle 0 with the normal cross-section) are given by : 

Normal stress, 6, =0 cos? 6 


oe pee 


: o . 
Tangential stress, 5,= 5 sin 20 
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Max. normal stress =o 
Ss 


Max. shear stress =9° 
5. When a member is subjected to two like direct stresses in two mutually perpendicular direc- 
tions, then the stresses on an oblique plane inclined at an angle 0 with the axis of the minor 
stress (or with the plane of major stress) are given by: 
+ — 
O17 02 , O17 92 


Normal stress, 0, = 9 9 cos 20. 


. —O5o . 
Tangential stress, o,= <3 sin 20 


a 2 
Resultant stress, Op= yon +o; . 


6. The angle made by the resultant stress with the normal of the oblique plane, is known as obliquity. 


It is denoted by . Mathematically, tan o = ke 


n 


7. When a member is subjected to a simple shear stress (t), then the stresses on an oblique plane 
are given as: 


Normal stress, 6, =Tsin 20 
Tangential stress, 0,=—T Cos 20. 


8. When a member is subjected to two direct stresses (6,, 6,) in two mutually 
perpendicular directions accompanied by a simple shear stress (t), then the stresses, on an 
oblique plane inclined at an angle 8 with the axis of minor stress, are given by: 


0, +09 01-99 


Normal stress, O,= 9 + - cos 20+ T sin 20. 
: 01-02 . 
Tangential stress, 0, = a a sin 20 —T cos 20 
ae a ee 2F 
(a) Position of principal planes is given by tan 20 = ———— 
91 — 92 
2 
(b) Major principal stress e 21 > Lane a - <2) fg? 
2 
(c) Minor principal stress = M1 > ©2 (= 5 “2 +07 
(d) Maximum shear stress = : (a1 — 09)” + 407 
ae F 09-90 
e) Condition for maximum shear stress, tan 20 = —~——. . 
Condition f hear st tan 20 - 1 
c 


9. Mohr’s circle of stresses is a graphical method of finding normal, tangential and resultant stresses 
on an oblique plane. 


10. Maximum shear stress by Mohr’s circle method, is equal to the radius of the Mohr’s circle. 
11. The planes of maximum and minimum normal stresses are at an angle of 90° to each other. 
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EXERCISE 


(A) Theoretical Questions 
1. Define the terms : Principal planes and principal stresses. 


2. Arectangular bar is subjected to a direct stress (6) in one plane only. Prove that the normal and 
shear stresses on an oblique plane are given by 


o. 
6, =ocos?@ and o,= > sin 20 
where 6= Angle made by oblique plane with the normal cross-section of the bar, 
o,, = Normal stress, and 


6, = Tangential or shear stress. 


3. Arectangular bar is subjected to two direct stresses (o, and o,) in two mutually perpendicular 
directions. Prove that the normal stress (6,,) and shear stress (6,) on an oblique plane which is 
inclined at an angle 0 with the axis of minor stress are given by 


0,+09 61-9 
0, = —__—2 + + 4 cos 26 
2 2 
61-0 . 
and 6,= 5 sin 20. 


Define the term ‘obliquity’ and write how it is determined. 


5. Derive an expression for the stresses on an oblique plane of a rectangular body, when the body 
is subjected to a simple shear stress. 


6. A rectangular body is subjected to direct stresses in two mutually perpendicular directions 
accompanied by a shear stress. Prove that the normal stress and shear stress on an oblique 
plane inclined at an angle 8 with the plane of major direct stress, are given by 

o,+6 0,-9 : 
o> 5 24 s 2 cos 20+ 7 sin 20 


and o,= ee sin 20 —Tt cos 20. 


7. Derive an expression for the major and minor principal stresses on an oblique plane, when the 
body is subjected to direct stresses in two mutually perpendicular directions accompanied by a 
shear stress. 


8. Write a note on Mohr’s circle of stresses. 


9. A body is subjected to direct stresses in two mutually perpendicular directions accompanied by a 
simple shear stress. Draw the Mohr’s circle of stresses and explain how you will obtain the prin- 
cipal stresses and principal planes. 


10. A body is subjected to direct stresses in two mutually perpendicular directions. How will you 
determine graphically the resultant stress on an oblique plane when : 


(i) the stresses are unequal and unlike, and 
(ii) the stresses are unequal and like. 


(B) Numerical Problems 


1. A rectangular bar of cross-sectional area 12000 mm? is subjected to an axial load of 360 N/mm?. 
Determine the normal and shear stresses on a section which is inclined at an angle of 30° with 
the normal cross-section of the bar. [Ans. 9.25 N/mm?2, 1.3 N/mm?] 


2. Find the diameter of a circular bar which is subjected to an axial pull of 150 kN, if the maximum 
allowable shear stress on any section is 60 N/mm. [Ans. 3.989 cm] 


STRENGTH OF MATERIALS 


3. 


10. 


12. 
13. 


A rectangular bar of cross-sectional area 10000 mm? is subjected to a tensile load P as shown 
in Fig. 3.32. The permissible normal and shear stresses on the oblique plane BC are given 
as 8 N/mm? and 4 N/mm? respectively. Determine the safe value of P. [Ans. 92.378 kN] 


Fig. 3.32 


The principal tensile stresses at a point across two mutually perpendicular planes are 
100 N/mm? and 50 N/mm?. Determine the normal, tangential and resultant stresses on a plane 
inclined at 30° to the axis of the minor principal stress.[Ans. 0.875 N/mm/?, 21.65 N/mm/?, 90.138] 


The principal stresses at a point in a bar are 160 N/mm? (tensile) and 80 N/mm? (compressive). 
Determine the resultant stress in magnitude and direction on a plane inclined at 60° to the axis 
of the major principal stress. Also determine the maximum intensity of shear stress in the material 
at the point. [Ans. 144.22 N/mm?, o = 46° 5.7, 120 N/mm?] 


At a point in a strained material, the principal stresses are 140 N/mm? (tensile) and 60 N/mm? 
(compressive). Determine the resultant stress in magnitude and direction on a plane inclined at 
45° to the axis of the major principal stress. What is the maximum intensity of shear stress in 
the material at the point ? [Ans. 107.7 N/mm?, $= 61° 11.9, 100 N/mm?] 
At a point within a body subjected to two mutually perpendicular directions, the stresses are 
100 N/mm? (tensile) and 75 N/mm? (tensile). Each of the above stresses, is accompanied by a 
shear stress of 75 N/mm2. Determine the normal, shear and resultant stresses on an oblique 
plane inclined at an angle of 45° with the axis of minor tensile stress. 


[Ans. 150, 25, 152.07 N/mm?] 


For the problem 7, determine : (i) the direction and magnitude of each of the principal stress 
and (ii) magnitude of the greatest shear stress. 


[Ans. 154.057, — 4.057 N/mm?, 6 = 35°, 468’ and 125° 46.8’ N/mm?] 


Direct stresses of 160 N/mm? tensile and 120 N/mm? compressive exist on two perpendicular 
planes at a certain point in a body. They are also accompanied by shear stresses on the planes. 
The greatest principal stress at the point due to these is 200 N/mm. 


(i) What must be the magnitude of the shearing stresses on the two planes? 
(ii) What will be the maximum shearing stress at the point? 
[Ans. (i) 113.187 N/mm? (ii) 180 N/mm?] 


At a certain point in a strained material, the stresses on the two planes at right angles to each 
other are 40 N/mm? and 20 N/mm? both tensile. They are accompanied by a shear stress of 
magnitude 20 N/mm/?. Find graphically or otherwise, the location of principal planes and evaluate 
the principal stresses. [Ans. 0 = 31° 43’, 121° 43’ and 52.36, 7.64 N/mm?] 


Solve problem 4, by graphical method. 
Solve problem 5, by graphical method. 
Solve problem 4, using Mohr’s circle of stresses. 
Solve problem 5, using Mohr’s circle of stresses. 
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15. A point in a strained material is subjected to stresses shown in Fig. 3.33. 


Using Mohr’s circle method, determine the normal and tangential stresses across the oblique 
plane. Check the answer analytically. [Ans. 105 N/mm?, 15 N/mm?] 


40 N/mm* 


i 
Oblique 80 N/mm? 


80 N/mm > 
40 N/mm 


Fig. 3.33 


ul 


16. An elemental cube is subjected to tensile stresses of 60 N/mm? and 20 N/mm? acting on two 
mutually perpendicular planes and a shear stress of 20 N/mm? on these planes. Draw the Mohr’s 
circle of stresses and hence or otherwise determine the magnitudes and directions of principal 
stresses and also the greatest shear stress. 


[Ans. 68.214, 11.72 N/mm?, 0 = 25.5° and 112.5°, 28.28 N/mm?] 


17. Astrained material is subjected to two dimensional stresses. Prove that the sum of the normal 
components of stresses on any two mutually perpendicular planes is constant. 


{[Hint. Normal stresses on a plane inclined at 6 with major principal plane is given by 


0, +09 01-09 , 
Oo, = + cos 20 a 
ae = ©) 


Normal stress on a plane inclined at (6 + 90°) is given by 


x — C1792 01 - 


is 9 o2 cos [2(6 + 90°)] 


= Se 


o2 cos (180° + 26) 
2 2 


+ — 
= C1702 _ 917 92 645 96 ...(ii) 
2 2 


Adding (i) and (ii), o, + o,* =0, + 0, = constant]. 
n n Bl 2 


18. Ata point ina two-dimensional system, the normal stress on two mutually perpendicular planes 
are 6, and ©, (both alike) and shear stress is t. Show that one of the principal stresses is zero if 


T= JO] x Og. 


2 
fos 0, +6 01-9 
[Hint. Principal stresses = 1 5 24 ( 1 2) i 
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2 
= O1t 02, [se22) — Site , 01+ 92 
2 2 


2 2 
=0, +6, and zero]. 
19. Arectangular block of material is subjected to a tensile stress of 100 N/mm? on one plane anda 


tensile stress of 50 N/mm? on a plane at right angles, together with shear stresses of 60 N/mm? 
on the faces. Find : 


(i) the direction of principal planes, 
(ii) the magnitude of principal stresses and 
(iii) magnitude of the greatest shear stress. 


[Ans. (i) 33° 41’ or 123° 41’ (ii) 140 N/mm? and 10 N/mm‘? tensiles (iii) 65 N/mm?] 


4.1. INTRODUCTION 


Whenever a body is strained, the energy is absorbed in the body. The energy, which is 
absorbed in the body due to straining effect is known as strain energy. The straining effect 
may be due to gradually applied load or suddenly applied load or load with impact. Hence the 
strain energy will be stored in the body when the load is applied gradually or suddenly or 
with an impact. The strain energy stored in the body is equal to the work done by the applied 
load in stretching the body. 


4.2. SOME DEFINITIONS 


Before deriving the expressions for the strain energy stored in a body due to gradually 
applied load or suddenly applied load or load with an impact, the following terms will be defined: 

1. Resilience 

2. Proof resilience, and 

3. Modulus of resilience. 


4.2.1. Resilience. The total strain energy stored in a body is commonly known as 
resilience. Whenever the straining force is removed from the strained body, the body is capa- 
ble of doing work. Hence the resilience is also defined as the capacity of a strained body for 
doing work on the removal of the straining force. 


4.2.2. Proof Resilience. The maximum strain energy, stored in a body, is known as 
proof resilience. The strain energy stored in the body will be maximum when the body is 
stressed upto elastic limit. Hence the proof resilience is the quantity of strain energy stored 
in a body when strained upto elastic limit. 


4.2.3. Modulus of Resilience. It is defined as the proof resilience of a material per 
unit volume. It is an important property of a material. Mathematically, 
Proof resilience 
Volume of the body’ 


4.3. EXPRESSION FOR STRAIN ENERGY STORED IN A BODY WHEN THE LOAD 
IS APPLIED GRADUALLY 


Modulus of resilience = 


In Art. 4.1, we have mentioned that the strain energy stored in a body is equal to the 
work done by the applied load in stretching the body. 


Fig. 4.1 shows load extension diagram of a body under tensile test upto elastic limit. 
The tensile load P increases gradually from zero to the value of P and the extension of the 


body increases from zero to the value of x. 
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The load P performs work in stretching the body. A 


This work will be stored in the body as strain energy 
which is recoverable after the load P is removed. 2s eee eee eee 
Let P = Gradually applied load, 
x = Extension of the body, 
A = Cross-sectional area, "i 
L = Length of the body, 7 
V = Volume of the body, 8 
E = Young’s modulus, | i ‘i 
U =Strain energy stored in the body, and Olg % >| ” 
o = Stress induced in the body. —> Extension 
Now work done by the load = Area of load ex- / 
tension curve (Shaded area in Fig. 4.1) Fig. 4.1 
= Area of triangle ONM 
1 
= 5 xPxx. ..(Z) 
But load, P = Stress x Area=o xA 
Extension 
: = : : Strain = —_———___ .... Extension = Strain x L 
and extension, «x = Strain x Length ( Length 
Stress .._ Stress 
eee ** Strain =——— 
Sho gg ee ( ; E 
x x L. (ALL) 
Substituting the values of P and x in equation (i), we get 
1 fo) 1G" 
Work done by the load =~ xoxAxzaxL=——xAxL 
2 E 2E 
ee 
=—xV (.: Volume V=A x L) 
2E 


But the work done by the load in stretching the body is equal to the strain energy 
stored in the body. 
Energy stored in the body, 
2 
U=°_xyv. (4.2) 
2E 


Proof resilience. The maximum energy stored in the body without permanent defor- 
mation (i.e., upto elastic limit) is known as proof resilience. Hence if in equation (4.2), the 
stress o is taken at the elastic limit, we will get proof resilience. 


#2 
Proof resilience = on * Volume .(4,3) 
where o* = Stress at the elastic limit. 
Modulus of resilience = Strain energy per unit volume 
2 
_ Totalstrainenergy  9F aad ae (4.4) 
~ Volume -  V QE cai 


STRAIN ENERGY AND IMPACT LOADING 


4.4. EXPRESSION FOR STRAIN ENERGY STORED IN A BODY WHEN THE LOAD 
IS APPLIED SUDDENLY 


When the load is applied suddenly to a body, the load is constant throughout the proc- 
ess of the deformation of the body. 

Consider a bar subjected to a sudden load. 
= Load applied suddenly, 
= Length of the bar, 
= Area of the cross-section, 
Volume of the bar = A x L, 
= Young’s modulus, 
= Extension of the bar, 
= Stress induced by the suddenly applied load, and 
= Strain energy stored. 

As the pad is applied suddenly, the load P is constant when the extension of the bar 
takes place. 

Work done by the load = Load x Extension = P x x. 

The maximum strain energy stored (i.e., energy stored upto elastic limit) in a body is 

given by 


Let 


ee 
Mr 


2 
U = 2— x Volume of the body 
2E 
2 


= SE KAKL, (.. Volume =A x L) 


Equating the strain energy stored in the body to the work done, we get 
2 
o . oO 
— = = — ** From equation (4.1), x =— x L| 
oR *AXxL Pxx Px > x. q E 


Cancelling OE from both sides, we get 


oxA 


P 
=P or o=2x—. ...(4.5) 
From the above equation it is clear that the maximum stress induced due to suddenly 
applied load is twice the stress induced when the same load is applied gradually. 
After obtaining the value of stress (o ), the values of extension (x) and the strain energy 
stored in the body may be calculated easily. 
Problem 4.1. A tensile load of 60 RN is gradually applied to a circular bar of 4 cm 
diameter and 5 m long. If the value of E = 2.0 x 10° N/lmm?, determine : 
(i) stretch in the rod, 
(ii) stress in the rod, 
(iii) strain energy absorbed by the rod. 
Sol. Given : 
Gradually applied load, 
P = 60 KN = 60 x 1000 N 


Dia. of rod, d=4cm=40 mm 
Area, A= a x 40? = 400 x mm? 
Length of rod, L=5 m=500 cm = 5000 mm 
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Volume of rod, V= AxL = 400 2 x 5000 = 2 x 10° mm? 
Young’s modulus, E = 2 x 10° N/mm?. 
Let x = stretch or extension in the rod, 
o = stress in the rod, and 
U = strain energy absorbed by the rod. 
Load _ P _ 60000 


= _ 2 
Now stress,o = hn om © AOA = 47.746 N/mm?2. Ans. 


The stretch or extension is given by equation (4.1), 
o 47.746 
x => xL=——~; x5000=1.19mm. Ans. 
E 2x10 
The strain energy absorbed by the rod is given by equation (4.2), 


o 47.476" 
xV= 

2E 2x 2x 10° 
Problem 4.2. If in problem 4.1, the tensile load of 60 kN is applied suddenly determine: 
(i) maximum instantaneous stress induced, 

(ii) instantaneous elongation in the rod, and 

(iii) strain energy absorbed in the rod. 

Sol. Given : 

The data given in problem 4.1 is d = 40 mm, Area = 400 1 mm?, L = 5000 mm, Volume 

= 2x 10° mm’, FE = 2 x 10° N/mm? and suddenly applied load, P = 60000 N. 

(i) Maximum instantaneous stress induced 

Using equation (4.5), 


U = x 2x 10° = 35810 N-mm = 35.81 N-m. Ans. 


(oy PF 5, 80000 
CSE A OO aOR 


(ii) Instantaneous elongation in the rod 


= 95.493 N/mm2. Ans. 


Let x = Instantaneous elongation 


o 
Then x=—7—xLe= a x 5000 [see equation (4.1)] 
E 2x10 
=2.38 mm. Ans. 


(iii) Strain energy is given by, 
a" 95.493” 
——xV=-——__ = 
2E 2x2x10 
= 143.238 N-m. Ans. 
Problem 4.3. Calculate instantaneous stress produced in a bar 10 cm? in area and 3m 
long by the sudden application of a tensile load of unknown magnitude, if the extension of the 


bar due to suddenly applied load is 1.5 mm. Also determine the suddenly applied load. Take 
E = 2x 10° Nimm?. 


x 2 x 106 1 = 143238 N-mm 


Sol. Given : 
Area of bar, A = 10 cm? = 1000 mm? 
Length of bar, L=3m = 3000 mm 


Extension due to suddenly applied load, 


x=15mm 
6 
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Young’s modulus, E = 2x 105 N/mm?. 

Let o = Instantaneous stress due to sudden load, and 
P = Suddenly applied load. 

The extension x is given by equation (4.1), 


o o 
x= >xL or 15= 5 x 3000 
E 2x10 


5 
go 00 in, Bee 
3000 


Suddenly applied load 
The instantaneous stress produced by a sudden load is given by equation (4.5) as 


= 2 = 100 = 2 
G= 2x] or =2x 


1000 x 100 
A P = ——Z__ = 50000 N = 50 KN. Ans. 
Problem 4.4. A steel rod is 2m long and 50 mm in diameter. An axial pull of 100 RN is 
suddenly applied to the rod. Calculate the instantaneous stress induced and also the instanta- 
neous elongation produced in the rod. Take E = 200 GN/m?. 


1000 


Sol. Given : 
Length, L = 2m=2 x 1000 = 2000 mm 
Diameter, d = 50mm 
.. Area, A= 7 x 50? = 625 x mm2 
Suddenly applied load, 
P = 100 kN = 100 x 1000 N 
Value of E = 200 GN/m? = 200 x 10° N/m? (. G= Giga = 109) 


2 10° 
7 a N/mm? (-- 1 m= 1000 mm ... m? = 10° mm?) 
= 200 x 103 N/mm? 


Using equation (4.5) for suddenly applied load, 


P 
o =2x—=2x ste sn0 N/mm? = 101.86 N/mm?. Ans. 
A 625 t 
Let dL = Elongation 
P 101.86 
Then dL = — xb x 2000 = 1.0186 mm. Ans. 


E ~~~ 200 x 10° 

Problem 4.5. A uniform metal bar has a cross-sectional area of 700 mm? and a length 

of 1.5 m. If the stress at the elastic limit is 160 N/mm?, what will be its proof resilience ? 

Determine also the maximum value of an applied load, which may be suddenly applied without 

exceeding the elastic limit. Calculate the value of the gradually applied load which will pro- 
duce the same extension as that produced by the suddenly applied load above. 


Take E = 2 x 10° Nimm?. 


Sol. Given : 
Area, A = 700 mm2 
Length, L = 1.5m=1500 mm 


Volume of bar, V = AxL=700 x 1500 = 1050000 mm2 
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Stress at elastic limit, o* = 160 N/mm? 
Young’s modulus, E = 2x 10° N/mm? 
(i) Proof resilience is given by equation (4.3), as 
Proof resilience = ai x Volume = __ 160° x 1050000 
E 2x2x10° 
= 67200 N-mm = 67.2 N-m. Ans. 
(ii) Let P = Maximum value of suddenly applied load, and 


P, = Gradually applied load. 
Using equation (4.5) for suddenly applied load, 


P 
o* = 2x a (change o to o*) 
XA 160 x 700 
pe > 7 . = 56000 N=56kN. Ans. 
For gradually applied load, 

P, 

i 

ia 
or P, = o* x A=160 x 700 = 112000 N=112 KN. Ans. 


Problem 4.6. A tension bar 5 m long is made up of two parts, 3 metre of its length has 
a cross-sectional area of 10 cm? while the remaining 2 metre has a cross-sectional area of 
20 cm?. An axial load of 80 RN is gradually applied. Find the total strain energy produced in 
the bar and compare this value with that obtained in a uniform bar of the same length and 
having the same volume when under the same load. Take E = 2 x 10° N/mm?. 


Sol. Given : 

Total length of bar, L = 5m=5000 mm 

Length of 1st part, L, = 3m=3000 mm 

Area of 1st part, A, = 10cm? = 10 x 100 mm? = 1000 mm? 


Volume of 1st part, 
V, =A, x L, = 1000 x 3000 = 3 x 10° mm? 
Length of 2nd part, L, = 2m=2000mm 
Area of 2nd part, A, = 20 cm?= 20 x 100 mm? = 2000 mm? 
Volume of 2nd part,V,, = 2000 x 2000 = 4 x 10° mm? 
Axial gradual load, P = 80 kN = 80 x 1000 = 80000 N 


80 kN ‘5 3 80 kN 
aaa a Aas 10.em Ss terre ees sn ess o0iem: oe, —— 
Vv 
: 3cm pid 2cm | 
Fig. 4.2 
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Young’s modulus, E = 2x 10° N/mm? 
. P 80000 
Stress in 1st part, oj) = rr 1060 > 80 N/mm? 
P 80000 
Stress in 2nd part, 0, = A = 000 40 N/mm? 
Strain energy in 1st part, 
o 80” 


= 08 x 3 x 10° = 48000 N-mm = 48 N-m 


—— x V, = ———_>= 
2E 2x2x1 
Strain energy in 2nd part, 


2 2 
09 
= x = = - = - 
U; Ys Vo Iosedige © 4000000 = 16000 N-mm = 16 N-m 


Total strain energy produced in the bar, 
U = U,+U,=48+16=64N-m. Ans. 
Strain energy stored in a uniform bar 
Volume of uniform bar,V = V, + V,, = 3000000 + 4000000 = 7000000 mm? 
Length of uniform bar, L = 5m =5000 mm 


Let A = Area of uniform bar 
Then V=AxL or 7000000 =A x 5000 
7000000 
_. CEE 2 
A= 5000. = 1400 mm 
P 80000 
: ; = FA S00) 9 
Stress in uniform bar, o = A 5000 57.143 N/mm 


Strain energy stored in the uniform bar, 


2 2 
Oy _ 57143 


U = = = x 7000000 
2E 2x2x 10° 
= 57143 N-mm = 57.143 N-m 
. . . 64 
Strain energy in the givenbar _ S44 Mas. 


Strain energy inthe uniform bar 57.143 
Problem 4.7. A bar of uniform cross-section ‘A’ and length ‘L’ hangs vertically, sub- 
jected to its own weight. Prove that the strain energy stored within the bar is given by 


where E = Modulus of Elasticity, 
p = Weight per unit volume of the bar. 
Sol. Given : 
A = Cross-sectional area, 
L = Length of bar, 
E = Modulus of Elasticity, 
p = Weight per unit volume. 
Consider an element at a distance ‘x’ from the lower end of the bar as shown in 
Fig. 4.2 (a). Let ‘dx’ be the thickness of the element. 
9 
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The section X — X will be acted upon by the weight of the 
bar of length x. - 


Let W,. = Weight of the bar of length x 
= (Volume of the bar of length x) 
x Weight of unit volume 
=(Axx)xp=pAx 
As a result of this weight, the portion dx will experience a 
small elongation dé. Then 
Elongation in dx 
Length of dx 


; . Weight acting on section X-X 
Stress in portion dx = : 
Area of section 


_pxAxx 
A 


_ Stress 


Strain in portion dx = 


2-8 


x< 


ape Fig. 4.2 (a) 


~ Strain 


_ pxx  pxxxdx 


Ze) 
dx 

_ pxxxdx 
a a 


Now the strain energy stored in portion dx is given by, 
dU = Average Weight x Elongation of dx 


= (5xW, xs 
2 


= (x par] P*=Se (. W,, = pAx) 


Total strain energy stored within the bar due to its own weight W is obtained by inte- 
grating the above equation from 0 to L. 


L 
U= | dU 
0 
L 
=| Bary ets 
0 2 E 
Oe pxA 7 2dx 
2 E 0 
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L 
i p?xA | 
= E 3 
0 
_i,pixa Dp 
~ 2 E 3 
2 3 
_Axp xb Ans 
6E 


Problem 4.8. The maximum stress produced by a pull in a bar of length 1 m is 
150 N/mm?. The area of cross-sections and length are shown in Fig. 4.3. Calculate the 
strain energy stored in the bar if E = 2 x 10° N/mm?. 


475 mm 50 mm 475 mm 
kd pid ak P| 
Fig. 4.3 

Sol. Given : 
Length of bar, EL =1m=1000 mm 
Max. stress, o = 150 N/mm? 
Part AB : Length, L, =475 mm 

Area, A, = 200 mm? 
Part BC : Length, L, =50mm 

Area, A, = 100 mm? 
Part CD : Length, L, =475 mm 

Area, A, = 200 mm? 
Value of E =2~x 10° N/mm? 


In this problem, maximum stress is given. Axial pull P is not known. But stress is 
equal to load/area. As load (or axial pull) for the bar is same, hence stress will be maximum, 
when area will be minimum. Part BC is having less area and hence stress in part BC will be 
maximum. As parts AB and CD are having same areas, hence stresses in them will be equal. 


Let 6, = Stress in part BC = 150 N/mm? 
6, = Stress in part AB or in part CD 
Now load = Stress x Area 
or load = 6, x A, =6,x A, 
Ge 6,A, 150 x 100 = 75 N/mm? 
A, 200 
Now strain energy stored in part AB, 
ot 
U, = —xV. wld 
1 oR 1 (Z) 
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where V, = Volume of part AB 
=A, x L, = 200 x 475 

= 95000 mm? 
Substituting this value in equation (i), we get 


2 
U,= on x 95000 


a, Or 
~ 2x%2x10° 


= 1335.938 N-mm 
Strain energy stored in part BC, 


x 95000 


2 

O9 
U, = —xV. 
2 °F 2 
150? 


-axaxio® <A2** i ai 


_ 150? 
2x2x10° 
Energy stored in part CD, 


x 100 x 50 = 281.25 N-mm 


2 
U, = 5% x Vy = 1335.938 N-mm (-- V, = Vj, 03=0, «. Us=U,) 


.. Total strain energy stored, 
U=U,+U, + U, = 1335.938 + 281.25 + 1335.938 N-mm 
= 2953.126 N-mm. Ans. | 
4.5. EXPRESSION FOR STRAIN ENERGY STORED LLLLLLLILLL LALLA LLL LLL LLL 


IN A BODY WHEN THE LOAD IS APPLIED WITH Vertical 
IMPACT rod ——» Load 


The load dropped from a certain height before the 
load commences to stretch the bar is a case of a load applied | 
with impact. Consider a vertical rod fixed at the upper end 
and having a collar at the lower end as shown in Fig. 4.4. 
Let the load be dropped from a height on the collar. Due to 
this impact load, there will be some extension in the rod. h 
Let P = Load dropped (i.e., load applied with impact) 
L = Length of the rod, ee 


A = Cross-sectional area of the rod, ' y 


A 


V = Volume of rod =A x L, 


h = Height through which load is dropped, t 
SL = Extension ofthe rod due toloadP,  peweeeeeee eee eee 

E = Modulus of elasticity of the material of rod, 

o = Stress induced in the rod due to impact load. Fig. 4.4 


R----4 


1.é., 


or 


or 


or 


or 
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The strain in the bar is given by, 
Stress 


Strain = 


x L ...(4.6) 


Work done by the load = Load x Distance moved 
= P(h + dL) (2) 
The strain energy stored by the rod, 


Equating the work done by the load to the strain energy stored, we get 


62 
Pth + 8L) = — .AL 
2E 


2 
Pl jae T= Ar G a= <. 1 
E 2E E 
2 
oO oO 
Ph+P.— b= 55 AL 
2 
OA P oe bps Pe 
2E E 


Multiplying by =. to both sides, we get 


oO 2E 2E _ 
ee ae ee Blea 
2P 2PEh _ 
= a <o= At. =0 
The above equation is a quadratic equation in ‘o’, 


C2 


QP, |(2P\ | 4 2PEh 
A VA “ALL c -b aie) 
= ; 2a 


roots = ———___ 
2x1 


4P? 8.PEh P (zy 2PEh 
+ + =—+ + 
4A24.A.L A A A.L 


P)\?  2PEh , 
ns sar (Neglecting — ve root) 


7 
P 2PEh A P P 2AEh 
A A.L Pp? A A P.L 
1+ aeuh (4.7) 
A P.L acer 


After knowing the value of ‘o’, the strain energy can be obtained. 


Ju Bly Bly Bld 


a 
= 
+ 
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Important Conclusions 

(i) If SL is very small in comparison with h. 

The work done by load =P.h 

Equating the work done by the load to the strain energy stored in the rod, we get 


| an 
2E 
2EPh 
= Tt and o= AE (4.8) 


(ii) In equation (4.7), if h = 0, we get 


o= (1+ fI0)= 204+) = = 
which is the case of suddenly applied load. 
Once the stress o is known, the corresponding instantaneous extension (SL) and the 
strain energy (U) can be obtained. 
Problem 4.9. A weight of 10 RN falls by 30 mm on a collar rigidly attached to a vertical 


bar 4 m long and 1000 mm? in section. Find the instantaneous expansion of the bar. Take 
E = 210 GPa. Derive the formula you use. 


Sol. Given : 
Falling weight, P = 10kN= 10,000 N 
Falling height, h = 30mm 
Length of bar, L = 4m=4000 mm 
Area of bar, A = 1000 mm? 
Value of E = 210 GPa = 210 x 10° N/m? 
(| G= Giga = 10° and Pa = Pascal = 1 N/m?) 
9 
= ta SU (.* 1m =1000 mm and m? = 10° mm?) 
10° mm 
= 210 x 10° N/mm? = 2.1 x 10° N/mm? 
Let dL = Instantaneous elongation due to falling weight 


o = Instantaneous stress produced due to falling weight 
Using equation (4.7), we get 


P 2EAh 
o = —|1+.J1+—— 
A PxL 


10000 2x 2.1x 10° x 1000 x 30 
14+.,/14+ 


1000 10000 x 4000 


= 10 (1+ .J1+315) = 10 (1+ 316) 


= 10 x 18.77 = 187.7 N/mm? 


ioe E-= Stress o - sL io 
Strain (=| L E 
L 
187.7 x 4000 
SL = 2 xL =~ = 3.575 mm. Ans. 
E 2.1x 10 
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Problem 4.10. A load of 100 N falls through a height of 2 cm onto a collar rigidly 
attached to the lower end of a vertical bar 1.5 m long and of 1.5 cm? cross-sectional area. The 
upper end of the vertical bar is fixed. 

Determine : 

(t) maximum instantaneous stress induced in the vertical bar, 

(ii) maximum instantaneous elongation, and 

(iii) strain energy stored in the vertical rod. 

Take E=2~x 10° Nimm?. 

Sol. Given : 

Impact load, P = 100N 

Height through which load falls, 

h = 2cm=20mm 


Length of bar, L = 1.5m=1500 mm 

Area of bar, A = 1.5 cm? =1.5 x 100 mm? = 150 mm? 

.. Volume, V = Ax L=150 x 1500 = 225000 mm? 

Modulus of elasticity,E = 2 x 10° N/mm? 

Let o = Maximum instantaneous stress induced in the vertical bar, 


éL = Maximum elongation, and 
U = Strain energy stored. 
(i)Using equation (4.7), 


5 
a Flu 1 2AER) «100 a py 2X 150x2% 10° x20 
A P.L} 150 100 x 1500 


100 
= i50 (1+ 1+ 8000) = 60.23 N/émm2. Ans. 
(ii)Using equation (4.6), 
60.23 x 1500 
éL = “i= a - =0.452 mm. Ans. 
E 2x10 


(iii)Strain energy is given by, 


2 2 
ae ee x 225000 = 2045 N-mm 
QE 2x2x10 


= 2.045 N-m. Ans. 
Problem 4.11. The maximum instantaneous extension, produced by an unknown fall- 
ing weight through a height of 4 cm in a vertical bar of length 3 m and of cross-sectional area 
5 cm”, is 2.1 mm. 


i= 


Determine : 
(i) the instantaneous stress induced in the vertical bar, and 
(ii) the value of unknown weight. Take E = 2 x 10° N/mm?. 


Sol. Given : 
Instantaneous extension, 6L = 2.1mm 
Length of bar, L=3m= 3000 mm 
Area of bar, A =5 cm? = 500 mm? 
Volume of bar, V = 500 x 3000 = 1500000 mm? 
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Height through which weight falls, h = 4cm = 40 mm 


Modulus of elasticity, E 


Let oO 
P 
We know E 


.. Instantaneous stress 


2 x 10° N/mm? 
Instantaneous stress produced, and 
Unknown weight. 


Ans. 


Equating the work done by the falling weight to the strain energy stored, we get 


Pth + &L) 


or P(40 + 2.1) 


or 


nureee or Stress = E x Strain 
Strain 
. 6L 
E x Instantaneous strain = HE x Tr 
2x 10°x Jae N/mm2 = 140 N/mm?. 
3000 
2 
Se xV 
2E 
2 
= x 1500000 = 73500 
2x2x10 
73500 
Cris 1745.8 N. Ans. 


Note. The value of P can also be obtained by using equation (4.7). 
Problem 4.12. An unknown weight falls through a height of 10 mm on a collar rigidly 
attached to the lower end of a vertical bar 500 cm long and 600 mm? in section. If the maximum 
extension of the rod is to be 2 mm, what is the corresponding stress and magnitude of the 
unknown weight ? Take E = 2.0 x 10° N/mm?. 


Sol. Given : 


Height through which the weight falls, h = 10 mm 


Length of the bar, L 
Area of the bar, A 
Maximum extension, 6L 


Young’s modulus, E 
Let Oo 
P 

We know E 
Stress 


500 cm = 5000 mm 
600 mm? 

2mm 

2.0 x 10° N/mm? 


Instantaneous stress produced in the bar, and 


Weight falling on the collar. 


Stress 
Strain 

5L 
FE x Strain =E x TL 


Substituting the known values, we get 


(0) 


2.0 x 10° x = 80N/mm?2, Ans. 


5000 


Value of weight falling on the collar 


Using equation (4.7), 


(: Strain = =) 
L 


or 


or 


or 


or 


or 


or 


or 
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5 
30 = Pl aa |, 2% 00x 2.0 x 10° x 10 
600 P x 5000 
48000 _ + 480000 
= = 
48000 =e + 80000 


P 


Squaring both sides, 
48000)" 2 x 48000 480000 
+1 =1+ 
P P P 


eee (cancelling 1 from both sides) 
Pp? P P 
2304000000 _ 480000 , 96000 _ 576000 
P? P P P 
ee = 576000 [cancelling = from both sides) 
2304000000 
P= 576000 =4000N=4KN. Ans. 


Problem 4.13. A bar 12 mm diameter gets stretched by 3 mm under a steady load of 


8000 N. What stress would be produced in the same bar by a weight of 800 N, which falls 
vertically through a distance of 8 cm onto a rigid collar attached at its end ? The bar is initially 
unstressed. Take E = 2.0 x 10° N/mm?. 


or 


Sol. Given : 
Dia. of bar, d = 12mm 
-: Area of bar, A= t (12)? = 113.1 mm? 


Increase in length, 6L = 3mm 


Steady load, W = 8000 N 
Falling weight, P = 800N 
Vertical distance, h = 8cm=80mm 
Young’s modulus, E = 2.0 x 10° N/mm? 
Let L = Length of the bar, and 
o = Stress produced by the falling weight. 
With steady load 
fae eat) 
Wolknow E- Stress Area 
Strain — oL 
s 
(iis) 
1131) 8000 L 


2:0:* 10° = = * 
. 3) 1131 3 
L 
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5 
i 2.0 x 10° x1131x3 = 8489.5 mm 
8000 


Now using equation (4.7), we get 


oO = La 1+ joe 
PL 


800 2x 1131 x 2.0 x10° x 80 
—— |1+,l+ 
1131 8.0 x 8482.5 


| N/mm2 


7.0734(1 + ,/1 + 533.33 ) = 7.0734 x 24.1155 
= 170.578 N/mm?. Ans. 
Problem 4.14. A rod 12.5 mm in diameter is stretched 3.2 mm under a steady load 
of 10 kN. What stress would be produced in the bar by a weight of 700 N, falling through 


75 mm before commencing to stretch, the rod being initially unstressed ? The value of E may 
be taken as 2.1 x 10° N/mm?. 


Sol. Given : 
Dia. of rod, d = 125mm 
-. Area of rod, A= 7 x 12.52 = 122.72 mm? 


Increase in length, 6L = 3.2mm 


Steady load, W = 10kN=10,000 N 
Falling load, P = 700N 
Falling height, h = 75mm 
Young’s modulus, E = 2.1 x 10° N/mm? 
Let L = Length of the rod, 
o = Stress produced by the falling weight. 
We know E = one 
Strain 
(eae a 
_ Area 
as 
L 
( 10,000 
or 21% 105 = \122.72) 
) 
L 
_ (10,000 7 L 
~ A 19279 )\.32 
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Z 2.1x 10° x 122.72 x 3.2 spine 
= 10,000 = a 


Now using equation (4.7), we get 
Oo = z 1+ ieee 
A PxL 


a / aE ea 
1+./14+ 


~ 729,72 700 x 8246.7 


= 153.74 N/mm?. Ans. 
Problem 4.15. A vertical round steel rod 1.82 metre long is securely held at its upper 


end. A weight can slide freely on the rod and its fall is arrested by a stop provided at the lower 
end of the rod. When the weight falls from a height of 30 mm above the stop the maximum 
stress reached in the rod is estimated to be 157 N/mm?. Determine the stress in the rod if the 
load had been applied gradually and also the minimum stress if the load had fallen from a 


height of 47.5 mm. 
Take E = 2.1 x 10° N/imm?. 
Sol. Given : 
Length of rod, LD =1.82 m = 1.82 x 1000 = 1820 mm 
Height through which load falls, h=30mm 
Maximum stress induced in the rod, o = 157 N/mm2 
Modulus of elasticity, E = 2.1 x 10° N/mm? 
Let 6, = Stress induced in the rod if the load is applied gradually and 


6, = Maximum stress if the load had fallen from a height of 47.5 mm. 
Strain energy stored in the rod when load falls through a height of 30 mm, 


2 
Oe Velie ay 
2E 2x21x10° 


0.05868 x V N-m 
The extension of the rod is given by equation (4.6), 


U 


—xL 
E 


= ea x 1820 = 1.36 mm 


21x10° 
.. Total distance through which load falls 
= h+6L =30 + 1.36 = 31.36 mm 
.. Work done by the falling load = Load x Total distance 
= Px 31.36 
Equating the work done by the falling load to the strain energy stored, we get 


Px 31.36 = 0.05868 x V 


éL 


STRENGTH OF MATERIALS 


or 


or 


or 


P __ 0.05868 
>= = 0.001871 
V 3136 ea 
a 0.001871 Ce V=AL) 
AL : - 
P 
A 0.001871 x L = 0.001871 x 1820 = 3.4 


ist Case. If the load had been applied gradually, the stress induced is given by, 


oe Load _ a 
1” Area A 
= 3.4 N/mm?. Ans. 
2nd Case. If the load had fallen from a height of 47.5 mm. 
Let 6, = Maximum stress induced. 


Using equation (4.7), we get 


1+ (Pisa 
PxL 


5 
34 , + / gees #5 E = =34,h = 415] 


o, = — 


3.4 x 1820 


34 (1 $a) 14+ 3219.24) 


196.64 N/mm?, Ans. 


Problem 4.16. A vertical compound tie member fixed rigidly at its upper end, consists 
of a steel rod 2.5 m long and 200 mm in diameter, placed within an equally long brass tube 
21 mm in internal diameter and 30 mm external diameter. The rod and the tube are fixed 
together at the ends. The compound member is then suddenly loaded in tension by a weight of 
10 RN falling through a height of 3 mm on to a flange fixed to its lower end. Calculate the 
maximum stresses in steel and brass. Assume E, = 2 x 10° N/mm? and E, = 1.0 x 10° N/mm?. 


[Here o = o,] 


Sol. Given : 
Length of steel rod, ZL = 2.5 m = 2500 mm 
Dia. of steel rod, d, = 20 mm gS Z 
Tl C-] 4 
.. Area of steel rod, A. = — x 20? Z ZB 
3 4 
a L] 
= 1007 mm? Za A 
Internal dia. of brass tube = 21mm Z 4 
External dia. of brass tube = 30mm L] Ly 
ARSE 
.. Area of brass tube, A, = - (302 — 21?) Z 4 
4 
L] Ly 
= 114.75 7 mm? Kk Kk 
Length of brass tube, = 250 cm 
= 2500 mm 


1.é., 


or 
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Weight, P=10kN=10,000N 
Height through which weight falls, 
h=3mm 

Young’s modulus for steel, E, = 2 x 10° N/mm? 
Young’s modulus for brass, E, = 1.0 x 10° N/mm? 
Let 6, = Stress in steel tube, and 

6, = Stress in brass tube. 
As both the ends are fixed together, 
Strain in steel rod = Strain in brass tube 


Dam: 
E, E, 
oO SO ee a ©, X 2x 10° 
s Ey °° 1x 108 
Now volume of steel rod, V. = Area x Length 


A, x L = 100 1 x 2500 
= 250000 x mm? 


Volume of brass tube, V, =A,x LD = 114.75 x x 2500 = 286875 x mm? 
Strain energy stored in steel rod, 
2 
. = 23 xy, -2X%s) yosq000n (3. = 20,) 
SOF. 2x2x 10° 
= 7.854 65. 
and strain energy stored in brass tube, 
i OF yy = % 986875 2 
6” 9B, > 2x1x10° 
= 4.506 o?. 
Total strain energy stored in the compound bar; 
U = U,+U, 
= 7.854 6? + 4.506 6? 
= 12.36 0. ..(Zt) 
Work done by the falling weight = Weight (A + dL) 
= 10000 (3 + dL) ...(Zit) 
As both the ends are fixed, 
The strain in steel rod = Strain in brass rod 
But strain in brass rod mes & Strain = ses) 
E, E 
SL Gy 
oF L 1x108 
SL = — 5x 2500 (: L = 2500 mm) 
= 1x10° ae ee 
= 0.025 o,. 


STRENGTH OF MATERIALS 


Substituting this value of 5Z in equation (iii), we get 
Work done by falling weight = 10000 (3.0 + 0.025 o,) ...(iv) 


Now equating the work done by the falling weight to the total strain energy stored 
[i.e., equating equations (iv) and (ii)], we get 


10000 [ 3 + 0.025 6,] = 12.36 0% 
or 30000 + 2506, = 12.36 of 
or 12.36 of — 250 0,-30000 = 0 
on g2 2780, 80000 _ 

12.36 12.36 
or oF — 20.226 o, — 2427.18 = 0 


The above equation is a quadratic equation. 


20.226 + 20.226? + 4 x 242718 
0, = 2 
20.226 + [409.09 + 9708.72 
2 
20.226 + 100.587 
2 
20.226 + 100.587 


= 5 (Neglecting — ve root) 


= 60.4 N/mm?. Ans. 
From equation (7), we get 6, = 2 x 0, = 2 x 60.4 
= 120.8 N/mm?2. Ans. 

Problem 4.17. A vertical bar 4 metre long and of 2000 mm? cross-sectional area is 
fixed at the upper end and has a collar at the lower end. Determine the maximum stress in- 
duced when a weight of : 

(i) 8000 N falls through a height of 20 cm on the collar, 

(ii) 30 RN falls through a height of 2 cm on the collar. 

Take E = 2.0 x 10° Nimm?. 


Sol. Given : 
Length of bar, EL = 4m=4000 mm 
Area of bar, A = 2000 mm? 
Volume of bar, V = AxL=2000 x 4000 = 8000,000 mm? 
ist Case. Falling weight, P, = 3000N 
Height, h, = 20cm= 200 mm 
Let 6, = Maximum stress induced. 


In this case the falling weight is small as compared to second case. The small weight 
will produce a small extension of the bar. Hence the extension in the bar will be negligible as 
compared to the height of 20 cm through which the weight falls. 


.. Using equation (4.8), we get 
ae 2EPh 
“VAL 


or 


or 


O71 


2nd Case. Falling weight, P, 


Height, 
Let 


hy 
Oy 
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_ P2EP,h, 
= A 


P x 2x 10° x 3000 x 200 
2000 x 4000 
(. A= 2000 mm?, L = 4000 mm) 
= 173.2 N/mm2. Ans. 
= 380 kN = 30000N 
= 2cm=20mm 
= Maximum stress induced. 


In this case falling weight is having a large value. Hence the extension produced by a 
large weight will be large. Moreover the height through which this weight falls is 2 cm only. 
Hence the extension in the bar, in comparison to the height through which weight falls, is not 


negligible. 


Using equation (4.7), we get 


or 


P 2AEh 
—|1+,/1+ 

A P.L 
Py feces 2AEh, 
A Py.L 


30000 ie 2 x 2000 x 2x 10° x 20 
2000 30000 x 4000 


15 (1 + 11.590) = 188.85 N/mm2, Ans. 


Problem 4.18. A crane-chain whose sectional area is 6.25 cm? carries a load of 10 kN. 
As it is being lowered at a uniform rate of 40 m per minute, the chain gets jammed suddenly, 
at which time the length of the chain unwound is 10 m. Estimate the stress induced in the 
chain due to the sudden stoppage. Neglect the weight of the chain. Take E = 2.1 x 10° N/mm?. 


6.25 cm? = 625 mm? 
10 kN = 10,000 N 


: 40 2 
40 m/min = 60 m/s = 3 m/s 


Length of chain unwound = 10 m = 10 x 1000 mm 


Sol. Given : 

Area, A 
Load, WwW 
Velocity, V 
= L 
Value of E 
Let Oo 


K.E. of the crane 


10,000 mm 
2.1 x 10° N/mm? 
Stress induced in the chain due to the sudden stoppage. 


2\8 
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2 
= + 00) (2) Nem = 226.5 Nem 
2\ 9.81 3 


= 226.5 x 1000 N-mm = 226500 N-mm .{Z) 
When the chain gets jammed suddenly, the whole of the K.E. of the crane is absorbed 
in the chain. But the energy stored or absorbed in the chain 


2 


= op XAxL 
2x 2.1x 10° 


Now K.E. of crane = Energy stored in the chain 


x 625 x 10,000 N-mm .. (i) 


2 


oO 
or 226500 = ——__——_= x 625 x 10,000 
2x2.1x10 


> _ 226500 x 2x 2.1x 10° 
= 625 x 10,000 


226500 x 2 x 2.1x 10° 
~ 625 x 10,000 


= 123.837 N/mm2. Ans. 


Problem 4.19. A cage weighing 60 RN is attached to the end of a steel wire rope. It is 
lowered down a mine shaft with a constant velocity of 1 m/s. What is the maximum stress 
produced in the rope when its supporting drum is suddenly jammed ? The free length of the 
rope at the moment of jamming is 15 m, its net cross-sectional area is 25 cm? and E 
= 2 x 10° N/mm’. The self-weight of the wire rope may be neglected. 


Sol. Given : 
Weight, W =60 KN = 60,000 N 
Velocity, V=1m/s 
Free length, L=15 m= 15,000 mm 
Area, A = 25 cm? = 25 x 100 mm? 
Value of E = 2x 10° N/mm? 
K.E. of the cage 7 = mV2= (=| x V2 
2 2\ 8g 
: 3x (ar | «12Num = 30000 oo 
2 9.81 9.81 
30000 x 1000 : 
= ——a — N-mm ..(Z) 


9.81 
This energy is to be absorbed (or stored) by the rope. 


Let o = Maximum stress produced in the rope when its supporting drum is suddenly 
jammed. 
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But the maximum energy stored 


o” o? 
= —xAxL= PEPE ae: 2500 x 15000 N-mm .. (it) 

2E 2x2x 10 
But K.E. of the cage = Energy stored in the rope 
30000x 1000.” er 

9.81 2x2x10° * . 
5 _ 30000 x 1000 x 2x 2x 10° 
se o" = "9.81% 2500 x 15000 


5 
or o= EO) SAO ae 10 = 180.61 N/mm?. Ans. 
9.81 x 2500 x 15000 
4.6. EXPRESSION FOR STRAIN ENERGY STORED IN A BODY DUE TO SHEAR 
STRESS 


Fig 4.6 shows a rectangular block of length /, height 
hand breadth bd, fixed at the bottom face AB. Let a shear 
force P is applied on the top face CD and hence the top 
face moves a distance equal to CC,. 

Let t = Shear stress produced, 

¢ = Shear strain, and Ly 
C = Modulus of rigidity. ? 
Now shear stress, 


u 


Shear force TIT TTT TTT TTT TTT 


l >I B 


Che cite tebe 
(Area of top face = 1 x b) Fig. 4.6 


and shear strain, = 7 
If the shear force P is applied gradually, then average load will be equal to > 


Work done by gradually applied shear force 
= Average load x Distance 


x OC, = 5 (x1 xb). (CB. 6) 


: (. P=txlx band CC, =CB. 6) 
= 5. TKIKD KAO (- CB =h) 
1 1 tT 
= txOxlxbxh=— .tx 7, x Volume of block 
G ¢ = Shear strain = Stear Stes ) 
1 2 
=3% ax’ (. V=lxbxh) 
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But the work done is equal to the strain energy stored. 
2 


Strain energy stored = a xV .. (4.9) 


Problem 4.20. The shear stress in a material at a point is given as 50 N/mm?. Deter- 
mine the local strain energy per unit volume stored in the material due to shear stress. Take 
C =8x 104 Nimm?. 

Sol. Given : 

Shear stress, t= 50 N/mm2 

Modulus of rigidity, C = 8 x 104 N/mm? 

Using equation (4.9), 

v x Volume = _ 50° x Volume 
oe 2x8x 104 
0.015625 x Volume 
Strain energy per unit volume 
_ 0.015625 x Volume 


Volume 


HIGHLIGHTS 


The energy stored in a body due to straining effect is known as strain energy. 

2. Resilience is the total strain energy stored in a body. Resilience is also defined as the capacity of 
a strained body for doing work on the removal of the straining force. 

3. The maximum strain energy stored in a body is known as proof resilience. The proof resilience is 

given by, 


Strain energy 


= 0.015625 N/mm?. Ans. 


me 


Proof resilience = cE x Volume 


where o = Stress at the elastic limit. 
4. The proof resilience of a body per unit volume is known as modulus of resilience. 
5. The maximum stress induced in a body is given by 


if the load P is applied gradually 


h 
+ 23Bh sees if the load P is applied with impact 


where A = Cross-sectional area of the body, 
h = Height through which load falls, 
E = Modulus of rigidity, 
L = Length of the body. 
6. The maximum stress induced in a body due to suddenly applied load is twice the stress induced 
when the same load is applied gradually. 
7. Ifthe extension produced in a rod due to impact load is very small in comparison with the height 
through which the load falls, then the maximum stress induced in body is given by 


_ [2z.P.h 
A.L 
166 
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where P= Impact load, 
h = Height through which load falls. 


8. To find the expression for the stress induced in a body either by suddenly applied load or by an 
impact load, the strain energy stored in a body is equated to the work done by the load. 
9. The energy stored in a body due to shear stress (Tt) is given by 
2 
U= ae xV 
2C 
where V= Volume of the body, and 


C = Modulus of rigidity. 


EXERCISE 


(A) Theoretical Questions 


1. Define the following terms : 


(z) Resilience (ii) Strain energy 
(zit) Impact loading, and (iv) Spring. 
2. Define resilience, proof resilience and modulus of resilience. 
3. Find an expression for the strain energy stored in a body when 


(i) the load is applied gradually (ii) the load is applied suddenly, and 
(iii) the load is applied with an impact. 
4. Prove that the maximum stress induced in a body due to suddenly applied load is twice the 
stress induced when the same load is applied gradually. 
5. Derive an expression for the stress induced in a body due to suddenly applied load and hence 
find the value of extension produced in the body. 
6. Prove that the maximum strain energy stored in a body is given by, 
2 


o 
= OE x Volume 


where o = Stress at the elastic limit. 

7. Explain the terms : Gradually applied load, suddenly applied load, and load applied with an 
impact. 

8. Prove that the stress induced in a body when the load is applied with impact is given by, 


P 2AEh 
o = —| 1+ .1+—— 
A P.L 


where P= Load applied with impact, A = Cross-sectional area of the body, 
h = Height through which load falls, L = Length of the body, and 
E = Modulus of elasticity. 


9. Ifthe extension produced in a rod due to impact load is very small in comparison with the height 
through which the load falls, prove that stress induced in the body will be given by 


2EPh 
ces Oe ae 


10. Prove that the strain energy stored in a body due to shear stress is given by, 
2 
T 
U=— xV 
2C 
where t = Shear stress, 
C = Modulus of rigidity, and 


V = Volume of the body. 
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11. Explain the following terms : (i) Proof stress, (ii) Proof resilience, and (iii) Modulus of resilience. 


(B) Numerical Problems 


1. A tensile load of 50 KN is gradually applied to a circular bar of 5 cm diameter and 4 m long. If the 
value of E = 2.0 x 10° N/mm?, determine: (i) stretch in the rod, (ii) stress in the rod, and 
(iii) strain energy absorbed by the rod. [Ans. (i) 0.0509 em, (ii) 25.465 N/mm? (iii) 12.73 N-m] 

2. Ifin question 1, the tensile load of 50 KN is applied suddenly, determine : ({) maximum instan- 
taneous stress induced, (ii) instantaneous elongation in the rod, and (iii) strain energy absorbed 
in the rod. [Ans. (7) 50.93 N/mm, (ii) 0.1018 em (ii) 50.93 N-m] 

8. Calculate instantaneous stress produced in a bar 10 cm? in area and 4 m long by the sudden 
application of a tensile load of unknown magnitude, if the extension of the bar due to suddenly 
applied load is 1.35 mm. Also determine the suddenly applied load. Take E = 2 x 105 N/mm?. 


[Ans. 67.5 N/mm?, 33.75 kN] 
4. Auniform metal bar has a cross-sectional area of 6 cm? and a length of 1.4 m. If the stress at the 
elastic limit is 1.5 tonne/cm?, find the proof resilience of the bar. Determine also the maximum 
value of an applied load, which may be suddenly applied without exceeding the elastic limit. 
Calculate the value of the gradually applied load which will produce the same extension as that 
produced by the suddenly applied load above. Take E = 2000 tonnes/cm?. 
5. A tension bar 6 m long is made up of two parts, 4 metre of its length has a cross-sectional area 
12.5 cm? while the remaining 2 m length has a cross-sectional area of 25 cm?. An axial load of 
5 tonnes is gradually applied. Find the total strain energy produce in the bar and compare this 
value with that obtained in a uniform bar of the same length and having the same volume when 
under the same load. Take E = 2 x 10° kef/em2. [Ans. 242 kgf/cm, 1.054] 
6. A load of 200 N falls through a height of 2.5 cm on to a collar rigidly attached to the lower end of 
a vertical bar 2 m long and of 3 cm? cross-sectional area. The upper end of the vertical bar is 
fixed. Determine : (1) maximum instantaneous stress induced in the vertical bar, (ii) maximum 
instantaneous elongation, and (iii) strain energy stored in the vertical rod. Take E 
= 2 x 10° kgf/em?. [Ans. (i) 58.4 N/mm? (ii) 0.0584 cm (iii) 511.5 N-m] 
7. The maximum instantaneous elongation, produced by an unknown falling weight through a 
height of 4 cm in a vertical bar of length 5 m and of cross-sectional area 5 cm?, is 1.80 mm. 
Determine : (i) the instantaneous stress induced in the vertical bar and (ii) the values of 
unknown weight. Take E = 2 x 10° kgf/cem?. [Ans. (i) 72 N/mm? and (ii) 775.1 N] 
8. An unknown weight falls through a height of 20 mm on a collar rigidly attached to the lower end 
of a vertical bar 5 m long and 800 mm? in cross-section. If the maximum extension of the rod is 
to be 2.5 mm, what is the corresponding stress and magnitude of the unknown weight ? Take 
E = 2.0 x 10° kgf/em?. [Ans. 1000 kef/em?, 444.44 kef| 
9. A bar 1.5 cm diameter gets stretched by 2.5 mm under a steady load of 100 kgf. What stress 
would be produced in the same bar by a weight of 120 kgf, which falls vertically through a 
distance 5 cm on to a rigid collar attached at its end ? The bar is initially unstressed. Take 
E = 2.0 x 10° kgf/em?. [Ans. 1309.44 kef/em?] 
10. A vertical round steel rod 2 m long is securely held at its upper end. A weight can slide freely on 
the rod and its fall is arrested by a stop provided at the lower end of the rod. When the weight 
falls from a height of 2.5 cm above the stop, the maximum stress reached in the rod is estimated 
to be 1450 kgf/em?. Determine the stress in the rod if the load had been applied gradually and 
also the maximum stress if the load had fallen from a height of 4.5. Take E = 2.0 x 10° kgf/cm?. 
[Ans. 39.743 kgf/em?, 193.42 kgf/cm?] 


11. A vertical compound tie member fixed rigidly at its upper end, consists of a steel rod 3 m long 
and 20 mm diameter, placed within an equally long brass tube 20 mm internal diameter and 
20 mm external diameter. The rod and the tube are fixed together at the ends. The compound 


12. 


13. 
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member is then suddenly loaded in tension by a weight of 1200 kef falling through a height of 
5 mm on to a flange fixed to its lower end. Calculate the maximum stresses in steel and brass. 
Assume E, = 2 x 10° kgf/cm? and E, = 1.0 x 10° kgf/em?. [Ans. 1173.5 kgf/cem?, 586.76 kgf/cm?] 

A circular rod 5 cm in diameter and 3 metre long hangs vertically and has a collar securely 
attached to the lower end. Find the maximum stress induced : (1) when a weight of 250 kef falls 
through 15 cm on the collar, (ii) when a weight of 2500 kgf falls 1.5 cm on the collar. Take 
E = 2.1 x 10° kgf/em?. [Ans. (i) 1635 kgf/em2, (ii) 1767 kgf/cm?] 

The shear stress in a material at a point is given as 45 N/mm?. Determine the local strain 
energy per unit volume stored in the material due to shear stress. Take C = 8 x 104 N/mm. 


[Ans. 0.01265 N/mm?] 


5.1. CENTRE OF GRAVITY 


Centre of gravity of a body is the point through which the whole weight of the body 
acts. A body is having only one centre of gravity for all positions of the body. It is represented 
by C.G. or simply G. 


5.2. CENTROID 


The point at which the total area of a plane figure (like rectangle, square, triangle, 
quadrilateral, circle etc.) is assumed to be concentrated, is known as the centroid of that area. 
The centroid is also represented by C.G. or simply G. The centroid and centre of gravity are at 
the same point. 


5.3. CENTROID OR CENTRE OF GRAVITY OF SIMPLE PLANE FIGURES 


(i) The centre of gravity (C.G.) of a uniform rod lies at its middle point. 


(ii) The centre of gravity of a triangle lies at the point where the three medians* of the 
triangle meet. 

(iii) The centre of gravity of a rectangle or of a parallelogram is at the point, where its 
diagonal meet each other. It is also the point of intersection of the lines joining the 
middle points of the opposite sides. 

(iv) The centre of gravity of a circle is at its centre. 


5.4.CENTROID (OR CENTRE OF GRAVITY) OF AREAS OF PLANE FIGURES BY 
THE METHOD OF MOMENTS 

Fig. 5.1 shows a plane figure of total area A whose centre of 
gravity is to be determined. Let this area A is composed of a number 
of small areas @,, dy, Ag, Ay, «..... etc. 


2 A=@,+@,+@,+@,+... 

Let x, = The distance of the C.G. of the area a, from axis OY 
x, = The distance of the C.G. of the area a, from axis OY 
x, = The distance of the C.G. of the area a, from axis OY 


x, = The distance of the C.G. of the area a, from axis OY 
and so on. 


The moments of all small areas about the axis OY 
= 0h) Ph, + Ah F Oy y Fs »-.(Z) 


*The line connecting the vertex and the middle point of the 
opposite side of a triangle is known as median of the triangle. 
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Let G is the centre of gravity of the total area A whose distance from the axis OY is x. 
Then moment of total area about OY = Ax .-(it) 
The moments of all small areas about the axis OY must be equal to the moment of total 
area about the same axis. Hence equating equations (z) and (ii), we get 
GX, + Oho + Osha + OX, ten = AX 
Q4X1 + AgXq + A3X%3 + A4X4 +... 
A 


or X= (5.1) 


where A=a,+a,+4,+4,... 


If we take the moments of the small areas about the axis OX and also the moment of 
total area about the axis OX, we will get 


a= A191 + Ag¥2 =a + Agyq4 t... (5.2) 
where y = The distance of G from axis OX 
y, = The distance of C.G. of the area a, from axis OX 
Yoo V3, ¥4 = The distance of C.G. of area ay, az, a, from axis OX respectively. 


5.4.1. Centre of Gravity of Areas of Plane Figures by Integration Method. The 
equations (5.1) and (5.2) can be written as 


> Q;X; ye »Y ay; 


»y a; and Y a; 
where i=1, 2,3, 4,..... 


x, = Distance of C.G. of area a; from axis OY and 
y, = Distance of C.G. of area a; from axis OX. 

The value of i depends upon the number of small areas. If the small areas are large in 
number (mathematically speaking infinite in number), then the summations in the above 
equations can be replaced by integration. Let the small areas are represented by dA instead 
of ‘a’, then the above equations are written as : 


ze Ja*dA 
aA (5.2 A) 
_ Jy*dA 
and y= [aA ...(5.2 B) 
where J x* dA = ix a; 
JdA= La, 
Jy*dA = Ly a; 
Also x* = Distance of C.G. of area dA from axis OY 


y* = Distance of C.G. of area dA from axis OX. 


5.4.2. Centroid (or Centre of Gravity) of a Line. The centre of gravity of a line 
which may be straight or curve, is obtained by dividing the given line, into a large number of 
small lengths as shown in Fig. 5.1 (a). 


The centre of gravity is obtained by replacing dA by dL in equations (5.2 A) and (5.2 B). 
Jx* dL 


(5.2 C) 
JdL 


Then these equations become x = 
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i 


B 
L 
- dL 
y* 
ee ae 


oO Xx 


Fig. 5.1 (a) 


and v= ie ah ...(5.2 D) 
dL 


where x* = Distance of C.G. of length dL from y-axis, and 
y* = Distance of C.G. of length dL from x-axis. 
If the lines are straight, then the above equations are written as : 


oe D4x4 + LyX + L3X3 Ti neseeied (5.2 E) 
L, + Ly + Lg +o... 

and ye L191 + Lovo + Lgy3 +... 5.2 F) 
Ly + Dg + Lg t+... 


.5. IMPORTANT POINTS 


(i) The axis, about which moments of areas are taken, is known as axis of reference. In 
the above article, axis OX and OY are called axis of reference. 

(ii) The axis of reference, of plane figures, is generally taken as the lowest line of the 
figure for determining y, and left line of the figure for calculating x. 

(iii) If the given section is symmetrical about X-X axis or Y-Y axis, then the C.G. of the 
section will lie on the axis of symmetry. 

5.5.1. Centre of Gravity of Composite Bodies. The centre of gravity of composite 
bodies or sections like T-section, J-section, L-sections etc. are obtained by splitting them into 
rectangular components. Then equations (5.1) and (5.2) are used. 

Problem 5.1. Find the centre of gravity of the T-section shown in Fig. 5.2 (a). 

Sol. The given T-section is split up into two rectangles ABCD and EFGH as shown in 
Fig. 5.2 (b). The given T-section is symmetrical about Y-Y axis. Hence the C.G. of the section 
will lie on this axis. The lowest line of the figure is line GF. Hence the moments of the areas 
are taken about this line GF, which is the axis of reference in this case. 

Let y = The distance of the C.G. of the T-section from the bottom line GF 

(which is axis of reference) 
a, = Area of rectangle ABCD = 12 x 3 = 36 cm? 


3 
y, = Distance of C.G. of area a, from bottom line GF = 10 + a= 11.5 cm 
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a, = Area of rectangle EFGH = 10 x 3 = 30 cm? 


10 
y = Distance of C.G. of area a, from bottom line GF = y= 5 cm. 


}¢——. 12 cm ——| 


x 
3cm 


| 


10cm 
> a 


Fig. 5.2 (a) Fig. 5.2 (b) 
Using equation (5.2), we have 


— Q1Y1, + Ago a1, + AoVo 
— = . = 
y es ( A=a,+4a,) 
: 36x11.5+30x5 414+ 150 


36 + 30 66 


Problem 5.2. Find the centre of gravity of the I-section shown in Fig. 5.3 (a). 

Sol. The I-section is split up into three rectangles ABCD, EFGH and JKLM as shown 
in Fig. 5.3 (6). The given J-section is symmetrical about Y-Y axis. Hence the C.G. of the section 
will lie on this axis. The lowest line of the figure line is ML. Hence the moment of areas are 
taken about this line, which is the axis of reference. 


+>|3 cm 


= 8.545 cm. Ans. 


ke10 cm > + 
2cm 
15cm 

— 2cm 


Fig. 5.3 


Let y = Distance of the C.G. of the J-section from the bottom line ML 
a, = Area of rectangle ABCD = 10 x 2 = 20 cm? 


2 
y, = Distance of C.G. of rectangle ABCD from bottom line ML = 2+ 15 + 5= 18cm 
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a, = Area of rectangle EFGH = 15 x 2 = 30 cm? 


Yq = Distance of C.G. of rectangle EFGH from bottom line ML 


15 
H2+5 =2+7.5=9.5cm 


a, = Area of rectangle JKLM = 20 x 2 = 40 cm? 


2 
ys = Distance of C.G. of rectangle JKLM from bottom line ML = ria 1.0 cm 


; . _— 4491 + Agyg +a 
Now using equation (5.2), we have y = Baie Ee BUR 


A 

_ 4491 + Ago + Az¥3 

a tT 

_ 20x 18+30x9.54+40x1 
7 20 +30 + 40 

360 + 285+40 685 

~ 90 


90 
= 7.611 em. Ans. 


A =a,+ 4, + Qs) 


Problem 5.3. Find the centre of gravity of the L-section shown in Fig. 5.4. 


Sol. The given L-section is not symmetrical about any 
section. Hence in this case, there will be two axis of references. 
The lowest line of the figure (i.e., line GF) will be taken as axis 
of reference for calculating y. And the left line of the L-section 
(i.e., line AG) will be taken as axis of reference for calculating 
x. 

The given L-section is split up into two rectangles ABCD 
and DEFG, as shown in Fig. 5.4. 

To Find y 

Let y = Distance of the C.G. of the L-section from bottom 
line GF 

a, = Area of rectangle ABCD = 10 x 2 = 20 cm? 
y, = Distance of C.G. of rectangle ABCD from bottom 


12cm 


— 


2 CM\¢— 


line GF 
10 
=2+5 =2+5=7cem 
a, = Area of rectangle DEFG = 8 x 2 = 16 cm? 
yo = Distance of C.G. of rectangle DEFG from bottom line GF 
2 
=— = 1/0 cm. 
Using equation (5.2), we have 
y= ae where A=a,+a, 
G19, +4g¥q 20x7+16x1 140+16 
~ ay +d 20+ 16 36 
ee 4.33 
= 3g 7g 7438 cm. 
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To Find x 
Let x = Distance of the C.G. of the L-section from left line AG 
x, = Distance of the rectangle ABCD from left line AG 


a thaw 
ano <Ucm 


x, = Distance of the rectangle DEFG from left line AG 


ig = 4.0 cm. 


Using equation (5.1), we get 


joe ae where A=a,ta, 
A 
4X1 + ApX: 20x14+16x4 
~ ae 20+16 A Gy Setaneas 26) 
_ 20+64_84_7_ 45, 
= ge Bg 8 tee 


Hence the C.G. of the L-section is at a distance of 4.33 cm from the bottom line GF and 
2.33 cm from the left line AG. Ans. 


Problem 5.4. Using the analytical method, determine the centre of gravity of the plane 


uniform lamina shown in Fig. 5.5. (U.P. Tech. University, 2001-2002) 
Sol. Let y be the distance between C.G. of the lamina and the bottom line AB. 
Area 1 

a, = 10x 5 = 50cm? S| 2s ves 
5 
WF 5 = 2.5 cm oe 
Area 2 4 
T T ro 
Sy ea ye FI H 2 
Ay 9 r 9 2.5% = 9.82 cm — 
5 i 
Vo = rhe 2.5cm \ 
Area pI Ak 10cm >| B 
l¢———_ 12.5 cm ——— 
= 2%? 212.5 om? 
aa ge ee Fig. 5.5 
5 
Vg S84 GST cm 


Using the relation, 
re A191 + Ag V2 + A3¥3 


A, + A, + As 
50 x 2.54 9.82 x 2.5 + 12.5 x 6.67 232.9 
~ 50 + 9.824 12.5 ae 
Similarly, let x be the distance between C.G. of the lamina and the left line CD. 


Area 1 
a, = 50cm? 


4, = 25+ 5 = 7.5 cm 
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Area 2 
ag = 9.82 em* 
4 : 
iy = 2.5 — = 2.5—- ND es 1.44 cm 
Area 3 


a, = 12.5 cm? 
%,=2.5+5+ 2.5 = 10 cm. 
Now using the relation, 


Pant + 9X2 +d3x%3  50x7.5+9.82 x 1.44 + 12.5 x 10 en 


a, +a, +a 504+ 9.82+ 12.5 
_ 514.14 © 711 
ic Oe aad 


Hence the C.G. of the uniform lamina is at a distance of 3.22 cm from the bottom line 


AB and 7.11 cm from the left line CD. Ans. 


Problem 5.5. From a rectangular lamina ABCD 
10cm x 12 cm a rectangular hole of 3 cm x 4 cm is cut as 
shown in Fig. 5.6. ae Y/ 

Find the C.G. of the remaining lamina. Y 

Sol. The section shown in Fig. 5.6, is having a cut 
hole. The centre of gravity of a section with a cut hole is cm 
determined by considering the main section first as a com- 
plete one, and then subtracting the area of the cut-out hole, 
i.e., by taking the area of the cut-out hole as negative. 

Let y is the distance between the C.G. of the section 
with a cut hole from the bottom line DC. 

a, = Area of rectangle ABCD = 10 x 12 = 120 cm? ¥ 

y, = Distance of C.G. of the rectangle ABCD from bot- 
tom line DC 


a ae 
1 


12 
2 


a, = Area of cut-out hole, i.e., rectangle EFGH, 
=4x3=12cm? 
Yq = Distance of C.G. of cut-out hole from bottom line DC 


4 
=2°3 ae eee 


Now using equation (5.2 ) and taking the area (a,) of the cut-out hole as negative, we get 


A 


ay, -a 
= ey an (— ve sign is taken due to cut-out hole) 
17 42 


y= ( Stade where A=a,-a, 


a1)1 + Agye 


ae but for cut-hole area a, is taken — ve. Hence 
1+ ag 


AyY1 ~ A292 
aj — ag 


y= 
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120x6-12x4 720-48 


iy igs, 


To Find * 


Let x = Distance between the C.G. of the section with a cut hole from the left line AD 
x, = Distance of the C.G. of the rectangle ABCD from the left line AD 
10 


= =5cm 


x, = Distance of the C.G. of the cut-out hole from the left line AD 


3 
=54+1+—=7.5 cm. 


2 
Using equation (5.1) and taking area (a,) of the cut hole as negative, we get 
= _ Ax, = ApXo 
Xx es (. A=a,-a,) 
120x5-12x7.5 600-90 510 
= = = = 4.72 cm. 
120-12 108 108 


Hence the C.G. of the section with a cut hole will be at a distance of 6.22 cm from 
bottom line DC and 4.72 cm from the line AD. Ans. 


Problem 5.5 (A). Determine the co-ordinates 
X_, and Y, of the centre of a 100 mm diameter circular 
hole cut in a thin plate so that this point will be the 
centroid of the remaining shaded area shown in Fig. 
5.6 (a). (U.P. Tech. University, 2001-2002) 

Sol. The given shaded area is equal to area of a 
thin rectangular plate of size 200 mm x 150 mm minus 
the area of a triangle of length 100 mm and height 75 mm 
minus the area of circular hole of dia. 100 mm as shown 
in Fig. 5.6 (0). 


k*—— 150 mm——>| s 


Let A, = Area of rectangular plate eae te 
= 200 x 150 = 30000 mm? 
A, = Area of triangle 
100 x 75 
= ——— = 8750 mm? YA 
A, = Area of hole neil ila aes lL aa 


T 
a (1002) = 2500n mm? 


The centre of hole is the centroid of the shaded 
area. Hence X, and Y, is the co-ordinates of the cen- 
tre of the hole and also the co-ordinates of the centroid 


c 75mm 
of the shaded area. | | 
For area A,, > xX 
200 150 ° —— > 
x, = > = 100 mm, y, = —— = 75 mm ' 200 min 


Fig. 5.6 (b) 
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For area A,, 


2 
Xx, = 100+ a 100 = 166.67 mm 


2 
Y= 19o * 1 =o mom 


For area A,, x, =X, and y,= Yo 
Now using equation (5.1) and taking areas A, and A, as negative, we get 
_ Ayx,— Agx2 —Agzx3 — 30000 x 100 — 3750 x 166.67 — 25002 x Xo 


Z=Xg= 
A, — A, — Az (30000 — 3750 — 25002) 
or X_¢ (30000 — 3750 — 2500x) = 30000 x 100 — 3750 x 166.67 — 2500n x X, 
X (30000 — 3750) — 2500x x X, = 30000 x 100 — 3750 x 166.67 — 2500n x X, 
or X¢ (30000 — 3750) = 30000 x 100 — 3750 x 166.67 
(Cancelling 2500 x x x X,, on both sides) 
26250 X,, = 3000000 — 625012.5 = 2374987.5 
a= — =90.47mm. Ans. 
be = A1y1 — Aoy2 — As V3 
Similarly, y =Yn= ra Cay 
_ 80000 x 75 — 3750 x 125 — 25007 x Yo 
(30000 — 3750 — 25002) 
or Y, (30000 — 3750 — 2500) = 30000 x 75 — 3750 x 125 — 2500n x Y, 
or Y¢ (80000 — 3750) = 30000 x 75 — 3750 x 125 
(Cancelling 2500x x Y, on both sides) 
or 26250Y, = 30000 x 75 — 3750 x 125 
= 225000 — 468750 = 1781250 
1781250 
You 26250 = 67.85 mm. Ans. 
Problem 5.5 (B). A semi-circular area is 
removed from the trapezoid as shown in vz v/, i 
Fig. 5.6 (c). Determine the centroid of the remain- 3) | 
ing area. (U.P. Tech. University, 2000-2001) PVM SS/ SL/L, 7 
Sol. The given shaded area is equal to the = ‘ 8 
area of a thin rectangular plate of size 100 mmx 9° Y) 7 
(150 + 100) mm plus the area of the triangle of i @ 4 | 
length 250 mm and of height (150 — 100) = 50 mm ° >X 
minus the area of semi-circular area of diameter 100 mm 
100 mm as shown in Fig. 5.6 (c). 150 715. 
Let A, = Area of rectangular plate Fig. 5.6 (c) 
= 100 x 250 = 25000 mm? 


mr” _ =x 50" 
2 


250 x 50 
A, = Area of the triangle = . me 6250 mm? 


= 1250n mm? 


A, = Area of semi-circle = 
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250 
x, = Distance of C.G. of area A, from y-axis = “5 = 125 mm 


100 
y, = Distance of C.G. of area A, from x-axis = —[— = 50 mm 


2 
. : 100 
x, = Distance of C.G. of area A, from y-axis = 150 + “3 = 200 mm 


4r 4x50 200 
3m 3m 37 


Yq = Distance of C.G. of area A, from x-axis = 


2 6500 
x, = Distance of C.G. of area A, from y-axis = 250 x ° 3° 
50 350 
ys = Distance of C.G. of area A, from x-axis = 100 + cs = Te mm 


x, y = Distance of C.G. of the shaded area from y and x-axis. 
Now using equation (5.1) and taking area A, as negative, we get 


x A,X — AgX%_ + Agxs 
A, -A,+As 


25000 x 125 — 12507 x 200 + 6250 x a 


x= 
25000 — 12507 + 6250 
2 3125000 — 785398 + 1041666 - 123.75 ro 
= 27323 = .75 mm. Ss. 
Similarly, 
A a A 25000 x 50 — 12507 x aut + 6250 x oa 
vs W1 ava t AsV _ 3m 3 
eaAy tas 27323 


_ 1250000 — 83333 + 729166 


27323 
.. Centroid of the given section = (x, y) = (123.75 mm, 69.38 mm). 
5.5.2. Problems of Finding Centroid or Centre of Gravity of Areas by 
Integration Method 
Problem 5.6. Determine the co-ordinates of the C.G. of the area OAB shown in Fig. 5.7, 
if the curve OB represents the equation of a parabola, given by 


= 69.38 mm. Ans. 


y = kx? 
in which OA = 6 units 
and AB = 4 units. 
Sol. The equation of parabola is y = kx? .(Z) 


First determine the value of constant k. The point B is lying on the curve and having 
co-ordinates 
x=6andy=4 
Substituting these values in equation (i), we get 
4=kx6?=36k 
4 1 
‘= 369 
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Substituting the value of k in equation (i), we get A 


( is 
ja58 (ii) ie | 
or x2 = Oy 


L//, 4.0 
or x =3y ...(iii) (fy 
Consider a strip of height y and width dx as shown in Ms Me ) yy 


Fig. 5.7. The area dA of the strip is given by 
dA=yxdx 


The co-ordinates of the C.G. of this area dA are x and - 


.. Distance of C.G. of area dA from y-axis = x 


and distance of C.G. of area dA from x-axis = 7 


x 
2 
Let x = Distance of C.G. of total area OAB from axis OY 


y = Distance of C.G. of total area OAB from axis OX. 
Using equation (5.2 A), we get 


x*=x and y*= 


(. dA = ydx, x* = x) 


6 2 
[x4 xdx =| x? dx 
gs 9 = 
6 +2 
[ ax =| x? dx 
0 9 9 Jo 


1 8 
ar tar tae, Ans. 
Using equation (5.2 B), we get 
__ foxda 
¥y —| 
J dA 
where y* = Distance of C.G. of area dA from x-axis 
= > (here) 
dA = ydx 
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J veaa=f 2x dd=fPXxyae= [2X as 


1/6 1 (x2) | 
= 2 2 eee | 2. 
mike a Gy ee 9 


6 4 6 5 6 
ae . de => x= [xt deo tx |= 
240 81 2 8140 2 81 


11 6 6 
x x = 
2°81 5 810 


6 
6 6 x? 1| x? 1 6° 6 
Al dA= d. = = — = 
Be J [va Lo® Aca 9° 3 27 
6° 


— [aa 6 8106" 
27 
1 36 6 
aan 2 eS, 
= 30 *° = 3075 7 


Problem 5.7. Determine the co-ordinates of the C.G. 


2 
of the shaded area between the parabola y = 7 and the 


straight line y = x as shown in Fig. 5.8. 
Sol. The equations of parabola and straight line are 


ICON 


XX) 


2 


© 


P BS 
= AC) 
aa i) | 
y=x .. (Ut) O > 
The point A is lying on the straight line as well as «x4 cx x 


on the given parabola. Hence both the above equations 
holds good for point A. Let the co-ordinates of point A are 


x, y. 
Substituting the value of y from equation (ii) in equation (i), we get 


2 
c= ot fe ee 
4 x 
Substituting the value of x = 4, in equation (ii), 
ba 


Hence the co-ordinates of point A are 4, 4. 


Now divide the shaded area into a large number of small areas each of height y and 
width dx as shown in Fig. 5.8. Then area dA of the strip is given by 


dA = ydx = (y, — ¥,) dx ... (iit) 
where y, = Co-ordinate of point D which lies on the straight line OA 
Yq = Co-ordinate of the point E which lies on the parabola OA. 
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The horizontal co-ordinates of the points D and E are same. 
The values of y, and y, can be obtained in terms of x from equations (iz) and (7), 
2 


y,=x and yo= = 
Substituting these values in equation (iii), 
x2 
dA = [. - =] dx ... iv) 
The distance of the C.G. for the area dA from y-axis is given by, 
c= % 
And the distance of the C.G. of the area dA from x-axis is given by, 
eg ae g Oe Cr 
y Yo 2 Yo 9 o YSN Ye 
_— 29g + 17 Io _ Vit Vo 
~ 2 2 
2 
x + ole x2 
= s “ y, =xand yo =— 
9 4 
1 x 
ee | see 
2 [. 4 < 
Now let x = Distance of C.G. of shaded area of Fig. 5.8 from y-axis 
y = Distance of C.G. of shaded area of Fig. 5.8 from x-axis. 
Now using equation (5.2 A), 
* 
zit dA where x*=x 
[dA 
x2 
dA = [. - =] dx [See equation (iv)] 
4 x2 : 
[= dA =| x| x -— |dx ("x varies from 0 to 4) 
0 4 
4 3 3 4 4 
=| i = dea | a 
0 4 38 4x4 P 
a 
= - oes 16 
38 4x4 8 
_ 64-48 16 
~~ 3 3 


4 2 
and J dA=| [+= dx 
_ aa x3 Se 43 
2 3x4], 2 3x4 
_16 16 48-32 16 
~ 2 8 6 6 


...(UL) 
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16 
_ Jxrda 3 16 6 
x= -76 —x— =2 Ans. 
Jaa 16 3° (16 
6 
_ *dA 
Now using equation (5.2 B), y= tas 
1 x? 
where yt = a x+ os [From equation (v)] 
x2 
dA = ae dx 
4 2 
| o*da= Seg x—~_|dx 
02 4 4 
4 4 3 5 Tt 
1 ? x dy =| * x 
2 Jo 16 2) 3 5x16 |, 
1/4 4° -3|% oA 
~2)3 5x16) 2.38 5 
<7 1] = 3253) 
213 5 15 
50 2-84 
iene ane | 
16 
and J dA = i [From equation (vi)] 
64 
ok aos 
5-1 "4 15 _ 64 6 _8. ans. 
Jaa re 15 16 5 


5.5.3. Problems of Finding Centroid or Centre of Gravity of Line-Segment by 
Integration Method 


Problem 5.8. Determine the centre of gravity of a 
quadrant AB of the arc of a circle of radius R as shown in 
Fig. 5.9 (a). 

Sol. The centre of gravity of the line AB, which is an 
arc of a circle radius R, is obtained by dividing the curved 
line AB into a large number of elements of length dL as 
shown in Fig. 5.9 (a). 

The equation of curve AB is the equation of circle of 
radius R. 

.. The equation of curve AB is given by 

x2 4 y2 = R2 


Differentiating the above equation, 


Xx 


Fig. 5.9 (a) 


R is constant] 


2x dx + 2y dy =0 [ss 
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or 2y dy =— 2x dx 
or dy = a =— non 7) 
2y y 


Consider an element of length dL as shown in Fig. 5.9 (a). The C.G. of the length dL is 
at a distance x* from y-axis and y* from x-axis. 


Now using equation (5.2 D) for y, we get 


(i) 


Let us express dL in terms of dx and dy. 


But dL = dx? + dy” 


2 
Bers [==] Ee From (i), dy = — i &) 
y y 


2, 42 
=dx [1+7 =dx |~ a 
x y 
R2 
= dx a (Ce sag? 8) 
R 
== ax: 


y 
Substituting the value of dL in equation (ii), 
[rx ae foxta 
7 yo y 
| at J a 
e R 
frac rile | 
_ __/0 = 0 


fa fat (=) 


( J dL is total length of arc of one quadrant of a circle) 


=) 


= onR ee Ans. 


4 
Similarly, the value of x can be calculated. Due to symmetry this value will also be 


hee! 
equal to ~~ . 
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2nd Method 
Here dL = R dé 
y*=R sin 0 
x* =Rcos 0 
n/2 
Jovan |” @sino)x (Rao) 
Now y = J dL == m/2 
Rdod 
f 
m/2 m/2 
| R? sin do R?| sin 0 dé Py 
_ 20 _ 0 
= [Rao Rf do 
0 5 Fig. 5.9 (b) 
n/2 
R? - cos | = Heo (=) — cos 0 
= 0. 2 
— n/2 ~ a 
Ao] Fa 
0 
a ee a Ans. 
Tw Tt 
2 
Similarly, 
n/2 n/2 
J x* dL i) (R cos 0) x (R dé) R?| cos 6 d0 
x 0 
x= = = 


f az ie Rd rl do 


n/2 
R [si | 
_ 0 _ &[sin 90° —- sin 0°] R 2R 


app G9) 


Problem 5.9. Determine the centre of gravity of the area of the circular sector OAB of 
radius R and central angle a as shown in Fig. 5.10. 


Sol. The given area is symmetrical about x-axis. Hence 
the C.G. of the area will lie on x-axis. This means y = 0. To 
find x, the moment of small areas are to be taken along 
y-axis. Divide the area OAB into a large number of triangular 
elements each of altitude R and base Rd@ as shown in 
Fig. 5.10. Such triangular element is shown by OCD in which 
altitude OC = R and base CD = Rd®. The area dA of this trian- 
gular element is given by, 

OCxCD_ Rx Rdé 
2 2 

_ RB? do 

~-g 


dA = 
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The C.G. of this triangular element is at G 


2 2 
where OGa_ *O0Ca, eh 
The distance of C.G. of area dA from y-axis is given by, 


2 
x* = OG x cos 6 = 5 RB x cos @ 
Now using equation (5.2 A), 


2 /2 a/2 
RY . aks) 3 0 
2 Jo 


_ (oO 
sin() 
_ 2k 2) 4k sin{ &| . 


~ 3 ( a 3a 
2 
The area OAB is symmetrical about the x-axis, hence 
y =0. Ans. 
For a semi-circle, « = 7 = 180°, hence 


30 2 
4R . (180) 4R 

= = . An ° 
3XT ( 2 3x 7 


Problem 5.10. Determine the centre of gravity of a semi-circle of radius R as shown in 
Fig. 5.10 (a). 

Sol. This problem can also be solved by the 
method given in problem 5.9. The following other 
methods can also be used. Due to symmetry, x = 0. 
The area AOB is symmetrical about the Y-axis, hence 
x = 0. The value of y is obtained by taking the mo- 
ments of small areas and total area about x-axis. 

1. Considering the strip parallel to Y-axis 

Area of strip, dA = y. dx 

The distance of the C.G. of the area dA from 


fees y 
x-axis is equal to 5 


Moment of area dA about x-axis 


= dA. 5 Fig. 5.10 (a) 
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= 


(. dA =y.dx) 


I 
bo bo 
ro |. es Ie 
& 
g 


Moment of total area A about x-axis is obtained by integrating the above equation. 
.. Moment of total area A about x-axis 
2 


=| Y dy 
2 
R 2: 
= J ae dx (.- x varies from — R to R) 


But equation of semi-circle is 

x? + y? = R? or yy? = R? - x? 
Substituting this value of y? in the above equation, we get 
Moment of total area A about x-axis 


R 2. 4.2 
- | (R x) ox 
-R 2 
= 3 R 
inf R2 x — 
2] 3 ie 


3 3 
-1/p? p-2 |_JrReep_-—® 
2) 3 3 


fees) be 


1/2R3 3 R®)| 1{2R° 2R° 
= R°+ = 
2| 3 3 2| 3 3 
1/2R? 2R°?| 1 4R? 2R° 
-_- —| —— — |=>— xX = — (i) 
2| 3 3 2° 83 3 


Let y = Distance of C.G. of the total area of semi-circle from x-axis. 


2 
The total area of semi-circle is also equal to a 


-. Moment of this total area about x-axis 


nR? 
= Vx — .. (it) 
7" 9 
Equating the two values given by equations (z) and (ii), we get 
_ mR? 2R° 
yx = 


2 3 
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3 
y= ah patie 4R | Ans. 
3 mR? 3n 


Hence the location of C.G. of semi-circle is C =) . Ans. 
T 


2. Considering the strip parallel to X-axis 


Area of strip, dA = 2x . dy 
The distance of the C.G. of this area from x-axis is y tY 
.. Moment of this area about x-axis 
=y. dA 
= 2xy dy ..(Z) ¢— X —>}<— x —> t 
But, we know x? + y? = R? if 
= x? = R?—y? B 0 A : 
re x = |R?—y? Fig. 5.10 (b) 


Substituting the above value of x in equation (i), we get 
Moment of area dA about x-axis, 


=2/R?-y? .y. dy 


Moment of total area A about x-axis will be obtained by integrating the above equation 


from 0 to R. 
.. Moment of area A about x-axis 


R 2 ,2,3/2 7% 
-| VR? -y* .(-2y) dy =- cae ae 

0 3/2 P 
R3 
3 
Also the moment of total area A about x-axis = A x y 


2 2 
A 2] = 
3 (10 RJ = 


nR? 
where A = Total area of semi-circle = ee 


y = Distance of C.G. of area A from x-axis 


2 
Moment of total area A about x-axis = ZS xy 


Equating the two values given by equations (ii) and (iii), 


mR? _ 2R° 
2 3 
3 
or eal x aL CT 
3 «aR? 8x 


[vole ~y" .ydy Ce 


y varies from 0 to R) 


.--(ti) 


.(UiL) 
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parallel to y-axis at a distance of x from the 
y-axis. 
Area of the strip, dA = y.dx 


x-axis. 


or 


or 


Problem 5.11. To determine the centre of 
gravity of the area shown in Fig. 5.10 (c) given by 


Sol. Consider a small strip of thickness dx 


The C.G. of area dA is at a distance 5 from 


Moment of the area dA about x-axis 
y Fig. 5.10 (c) 
=-— .dA 
2 
y Ms 
= dx (. dA =y.dx) 
2 
= 2 dx 
2 
.. Moment of the total area about x-axis 
a a2 
= J os . dx (* x varies from 0 to a) ...(z) 
0 


Let us substitute the value of y? in terms of x. 


2 
The given equationis *_,2¥ =1 


a” b 
y? i x? gx? 
b? a2 a2 
2 
y= 2. (a? 22) 


Substituting the value of y? in equation (i), we get 
Moment of total area about x-axis 


a h2 2 3% 
=5 i, 77a? =x?) de= 2 [ars . | 
a 


Br ae ae b? -2a°s ab? 
a = x 

2a” 3 3 
The total area A of the given figure is given by 


A=[ dA=J y.dx 


‘5 v2 
From equation (ii), y= EG = ”) 64 (a2 — x2)V2 
a a 


Now equation (iv) is, A= [re = x7)? dx 


...(ti) 


. (Zit) 


..(iv) 


.(V) 
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* 


_ bl ft 2 ae b ma* : 
= AIKG x“) ds ‘| 1 | 
_ m.ab . [* Faw 3, . ma* ; 
=] [- [ve —x ax) ...(vi) 


Let y =the distance of C.G. of the total area A from x-axis. 
Then moment of total area A about x-axis 
=Axy 


mab _ ES 
are (vii) 


The equations (iii) and (vii) give the moment of total area about x-axis. Hence equating 
these equations, we get 


nab —_ ab? 
gg 
2 
_ ab 4 4b os 
3 nab 


To find x, take the moment of eral in dA about y-axis. 
The C.G. of area dA is at a distance of x from y-axis. 
Moment of area dA about y-axis = x.dA 
= x.y.dx (. dA =ydx) 
Moment of total area A about y-axis is obtained by integration 
Now moment of total area A about y-axis 


= [ x.y.dx ("x varies from 0 to a) 


= [, x. Lae — x7)" dx E y xP? ~ x”)? from equation «| 
a a 


= an x(a? —x7)"? dx = ° i = > x(a? — x?)¥? dx 
6 leary 5 5 _ ba? = 
= 3, | 3/9 _ 3a [0 —a*] = p ...(viii) 
Also the moment of total area A about y-axis 
=AxX 


. (ix) 
where x = Distance of C.G. of total area A from y-axis. 
Equating the two values given by equations (viii) and (ix), 


2 
Apes 
5 


*Please refer some standard Textbooks of Mathematics. 


a a 
i) ya" ~x? dx= t xa” x2 + z a” sin! | = lo + Ze sin7! co| 
0 2 2 alo 2 
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2 2 

ee bat __ bat E A see equation wi] 

3 mab 4 
3 xX — 
4 
= = . Ans. 
3 
The co-ordinates of the C.G. of given area are 

— 4a 4b 

X= gee 
an and y = 


5.5.4. Centroid of Volume. Centroid 
of volume is the point at which the total volume 
of a body is assumed to be concentrated. The 
volume is having three dimensions .e., length, 
width and thickness. Hence volume is meas- 
ured in [length]?. The centroid [i.e., or centre 
of gravity] of a volume is obtained by dividing 
the given volume into a large number of small 
volumes as shown in Fig. 5.10 (d). Similar 
method was used for finding the centroid of an 
area in which case the given area was divided 
into large number of small areas. The centroid 


of the volume is hence obtained by replacing Fig. 5.10 (d) 
dA by du in equations (5.2A) and (5.2B). 
Then these equations become as 
7 |= dv (5.3 A) 
X= 
J du 
*q 
and 7< Jo*ao (5.3 B) 
J dv 
As volume is having three dimensions, hence third equation is written as 
_ feta (5.3 C) 
a— 


Jw 


where x* = Distance of C.G. of small volume du from y-z plane (i.e., from axis oy) 
y* = Distance of C.G. of small volume du from x-z plane (i.e., from axis ox) 
z* = Distance of C.G. of small volume du from x-y plane 

and x, y, Z = Location of centroid of total volume. 


Note. If a body has a plane of symmetry, the centre of gravity lies in that plane. If it has two 
planes of symmetry, the line of intersection of the two planes gives the position of centre of gravity. If 
it has three planes of symmetry, the point of intersection of the three planes gives the position of centre 
of gravity. 
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Problem 5.12. A right circular cone of radius R at the base and of height h is placed as 
shown in Fig. 5.10 (e). Find the location of the centroid of the volume of the cone. 


Sol. Given : 
Radius of cone =R 
Height of cone = h 


Fig. 5.10 (e) 


In Fig. 5.10 (e), the axis of the cone is along x-axis. The centroid will be at the x-axis. 
Hence, y = 0 and z = 0. 
To find x, consider a small volume dv. For this, take a thin circular plate at a distance 


x from O. Let the thickness of the plate is dx as shown in figure and radius of the plate is r. 
The centroid of the plate is at a distance ‘x’ from O. Hence x* = x. 


Now volume of the thin plate, 

dv = mr? x dx ub) 
Let us find the value of r in terms of x. 
From similar triangles, we get 


Rat 
rox 
_ Rxx 
or r= i 
Substituting the value of r in equation (i), we get 
R 2 
dv =n (2) dx ii) 
h 
Now x is given by equation (5.3A) as 
(eas du Jz du 
x= = [.: Here x* = x] 
J du J du 
2 
fx-n( 2X2) . ax Re 2 
= 5 |: du= nf A *) dx from equation (ii) 
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mx R? ph 
A i x® dx 
R? fh 
TX oa x? dx 
0 


[.: Limits of integration are w.r.t. x. And x varies from 0 to A] 
h 


| 
4 
a = . Ans. 
=) = 

3 


0 
Problem 5.13. A hemisphere of radius R is placed as shown in Fig. 5.10 (f). The axis of 
symmetry is along z-axis. Find the centroid of the hemisphere. 
Sol. The hemisphere is placed as shown in 
Fig. 5.10 (f). The axis of symmetry is taken as Z-axis. 
The centroid will be at the Z-axis. Hence x = 0 and 
y =0. 


ZA 


Radius of hemisphere = R. 

To find z, consider a small volume du of the 
hemisphere. For this, take a thin circular plate at a 
height z and thickness dz. Let ‘y’ is the radius of this 
plate. 

Then dv = Area of section x thickness 

= Ty” x dz (i) 
(«Area of any section for sphere 
or hemisphere = mr?, Here r = y) 


<v 


Fig. 5.10 (f) 


The centre of gravity of the small volume is at 
a distance z from O. 


Let us now, find the value of y in terms of z. 
From Fig. 5.10 (f), we have 
R2 = 2247 
or y2 = R2 — 22 
Substituting the value of y? in equation (i), we get 
dv = n[R?2 — z2] x dz ehh) 
As in this case, the axis of symmetry is Z-axis. Hence x and y are zero. The distance of 
the centroid from x-y plane is given by equation (5.3C) as 


where z* = Distance of centroid of the small volume du from x-y plane. 
= z [In the present case] 
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Je x m(R? — 2”) dz 
= [- From equation (ii), dv = n(R? — z?) x dz] 
fcr? ~ 2?) dz 


R 
{ m(R2z — 2°) dz 


R 
I mR? — 2”) dz 


[The limits of integration are according to dz. Here z varies from 0 to R] 


iti ae, ak A || (Re 
2 4], 2 4 4 


3 
=— R. Ans. 
sR ; B 5 a 8 R Ss 
n|R%e-2 | R* x R-— 3 
3 3 
0 
5.6. AREA MOMENT OF INERTIA 
Consider a thick lamina of area A as shown in Fig.5.11.  #Y Lamina of 
Let x = Distance of the C.G. of area A from the axis OY. aay 
y = Distance of the C.G. of area A from the axis OX. 
Then moment of area about the axis OY 
= Area x perpendicular distance of C.G. of area from 
axis OY y 
= Ax wlDBD) i<—— x —| t 
Equation (5.3D) is known as first moment of area about | o 4 
the axis OY. This first moment of area is used to determine the Fi 
: ig. 5.11 
centre of gravity of the area. 


Ifthe moment of area given by equation (5.3D) is again multiplied by the perpendicular 
distance between the C.G. of the area and axis OY (i.e., distance x), then the quantity 
(Ax). x = Ax? is known as moment of the moment of area or second moment of area or area 
moment of inertia about the axis OY. This second moment of area is used in the study of 
mechanics of fluids and mechanics of solids. 

Similarly, the moment of area (or first moment of area) about the axis OX = Ay. 

And second moment of area (or area moment of inertia) about the axis OX = (Ay) . y = Ay?. 

If, instead of area, the mass (m) of the body is taken into consideration then the second 
moment is known as second moment of mass. This second moment of mass is also known as 
mass moment of inertia. 

Hence moment of inertia when mass is taken into consideration about the axis OY 
= mx? and about the axis OX = my”. 

Hence the product of the area (or mass) and the square of the distance of the centre of 
gravity of the area (or mass) from an axis is known as moment of inertia of the area (or mass) 
about that axis. Moment of inertia is represented by 7. Hence moment of inertia about the 
axis OX is represented by I, whereas about the axis OY by Ls 


STRENGTH OF MATERIALS 


The product of the area (or mass) and the square of the distance of the centre of gravity 
of the area (or mass) from an axis perpendicular to the plane of the area is known as polar 
moment of inertia and is represented by JJ. 


Consider a plane area which is split up into small areas a,, ag, a, ... etc. Let the C.G. of 
the small areas from a given axis be at a distance of r,, ry, rs, ... etc. as shown in Fig. 5.12. 


Then the moment of inertia of the plane area about the given axis is given by 
Tar? + aro? + Garg? +... (5.4) 
or I = ar?. ney) 


5.7. RADIUS OF GYRATION 


Radius of gyration of a body (or a given lamina) about an axis Given 
is a distance such that its square multiplied by the area gives mo- axis 
ment of inertia of the area about the given axis. 


For Fig. 5.12, the moment of inertia about the given axis is 
given by equation (5.4) as 
Ta ay,ry? t+ agr.? + agrg? +... wld) 
Let the whole mass (or area) of the body is concentrated at a 
distance k from the axis of reference, then the moment of inertia of 
the whole area about the given axis will be equal to Ak?. 


If Ak? = I, then k is known as radius of gyration about the 


given axis. 
[TZ 
k= J—. ...(5.6) 
A ( 


5.8. THEOREM OF THE PERPENDICULAR AXIS 


Theorem of the perpendicular axis states that if I,, and I, be the moment of inertia of 
a plane section about two mutually perpendicular axis X-X and Y-Y in the plane of the section, 
then the moment of inertia of the section I,, about the axis Z-Z, perpendicular to the plane 
and passing through the intersection of X-X and Y-Y is given by 


Tog = Lyx + Lyy. 
The moment of inertia I,, is also known as polar moment of inertia. 


Proof. A plane section of area A and lying in plane x- 
y is shown in Fig. 5.13. Let OX and OY be the two mutually 
perpendicular axes, and OZ be the perpendicular axis. 
Consider a small area dA. 


Let x = Distance of dA from the axis OY 
y = Distance of dA from axis OX 
r = Distance of dA from axis OZ 


Then r2=x?+-¥?. 


Plane 
section 
of areaA 


Now moment of inertia of dA about x-axis Fig. 5.13 
= dA x (Distance of dA from x-axis)? 
= dA xy”. 
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Moment of inertia of total area A about x-axis, Ly = Tay". 
Similarly, moment of inertia of total area A about y-axis, I,,, = XdAx? 
and moment of inertia of total area A about z-axis, I, = xdAr? 
= XdA [x? + y?] (2? = x? + y?) 
= LdA x? + XdA y? 
= Ly + ly 
or Taz = Tyy + Ty. aloe) 


The above equation shows that the moment of inertia of an area about an axis at origin 
normal to x, y plane is the sum of moments of inertia about the corresponding x and y-axis. 


In equation (5.7), I,, is known as Polar Moment of Inertia. 


Plane AS 

It states that if the moment of inertia of a plane area about areaA << 
an axis in the plane of area through the C.G. of the plane area be y 
represented by J,, then the moment of the inertia of the given plane x” 7 i 
area about a parallel axis AB in the plane of area at a distance h 
from the C.G. of the area is given by h 

Lg let Ar 

where I, = Moment of inertia of the given area about AB es, 225) 

I, = Moment of inertia of the given area about C.G. : Fig. 5.14 2 


A = Area of the section 
h = Distance between the C.G. of the section and the axis AB. 
Proof. A lamina of plane area A is shown in Fig. 5.14. 
Let X-X = The axis in the plane of area A and passing through the C.G. of the area. 
AB = The axis in the plane of area A and parallel to axis X-X. 
h = Distance between AB and X-X. 
Consider a strip parallel to X-X axis at a distance y from the X-X axis. 
Let the area of the strip = dA 
Moment of inertia of area dA about X-X axis = dAy?. 
Moment of inertia of the total area about X-X axis, 


Ie “ot Ta= Sad Ay* me) 
Moment of inertia of the area dA about AB 
= dA(h + y)? 


= dA[h? + y? + 2hy]. 
Moment of inertia of the total area A about AB, 
I,p = XdA[h? + y? + 2hy] 
= XdAh? + XdAy? + XdA 2hy. 
As h or h? is constant and hence they can be taken outside the summation sign. Hence 
the above equation becomes 
Typ = h?XdA + XdAy? + 2hXdAy. 
But dA = A. Also from equation (i), XdAy? = I. Substituting these values in the above 
equation, we get 
Typ =h?. A +1 + 2h XdAy. ..(it) 
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But dA . y represents the moment of area of strip about X-X axis. And XdAy represents 
the moments of the total area about X-X axis. But the moments of the total area about X-X 
axis is equal to the product of total area (A) and the distance of the C.G. of the total area from 
X-X axis. As the distance of the C.G. of the total area from X-X axis is zero, hence XdAy will be 
equal to zero. 

Substituting this value in equation (ii), we get 

Typ =h?.A+I1g+0 

or Tp=tg t+ Ah? a) 

Thus if the moment of inertia of an area with respect to an axis in the plane of area 
(and passing through the C.G. of the area) is known, the moment of inertia with respect to 
any parallel axis in the plane may be determined by using the above equation. 


5.10. DETERMINATION OF AREA MOMENT OF INERTIA 


The area moment of inertia of the following sections will be determined by the method 
of integration : 


1. Moment of inertia of a rectangular section, 

2. Moment of inertia of a circular section, 

3. Moment of inertia of a triangular section, 

4. Moment of inertia of a uniform thin rod. 

5.10.1. Moment of Inertia of a Rectangular Section 


ist Case. Moment of inertia of the rectangular section about the X-X axis pass- 
ing through the C.G. of the section. 

Fig. 5.15 shows a rectangular section ABCD having width = 6 and depth = d. Let X-X is 
the horizontal axis passing through the C.G. of the rectangular section. We want to determine 
the moment of inertia of the rectangular section about X-X axis. The moment of inertia of the 
given section about X-X axis is represent by Iyy. 


Consider a rectangular elementary strip of thickness dy b 
at a distance y from the X-X axis as shown in Fig. 5.15. A B= 
Area of the strip =). dy. + d 
Moment of inertia of the area of the strip about X-X axis = be 2 
Area of strip x y? | : t 
=(b. dy) x y? = by*dy. X X 
Moment of inertia of the whole section will be obtained by £ 
integrating the above equation between the limits — ‘ to S. v 
Fig. 5.15 


d/2 d/2 
I = 2 = 2 
i ae ee es yrdy 


(.* 6 is constant and can be taken outside the integral sign) 
¥ d/2 altar? PS) 
ELA -8) 
_b Ee -(- a b [< : <] 
3] 8 8 3} 8 8 
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_ 6 2d? _ ba? 
arr cee 
Similarly, the moment of inertia of the rectangular section about Y-Y axis passing 
through the C.G. of the section is given by 


+(5.9) 


3 
~ (5.10) 
Refer to Fig. 5.15 (a) y 
Area of strip, dA =d x dx cas, aaa at 
M.O.I. of strip above Y-Y axis = dA x x? 
= (d x dx) x x? (. dA=d. dx) qd 
=d xx? x dx 
b/2 a 
Ly= | daar [=] 
-b/2 a 
op i 
d|(b\° b\° b [Xb o& 
-${@) (-3)] “ere 
Y 
= Ss =—. = ‘i 
if 8 8 | 3°4 «12 


2nd Case. Moment of inertia of the rectangular section about a line passing 
through the base. 

Fig. 5.16 shows a rectangular section ABCD having width = 6 
and depth = d. We want to find the moment of inertia of the rectangu- ¢<—— b——> 
lar section about the line CD, which is the base of the rectangular | 4 
section. 


Consider a rectangular elementary strip of thickness dy at a 
distance y from the line CD as shown in Fig. 5.16. d 


Area of strip = b. dy. ¥ 
Moment of inertia of the area of strip about the line CD a” 
= ‘ 2 y 
= Area of strip . y a — 
=b.dy.y* = by? dy. D Cc 
Moment of inertia of the whole section about the line CD is Fig. 5.16 
obtained by integrating the above equation between the limits 0 to d. 
Moment of inertia of the whole section about the line CD. 
d d 
= ) by?dy = b i) y*dy 
0 0 
3 ]¢ 3 
sep sh Oe. (5D) 
3 |, 3 


3rd Case. Moment of inertia of a hollow rectangular section. 
Fig. 5.17 shows a hollow rectangular section in which ABCD is the main section and 


EFGH is the cut-out section. 
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The moment of inertia of the main section ABCD about X-X axis is given by 


equation (5.11), 


_ bd® 
~ a: 
where b = Width of main section 
d = Depth. 


The moment of inertia of the cut-out section EFGH about 
X-X axis 


_ bid,’ 
~ 12> 
where 6, = Width of the cut-out section, and 
d, = Depth of the cut-out section. 


Then moment of inertia of hollow rectangular section about X-X axis, 


Iyy = Moment of inertia of rectangle ABCD about X-X axis — Moment of inertia 
of rectangle EFGH about X-X axis 


_ba? bd? 


12 12 


5.10.2. Moment of Inertia of a Circular Section. 
Fig. 5.18 shows a circular section of radius R with O as centre. 


Consider an elementary circular ring of radius 7’ and thickness x x 
‘dr’. Area of circular ring 
= 2nr. dr. 
In this case first find the moment of inertia of the circular Y: 
section about an axis passing through O and perpendicular to the Fig. 5.18 


plane of the paper. This moment of inertia is also known as polar 
moment of inertia. Let this axis be Z-Z. (Axis Z-Z is not shown in Fig. 5.18). Then from the 
theorem of perpendicular axis, the moment of inertia about X-X axis or Y-Y axis is obtained. 


Moment of inertia of the circular ring about an axis passing through O and perpendicu- 
lar to the plane of the paper 


= (Area of ring) x (radius of ring from O)? 
= (2a. dr) 377 
= 2dr ssl) 


Moment of inertia of the whole circular section is obtained by integrating equation (z) 
between the limit 0 to R. 


Moment of inertia of the whole section about an axis passing through O and per- 
pendicular to the plane of paper is given as 


Ho: is 
Ing = |, 2nr? dr = 2n i r°dr 


r*|* Rt art 
a ee ee 
4 0 


CENTRE OF GRAVITY AND MOMENT OF INERTIA 


But = 
i “9 
where D = Diameter of the circular section 
4 4 
T D 1D 
I,,=—x = A812) 
a ( o 32 
nD* 
or Polar moment of inertia = 


32 
But from the theorem of perpendicular axis given by equation (5.7), we have I,, =Iyy + yy. 
But due tosymmetry, Iyy=Iyy 


I 77 
bay lye = 
4 4 
2 = xo (5.18) 


Moment of Inertia of a hollow circular section 


Fig. 5.19 shows a hollow circular section. 
Let D = Diameter of outer circle, and 
d = Diameter of cut-out circle. 
Then from equation (5.13), the moment of inertia of the 


outer circle about X-X axis = i D4. 
And moment of inertia of the cut-out circle about X-X axis 
ee igs 
64 
Moment of inertia of the hollow circular section, about X-X axis, 


Iyy = Moment of inertia of outer circle - moment of inertia of cut-out circle 
=" pt_* g= [pt_ a 
64 64 64 


Similarly, [yy = Ti [D4 - 4]. 


5.10.3. Moment of Inertia of a Triangular Section 
ist Case. Moment of inertia of a triangular section about its base. 


Fig. 5.20 shows a triangular section ABC of base 
width = 6 and height = h. Consider a small strip of thickness 
dy at a distance y from the vertex A. 


Area of the strip, = DE . dy (2) 


The distance DE in terms of y, 6 and h is obtained from 
two similar triangles ADE and ABC as 


DE _y 

BC h 

DE = BC. = 
h 
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b.y 
ees (. BC = 6) 
h 
Substituting this value of DE in equation (Z), we get 
b 
Area of strip = - . dy. 


Distance of the strip from the base = (h — y) 
Moment of inertia of the strip about the base 
= Area of strip x (Distance of strip from base)? 
b b 
= dy .(h—yP = 5 (hy)? . dy. 


The moment of inertia of the whole triangular section about the base (J,,,.) is obtained 
by integrating the above equation between the limits 0 to h. 


hb 
Ino = J, > th—y? dy 
b ch 
=— h-yd 
h i) yh — y)* dy 
(-* 6 and h are constants and can be taken outside the integral sign) 
cee, ee aie ee ee 
=F fovth + y—2hy) dy = > | (yh? + 9° - 2hy?) dy 


h 


- b y*h? : yt Qhy® 
~ 2 A 3 


0 


aes ne) ame ] 


h| 2 4 3 hA}2 4. 8 
_b ni [S88] ye, 1 
h 12 12 
3 
_ bh (5.14) 
12 


2nd Case. Moment of inertia of the triangular section about an axis passing 
through the C.G. and parallel to the base. 

Consider a triangular section of base = 6 and height = h 
as shown in Fig. 5.21. Let X-X is the axis passing through the 
C.G. of the triangular section and parallel to the base. 


The distance between the C.G. of the triangular section 
h 
and base AB = 3° 


Now from the theorem of parallel axis, given by equa- 
tion (5.8), we have 
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Moment of inertia about 
BC = Moment of inertia about C.G. + Area x (Distance between X-X and BC)? 


hy? 
or Ipcg=Igt+Ax (+) 


2 
Ig=lIpo-A x (+) 


bh? (bxh) (hy bh3 bxh 
= 12 -( 2 )-(3) [- Ipc = 5 and Area = 2 
bh®  bh® _ bh3(8- 2) 
12 18 36 
3 
_ Oht (5.15) 
36 


Problem 5.13 (A). Determine the moment of iner- 
tia of the section about an axis passing through the base 
BC of a triangular section shown in Fig. 5.21 (a). 


(U.P. Tech. University, 2002-2003) 90 mm 


Sol. Given : 

Base, 6 = 100 mm; height, h = 90 mm. 
. Moment of inertia of a triangular section about an 8 ‘ 400K ; C 
axis passing through the base is given by equation 
(5.14) as Fig. 5.21 (a) 


bh 


3 
= 2608 210 an Ao 


12 Y 
5.10.4. Moment of Inertia of a Uniform Thin Rod. a dx 
Consider a uniform thin rod AB of length L as shown in Fig. 5.22. x 

Let m = Mass per unit length of rod, and A B 

M = Total mass of the rod L | 
=mxL ..(Z) 

Suppose it is required to find the moment of inertia of Fig. 5.22 
the rod about the axis Y-Y. Consider a strip of length dx at a 
distance x from the axis Y-Y. 


Mass of the strip = Length of strip x Mass per unit length 
=dx.m or m. dx. 

Moment of inertia of the strip about Y-Y axis 
= Mass of strip x x? 


=(m.dx). x? 
= mx?dx. 
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Moment of inertia of the whole rod (yy) will be obtained by integrating the above 
equation between the limits 0 to L. 


L L 
y= { wie de i x? dx ("mis constant) 
L 
Ee | mL? 
=. || = 
3 |, 3 
mL.L? — ML? 


- 7 sae [.- m.L=M from equation (i)] 


5.10.5. Moment of Inertia of Area Under a Curve of given Equation. Fig. 5.22 (a) 
shows an area under a curve whose equation is parabolic and is given by 


x = ky? 
in which y=b when x=a 
Suppose it is required to find the moment of 
inertia of this area about y-axis. Consider a strip of 
thickness dx at a distance x from y-axis. cf 
besd 
The area of strip, dA = y dx (2) Se 
Let us substitute the value of y in terms of x ss b 
in the above equation. The equation of curve is se 
Se 
x = ky? i) SS 
b<Sd 
First find the value of k. = a 
When y = 0b, x = a. Hence above equation O14 a—_—_—_——>4| x 
becomes l«—— x —_>| }e— ax 
a = kb 5.22 (a) 
a 
or k= Be 
Substituting the value of ‘k’ in equation (ii), we get 
2 
a 9 9 _ ox 
Mg or = — 
es ae 


bx V/2 h 
or =|—~| =—~/x ..(iii) 
' [ Ja 
Substituting this value of y in equation (i), we get 
b 
dA = =. Jx . dx 
Ja 


The moment of inertia of elemental area (dA) about y-axis 


b 
=x?,dA=x?.—.Vx dx 
va 
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Moment of inertia of the total area about y-axis is obtained by integrating the 
above equation between the limits 0 to a. (-* x varies from 0 to a) 


= ee Wh a leg 


To find the moment of inertia of the given area about x-axis, the element shown in 
Fig. 5.22 (a) can be considered to be a rectangle of thickness dx. The moment of inertia of this 
element about x-axis is equal to the moment of inertia of the rectangle about its base. 


Moment of inertia of the element about x-axis 


7/2 \% 
2 2 
S E | = 2 = 7 ba? Ans. 
0 


3 3 
= — E itis a where b = dx and d= ] 

The moment of inertia of the given area about x-axis is obtained by integrating the 
above equation between the limits 0 to a. 


a2 
Ja 


x from equation wi 


| 
so 
co 
a 
(se) 
> 
= 
I 


= 3 gf 5° aE” a=T5 ab?. Ans. 

Problem 5.14. Fig. 5.23 shows a T-section of dimensions 
10 x 10 x 2 cm. Determine the moment of inertia of the section 
about the horizontal and vertical axes, passing through the cen- ® Semi 
tre of gravity of the section. Also find the polar moment of inertia woe 
of the given T-section. 

Sol. First of all, find the location of centre of gravity of 
the given T-section. The given section is symmetrical about the 10. cm 
axis Y-Y and hence the C.G. of the section will lie on Y-Y axis. @ 
The given section is split up into two rectangles ABCD and EFGH 
for calculating the C.G. of the section. FE _v_ 

Let y = Distance of the C.G. of the section from the aaa 
bottom line GF ne 60 

a, = Area of rectangle ABCD = 10 x 2 = 20 cm? 
y, = Distance of C.G. of the area a, from the bottom line GF = 8 +1=9cm 
a, = Area of rectangle EFGH = 8 x 2 = 16 cm? 


y2 


8 
Yq = Distance of C.G. of rectangle EFGH from the bottom line GF = a 4cm 
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ay, +a 20x9+16x4 180464 244 
Using the relation, y = 7 ae Spade ee ee 


Hence the C.G. of the given section lies at a distance of 6.777 cm from GF. Now find the 
moment of inertia of the T-section. 


Now, Let Ig, = Moment of inertia of rectangle (1) about the horizontal axis and passing 
through its C.G. 
I, = Moment of inertia of rectangle (2) about the horizontal axis and passing 
through the C.G. of the rectangle (2) 


h, = The distance between the C.G. of the given section and the C.G. of the 
rectangle (1) 
=¥,- ¥ =9.0- 6.777 = 2.223 cm 
h, = The distance between the C.G. of the given section and the C.G. of the 
rectangle (2) 
¥ —¥_ = 6.777 — 4.0 = 2.777 em. 


10 x 2? 
Now a = 6.667 em! 


2x 83 
Ig, = 12 = 85.333 cm+4. 


From the theorem of parallel axes, the moment of inertia of the rectangle (1) about the 
horizontal axis passing through the C.G. of the given section 
= Ig +a,h,? = 6.667 + 20 x (2.223)? 


= 6.667 + 98.834 = 105.501 cm‘. 


Similarly, the moment of inertia of the rectangle (2) about the horizontal axis passing 
through the C.G. of the given section 


= Ig, + agh,? = 85.383 + 16 x (2.777? 


= 85.333 + 123.387 = 208.72 cm‘. 


.. The moment of inertia of the given section about the horizontal axis passing through 
the C.G. of the given section is, 


I, = 105.501 + 208.72 = 314.221 em*. Ans. 


x. 
The moment of inertia of the given section about the vertical axis passing through the 
C.G. of the given section is, 


k¢-10 cm >| 
P 2x10? 8x2" ALY. B ve 
wo 492 12 On 2m 
= 166.67 + 5.33 =172em4. Ans. 7 ae 
Now the polar moment of inertia (/,,) is obtained from equa- 
: 2 i 10cm 
tion (5.7) as @ 
d Lig ¥ To, —>| : |}«— 2cm 
= 314.221 + 172 = 486.221 cm4. Ans. J G F K 
Problem 5.15. Find the moment of inertia of the section M ® y | rl 
shown in Fig. 5.24 about the centroidal axis X-X perpendicular }¢——— 20 cm ——>| 
to the web. Fig. 5.24 
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Sol. First of all find the location of centre of gravity of the given figure. The given 
section is symmetrical about the axis Y-Y and hence the C.G. of the section will lie on Y- Y 
axis. The given section is split up into three rectangles ABCD, EFGH and JKLM. The centre 
of gravity of the section is obtained by using 

v= Q1)1 + AgV2 + Agy3 
a, +a, + a3 
where y = Distance of the C.G. of the section from the bottom line ML 
a, = Area of rectangle ABCD = 10 x 2 = 20 cm? 
y, = Distance of the C.G. of the rectangle ABCD from the bottom line ML 


ea) 


2 
a 
a, = Area of rectangle EFGH = 10 x 2 = 20 cm? 
Yq = Distance of the C.G. of rectangle EFGH from the bottom line ML 
10 
=2+5 =2+5=7em 
a, = Area of rectangle JKLM = 20 x 2 = 40 cm? 
y3 = Distance of the C.G. of rectangle JKLM from the bottom line ML 
a 25h 
= 5 = 10cm. 


Substituting the above values in equation (i), we get 
20x 13+20x7+40x1 


y= 


20 + 20+ 40 
_ 260+140+40_ 440 
= 80 iit 


The C.G. of the given section lies at a distance of 5.50 cm from the bottom line ML. We 
want to find the moment of inertia of the given section about a horizontal axis passing through 
the C.G. of the given section. 

Let Jg, = Moment of inertia of rectangle (1) about the horizontal axis passing through 

its C.G. 


Ig, = Moment of inertia of rectangle (2) about the horizontal axis passing through 
the C.G. of rectangle (2) 


Ig, = Moment of inertia of rectangle (3) about the horizontal axis passing through 
the C.G. of rectangle (3) 


h, = The distance between the C.G. of the rectangle (1) and the C.G. of the given 
section 


=y,- ¥ = 13.0-5.50 = 7.50 cm 


h, = The distance between the C.G. of rectangle (2) and the C.G. of the given 
section 


=Yo—- y = 7.0 — 5.50 = 1.50 cm 


h, = The distance between the C.G. of the rectangle (3) and the C.G. of the given 
section 
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= ¥ —y,= 5.50 —-1.0=4.5 cm 


10 x 2° P 
Now Ig, = a 6.667 cm 
2x 10° 
Ig, = G5 — = 166.667 cm* 
20 x 2° 
Ig, = Fg — = 18.838 em‘. 


From the theorem of parallel axes, the moment of inertia of the rectangle (1) about the 
horizontal axis passing through the C.G. of the given section 
= Ig, + a,h,? = 6.667 + 20 x (7.5) 
= 6.667 + 1125 = 1131.667 cm‘. 
Similarly, the moment of inertia of the rectangle (2) about the horizontal axis passing 
through the C.G. of the given section 
= Ig, + a,h,” = 166.667 + 20 x 1.5? 


= 166.667 + 45 = 211.667 cm‘. 
And moment of inertia of the rectangle (3) about the horizontal axis, passing through 
the C.G. of the given section 
= Ig, + dgh,? = 13.333 + 40 x 4.52 


= 13.333 + 810 = 823.333 cm* 
Now moment of inertia of the given section about the horizontal axis, passing through 
the C.G. of the given section 
= Sum of the moment of inertia of the rectangles (1), (2) and (3) about 
the horizontal axis, passing through the C.G. of the given section 
= 1131.667 + 211.667 + 823.333 = 2166.667 cm+. Ans. 


Problem 5.15(A). Determine the polar moment of inertia of I-section shown in 


Fig. 5.24 (a). (All dimensions are in mm). (U.P. Tech. University, 2001-2002) 

Sol. Let us first find the location of C.G. of the given 
section. It is symmetrical about the vertical axis, hence C.G. le — 80> y 
lies on this section. * 42 

Now, A, = Area of first rectangle x 

= 80 x 12 = 960 mm? 
A, = Area of second rectangle 150 
[(150 — 12 — 10) x 12] tee 


= 128 x 12 = 1536 mm? + 


A, = Area of third rectangle ne @ _ 10 


_ _ 2 
= = x 10 oe os , ——_— 120 ——__> f 
y, = Distance of C.G. of area A, Fig. 5.24 (a) 


from bottom line 
12 
= 150 - — = 144mm 
yo = Distance of C.G. of area A, from bottom line 


28 
=W+—, = 4mm 
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y3 = Distance of C.G. of area A, from 


10 
bottom line = * = 5 cm. 


y = Distance of C.G. of the given section 
from bottom line. 
The C.G. of the section is obtained by using, 
Ayy1 + Agyg + Ag ¥3 
A,+A,+ Az 
960 x 144 + 1536 x 74+ 1200 x5 
~ 960 + 1536 + 1200 
_ 188240 + 113664+6000 257904 


3696 ~ 3696 
= 69.779 = 69.78 cm 


Location of centroidal axis is shown in Fig. 5.24 (0). 


<I 


(t) Moment of inertia of the given section about X-X 
M.O.I. of the rectangle © about centroid axis X-X is given by, 


Iyy, = Ua)y+A,xh? where h,=(,- 7) 


Y 
80 x 12° }¢-~80 +>] 
=— + 960(144 — 69.78)? = 5.3 x 10° mm4 


M.O.I. of rectangle @ about centroid axis X-X is given by, 
Iyyo = (Ula,)y + Ag x hy? where h, =(y,- ¥) 


X Xx 
12 x 128° 
= aT a + 15386 x (74 — 69.78)? 69.78 mm 
= 2.12 x 10° mm4 7 
and Ixy, = (¢,)y+A3 xh? where hz =(y3—- ¥) : 
120 x 10° 
= G5 +1200 x (5 - 69.78)? = 5.04 x 10°mm+4 Fig. 5.24 (6) 
o Lyy = yy, + Leys + Lex 
= 5.3 x 10° + 2.12 x 10° + 5.04 x 10® mm* 
= 12.46 x 10° mm* 
(ii) Moment of inertia of the given section about Y-Y 
12 x 80° 
Lyy= Ue)y = a5 = 521 x 103 mm‘ = 0.521 x 10° mm+4 
128 x 12° 
Tyyo= (Ta, )y = qo = 18.432 x 10 mmé = 0.018432 x 106 mmé 
10 x 120° 
Tyyg= (Ta, y = G5 — = 1-44 x 108 mmé 


Tyy = Tyy, + Lyye + Lyys 
= 0.521 x 10° + 0.018432 x 10° + 1.44 x 10° mm‘ = 1.979 x 10° mm4 
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Polar moment of inertia (I,,) is given by, 
To, = Ixx + Lyy 
= 12.46 x 10° + 1.979 x 10° mm4 
= 14.439 x 106mm‘, Ans. 


Problem 5.16. Find the moment of inertia of the area shown 
shaded in Fig 5.25, about edge AB. 
Sol. Given : 
Radius of semi-circle, R = 10 cm 
Width of rectangle, 6 =20cm 
Depth of rectangle, d=25cm 
Moment of inertia of the shaded portion about AB 
= M.O.I. of rectangle ABCD about AB 
— M.O.I. of semi-circle on DC about AB 
M.O.I. of rectangle ABCD about AB 


bi! 
3 


_ 20x 25° 


k¢— 20 cm —>| 
Fig. 5.25 


[see equation (5.11)] 


= 104167 
M.O.I. of semi-circle about DC 


1 

=ig x [M.O.I. of a circle of radius 10 cm about a diameter] 
1 T 4 1 Tl 

= x d = x 4 = 4 
, |= a” GA x 20* = 3.925 cm 

Distance of C.G. of semi-circle from DC 

_ ar _ 4x10 494 

3n. On 


2 2 
Area of semi-circle, A = — ec 
M.O.I. of semi-circle about a line through its C.G. parallel to CD 
= M.O.I. of semi-circle about CD — Area x [Distance of C.G. of semi-circle from DC]? 
= 8925 — 157.1 x 4.242 
= 3925 — 2824.28 = 1100.72 cm4 
Distance of C.G. of semi-circle from AB 
= 25 — 4,24 = 20.76 cm 
M.O.I. of semi-circle about AB = 1100.72 + 157.1 x 20.762 
= 1100.72 + 67706.58 = 68807.30 cm* 
.. M.O.I. of shaded portion about AB 


= 104167 — 68807.30 = 35359.7 cm*. Ans. 
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Problem 5.16 (A). Find the moments of inertia about the centroidal XX and YY axes of 


the section shown in Fig. 5.25 (a). (U.P. Tech. University, 2002-2003) 
Sol. First find the location of the C.G. of the given figure: 
Let a, = Area of complete rectangle “i 
B/2—| 
=BxD aad ew eee 
a, = Area of removed rectangle portion 
eg oP @ | 
oe i‘ ! 
%1= 5 Ni =p and | | D/2 
z= 243(2)-¥, ee 
2 2\2 4 ie B >| X 
oe D, (F)-2 Fig. 5.25 (a) 
2 2\2 4 


where (x,, y,) and (x,, y,) are the co-ordinates of the C.G. of the complete rectangle and cut out 
rectangle respectively. Area a, is negative. 


, B_BxD | 3B 
Now apg 2 4 4 
i es ° BD 
4 
2 
BX) 8 pin, 2 pip? 
__2 16 _ 16 ees 
7 3 12 
"BD “BD 
D BD_ 3D 
a1 — Ay a a San 
Similarly, yo SS 3 
se ° BD 
4 
2 
BP Bp Rp 
__2 16 _ 16 ee, 
3 Bp 3 pp 
4 4 


Now draw the centroidal axes XX and YY as shown in Fig. 5.25 (6). 
Let Iyy, = M.O.I. of complete rectangle © about centroidal axis X-X 
= M.O.I. of complete rectangle ® about horizontal axis passing through its C.G. 
+ Area of complete rectangle ® 
x Distance between X-X axis and horizontal axis passing through the C.G. of 


rectangle ® (By theorem of parallel axis) [Pe yyy = Tee + A,h,?l 


BD® 
= + (Bx D)ly,- y¥?? 


12 
BD® D 5D/ —  _D __ 5D 
a) + BD| 5 | : oe a 
3 2 
ep Bp| >| 
12 12 
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+ =, 
12 144 144 
Similarly, Iyyy = Iggy) t Ag x hg” 


3 3 
_ BD? BD? _ 13 ans 


B(D) | 
e138 BD ce Xx 
= + x lys y] 
12 4 7 
on y = 5D/12 
Ay er a = (Yo -») 
4 t le 5B/12 
_ BD* | BD [22 a] 
~ 192 41/14 12 
fs 3-22, 7-82) 
y2 9 Y= 12 
_ BD? BD 3) _ BD* | 16BD* 
~ 192 4 12 192 4x 144 
_ BD P BD? 3BD°+16BD* _19BD* 
~ 192 36 576 576 
Now Iyy = M.O.I. of given section about centroidal axis X-X 
= Tyxy — Lyxe 


_13BD° 19BD° _52BD°-19BD° _ 33BD° 


= 0.0573 BD®. Ans. 


144 576 576 576 
Similarly, the M.O.I. of the given section about centroidal axis Y-Y is given by 
Tyy = Lyy1 — Lye 
where Iyy, = M.O.I. of rectangle ® about centroidal axis Y-Y 
=I gy + Ay x fx, - x |? 
3 2 2 2 
_ DB +BDx|2 a _ DB : BDxB* _ 13 DB? 
12 2 12 12 144 144 
and Tyyo = Tqgy + Agly — ¥ 1? 


12 4 |4 12] °° 192 36 


D (By 
_ 22 + 2D /88 SB). DE”, BR De 


19DB® 33 
YY 144 576 576 


5.11. MASS MOMENT OF INERTIA 


Consider a body of mass M as shown in Fig. 5.26. 


576 


DB? = 0.0573 DB?. Ans. 


Let «= Distance of the centre of gravity of mass M from axis OY 
y = Distance of the centre of gravity of mass M from axis OX 


Then moment of the mass about the axis OY = M.x 
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The above equation is known as first moment of 


mass about the axis OY. : ome 
If the moment of mass given by the above equa- on 
tion is again multiplied by the perpendicular distance 
between the C.G. of the mass and axis OY, then the Centroid 
quantity (M.x).x =M.x?is known as second moment ° 
of mass about the axis OY. This second moment of the 
mass (i.e., quantity M . x?) is known as mass moment y 
of inertia about the axis OY. 
Similarly, the second moment of mass or mass ! | >X 
moment of inertia about the axis OX O14 x ——>| 


=(M.y).y =M.y? 

Hence the product of the mass and the square of 
the distance of the centre of gravity of the mass from an 
axis is known as the mass moment of inertia about that 
axis. Mass moment of inertia is represented by I. 
Hence mass moment of inertia about the axis OX is 
represented by (J,,),,. whereas about the axis OY by 
Uy Mass m, 

Consider a body which is split up into small 
MASSES M1, My, Mg w+ etc. Let the C.G. of the small 
areas from a given axis be at a distance of r,, r., r3 
bess etc. as shown in Fig. 5.27. Then mass moment of 


inertia of the body about the given axis is given by 
2 


Fig. 5.26 


eo Given axis 


Massm, Mass m3 


>> 
UM 


NZ 
}¢— r, —> LNA 


= 2 2 
T, = Myr t+ mr + Masry 
= Ymr? 


If small masses are large in number then the 
summation in the above equation can be replaced by 
integration. Let the small masses are replaced by dm 
instead of ‘m’, then the above equation can be written as 


T= J r2dm 
5.12. DETERMINATION OF MASS MOMENT OF INERTIA 


The mass moment of inertia of the following bodies will be determined by the method of 
integration : 


Fig. 5.27 


...(5.16) 


1. Mass moment of inertia of a rectangular plate, 

2. Mass moment of inertia of a circular plate, 

3. Mass moment of inertia of a hollow circular cylinder. 
5.12.1. Mass Moment of Inertia of a Rectangular Plate 


(a) Mass moment of inertia of a rectangular plate about X-X axis passing through 
the C.G. of the plate. 


Fig. 5.28 shows a rectangular plate of width b, depth ‘d’ and uniform thickness ‘’. Con- 
sider a small element of width ‘b’ at a distance ‘y’ from X-X axis as shown in Fig. 5.29. 


Here X-X axis is the horizontal line passing through the C.G. of the plate. 


Area of the element =bxdy 
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B 
=zA 
dy f 
ZZ TIITI ITIL d/2 
y 
d x e X 
C.G. 
d/2 
+ 1 
D Cc 
kK——  b ——> 


Fig. 5.28 Fig. 5.29 

.. Massoftheelement = Density x Volume of element 
=p x [Area x thickness of element] 
=o0x[bxdy xt] [-* p= Density and t = thickness] 
= pbt dy 


Mass moment of inertia of the element about X-X axis 
= Mass of element x y? 
= (pbt dy) x y? = pbt y? dy 
Mass moment of inertia of the plate will be obtained by integrating the above equation 


dd 
between the limits — 2 to 5 


d/2 d/2 
je J pbt y? dy =p bt J y? dy 
-d/2 -d/2 


[-. , 6,¢ are constant and can be taken outside the integral sign] 
3 7d/2 3 3 
=i a _ pot ig 4) | 
Slay 212 2 


_ pbt I< -[- | - a . <)- pot 2d* 


318 8 3/8 8 3° «8 
pbt .3 bd? 
_ Pg. oat 
12 PxT TS 


silehed dD 


3 
But a is the moment of inertia of the area of the rectangular section about X-X axis. 


This moment of inertia of the area is represented by I... 
Cm =P xt xl, ...(5.18) 


where (J)... = Mass moment of inertia of the plate about X-X axis passing through C.G. of the 
plate. 


I, = Moment of inertia of the area of the plate about X-X axis. 
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Again from equation (5.17), we have 


bd® 
i a t x — 
( a p x x 12 


2 


d 
=pbxd xix 75 


(.* M= Mass of the plate = p x Volume of the plate = p x [b x d x ¢]) 


aes Md?2 ...(5.19) 


Similarly, the mass moment of inertia of the rectangular plate about Y-Y axis passing 
through the C.G. of the plate is given by 


Cp yy = ay MO? 5.20) 


vy: 

(b) Mass moment of inertia of the rectangular 
plate about a line passing through the base. 

Fig. 5.30 shows a rectangular plate ABCD, having 
width = 6, depth = d and uniform thickness = ¢. We want to 
find the mass moment of inertia of the rectangular plate 
about the line CD, which is the base of the plate. Consider a 
rectangular elementary strip of width 6, thickness ¢ and 
depth ‘dy’ at a distance y from the line CD as shown in 
Fig. 5.30. 

Area of strip, dA=b.dy 

Volume of strip =dAxt=b.dy.t=b.t.dy 

Mass of the strip, dm = Density x Volume of strip 

=p(b.t.dy)=p.6.t.dy 

Mass moment of inertia of the strip about the line CD 

= Mass of strip . y” 
=dm.y*=y?.dm 

Mass moment of inertia of the whole rectangular plate about the line CD is obtained by 
integrating the above equation between the limits 0 tod. 

.. Mass moment of inertia of the rectangular plate about the line CD 


d d 
=|, P.dm= [0 y?.(0.b.t. dy) [-dm=p.b.t.dyl 
d 

=p.b.t] y? dy [.. p, 6 and¢ are constant] 
374 3 2 

= a) a a 

-o.6.1./2] 29.8.2. =o.b.t.d. 3 

M .d? 
_ (5.21) 


[.. p.6.t.d= Mass of rectangular plate = M] 
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(c) Mass moment of inertia of a hollow rectangular plate. 
Fig. 5.31 shows a hollow rectangular plate in which 
ABCD is the main plate and EFGH is the cut-out section. 


The mass moment of inertia of the main plate ABCD 
about X-X is given by equation 


kK b ———41, 
A -k 


1 
= — Md? 
12 
The mass moment of inertia of the cut-out section 
EFGH about X-X axis 


= 5 md,? 
where M = Mass of main plate ABCD 
=p.b.d.t 
m = Mass of the cut-out section EFGH Fig. 5.31 
=p.b,.d,.t 
Then mass moment of inertia of hollow rectangular plate about X-X axis is given by 


1 1 
ds = 12 Md? = 12 md,”. 25.22) 


5.12.2. Mass Moment of Inertia of a Circular Plate 


Fig. 5.32 shows a circular plate of radius R and thickness t with O as centre. Consider an 
elementary circular ring of radius ‘r’ and width dr as shown Y 
in Fig. 5.32 (a). 


Area of ring, dA =2nr.dr 

Volume ofring = Area ofringxt=dA.t 
=2nr.dr.t 

Mass of ring, dm = Density x Volume of ring 
= p(2nr.dr.t) 


In this case first find the mass moment of inertia about 
an axis passing through O and perpendicular to the plane of 
the paper i.e., about axis Z-Z. 

.. Mass moment of inertia of the circular ring about 
axis Z-Z Y: 

= (Mass of ring) x (radius of ring)? Fig. 5.32 
= 00 x = (04 Qardr or Hp. oer dr 


The mass moment of inertia of the whole circular plate will be obtained by integrating the 
above equation between the limits 0 to R. 


.. Mass moment of inertia of circular plate about Z-Z axis is given by 


R R 
Cee = |. p.t. 2m dr=2n.p.t | rar 


=2np.t al 
= p. 1 


0 
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4 Rt 
=2n.p.t. 7] =%.p.t.—9- 
Now mass of circular plate, 
M =p x Volume of plate 
=p x nh? xt 
[Volume of plate = Area x ¢ = nR? x t] 
Substituting this value in above equation, we get 
R? MR? 


= 2 —_ = 
(Lee =P X MR* xt x 3 5 ...(5.23) 


But from the theorem of perpendicular axis given by equa- 
tion (5.7), we have 


L,=1,,+ I, Fig. 5.32 (a) 
or G5, A). Ody 
And due to symmetry, we have (J,,),. = (U,,) 


m*yy 
es = SBN = G5 /2 


2 2 
(i ro 0 


5.12.3. Mass Moment of Inertia of a Hollow Circular Cylinder 
Let R, = Outer radius of the cylinder 
R, = Inner radius of the cylinder 
L = Length of the cylinder 
M = Mass of cylinder 
= Density x Volume of cylinder 
=pxnlR,2-R7)xL .{Z) 
dm = Mass of a circular ring of radius ‘7’ width ‘dr’ and length L [Refer to Fig. 5.32] 
= Density x Volume of ring = p x Area of ring x L 


=p x 2mrdrxL 

Now mass moment of inertia of the circular ring about Z-Z axis 
= Mass of ring x (radius)? 
=(px 2mdr x L) x7? 


The mass moment of inertia of the hollow circular cylinder will be obtained by integrat- 
ing the above equation between the limits R, to R,. 


.. Mass moment of inertia of the hollow circular cylinder about Z-Z axis is given by, 


Ro 
(I,,,) f — (px 2ardr.L)r? 


zz Jp 


Ry pay 
=px2nxL | Mdr=px2nxL| | 


4 
4_pé4 
=p x ann Lx| SRO 


i 


R 
4 
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2 2 
R, 
: | [R,? + R,7] 


Ry” - 
=px2nxLx or can 
[:. RS -R = (hi? -R?2)\(R,? 4 R,)| 


Ry +R? 
=p xaIR,2- RI se fiese fot ke 
M(R,? +R? 
- Ege [es px nx (R,?-R,) = MI 
Im)oz _ M(Ry” + R,”) 
Now Cex = Tn w= 9 ri 


5.12.4. Mass Moment of Inertia of a Right Circular Cone of base Radius R, 
Height H and Mass M about its Axis 
Let R = Radius of the base of the cone, 
H = Height of the cone, 
M = Mass of the cone 


1 
= Density x Volume of cone = p x 3 mR? x H 
Consider an elemental plate of thickness dy and of radius x 
at a distance y from the vertex (as shown in Fig. 5.32 (6)). 
R 

We have, tan o = mee 6. MSS KY 

y H 
Mass of the elemental plate, 

dm =p x Volume 
= x (nx? x dy) 


B 


A lk¢—R—>| 
R? x y? Rxy 
= p x 7 x dy E n= Fig. 5.32 (b) 


H 


The mass moment of inertia of the circular elemental plate about the axis of the cone (here 
axis of the cone is Z-Z axis of the circular elemental plate) is given by equation (5.23) as 


_ Mass of plate x radius” 


IT = 
ae 2 
(dm)xr?2 dmx x? 
= = Cs i=) 
2 2 
nR?y? 52 y 
a 7 dy) dm =p x —> dy 
2.2 2.2 
_ pxnky x dy x Ry vee eal 
2 H? ) H 
_PxaRt xy? 
~ ont 


Now the total mass moment of inertia of the circular cone will be obtained by integrating 
the above equation between the limits 0 to H. 
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Hp nR* x y* 


mR* 


p 
= dy= 
Lee = [ oH! y oH! 


pnR? x H 
But mass of cone, = 3 
2 2 
(I) _ pak XH Rk x3 
mM’ Zz 3 10 
=-M 3 po_ 3 ype 
aes (Gene 


5.13. PRODUCT OF INERTIA 


Fig. 5.33 shows a body of area A. Consider a small 
area dA. The moment of this area about x-axis is 
y . dA. Now the moment of y . dA about y-axis is xy dA. 
Then xy dA is known as the product of inertia of area dA 


with respect to x-axis and y-axis. The integral Jay dA is 


known as the product of inertia of area A with respect to x 
and y axes. This product of inertia is represented by I... 

é I, =Jxy dA (5.26) 

Hence the product of inertia of the plane area is ob- 
tained if an elemental area is multiplied by the product of 
its co-ordinates and is integrated for entire area. 

The product of inertia (Z,,,) can also be written math- 
ematically as 


Tj APRN BH RY Ay F Ao Bg Powe 


xy 
where x,y, = co-ordinates of the C.G. of area A,. 

Note. (i) The product of inertia may be positive, nega- 
tive or zero depending upon distance x and y which could be 
positive, negative or zero. 

(ii) If area is symmetrical with respect to one or both 
of the axes, the product of inertia will be zero as shown in 
Fig. 5.34. The total area A is symmetrical about y-axis. The 
small area dA which is symmetrical about y-axis has co-ordi- 
nates (x, y) and (— x, y). The corresponding product of inertia 
for small area are xydA and — xydA respectively. Hence prod- 
uct of inertia for total area becomes zero. 

(iii) The product of inertia with respect to centroidal 
axis will also be zero. 


.(5.25) 


...(5.26A) 
Y 
dA dA 
Mi x > x 9 
x 
Fig. 5.34 


Problem 5.17. Fig. 5.35 (a) shows a plane area. Determine the product moment of iner- 


tia of the given area. All dimensions are in mm. 


Sol. Divide the given area into two parts. The first part is a rectangle and second part is 
aright angled triangle. Take x-axis and y-axis as shown in Fig. 5.35 (b). The areas and location 


of their C.G. are as follows : 
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YA 

i¢—_— 40 >| 
zx A 

C.G, @) 
90 90 ° 
(20, 45) oe 
(50, 30) 

Vv % @ > 

i ” >| le 40 >< —— 30 » 

le 70 >| 
(a) (b) 
Fig. 5.35 


Area of rectangle, A, =90 x 40 = 3600 mm’. 
The co-ordinates of C.G. of rectangle © are : x, = 20mm, y, = 45 mm. 


90 x 30 
Area of triangle, A = a. 1350 mm?. 


The co-ordinates of C.G. of triangle @ are : 


1 1 
HHT MONS el = 0m y= = 0 
The product of inertia of given area is given by equation (5.26A) as 
Toy = XV yAy + Xa Ay 
=Ayx yy, + Agrayy 
= 3600 x 20 x 45 + 1350 x 50 x 30 
= 3240000 + 2025000 = 5265000 mm‘. Ans. 


5.14. PRINCIPAL AXES 


The principal axes are the axes about which the product of inertia is zero. 
The product of inertia q.) of plane area A with respect to x and y axes is given by equation 
(5.26) as 
Ly = J xy dA 
But the moment of inertia of plane area A about x-axis [J] or about y-axis [I yy is given by 
I,=]y?dA and 1, =f x2dA 
The moment of inertia is always positive but product of inertia may be positive (if both 
x and y are positive), may be negative (if one co-ordinate is positive and other is negative) or may 
be zero (if any co-ordinate is zero). 
Fig. 5.36 (a) shows a body of area A. Consider a small area dA. The product of inertia of 
the total area A with respect to x and y-axes is given as 
1,,= | xydA (i) 


x: 
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, Total area A “ 
dA 
> < 
x Y4 
[Here x’ is + ve, but y’ is -ve] 
(a) (0) 
Fig. 5.36 


Let now the axes are rotated anticlockwise by 90° as shown in Fig. 5.36 (6) keeping the 
total area A in the same position. Let x, and y, are the new axes. The co-ordinates of the same 
small area dA with respect to new axes arex’ andy’. 

Hence the product of inertia of the total area A with respect to new axes x, andy, becomes 
as 


. =| xy’ dA ii) 
Now let us find the relation between old and new co-ordinates. From Figs. 5.36 (a) and 
5.36 (6), we get 
x=—y andy=2’ 
or y =-xandx’ =y 
Substituting the values of x’ and y’ in equation (i), we get 


i =| (y\(- x) dA =- | xy dA =-I,, € J xy dA=I,y) 


The above result shows that by rotating the axes through 90°, the product of inertia has 
become negative. This means that the product of inertia which was positive previously has now 
become negative by rotating the axes through 90°. Hence product of inertia has changed its sign. 
It is also possible that by rotating the axes through certain angle, the product of inertia will 
become zero. The new axes about which product of inertia is zero, are known as principal axes. 

Note. (i) The product of inertia is zero about principal axes. 

(ii) As the product of inertia is zero about symmetrical axis, hence symmetrical axis is the prin- 
cipal axis of inertia for the area. 
(iii) The product of inertia depends upon the orientation of the axes. 


5.15. PRINCIPAL MOMENTS OF INERTIA 


Fig. 5.37 (a) shows a body of area A with respect to old axes (x, y) and new axes (x,,y,). The 
new axes x, and y, have been rotated through an angle 6 in anticlockwise direction. Consider a 
small area dA. The co-ordinates of the small area with respect to old axes is (x, y) whereas with 
respect to new axes, the co-ordinates are x’ and y’. The new co-ordinates (x’, y’) are expressed in 
terms of old co-ordinates (x, y) and angle 0 as [Refer to Figs. 5.37 (b) and 5.37 (c)] 
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Total areaA 


x’ =ysin0+.x cos 0 ..-(Z) 
and y’ =y cos 0—x sin 8 (it) 
The moment of inertia and product of inertia of area A with respect to old axes are 


fl = J y? dA, to = J x2 dA and ts = J xy dA. sab .27) 
Also the moment of inertia and product of inertia of area A with respect to new axes will be 
Lea = J (y’)? dA, Liiais = J (x’)2 dA and ay = J x’y’ dA 


Let us substitute the values of x’, y’ from equation (i) and (zi) in the above equations, 
we get 


Lee, =| (y’)2dA 
=| (y cos @—x sin 0)? dA [.- y’ =y cos 0—<x sin 6] 
- | (y? cos? @ + x? sin? 6 — 2xy cos @ sin 6) dA 


=| y? cos 0 dA + [ x? sin? 0 dA ~ | 2xy cos 8 sin 0dA 


CENTRE OF GRAVITY AND MOMENT OF INERTIA 


= cos” | y?dA + sin? 6 | x? dA -2 cos 6 sin 0 | xy dA 


(.: After rotation, the angle 6 is constant and hence 
cos? 0, sin? 6 and 2 cos @ sin 0 are constant) 


= (cos? 6)I,,. + (sin? 6), — (2 cos 0 sin 0), ..(5.27A) 
(~ J 9? @A=1,, J x? dA=1,, and f ay dA =, 
Similarly Tyy, = | (dA 
- | (y sin 0 + x cos 0)? dA [.- x’ =ysin 0+ cos 6] 
= J (y? sin? 6 + x? cos? 0 + 2xy sin 8 cos 0) dA 
- | y? sin? 0dA + | x? cos? 0 dA + | 2xy sin 0 cos 0dA 


= sin? 6 | y? dA + cos? 6 | x? dA +2 sin @ cos 0 | xy dA 


(-« @is constant and hence sin 0 and cos 0 are constants) 
= sin?0.J + cos? 6 I,, + 2 sin 8 cos 01, ...(5.27B) 


(~ fx? dA=Iq, x? dA=I,, and fay dA=1,,) 
Adding equations (5.27A) and (5.27B), we get 
Tx, +1y,y, = 1, [sin? © + cos? 0] + I,, [sin? 6 + cos? 6] 
+2sin 0 cos 01, — 2 sin 0 cos 0 I, 
=I,,.+1,, [.- sin?6+cos?6=1]  ...(5.27C) 


Equation (5.27C) shows that sum of moments of inertia about old axes (x, y) and new axes 
(x,,,) are same. Hence the sum of moments of inertia of area A is independent of orientation of 


axes. Now let us find the value of—7.. -7... 
XX ViV1 


Subtracting equation (5.27B) from equation (5.27A), we get 
Lye: Ly, = 608" OL, +3in? 6 I,,,— 2 cos 0 sin 0 I, 
—[sin? 6, + cos? 0 I,, + 2cos 0 sin 6J,,] 
=I... (cos? 6 — sin? 6) + Ls (sin? 6 — cos? 6) — 4 cos 0 sin ®. i 
=I... (cos? 6 — sin? 6) — i (cos? 6 — sin? 6) — 4 cos @ sin 0 ie 
= (I,,,—,,) (cos? 6 — sin? 0)—2x2cos @sin 6 x/,, 


= (I,,,—1,,) cos 20 — 21, sin? 6 .(5.27D) 
G “ees 1+ cos 20 inte 1- we 20 


cos? 0 — sin? 0 = cos 20 and 2 sin 0 cos 0 = sin 20 } 


Now let us find the values of /,,,, and /,,, in terms of I,,, I,,, and 0. 
Adding equations (5.27C) and (5.27D), we get 
Alyx, =U, +1] + [Z,. —L,y) cos 20 — 21, sin 20] 
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se 1, = le thy) , Gee = ty? cos 20 - 1, sin 20 ..(5.27E) 
2 


XX, 9 
To find the values of J,,,,, subtract equation (5.27D) from (5.27C). Now subtracting 
equation (5.27D) from equation (5.27C), we get 
21,5, = Z, +1,,) — (ZL) cos 20 — 21, sin 20] 


= Uae thy) Wee 7 by) 
2 


yy = 5 cos 20 + Ly sin 20 alS.27F) 


Product of Inertia about New Axes 


Let us now find the value of [,.,,, in terms of Ls and angle 0. 
Weknow that J, = J (x’(y’) dA 
Substituting the values of x’ and y’, we get 
Loy = J (y sin 8 + x cos 8)(y cos 8 — x sin 6) dA 
(. x’ =ysin0+x cos 0 andy =y cos 0 —x sin 8) 
or Lice J (y? sin 0 cos 0 — xy sin? 0 + xy cos? 0 — x? cos 0 sin 0) dA 
= J y®sin 0 cos 0 dA ~ [ xy sin? 0 dA + J xy cos? 0dA — | x? cos 0 sin 0dA 
= sin 0cos 0 | y2 dA —sin? [ xy dA + cos? 0 | xy dA cos 0 sin 0 [ x? dA 


(* @is constant and hence sin 9, cos 0 are constants) 


2 sin 8 cos 8 : 2 cos 9 sin 8 
Dis =e J y? dA — sin? 6 I,, + cos? 8 I,, —- ——5 J x2 dA 
(~ J xvaa=1,,) 
sin 20 sin 20 
7 2 +2 pecans 
=a T+ Ly (cos 6 — sin* 8) — 9 Ls 


(~ fx? dA=1y,] x dA=1,] 


I 
= xx . 2 es 2 _ yy . 
="9 sin 20 + Ly (cos 0 — sin“ 0) s sin 0 


(Lx. — Dy) 
= ak aad sin 20 + J, (cos? 0 — sin? 6) 


— Ty) : 
= = ee sin 20 + Day cos 20 ...(5.27G) 


(." cos? @—sin? 6 = cos 26) 
Direction of Principal Axes 


We have already defined the principal axes. Principal axes are the axes about which the 
product of inertia is zero. Now the new axes (x,, y,) will become principal axes if the product of 


inertia given by equation (5.27G) is zero (i.e., I,.,y, = 0). 
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For principal axes, [,,, = 0 


or Zax ~ !yy) sin 20 + I,, cos 20 = 0 
2 

or (Le —4y) sin 20 =-I_ cos 26 

xy 

2 
= sn290 -21,, 2i,, 
cop20 Jeol, Iynlyz 
ae 

or tan 20 = ——=~— ...(5.27H) 

yy Ls 


The above equation will give the two values of 20 or 8. These two values of 8 will differ by 
90°. By substituting the values of 8 in equations (5.27E) and (5.27F), the values of principal 


moments of inertia (J x,x, and I y,y,) can be obtained. If from equation (5.27H), the values of 
sin 20 and cos 20 in terms of oe and I yy are substituted in equation (5.27E), we get 


2 
bat, |e ae 


Xx, 9 2 xy?" 


These are the values of principal moment of inertia. 
Problem 5.18. For the section shown in Fig. 5.38 (a) determine : 
(i) Moment of inertia about its centroid along (x, y) axis. 

(ii) Moment of inertia about new axes which is turned through an angle of 30° anticlock- 
wise to the old axis. 

(iii) Principal moments of inertia about its centroid. 

All dimensions are in cm. 

Sol. Given : 

Fig. 5.38 (a) shows the given section. It is symmetrical about x-axis. The C.G. of the 
section lies at O (origin of the axes). To find moment of inertia of the given section, it is divided 
into three rectangles as shown in Fig. 5.38 (6). First the moment of inertia of each rectangle 
about its centroid is calculated. Then by using parallel axis theorem, the moment of inertia of the 
given section about its centroid is obtained. 


: oy if | | 
C.G._|[O | 4 yl @ 4 £G2 Saee A eee 
10 K€ 40 $ >| 40 CG 3 ie 


(a) (b) 
Fig. 5.38 
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(a) Consider rectangle (1) 
The C.G. of rectangle (1) is at a distance of 20 cm from x-axis and at a distance of 25 cm 
from y-axis. 
(LJ. = Ug), tA,” .(1) 
where (J,.), = M.O.I. of rectangle (1) about x-axis passing through the centroid of the given figure 
of the given section. 


(Iq), = M.O.I. of rectangle (1) about an axis passing through C.G. of rectangle (1) and 
parallel to 


3 
= —— (Here b = 10 andd = 30) 
12 


= 2.25 x 104 cm4 
A, = Area of rectangle (1) = 10 x 30 = 300 cm? 
(kx) = Distance of C.G. of rectangle (1) from x-axis 
= 20 
Substituting the above values in equation (1), we get 
(I,,.) = 2.25 x 104 + 300 x 20? 
= 2.25 x 104+ 12 x 104 
= 14.25 x 104 cm4 AA) 
Similarly, the M.O.I. of rectangle (1) about y-axis passing through the centroid of the 
given figure is given by, 
C1 = Ue), +A, (ky)? 


3 3 
where Ig@)y= a = 0.25 x 10* cm4 
(ky) = Distance of C.G. of rectangle (1) from y-axis = 25 
(I,,)1 = 0.25 x 104 + 300 x 25 (.- A,=3800) 
= 0.25 x 104+ 18.75 x 104 
= 19x 10*cm?4 ...(B) 


(6) Consider rectangle (2) 
The C.G. of this rectangle coincides with the C.G. of the given section. Hence 


3 3 
Se he tote! AC) 
xe 12 12 
10 x 60° 
and yo = Ta =18~x 104 cm*4 ...(D) 


(c) Consider rectangle (3) 
The C.G. of rectangle (3) is at a distance of 20 cm from x-axis and at a distance of 25 cm 
from y-axis. Hence k,x = 20 cm and ky = 25 cm. 


Now (1.3 = Tg)ay + Aga)? 


_ 10x 30° 


12 + (10 x 30)(20)? = 2.25 x 104 + 12 x 104 = 14.25 x 104 cm+ 
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and (I,)3 = Lq)gy + Akg? 
_ 80x 10° 


12 
(i) Moment of inertia of complete section about its centroid 


: = 7 ie + (ey + (L.)3 
= 14.25 x 104 +0.5 x 104 + 14.25 x 104 cm*4 
=29x104cm*. Ans. 
and ty = gi + Lye + (Ios 
=19~x 104+18 x 1044+ 19 x 104 
=56x104cem*. Ans. 


+ 300 x 252 = 0.25 x 104 + 18.75 x 104 = 19 x 104 cm’. 


(ii) Moment of inertia of complete section 
about new axes which is turned through an angle 
of 30° anticlockwise. 

Here 9 = 30°. 


Let us first calculate the product of inertia of 
whole area about old axes x, y. 
(a) Consider rectangle (1) 
A, = 10 x 30 = 300 cm? 
The C.G. of rectangle (1) is at a distance of 20 cm 
above x-axis and at a distance of 25 cm from y-axis. 
Hence co-ordinates of this C.G. are 


Fig. 5.38 (c) 


x, =—25cm and y, = 20cm. 
(b) For rectangle (2) 


A, = 10 x 60 = 600 cm”. The C.G. of rectangle (2) lies on the origin (O). Hence x, = 0 and 


Yo = 0. 
(c) For rectangle (3) 
A, = 10 x 30 = 300 cm? 


The C.G. of rectangle (3) is at a distance of 20 cm below x-axis and at a distance of 25 cm 


from y-axis. 
Hence co-ordinate of this C.G. are : x, = 25 cm and y, = (— 20 cm). 
The product of inertia (J, -) of the whole figure is given by equation (5.26A) as 
Dy = AyX V1 + AgX ao + AgkgV3 
= 300 x (— 25) x 20 + 600 x 0 x 0 + 300 x 25 x (— 20) 


=—15 x 104+0+(—15 x 104) re 
= — 30 x 104 cm4 oil 
Now the moment of inertia of the complete section Ya _ 
about the new axes (x,,y,) can be obtained from equations | ° 
(5.27E) and (5.27F) as ae 
(Lies a Ly) OT oi gs) . eas 
<= 3 + cos 20 ie sin 20 ee \ 
where I, = 29 x 10+ cm‘, I,,, = 56 x 104 cm4, a ‘ 
I, = — 30 x 10* cm* and 6 = 30° \ 
Fig. 5.38 (d) 


xv 
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4 4 4 4 
2 = , 29x10 ot ee eT ee 


1 
= 42.5 x 104- 13.5 x 10 x at 30 x 104 x 0.866 


= 35.75 x 104 + 26 x 104 = 61.75 x 104 em4. Ans. 
p _ dt hy Tew — Ty 
M1 2 D) 
29x 10*+56x10* 29x 10* - 56 x 10* 
7 2 2 
= 42.5 x 104 + 6.75 x 104 — 26 x 104 = 23.25 x 10¢cem*. Ans. 


(iii) Principal moments of inertia about the centroid 


and cos 0 + Ls sin 20 


cos 60° + (— 30 x 104) sin 60° 


The principal moments of inertia are the moments Ay 
of inertia about the principal axes. 


The direction of principal axes is given by equa- 
tion (5.27H) as 


yy * xx 


__ 2x(-380x 104) 
56 x 10* — 29 x 104 


_ -60x10* 
~ 27x 104 
As 20 is negative, hence it lies in 2nd and 4th quadrant. 
20 = tan“! (— 2.222) 
= — 65.77° and 114.23° 
or 8 =— 32.88° and 57.12° 


The +ve angle is taken anti-clock and — ve angle is taken clockwise to the existing axes 
x and y. The principal axes are shown as x, and y, in Fig. 5.38 (e). The moment of inertia along 
these axes is the principal moment of inertia. Hence by substituting 0 = — 32.88° and 57.12°, in 
equations (5.27E) and (5.27F), we get principal moment of inertia. 


max. 
$240 F257 
[: | = xx T YW 4 Y eos 20-1. sin 20 
X4Xy oy) D) xy 


= — 2.222 Fig. 5.38 (e) 


min. 


_ 29x 10*+56x10* | 29x 10* — 56 x 10* 
7 2 7 2 
x cos (— 2 x 32.88) — (— 30 x 104) sin (— 2 x 32.88) 
[- @=—32.88°] 
= 42.5 x 104 — 13.5 x 104 x 0.41 + 30 x 104 x (- 0.912) 
= 42.5 x 104 — 5.535 x 104 — 27.36 x 104 
= 9.605 x 10¢ cm4 


and 
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max. 
I _ tm ty Lee —4y 095 20 +1 sin 20 
11 D) 2 yY 


min, 
= 42.5 x 104 + 5.535 x 104 + 27.36 x 104 = 75.395 x 104 cm+ 
Hence principal moment of inertia are 
L wax, = 15-395 x 104cm*. Ans. 
L yin, = 9-605 x 104 cm*. Ans. 


Alternate Method 
The principal moments of inertia can also be obtained by 


2 
lett y [Cty 2 
max. 9 9 xy 


4 4 4 4)2 
_ 29x10 ebSHL0 , [29x10 ox +80 x 104)? 


= 42.5 x 10+ J(— 13.5 x 104)? + (- 30 x 104)? 


= 42.5 x 10*+ 104 x 32.89 
= (42.5 + 32.89) x 104 and (42.5 — 32.89) x 104 
= 75.39 x 104 and 9.61 x 104 cm+ 
2 Lax = 10.39 * 10? em* and T2, = 9.61% 10* en" 
Now I,,,.. and J,,;,, are the required principal moment ofinertia. Ans. 


HIGHLIGHTS 


1. 
2. 


Heo SS 


The point, through which the whole weight of the body acts, is known as centre of gravity. 
The point, at which the total area of a plane figure is assumed to be concentrated, is known as 
centroid of that area. The centroid and centre of gravity are at the same point. 


The centre of gravity of a uniform rod lies at its middle point. 

The C.G. of a triangle lies at a point where the three medians of a triangle meet. 

The C.G. of a parallelogram or a rectangle is at a point where its diagonal meet each other. 
The C.G. of a circle lies at its centre. 

The C.G. of a body consisting of different areas is given by 


= = W1%1 + Age + Agxg +... ioe 11 + Ag¥q + AgV¥3 +... 
a1 +02 +03 +...... a, + dg +03 +...... 
where x and ¥y = Co-ordinates of the C.G. of the body from axis of reference 
Ay, Ag, Ag, vse = Different areas of the sections of the body 
265 las Mayinseves = Distances of the C.G. of the areas ay, dy, dy, ...... from Y-axis 
Vis Voi Vanevies = Distances of the C.G. of the areas a,, dg, ds, ...... from X-axis. 


If a given section is symmetrical about X-X axis or Y- Y axis, the C.G. of the section will lie on the 
axis symmetry. 

The moment of inertia of an area (or mass) about an axis is the product of area (or mass) and 
square of the distance of the C.G. of the area (or mass) from that axis. It is represented by J. 
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10. Radius of gyration of a body (or a given lamina) is the distance from an axis of reference where the 
whole mass (or area) of the given body is assumed to be concentrated so as not to after the 


I 
moment of inertia about the given axis. It is represented by k. Mathematically, k = ae 


11. According to theorem of perpendicular axis I,, = Iyy + Iyy where Iyy and Iyy = Moment of inertia of 
a plane section about two mutually perpendicular axes X-X and Y-Y in the plane of the section, 
Iz, = Moment of inertia of the section perpendicular to the plane and passing through the inter- 
section of X-X and Y-Y axes. 


12. According to the theorem of parallel axis I,, =I, + Ah”, where 
I, = Moment of inertia of a given area about an axis passing through C.G. of the area 
I,,= Moment of inertia of the given area about an axis AB, which is parallel to the axis passing 
through G 
h =Distance between the axis passing through G and axis AB 
A =Area of the section. 
13. Moment of inertia of a rectangular section : 
oa? 
12 
3 
(ii) about an horizontal axis passing through base = =go 


(i) about an horizontal axis passing through C.G. = 


4 
14. Moment of inertia of a circular section = 64 
15. Moment of inertia of a triangular section : 
bh? 
; h _ Oh 
(i) about the base 12 
h3 
(ii) about an axis passing through C.G. and parallel to the base = 36° 


where 6 = Base width, and h = Height of the triangle. 
16. The C.G. of an area by integration method is given by 


gaia and z= lytdA 
JdA JdA 


where x* = Distance of C.G. of area dA from y-axis 


y* = Distance of C.G. of area dA from x-axis. 
17. The C.G. of a straight or curved line is given by 


d 
jal“ TaL 


EXERCISE 


(A) Theoretical Questions 


1. Define centre of gravity and centroid. 


x= 


Jx* dL 5 Lral 


2. Derive an expression for the centre of gravity of a plane area using method of moments. 


NPA Rw 


10. 


a 


12. 


13. 


14. 


15. 


16. 
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What do you understand by axes of reference ? 

Define the terms : moment of inertia and radius of gyration. 

State the theorem of perpendicular axis. How will you prove this theorem ? 

State and prove the theorem of parallel axis. 

Find an expression for the moment of inertia of a rectangular section : 

(i) about an horizontal axis passing through the C.G. of the rectangular section, and 

(ii) about an horizontal axis passing through the base of the rectangular section. 

Prove that the moment of inertia of a circular section about an horizontal axis (in the plane of 
; : : ee ee nD* 

the circular section) and passing through the C.G. of the section is given by ee 

Prove that moment of inertia of a triangular section about the base of the section 


_ bh? 
Aa 
where b = Base of triangular section, and 
h = Height of triangular section. 
Derive an expression for the moment of inertia of a triangular section about an axis passing 
through the C.G. of the section and parallel to the base. 


Show that I, =I, + Ah”, where I, is the moment of inertia of a lamina about an axis through its 

centroid and lying in its plane and h is the distance from the centroid to a parallel axis in the 

same plane about which its moment of inertia is I[,, A being the area of the lamina. 

State and prove the parallel axes theorem on moment of inertia for a plane area. 

Prove that the moment of area of any plane figure about a line passing through its centroid is 

zero. 

Show that the product of inertia of an area about two mutually perpendicular axis is zero, if the 

area is symmetrical about one of these axis. (U.P. Tech. University, 2002-2003) 

Determine an expression for mass moment of inertia of hollow steel cylinder of mass M, outer 

radius Ry, inner radius R, and length L about its axis. The hole in the cylinder is concentric. 
(U.P. Tech. University, 2002-2003) 

Derive an expression for mass moment of inertia of a right circular cone of base radius R, height 


H and mass M about its axis. (U.P. Tech. University, 2001-2002) 
(B) Numerical Problems 

Find the centre of gravity of the T-section shown in Fig. 5.39. [Ans. 8.272 cm] 
k¢—— 12 cm——>| 


12cm 
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2. Find the centre of gravity of the J-section shown in Fig. 5.40. 
[Ans. 6.44 cm] 
(Hint. a, = 8 x 2= 16 cm’, a, = 12x 2= 24 cm’, 
a, =16x2=32;y,=2+124+1=15, 
¥o=24+6=8,y,=1 
y= ay4y1 + AgVg + 4393 
a, + ag + ag 
16x 15+ 24x8+32x1 
7 16 + 24 + 32 
l¢— 16cm ——>I # 
240+192+32 464 
| a | ae 6.44 cm.] Fig. 5.40 
3. (a) Find the centre of gravity of the L-section shown in Fig. 5.41. [Ans. x = 1.857, y = 3.857] 
—>|2 cm\¢— 
i ] 


9cm 


(6) Find the moment of inertia of ISA 100 x 75 x 6 about the centroidal XX and YY axis, shown in 
Fig. 5.41 (a). (U.P. Tech. University, 2001-2002) 


Fig. 5.41 (a) 


[Hint. Locate first x and first y 
a, = 100 x 6 =600 mm?, x, = 3 mm, y, = 50 


69 
dy = 69 x 6 = 414 mm’, x, = 6 + | = 40.5 


y,= 3mm 
(ze a1 + agxq _ 600x3+414x 40.5 _ 18.31 mm 
a1 + ag 600 + 414 
— _ Yi t ayo _ 600 x 50+ 414x383 © 
ya +a 600 + 414 = Ose Lani 
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Now find the moment of inertia about centroidal X-X axis: 


Iyx1 = a, ), + a,h,? 


6 x 100° 6 x 100° 
co ee eres oe ee _ 2 
= Ty + 600 x, - 7) 73 + 600(50 — 30.81) 
= 720.95 x 10°? mm‘. 
69 x 68 
—_ =(g, ), + Aho” = ‘6 +414(y, -— yy? 
_ 69x 6° 


+ 414(3 — 30.81) = 321.428 x 10° 


12 
Igy = Lyx, + yyy = 720.95 x 10? + 321.428 x 10° = 1042.378 x 10? mm‘. 
To find M.O.I. about centroidal axis Y-Y 


100 x 6° 
Iyy, =(Ue,),+a,,- 2) = — + 600(3 — 18.31)? = 142.437 x 103 mm4 


3 
anes + 414(40.5 — 18.31)? = 368.1 x 10? mm4 


Lys = Ce, ), + A (Xo = x)? = 
Tyy = Tyy, + Lys = (142.487 + 368.1) x 10? mm‘ = 510.537 x 10? mm‘. |] 


From a rectangular lamina ABCD 10 cm x 14cm a rectangular hole of 3 cm x 5 cm is cut as shown 
in Fig. 5.42. Find the centre of gravity of the remaining lamina. 


[Ans. x =4.7cm, y =6.444 cm] 


Fig. 5.42 


For the T-section shown in Fig. 5.39, determine the moment of inertia of the section about the 
horizontal and vertical axes, passing through the centre of gravity of the section. 
[Ans. 567.38 cm4, 294.67 cm4] 

For the J-section shown in Fig. 5.40, find the moment of inertia about the centroidal axis X-X 
perpendicular to the web. [Ans. 2481.76 cm‘] 
Locate the C.G. of the area shown in Fig. 5.43 with respect to co-ordinate axes. All dimensions are 
inmm. 
[Hint. a, = 10 x 30 = 300 mm?, x, =5 mm, y, = 15 mm, 

a, = 40 x 10 = 400 mm?, x, = 10 + 20 = 30 mn, 

y,=5mm 

a, = 10 x 20 = 200 mm?, x, = 5 mm, 

¥y;=—-10mm 
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a,=10x 10 = 100 mm?, x, = 45 mm, 
Y 14 Op 
y,=10+5=15mm a 
=, + + + t 
a 4x4 agXx9 a3x3 AgxX4 20 10 
(a; + ag + Q3 + a4) 


O) ® 
7 1500 + 12000 + 1000 + 4500 = 


1000 50 2) 
=154+124+14+45=19mm. O|--- 


fc 
fo 


I< 40  * 


= _ 491 + G2Vo t+ Agy3 + A4y4 e) 
y 
(ay + a9 + ag + a4) 
_ 4500 + 2000 — 2000 + 1500 
* 1000 
=45+2-24+1.5=6mm. | 
8. A thin homogeneous wire is bent into a triangular shape ABC such that AB = 240 mm, BC = 


260 mm and AC = 100 mm. Locate the C.G. of the wire with respect to co-ordinate axes. Angle at 
A is right angle. 


Fig. 5.43 


(Hint. First determine angles o and £. Use sine rule YA 
BC _ AC _ AB 
sin90° sina sinB 
AC x sin 90° _ 100 
BC 260 


sin a = 


22.62°. Also si ee a 
O = 22.62°. so sin B=, * sin = 360 


B = 67.38° 
Using equation 5.2 (EF) and 5.2 (F) 


aloe DA , where L, = AB = 240, 


x, = distance of C.G. of AB from y-axis 
= a x cos & = 120 x cos 22.62° = 110.77 mm 
L, = BC = 260 mn, x, = Distance of C.G. of BC from y-axis = 130 
L, = AC = 100 mm, x, = Distance of C.G. of AC from y-axis 


100 
= BD + ~~ cos B = 240 cos a + 50 cos B 


= 240 x cos 22.62° + 50 cos 67.38° = 240.77 
xe 240 x 110.77 + 260 x 130 + 100 x 240.77 
240 + 260 + 100 


= 140.77 mm. 


240 
y = Ladi Layo + L393, where y, = —— sin a = 120 x sin 22.62° = 46.154 


142g 4d 2 
100 | ; 
Y2 = 0,73 = ~~ sin B = 50 sin 67.38° = 48.154 
_ 240 x 46.154 + 260 x 0 + 100 x 46.154 
— 600 
= 26.154 mm.] 
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9. Determine the C.G. of the uniform plane lamina shown in Fig. 5.45. All dimensions are in cm. 
[Hint. The figure is symmetrical about y-y axis. 


AY 
ve Q1)1 + AgV2 + A3¥3 + A4V4 
a, + ag + a3 + a4 ! 


30 
where a, =40 x 30 = 1200 cm’, y, = = 15 cm 


30 
a, = 30 x 20 = 600 cm’, y. = 30 + > = 45 cm 


Ex10" py y 47 _ 4x10 _ 40 
20 3" Sn 8n OR 


a,=—- 


ag=- 9 =- 100 cm?, y, = 60- a 


20 x 10 10 _ 170 | 


40 170 ie) 
1200 x 15 + 600 x 45 — 502 x 100 x 
y= 3m 3 <> }«— 20 pq, 
1200 + 600 — 50x — 100 


18000 + 27000 — 666.7 — 5666.7 
1700 — 50x 


_ 38666.6 
~ 1542.92 


10. From a circular plate of diameter 100 mm a circular part of diameter 50 mm is cut as shown in 
Fig. 5.46. Find the centroid of the remainder. (U.P. Tech. University, 2002-2003) 


= 25.06 cm from origin O] 


v 


y 50 mm 
Fig. 5.46 
[Hint. Fig. 5.46 is symmetrical about x-axis. Hence centroid lies on x-axis. 
+ 
= 0.6. The value of x is given by x = = 1 * Ae%2 
aj — ag 
™ 100 
But Ger * 100? = 7853.98 mm? t=O = =50 mm 


a, =— ( x 50° =~ 1963.5 mm?, x, = 100 — 25 = 75 mm 


— 7853.98 x 50 — 1963.5 x 75 


«7853.98 — 1963.5 ences oan 


Hence centroid is at (41.67 mm, 0)] 


6.1. INTRODUCTION 


The algebraic sum of the vertical forces at any section of a beam to the right or left of the 
section is known as shear force. It is briefly written as S.F. The algebraic sum of the moments of 
all the forces acting to the right or left of the section is known as bending moment. It is written 
as B.M. In this chapter, the shear force and bending moment diagrams for different types of 
beams (i.e., cantilevers, simply supported, fixed, overhanging etc.) for different types of loads 
(i.e., point load, uniformly distributed loads, varying loads etc.) acting on the beams, will be 
considered. 


6.2. SHEAR FORCE AND BENDING MOMENT DIAGRAMS 


Ashear force diagram is one which shows the variation of the shear force along the length 
of the beam. And a bending moment diagram is one which shows the variation of the bending 
moment along the length of the beam. 


Before drawing the shear force and bending moment diagrams, we must know the different 
types of beams and different types of load acting on the beams. 


6.3. TYPES OF BEAMS 


The following are the important types of beams : 
1. Cantilever beam, 2. Simply supported beam, 
3. Overhanging beam, 4. Fixed beams, and 
5. Continuous beam. 


6.3.1. Cantilever Beam. A beam which is fixed at one end and free at the other end, is 
known as cantilever beam. Such beam is shown in Fig. 6.1. 


Fig. 6.1 


6.3.2. Simply Supported Beam. A beam supported or resting freely on the supports at 
its both ends, is known as simply supported beam. Such beam is shown in Fig. 6.2. 
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6.3.3. Overhanging Beam. Ifthe end portion of a beam is extended beyond the support, 
such beam is known as overhanging beam. Overhanging beam is shown in Fig. 6.3. 


Simply supported Overhanging 
portion ‘ a portion Vy 


g 0. Support 


Fig. 6.3 Fig. 6.4 


I 


6.3.4. Fixed Beams. A beam whose both ends are fixed or built-in walls, is known as fixed 
beam. Such beam is shown in Fig. 6.4. A fixed beam is also known as a built-in or encastred beam. 


6.3.5. Continuous Beam. A beam which is pro- 
vided more than two supports as shown in Fig. 6.5, is 
known as continuous beam. 


6.4. TYPES OF LOAD 


A beam is normally horizontal and the loads acting on the beams are generally vertical. 
The following are the important types of load acting on a beam: 


1. Concentrated or point load, 

2. Uniformly distributed load, and 

3. Uniformly varying load. 

6.4.1. Concentrated or Point Load. A concentrated load is one which is considered to 


act at a point, although in practice it must really be distributed over a small area. In Fig. 6.6, W 
shows the point load. 


\" w N/m 


L L 


Fig. 6.6 Fig. 6.7 


6.4.2. Uniformly Distributed Load. A uniformly distributed load is one which is spread 
over a beam in such a manner that rate of loading w is uniform along the length (i.e., each unit 
length is loaded to the same rate) as shown in Fig. 6.7. The rate of loading is expressed as w 
N/m run. Uniformly distributed load is, represented by u.d.l. 


For solving the numerical problems, the total 
uniformly distributed load is converted into a point load, 
acting at the centre of uniformly distributed load. 

6.4.3. Uniformly Varying Load. A uniformly vary- 
ing load is one which is spread over a beam in such a man- 
ner that rate of loading varies from point to point along the a g 
beam as shown in Fig. 6.8 in which load is zero at one end Fig. 6.8 
and increases uniformly to the other end. Such load is known 
as triangular load. 
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For solving numerical problems the total load is equal to the area of the triangle and this 
total load is assumed to be acting at the C.G. of the triangle i.e., at a distance of 2rd of total 
length of beam from left end. 


6.5. SIGN CONVENTIONS FOR SHEAR FORCE AND BENDING MOMENT 


(i) Shear force. Fig. 6.9 shows a simply supported beam AB, carrying a load of 1000 N 
at its middle point. The reactions at the supports will be equal to 500 N. Hence R, = Rp = 
500 N. 

Now imagine the beam to be divided into two portions by the section X-X. The resultant of 
the load and reaction to the left of X-X is 500 N vertically upwards. (Note in this case, there is no 
load to the left of X-X). And the resultant of the load and reaction to the right of X-X is (1000 J — 
500 T = 500 | N) 500 N downwards. The resultant force acting on any one of the parts normal to 
the axis of the beam is called the shear force at the section X-X. Here the shear force at the 
section X-X is 500 N. 

The shear force at a section will be considered positive when the resultant of the forces to 
the left to the section is upwards, or to the right of the section is downwards. Similarly the shear 
force at a section will be considered negative if the resultant of the forces to the left of the section 
is downwards, or to the right of the section is upwards. Here the resultant force to the left of the 
section is upwards and hence the shear force will be positive. 


X 1000 N 
i) 
A Cc B 
Ra xX Rs 
. Convexity 
Xx li N Concavity 
I 
; Concavity 
Convexity 
(a) Positive B.M. (b) Negative B.M. 
Fig. 6.9 Fig. 6.10 


(ii) Bending moment. The bending moment at a section is considered positive ifthe bending 
moment at that section is such that it tends to bend the beam to a curvature having concavity at 
the top as shown in Fig. 6.10 (a). Similarly the bending moment (B.M.) at a section is considered 
negative if the bending moment at that section is such that it tends to bend the beam to a 
curvature having convexity at the top as shown in Fig. 6.10 (6). The positive B.M. is often called 
sagging moment and negative B.M. as hogging X |" N 


moment. 


Consider the simply supported beam AB, 
carrying a load of 1000 N at its middle point. Reactions 
R, and R, are equal and are having magnitude 500 N 
as shown in Fig. 6.11. Imagine the beam to be divided 
into two portions by the section 
X-X. Let the section X-X is at a distance of 1 m from A. 
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The moments of all the forces (i.e., load and reaction) to the left of X-X at the section 
X-X is R, x 1 = 500 x 1 = 500 Nm (clockwise). Also the moments of all the forces (7.e., load and 
reaction) to the right of X-X at the section X-X is R, x 3 (anti-clockwise) — 1000 x 1 (clockwise) 
= 500 x 3 Nm — 1000 x 1 Nm = 1500 — 1000 = 500 Nm (anti-clockwise). 

Hence the tendency of the bending moment at X-X is to bend the beam so as to produce 
concavity at the top as shown in Fig. 6.12. 


+ 


X 
Clockwise | Anti-clockwise | 


Anti-clockwise y Clockwise 


Fig. 6.12 Fig. 6.13 


The bending moment at a section is the algebraic sum of the moments of forces and 
reactions acting on one side of the section. Hence bending moment at the section X-X is 500 Nm. 

The bending moment will be considered positive when the moment of the forces and reaction 
on the left portion is clockwise, and on the right portion anti-clockwise. In Fig. 6.12, the bending 
moment at the section X-X is positive. 

Similarly the bending moment will be considered negative when the moment of the forces 
and reactions on the left portion is anti-clockwise, and on the right portion clockwise as shown in 
Fig. 6.13. In Fig. 6.18, the bending moment at the section X-X is negative. 


6.6. IMPORTANT POINTS FOR DRAWING SHEAR FORCE AND BENDING MOMENT 
DIAGRAMS 


In Art. 6.2, it is mentioned that the shear force diagram is one which shows the variation 
of the shear force along the length of the beam. And a bending moment diagram is one which 
show the variation of the bending moment along the length of beam. In these diagrams, the 
shear force or bending moment are represented by ordinates whereas the length of the beam 
represents abscissa. 

The following are the important points for drawing shear force and bending moment 
diagrams : 

1. Consider the left or the right portion of the section. 

2. Add the forces (including reaction) normal to the beam on one of the portion. If right 
portion of the section is chosen, a force on the right portion acting downwards is positive while a 
force acting upwards is negative. 

If the left portion of the section is chosen, a force on the left portion acting upwards is 
positive while a force acting downwards is negative. 

3. The positive values of shear force and bending moments are plotted above the base line, 
and negative values below the base line. 

4. The shear force diagram will increase or decrease suddenly i.e., by a vertical straight 
line at a section where there is a vertical point load. 

5. The shear force between any two vertical loads will be constant and hence the shear 
force diagram between two vertical loads will be horizontal. 
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6. The bending moment at the two supports of a simply supported beam and at the free 
end of a cantilever will be zero. 


6.7.SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A CANTILEVER WITH 
A POINT LOAD AT THE FREE END 


Fig. 6.14 shows a cantilever AB of length L fixed at A and free at B and carrying a point 
load W at the free end B. 


LLLLLLLLL SLL SLL LSS LS LLLLLLLL 


A S.F. diagram ae B 


Base line Base line 


Cc B.M. diagram 
Fig. 6.14 
Let F.. = Shear force at X, and 


M,, = Bending moment at X. 

Take a section X at a distance x from the free end. Consider the right portion of the 
section. 

The shear force at this section is equal to the resultant force acting on the right portion at 
the given section. But the resultant force acting on the right portion at the section X is W and 
acting in the downward direction. But a force on the right portion acting downwards is considered 
positive. Hence shear force at X is positive. 

Re Fi=+W 

The shear force will be constant at all sections of the cantilever between A and B as there 
is no other load between A and B. The shear force diagram is shown in Fig. 6.14 (6). 


Bending Moment Diagram 
The bending moment at the section X is given by 
M,=-Wxx (7) 
(Bending moment will be negative as for the right portion of the section, the moment of W 


at X is clockwise. Also the bending of cantilever will take place in such a manner that convexity 
will be at the top of the beam). 
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From equation (z), itis clear that B.M. at any section is proportional to the distance of the 
section from the free end. 


Atx=0Oie., at B, B.M.=0 

Atx=Li.e, atA, BM.=WxL 

Hence B.M. follows the straight line law. The B.M. diagram is shown in Fig. 6.14 (c). At 
point A, take AC = W x Lin the downward direction. Join point B to C. 


The shear force and bending moment diagrams for several concentrated loads acting on a 
cantilever, will be drawn in the similar manner. 


Problem 6.1. A cantilever beam of length 2 m carries the point loads as shown in 
Fig. 6.15. Draw the shear force and B.M. diagrams for the cantilever beam. 


Sol. Given : 
Refer to Fig. 6.15. 


300 N 500 N 800 N 
A B ie; D 
(a) 
(b) 
a 
800 N 
vv 
a Base line 
Base line 
_h 
c 
©) 2350 Nm 
vv 
Fig. 6.15 


Shear Force Diagram 


The shear force at D is + 800 N. This shear force remains constant between D and C. 
At C, due to point load, the shear force becomes (800 + 500) = 1300 N. Between C and B, the shear 
force remains 1300 N. At B again, the shear force becomes (1300 + 300) = 1600 N. The shear 
force between B and A remains constant and equal to 1600 N. Hence the shear force at different 
points will be as follows : 
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S.F. at D, F,, = + 800N 
S.F. at C, F, = + 800 + 500 = + 1300 N 
S.F. at B, F,, = + 800 + 500 + 300 = 1600 N 
S.F. at A, F,=+ 1600N. 


The shear force, diagram is shown in Fig. 6.15 (6) which is drawn as : 


Draw a horizontal line AD as base line. On the base line mark the points B and C below 
the point loads. Take the ordinate DE = 800 N in the upward direction. Draw a line EF parallel 
to AD. The point F is vertically above C. Take vertical line FG = 500 N. Through G, draw a 
horizontal line GH in which point H is vertically above B. Draw vertical line HI = 300 N. 
From J, draw a horizontal line J.J. The point J is vertically above A. This completes the shear 
force diagram. 


Bending Moment Diagram 
The bending moment at D is zero: 
(i) The bending moment at any section between C and D at a distance x and D is given by, 
M,, = — 800 x x which follows a straight line law. 
At C, the value of x = 0.8 m. 
B.M. at C, M, = — 800 x 0.8 = — 640 Nm. 


(ii) The B.M. at any section between B and C at a distance x from D is given by 
(At C, x = 0.8 and at B, x = 0.8 + 0.7 = 1.5 m. Hence here x varies from 0.8 to 1.5). 


M,, = — 800 x — 500 (x — 0.8) .(Z) 
Bending moment between B and C also varies by a straight line law. 


B.M. at B is obtained by substituting x = 1.5 m in equation (Z), 
M, = — 800 x 1.5 — 500 (1.5 — 0.8) 
= — 1200 — 350 = — 1550 Nm. 


(iii) The B.M. at any section between A and B at a distance x from D is given by 
(At B, x = 1.5 and at A, x = 2.0 m. Hence here x varies from 1.5 m to 2.0 m) 


M,, = — 800 x — 500 (x — 0.8) — 300 (x — 1.5) .(it) 
Bending moment between A and B varies by a straight line law. 
B.M. at A is obtained by substituting x = 2.0 m in equation (iz), 


M, =-— 800 x 2 — 500 (2 — 0.8) — 300 (2 — 1.5) 
= — 800 x 2-500 x 1.2 — 300 x 0.5 


= — 1600 — 600 — 150 = — 2350 Nm. 
Hence the bending moments at different points will be as given below : 


M,= 

M,,=-—640 Nm 

M, =— 1550 Nm 
and M, =— 2350 Nm. 


The bending moment diagram is shown in Fig. 6.15 (c) which is drawn as. 


Draw a horizontal line AD as a base line and mark the points B and C on this line. Take 
vertical lines CC’ = 640 Nm, BB’ = 1550 Nm and AA’ = 2350 Nm in the downward direction. Join 
points D, C’, B’ and A’ by straight lines. This completes the bending moment diagram. 
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6.8. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A CANTILEVE 
WITH A UNIFORMLY DISTRIBUTED LOAD 


Fig. 6.16 shows a cantilever of length L fixed at A and carrying a uniformly distributed 
load of w per unit length over the entire length of the cantilever. 


w Per unit length 


(a) 


S.F. diagram 


Base line 


AN’ B.M. diagram 


Fig. 6.16 


Take a section X at a distance of x from the free end B. 
Let F.. = Shear force at X, and 
M,, = Bending moment at X. 

Here we have considered the right portion of the section. The shear force at the section X 
will be equal to the resultant force acting on the right portion of the section. But the resultant 
force on the right portion = w x Length of right portion = w.x. 

This resultant force is acting downwards. But the resultant force on the right portion 
acting downwards is considered positive. Hence shear force at X is positive. 

i Fo=+w.x 

The above equation shows that the shear force follows a straight line law. 

At B,x=Oandhence F,=0 

AtA,x=Landhence F,=w.L 

The shear force diagram is shown in Fig. 6.16 (bd). 


Bending Moment Diagram 
It is mentioned in Art. 6.4.3 that the uniformly distributed load over a section is converted 
into point load acting at the C.G. of the section. 
The bending moment at the section X is given by 
M,, = — (Total load on right portion) 
x Distance of C.G. of right portion from X 


2 
=—(w.x). 5 =-w.e. S=—w. a ..(ZL) 


2 2 
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(The bending moment will be negative as for the right portion of the section, the moment 
of the load at x is clockwise. Also the bending of cantilever will take place in such a manner that 
convexity will be at the top of the cantilever). 

From equation (z), it is clear that B.M. at any section is proportional to the square of the 
distance of the section from the free end. This follows a parabolic law. 


At B, x = 0 hence M,,=0 
L 
At A, x = L hence ee 


The bending moment diagram is shown in Fig. 6.16 (c). 

Problem 6.2. A cantilever of length 2.0 m carries a uniformly distributed load of 1 kN/m 
run over a length of 1.5 m from the free end. Draw the shear force and bending moment diagrams 
for the cantilever. 


Sol. Given: 
U.D.L., w=1kN/mrun 
Refer to Fig. 6.17. 
1 kN/m Run 
g A Cc B 
@ =| 
4. Id 1.5m >| 
2.0m >| 
¥ E D1! 4.5kN 
(b) 1.5 kN 
i 
A Cc S.F. diagram 
A Cc B 


(c) 1.875 
Parabolic 


A’ Straight line B.M. diagram 


Fig. 6.17 


Shear Force Diagram 
Consider any section between C and B a distance of x from the free end B. The shear force 
at the section is given by 
F=w.x (+ve sign is due to downward force on right portion of the section) 
=10xx (. w=1.0 KN/m run) 
At B, x = 0 hence F.=0 
AtC,x=15hence F,=1.0x1.5=1.5 KN. 
The shear force follows a straight line law between C and B. As between A and C there is 
no load, the shear force will remain constant. Hence shear force between A and C will be represented 


by a horizontal line. 
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The shear force diagram is shown in Fig. 6.17 (6) in which 
Fy = 0, Fo = 1.5 KN and F, = Fp = 1.5 KN. 


Bending Moment Diagram 


(i) The bending moment at any section between C and B at a distance x from the free end 
B is given by 


x 


2 2 
M --ws) £=-[12)--2 ma) 


(The bending moment will be negative as for the right portion of the section the moment 
of load at x is clockwise). 


At B,x=Ohence M,=-— = 


At C,x=1.5 hence Mp=- ie =—1.125 Nm 

From equation (i) it is clear that the bending moment varies according to parabolic law 
between C and B. 

(ii) The bending moment at any section between A and C at a distance x from the free end 
B is obtained as : (here x varies from 1.5 m to 2.0 m) 

Total load due to U.D.L.= w x 1.5 = 1.5 KN. 


This load is acting at a distance of = = 0.75 m from the free end B or at a distance of 


(x — 0.75) from any section between A and C. 
.. Moment of this load at any section between A and C at a distance x from free end 
= (Load due to U.D.L.) x (x — 0.75) 
M,,=—- 1.5 x (« — 0.75) . (Ut) 
(— ve sign is due to clockwise moment for right portion) 
From equation (ii) it is clear that the bending moment follows straight line law between A 
andC. 
AtC,x=15mhence M,=-1.5(1.5—0.75) =—- 1.125 Nm 
AtA,x=2.0mhence M,=-1.5(2-0.75) =— 1.875 Nm. 
Now the bending moment diagram is drawn as shown in Fig. 6.17 (c). In this diagram line 
CC’ = 1.125 Nm and AA’ = 1.875 Nm. The points B and C’ are on a parabolic curve whereas the 
points A’ and C’ are joined by a straight line. 
Problem 6.3. A cantilever of length 2.0 m carries a uniformly distributed load of 
2kN/m length over the whole length and a point load of 3 kN at the free end. Draw the S.F. and 
B.M. diagrams for the cantilever. 


Sol. Given : 
Length, L=2.0m 
U.D.L., w = 2 kN/m length 


Point load at freeend =3kN 
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Refer to Fig. 6.18. 


A S.F. diagram . Bt 
Base line 
, Base line 
7777777 a tae CETETTIT B 
(c) 10 kKNm 
A’ B.M. diagram 
Fig. 6.18 


Shear Force Diagram 
The shear force at B = 3 kN 


Consider any section at a distance x from the free end B. The shear force at the section is 
given by, 


FY =3.0 + w.x (+ve sign is due to downward force on 
right portion of the section) 
=30+2xx (. w=2kN/m) 


The above equation shows that shear force follows a straight line law. 
At B,x=Ohence F, =3.0kN 
AtA,x=2mbhence F,=3+2x2=7KN. 


The shear force diagram is shown in Fig. 6.18 (6) in which F, = BC = 3 KN and F, = AD 
= 7 KN. The points C and D are joined by a straight line. 


Bending Moment Diagram 


The bending moment at any section at a distance x from the free end B is given by, 


x 


M_ = - (31+ ux. =) 
2 


2 
— [ + = (:  w=2kN/m) 
= — (3x + x2) AD) 


(The bending moment will be negative as for the right portion of the section, the moment 


of loads at x is clockwise). 
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Equation (i) shows that the B.M. varies according to the parabolic law. From equation 
(i), we have 

At B, x = 0 hence M,=-(3 x 0+07)=0 

At A, x = 2m hence M,=-(3x2+2?)=-10kN/m 

Now the bending moment diagram is drawn as shown in Fig. 6.18 (c). In this diagram, 
AA’=10kNm and points A’ and B are joined by a parabolic curve. 

Problem 6.4. A cantilever of length 2 m carries a uniformly distributed load of 1.5 kN/m 
run over the whole length and a point load of 2 kN at a distance of 0.5 m from the free end. Draw 
the S.F. and B.M. diagrams for the cantilever. 


Sol. Given : 

Length, L=2m 

U.D.L., w = 1.5 kKN/m run 
Point load, W=2kN 


Distance of point load from free end = 0.5m 
Refer to Fig. 6.19. 


1.5 kN/m 


(a) 


A S.F. diagram C B 
Base line 


Base line 


A’ B.M. diagram 


Fig. 6.19 


Shear Force Diagram 


(i) Consider any section between C and B at a distance x from the free end. The shear force 
at the section is given by, 


Fo=+w.x (+ve sign is due to downward 
force on right portion) 
=15xx .(Z) 


SHEAR FORCE AND BENDING MOMENT 


In equation (i), x varies from 0 to 0.5. The equation (i) shows that shear force varies by a 
straight line law between B and C. 

At B, x = 0 hence F,=15x0=0 

At C, x = 0.5 hence Fo=1.5 x 0.5 = 0.75 kN 

(ii) Now consider any section between A and C at a distance x from free end B. The shear 
force at the section is given by 


Fi=+w.x+2kNn (+ve sign is due to downward force 
on right portion of the section) 
= 1.5x« +2 ...(it) 


In equation (ii), x varies from 0.5 to 2.0. The equation (ii) also shows that shear force 
varies by a straight line law between A and C. 

At C, x = 0.5 hence Fo= 15x 0.5 + 2 = 2.75 kN 

At A, x = 2.0 hence F,=15x20+2=5.0 kN 

Now draw the shear force diagram as shown in Fig. 6.19 (6) in which CD = 0.75 kN, DE 
= 2.0 KN or CE = 2.75 kN and AF = 5.0 KN. The point B is joined to point D by a straight line 
whereas the point E is also joined to point F by a straight line. 


Bending Moment Diagram 


(i) The bending moment at any section between C and B at a distance x from the free end 
B is given by 


M,,=—(w.x). il 
° 2 
=—(1.5 xx). 5 (- w=1.5 kN/m) 
= — 0.75x2 ..(Uit) 


(The bending moment will be negative as for the right portion of the section the moment at 
the section is clockwise). 


In equation (iii), x varies from 0 to 0.5. Equation (iii) shows that B.M. varies between 
C and B by a parabolic law. 


At B, x = 0 hence M, =- 0.75 x 0 =0 
AtC,x=0.5 hence M, =-—0.75 x 0.5? = — 0.1875 kNm. 


(ii) The bending moment at any section between A and C at a distance x from the free end 
B is given by 


M,, =-(w.x.). 5 Ax —0.5)=-(1.5 xx). : — 2x — 0.5) 
(- w= 1.5 kN/m) 
= — 0.75 x? — 2(x — 0.5) ...(iv) 


In equation (iv), x varies from 0.5 to 2.0. Equation (iv) shows that B.M. varies by a parabolic 
law between A and C. 


At C,x=0.5 hence M,=-0.75 x 0.5? — 2(0.5 — 0.5) = — 0.1875 kN/m 
AtA,x=2.0 hence M,=-0.75 x 2? — 2(2.0 — 0.5) kNm = — 3.0 - 3.0 =— 6.0 kNm 


Now the bending moment diagram is drawn as shown in Fig. 6.19 (c). In this diagram line 
CC’ = 0.1875 and AA’ = 6.0. The points A’, C’ and B are on parabolic curves. 


STRENGTH OF MATERIALS 


Problem 6.5. A cantilever 1.5 m long is loaded with a uniformly distributed load of 
2RN/m run over a length of 1.25 m from the free end. It also carries a point load of 3 kN at a 
distance of 0.25 m from the free end. Draw the shear force and bending moment diagrams of 
the cantilever. 


Sol. Given : 
Length, L=15m 
U.D.L., w =2kN/m 
Point load, W=3kN 
Refer to Fig. 6.20. 
—_— LLL 


2 kN/m 
is eee ee B 


S.F. diagram | 


Base line 


Parabolic 


N Straight line B.M. diagram 


Fig. 6.20 


Shear Force Diagram 
The shear force at B is zero. 


The shear force increases to 2 x 0.25 = 0.5 KN by a straight line at C. Due to point load of 
3 KN, the shear force suddenly increases to 0.5 + 3 = 3.5 kN at C. 


The shear force further increases to 3.5 + 2 x 1=5.5 KN by a straight line at D. The shear 
force remains constant between A and D as there is no load between A and D. 


Now the shear force diagram is drawn as shown in Fig. 6.20 (b). In this diagram line CE 
= 0.5 KN, CF = 3.5 kN, DG = 5.5 KN and AH = 5.5 KN. The point B is joined to E by a straight 
line. The point F is also joined to G by a straight line. Line GH is horizontal. 


SHEAR FORCE AND BENDING MOMENT 


Bending Moment Diagram 
B.M. at B=0 
B.M. at D =— 2 x 0.25 x a =— 0.0625 kNm 


B.M. at D = —2 x 1.25 x ==" ~(3 x 1) =~ 4.563 kNm 


B.M. at A =-—2 x 1.25 x (= + 025 —3x(1+ 0.25) =—5.94kNm. 


The bending moment between B and C and between C and D varies by a parabolic law. 
But B.M. between A and D varies by a straight line law. 

Now the bending moment diagram is drawn as shown in Fig. 6.20 (c). In this diagram line 
CC’ = 0.0625, DD’ = 4.563 and AA’ = 5.9. The points B, C’ and D’ are on parabolic curve whereas 
points A’ and D’ are joined by a straight line. 

Problem 6.6. A cantilever of length 5.0 m is loaded as shown in Fig. 6.21. Draw the 
S.F. and B.M. diagrams for the cantilever. 

Sol. The shear force at B is 2.5 KN and remains constant between B and C. 

The shear force increases by a straight line law to 2.5 + 2 x 1=4.5 KN at D. The shear 
force remains constant between D and E. At point EF, the shear force suddenly increases to 4.5 
+3=7.5 KN due to point load at E. Again the shear force remains constant between A and EL. Now 
the shear force diagram is drawn as shown in Fig. 6.21 (6). 


ain 1 kN/m 2.5 kN 
A E D S Seee ome 


S.F. diagram 


| Base line | 
Cc 


D’ Parabolic 
8.25 kNm 


t \ Straight lines 
15 kNm . 
B.M. diagram 
Fig. 6.21 
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Bending Moment Diagram 
B.M. at B=0 
B.M. at C=— 2.5 x 0.5 =— 1.25 kNm 
B.M. at D=-2.5x2.5-2x1x1=-—8.25kNm 
B.M. atH =-2.5x4-2x1x(15+1.0)=-10-5=—15kNm 
B.M. atA =-2.5x5-2x1x(14+1.5+10)-3x1 
=—12.5-7.0-3 =-— 22.5 kNm. 
Now the bending moment diagram is drawn as shown in Fig. 6.21 (c). In this diagram, 


the B.M. varies according to parabolic law between points C and D only. Between other points 
B.M. varies according to straight line law. 


6.9. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A CANTILEVE 
CARRYING A GRADUALLY VARYING LOAD 


Fig. 6.22 shows a cantilever of length L fixed at A and carrying a gradually varying load 
from zero at the free end to w per unit length at the fixed end. 


Load diagram 


Parabolic curve 


S.F. diagram ; e 
Base line 
Base line 
1A 4 Cc B 
© wx? 
6 


4 Cubic curve B.M. diagram 


Fig. 6.22 


Take a section X at a distance x from the free end B. 
Let F.. = Shear force at the section X, and 
M,, = Bending moment at the section X. 
Let us first find the rate of loading at the section X. The rate of loading is zero at B and is 
w per metre run at A. This means that rate of loading for a length L is w per unit length. Hence 
rate of loading for a length of x will be : x x per unit length. This is shown in Fig. 6.22 (a) by 


CX, which is also known as load diagram. Hence CX = ae 


L 
25 


SHEAR FORCE AND BENDING MOMENT 


The shear force and the section X at a distance x from free end is given by, 
F. =Total load on the cantilever for a length x from the free end B 


= Area of triangle BCX 
gi = 
BACT, G XB=1,xC =) 
2 2 L 
= w.x 
2L ; 
.(Z) 
Equation (i) shows that the S.F. varies according to the parabolic law. 
2 
At B, x = 0 hence F, = a =0 
2 
At A, x = L hence | ea ca 
2L 2 
The bending moment at the section X at a distance x from the free end B is given by, 
M, =-—(Total load for a length x) x Distance of the load from X 
= — (Area of triangle BCX) x Distance of C.G. of the triangle from X 
wx?) x wx? is 
22 pe aenareee .. (I) 
2L 3 6L 
Equation (ii) shows that the B.M. varies according to the cubic law. 
At B, x = 0 hence Men B= 29 
6L 
3 2 
AtA,x=Lhence M oe ee 
6L 6 


Problem 6.7. A cantilever of length 4 m carries a gradually varying load, zero at the 


free end to 2 kN/m at the fixed end. Draw the S.F. and B.M. diagrams for the cantilever. 


Sol. Given : 
Length, L=4m 
Load at fixed end, w=2kN/m 


Shear Force Diagram 


The shear force is zero at B. The shear force at C will be equal to the area of load diagram 


4x2 


Shear force at C = =4kN 


The shear force between A and B varies according to parabolic law. 


Bending Moment Diagram 


2 
The B.M. at B is zero. The bending moment at A is equal to — a 


2 2 
Me28* 2 2** 22633 kNm, 
6 


The B.M. between A and B varies according to cubic law. 
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A B 
4m > 
D 


Load diagram 


(b) 4kN 
L B 
A S.F. diagram 
A 
B 
() 5.33 
AN B.M. diagram 


Fig. 6.23 


6.10.SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A SIMPL 
SUPPORTED BEAM WITH A POINT LOAD AT MID-POINT 


Fig. 6.24 shows a beam AB of length L simply supported at the ends A and B and carrying 
a point load W at its middle point C. 


The reactions at the support will be equal to we as the load is acting at the middle point 
W 


of the beam. Hence R, = Rp = ae 


Take a section X at a distance x from the end A between A and C. 
Let F.. = Shear force at X, 
and M.,, = Bending moment at X. 


Here we have considered the left portion of the section. The shear force at X will be equal 
to the resultant force acting on the left portion of the section. But the resultant force on the left 


portion is a acting upwards. But according to the sign convention, the resultant force on the 
left portion acting upwards is considered positive. Hence shear force at X is positive and its 
: _ WwW 
magnitude is > 
WwW 
F % =+ 2 


Hence the shear force between A and C is constant and equal to + > 


SHEAR FORCE AND BENDING MOMENT 


B.M. diagram Base line 


Fig. 6.24 


Now consider any section between C and B at distance x from end A. The resultant force 
on the left portion will be 


(> - w] mee 
2 2 
This force will also remain constant between C and B. Hence shear force between C and B 


is equal to — ~ 


At the section C the shear force changes from + ~ to — WwW 


2 
The shear force diagram is shown in Fig. 6.24 (6). 


Bending Moment Diagram 


(i) The bending moment at any section between A and C at a distance of x from the end A, 
is given by 


M,=R,x or M,=+ 7 Lx i) 


(B.M. will be positive as for the left portion of the section, the moment of all forces at X is 
clockwise. Moreover, the bending of beam takes place in such a manner that concavity is at the 
top of the beam). 


At A, x = 0 hence M,-~ xo=0 
2 
L 
At C, x = = hence i ean cee 
2 2 2 4 
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From equation (i), it is clear that B.M. varies according to straight line law between 


WxL 


A and C. B.M. is zero at A and it increases to at C. 


(ii) The bending moment at any section between C and B at a distance x from the end A, is 
given by 
L 
M,,=R,.x-Wx («-5) = WM ewe 
* 2 2 2 2 2 
WL W . L WxL 
a i 
At B, x = L hence si ae ae xL=0. 


At C,x= be hence M,= 
2 


Hence bending moment at C is a and it decreases to zero at B. Now the B.M. diagram 
can be completed as shown in Fig. 6.24 (c). 

Note. The bending moment is maximum at the middle point C, where the shear force changes its 
sign. 
6.11. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A SIMPL 
SUPPORTED BEAM WITH AN ECCENTRIC POINT LOAD 


Fig. 6.25 shows a beam AB of length L, simply supported at the ends A and B and carrying 
a point load W at C at a distance of ‘a’ from the end A. 


WwW 
#— X 1 y Cc 
(a) ‘ ° 
a 
ie a Pi¢ b 
Ra le L Re 


| S.F. diagram 
Wxaxb 
ee AAS tin 
(c) 
n B.M. diagram ° B 
Fig. 6.25 
Let R, = Reaction at the support A, and 


R, = Reaction at the support B. 
First calculate the reactions, by taking moments about A or about B. 
Taking moments of the forces on the beam about A, we get 


Rz,xL=Wxa 
W.a 

R, = — 

a YT 


SHEAR FORCE AND BENDING MOMENT 


and Ry=W-R,=W- = 
i E L 


Consider a section X at a distance x from the end A between A and C. 
The shear force F, at the section is given by, 


FpatRy=+—2 ..(Z) 
(The shear force will be positive as the resultant force on the left portion of the section is 
acting upwards). 
The shear force between A and C is constant and equal to *. 
Now consider any section between C and B at adistance x from the end A. The resultant 
force on the left portion will be R, — W 


or 42 -w-w(*—)--w(2-?)--%e (. L-b=a) 


L L L L 


The shear force between C and B is constant and equal to — as At the section C, the 


shear force changes from we to - “s The shear force diagram is shown in Fig. 6.25 (0). 


Bending Moment Diagram 
The bending moment at any section between A and C at a distance x from the end A, is 
given by 


M,=R,xx=+ *. x (Plus sign due to sagging) 
At A, x = 0 hence M,="" xo=0 
AtC,x=ahence M,= we a= aoe 
L L 
W.a.b 


Hence the B.M. increases from zero at A to at C by a straight line law. The B.M. is 


a. 


zero at B. Hence B.M. will decrease from at C to zero at B following a straight line law. 


The B.M. diagram is drawn in Fig. 6.25 (c). 

From the shear force and bending moment diagrams, it is clear that the B.M. is maximum 
at C where the S.F. changes its sign. 

Problem 6.8.A simply supported beam of length 6 m, carries point load of 3 kN and 6 kN 
at distances of 2 m and 4 m from the left end. Draw the shear force and bending moment 
diagrams for the beam. 

Sol. First calculate the reactions R, and Rp. 

Taking moments of the force about A, we get 

R,x6=3x2+6x4=30 
Ry == =5 kN 


R, = Total load on beam — R, = (38 + 6)-—5 =4 kN 
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Baseline | S.F. diagram 


(c) 


a Ls 
A G D a B 


B.M. diagram Base line 


Fig. 6.26 


Shear Force Diagram 
Shear forceatA, F,=+R,=+4kN 
Shear force between A and C is constant and equal to + 4kN 
Shear force atC, Fo=+4-3.0=+1kN 
Shear force between C and D is constant and equal to + 1 KN. 
Shear force at D, Fy=+1-6=-5kN 
The shear force between D and B is constant and equal to—5 KN. 
Shear force atB, F,=—-5kN 
The shear force diagram is drawn as shown in Fig. 6.26 (0). 


Bending Moment Diagram 
B.M. at A, 4 =0 
B.M. at C, ee R,x2=4x2=+8kNm 
B.M. at D, M,=R,x4-3x2=4x4-3x2=+10kNm 
B.M. at B, M, =0 
The bending moment diagram is drawn as shown in Fig. 6.26 (c). 


. 


6.12. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A SIMPLY 
UPPOR DE AM ARRYIN AUN ORM YD RIBU D OAD 


Fig. 6.27 shows a beam AB of length L simply supported at the ends A and B and 
carrying a uniformly distributed load of w per unit length over the entire length. The reactions 
at the supports will be equal and their magnitude will be half the total load on the entire 
length. 


SHEAR FORCE AND BENDING MOMENT 


4 L2 rle Le 


(c) 


B.M. diagram Base line 
Fig. 6.27 
Let R, = Reaction at A, and 
R, = Reaction at B 
w.L 
R,=R, = — 
el aaa 


Consider any section X at a distance x from the left end A. The shear force at the section 
(i.e., F.) is given by, 
L F 
F=+Ry-w.x=+ Swix wd) 
From equation (z), it is clear that the shear force varies according to straight line law. 
The values of shear force at different points are : 


AtA,x=QOhence F,=+ om see =+ a 


2 2 
At B,x=Lhence F,= +82 -w.L=- 82 
Megs hence Fo= eda te =0 
2 2 2 


The shear force diagram is drawn as shown in Fig. 6.27 (bd). 
The bending moment at the section X at a distance x from left end A is given by, 


M,=+R,.x-w.x. a 
w.L 2 
Wl wx E Ry = 2) ..(LL) 
2 2 2 
From equation (ii), itis clear that B.M. varies according to parabolic law. 
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The values of B.M. at different points are : 


At A, x = 0 hence M,==.0-25 =0 

At B, x = L hence My==.L-2 .1?=0 

Miso! ye ce ED LY wl wi. _, 
»x = > hence org. “ae ala) > a 5 


Thus, the B.M. increases according to parabolic law from zero at A to + 


middle point of the beam and from this value the B.M. decreases to zero at B according to the 


parabolic law. 
Now the B.M. diagram is drawn as shown in Fig. 6.27 (c). 


Problem 6.9. Draw the shear force and bending moment diagram for a simply supported 
beam of length 9 m and carrying a uniformly distributed load of 10 kN/m for a distance of 6 m 


from the left end. Also calculate the maximum B.M. on the section. 
Sol. First calculate reactions R, and Rp. 


10 kN/m 
Cc 
A B 
6m > 
a 
@ p om - 
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S.F. diagram 
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(c) 


B.M. diagram Base line 


Fig. 6.28 


Taking moments of the forces about A, we get 
Ry Xx9=10x6 x > = 180 


Ry = =~ = 20 KN 


R, = Total load on beam — R, = 10 x 6- 20 = 40 KN. 


SHEAR FORCE AND BENDING MOMENT 


Shear Force Diagram 
Consider any section at a distance x from A between A and C. The shear force at the 
section is given by, 


Fi=+R,-10x=+40-10x .(Z) 
Equation (z) shows that shear force varies by a straight line law between A and C. 
At A, x = 0 hence F,=+40-0=40kN 


At C, x = 6 m hence Fo=+40-10x6=-—20kN 

The shear force at A is + 40 KN and at C is — 20 KN. Also shear force between A and C 
varies by a straight line. This means that somewhere between A and C, the shear force is zero. 
Let the S.F. is zero at x metre from A. Then substituting the value of S.F. (i.e., F,) equal to zero 
in equation (7), we get 


0 = 40 — 10x 
ae en 
10 


Hence shear force is zero at a distance 4 m from A. 
The shear force is constant between C and B. This equal to — 20 KN. 


Now the shear force diagram is drawn as shown in Fig. 6.28 (0). In the shear force diagram, 
distance AD = 4 m. The point D is at a distance 4 m from A. 


B.M. Diagram 
The B.M. at any section between A and C at a distance x from A is given by, 
M,=R,yxx-10.x. 5 = 40x — 5x” ii) 
Equation (ii) shows that B.M. varies according to parabolic law between A and C. 
At A, x = 0 hence M,=40x0-5x0=0 
At C, x = 6 m hence M, = 40 x 6-5 x 67 = 240 — 180 = + 60 kNm 
At D, x = 4m hence M,=40x4-5x 4? = 160-80=+80kNm 
The bending moment between C and B varies according to linear law. 
B.M. at B is zero whereas at C is 60 kNm. 
The bending moment diagram is drawn as shown in Fig. 6.28 (c). 


Maximum Bending Moment 


The B.M. is maximum at a point where shear force changes sign. This means that the 
point where shear force becomes zero from positive value to the negative or vice-versa, the B.M. 
at that point will be maximum. From the shear force diagram, we know that at point D, the 
shear force is zero after changing its sign. Hence B.M. is maximum at point D. But the B.M. at 
Dis + 80 kNm. 

a Max. B.M.=+80KN. Ans. 

Problem 6.10. Draw the shear force and B.M. diagrams for a simply supported beam of 
length 8m and carrying a uniformly distributed load of 10 kN/m for a distance of 4m as shown 
in Fig. 6.29. 

Sol. First calculate the reactions R, and Rp. 

Taking moments of the forces about A, we get 


Ry x8=10x4x (1+) = 120 
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C E B 
B.M. diagram 
Fig. 6.29 
_ 120 


RR =— =15 KN 
a 8 


R, =Total load on beam —R, 
=10x4-15=25 kN 


Shear Force Diagram 


The shear force at A is + 25 KN. The shear force remains constant between A and C and 
equal to + 25 KN. The shear force at B is — 15 KN. The shear force remains constant between 


B and D and equal to— 15 KN. The shear force at any section between C and D at a distance x 
from A is given by, 
F=+ 25 -10(@-1) 
At C, x = 1 hence Fo=+25-10(1-1) =+ 25 kN 
At D, x = 5 hence F,, = + 25 — 10(5 - 1) =- 15 kN 


The shear force at C is + 25 kN and at Dis — 15 KN. Also shear force between C and D 
varies by a straight line law. This means that somewhere between C and D, the shear force is 
zero. Let the S.F. be zero at x metre from A. Then substituting the value of S.F. (7.e., F,) equal 


to zero in equation (z), we get 


or 


0 = 25 — 10(x - 1) 


0 = 25 —10x + 10 or 10x = 35 
ge? Lae 
10 


Hence the shear force is zero at a distance 3.5 m from A. 


Hence the distance AE = 3.5 m in the shear force diagram shown in Fig. 6.29 (6). 


SHEAR FORCE AND BENDING MOMENT 


B.M. Diagram 
B.M. at A is zero 
B.M. at B is also zero 
B.M. at C=R,x1=25x1=25kNm 
The B.M. at any section between C and D at a distance x from A is given by, 


M,=Ry.x-10e—1), 59 = 25 xx—5e— 1) ) 


AtC,x=1 hence M, = 25x 1-5(1- 1)? = 25kNm 

At D,x=5 hence M, = 25 x 5- 5(5— 1)? = 125 - 80 = 45 kNm 

At E, x = 3.5 hence M,, = 25 x 3.5 — 5(3.5 — 1)? = 87.5 — 31.25 = 56.25 kNm 

B.M. willincrease from 0 at A to 25 kNm at C by a straight line law. Between C and D the 
B.M. varies according to parabolic law as is clear from equation (ii). Between C and D, the B.M. 
will be maximum at FE. From D to B the B.M. will decrease from 45 kNm at D to zero at B 
according to straight line law. 

Problem 6.11. Draw the S.F. and B.M. diagrams of a simply supported beam of length 
7m carrying uniformly distributed loads as shown in Fig. 6.30. 


10 kN/m 5 kN/m 


S.F. diagram 


A B.M. diagram E Cc D 


Fig. 6.30 


Sol. First calculate the reactions R, and Rp. 
Taking moments of all forces about A, we get 


Ry x7 =10x3 x 345x2x(3+2+2) = 45 + 60 = 105 
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and R, = Total load on beam — R, 
=(10x34+5~x2)—-15=40-15=25 kN 


S.F. Diagram 

The shear force at A is + 25 kN 

The shear force at C= R,-—3 x 10 = + 25-30 =—-5kN 

The shear force varies between A and C by a straight line law. 

The shear force between C and D is constant and equal to—5 kN 

The shear force at B is— 15 kN 

The shear force between D and B varies by a straight line law. 

The shear force diagram is drawn as shown in Fig. 6.30 (6). 

The shear force is zero at point F between A and C. Let us find the location of E from A. Let 
the point E be at a distance x from A. 

The shear force at E = R, — 10 x x = 25 — 10x 

But shear force at F = 0 


25 — 10x =0 or 10x = 25 
or x= ae =2.5m 
10 
B.M. Diagram 
B.M. at A is zero 
B.M. at B is zero 
B.M. at C, Mg =Ryx8-10x3x 5 =25 x 3-45 = 75 — 45 = 30 kNm 


At E, x = 2.5 and hence 


B.M. at E, My = Ry x 25-10 x 2.5 x = = 25 x 2.5-5 x 6.25 
= 62.5 — 31.25 = 31.25 kNm 


B.M. at D, M, = 25(38 + 2)-10x 3x (3 +2) = 125-105 = 20kNm 


The B.M. between AC and between BD varies according to parabolic law. But B.M. between 
C and D varies according to straight line law. Now the bending moment diagram is drawn as 
shown in Fig. 6.30 (c). 

Problem 6.12. A simply supported beam of length 10 m, carries the uniformly distrib- 
uted load and two point loads as shown in Fig. 6.31. Draw the S.F. and B.M. diagram for the 
beam. Also calculate the maximum bending moment. 


Sol. First calculate the reactions R, and Rp. 
Taking moments of all forces about A, we get 


Ry x10 =50x 2+ 10x4x (242) + 40244) 
= 100 + 160 + 240 = 500 
R= 2 ecoEN 
10 


and R, = Total load on beam — R, 
= (50+ 10x 4+40)—50 = 130-50 =80 kN 


SHEAR FORCE AND BENDING MOMENT 


SO KN 40kN/m 40 kN 
Cc 2 B 


A 
(a) 2m —>\« 4m \< 4m > 
10m > 
R, = 80 
R, = 50 


A Cc E D B 
B.M. diagram 
Fig. 6.31 
S.F. Diagram 
The S.F. at A, F,=R,=+ 80kN 


The S.F. will remain constant between A and C and equal to + 80 kN 

The S.F. just on R.H.S. of C = R, —50 = 80 —- 50 = 30 kN 

The S.F. just on L.H.S. of D = R, - 50-10 x 4= 80-50-40 =— 10 kN 

The S.F. between C and D varies according to straight line law. 

The S.F. just on R.H.S. of D = R, —50-10 x 4— 40 = 80-50 — 40- 40 =—50 kN 
The S.F. at B =— 50 kN 

The S.F. remains constant between D and B and equal to — 50 kN 


The shear force diagram is drawn as shown in Fig. 6.31 (6). 
The shear force is zero at point E between C and D. 
Let the distance of EF from point A is x. 
Now shear force at E = R,—50-10 x (x - 2) 
= 80 — 50 — 10x + 20 = 50 — 10x 

But shear force at H=0 

50-—10x=0 or eo em 

10 
B.M. Diagram 

B.M. at A is zero 
B.M. at B is zero 


STRENGTH OF MATERIALS 


B.M. at C, Mo=R, x 2=80x2=160 kNm 


B.M. at D, My=R,x6-50x4-10x4x4 


= 80 x 6 — 200 — 80 = 480 — 200 — 80 = 200 kNm 
At E,x =5 m and hence B.M. at E, 


My = Fy x5~50(6~2)~ 10 x (5-2) x (22?) 


=80x5-50x3-10x3x = 400 — 150 — 45 = 205 kNm 


The B.M. between C and D varies according to parabolic law reaching a maximum value 
at HE. The B.M. between A and C and also between B and D varies according to linear law. The 
B.M. diagram is shown in Fig. 6.31 (c). 


Maximum B.M. 
The maximum B.M. is at E, where S.F. becomes zero after changing its sign. 
Max. B.M. = M,, = 205kNm. Ans. 


6.13. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A SIMPL 
SUPPORTED BEAM CARRYING A UNIFORMLY VARYING LOAD FROM ZERO 


AT EACH END TO w PER UNIT LENGTH AT THE CENTRE 


Fig. 6.32 shows a beam of length L simply supported at the ends A and B and carrying a 
uniformly varying load from zero at each end to w per unit length at the centre. The reactions at 
the supports will be equal and their magnitude will be half the total load on the entire length, as 
the load is symmetrical on the beam. 

But total load on the beam = Area of load diagram ABO 

_ ABxCO_Lxw ee w.L 
2 2 2 
R, =R, = Half the total load 

_1fw.L)_w.L 
a) (“= A! 

Consider any section X between A and C at a distance x from end A. 
The rate of loading at X 

= Vertical distance XD in load diagram 


x CO XD xxCO 2x.w 

=>. — =— .. xXD= = 

tie G 

2 2 2 

oa 

Now load on the length AX of the beam = Area of load diagram AXD 
2M 

ewe (: xp=*2. x) 

2 2 L 


SHEAR FORCE AND BENDING MOMENT 


(a) k¢— x Load diagram 


(c) 


a re: 


A B.M. diagram C B 


Fig. 6.32 


This load is acting at a distance of e from X 


Now S.F. at X is given by, 
F.. = R, — load on the length AX 


= 7 a ae E Ry =“) .{Z) 
Equation (i) shows that shear force varies according to parabolic law between A and C. 
w.L w w.L 
At A, x=Oh F = -—.0= 
x ence a ji 3 ji 
2 
Ces tenes Foo M22 (2) = ls BP Gg 
2 4 L\2 4 4 
w.L 
The shear force at B =— Ry = — ae 


The shear force is shown in Fig. 6.32 (6). The shear force between A and C and also 


between C and B is parabolic. 
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B.M. Diagram 
The bending moment is zero at A and B. 
The B.M. at X is given by, 
M, = R,. x — Load of length AX. > 
wl wie x_w.l Ww 3 


= x x". = = Xt 
L 3 4 wh 


Equation (ii) shows that B.M. between A and C varies according to cubic law. 
AtA,x=Ohence M,=0 


w.b Low (4) 


..{it) 


L 
AtC,x= ei hence My= 


ae a ree 
wl? wh? _3w.L?-wl? wl 
8 24 24 12 


The maximum B.M. occurs at the centre of the beam, where S.F. becomes zero after 
changing its sign. 


Max. B.M. is at C, M,.= 


6.14. SHEAR FORCE AND B.M. DIAGRAMS FOR A SIMPLY SUPPORTED BEAM 
CARRYING A UNIFORMLY VARYING LOAD FROM ZERO AT ONE END TO w 
PER UNIT LENGTH AT THE OTHER END 


Fig. 6.33 shows a beam AB of length L simply supported at the ends A and B and carrying 
a uniformly varying load from zero at end A to w per unit length at B. First calculate the 
reactions R, and Rp. 

Taking moments about A, we get 


R,xL= (=) : L ota load (- va is acting =1 from A 


w.L 
a 


and R, = Total load on beam — R, = BE ee ed 


2 3 6 
Consider any section X at a distance x from end A. The shear force at X is given by, 
F..= R, — load on length AX = we ee 
* 6 L 2 


[Load on AX = 


AX .CX _x.w.x 
oa 


ic ; ; 
oe = 


Equation (i) shows that S.F. varies according to parabolic law. 


SHEAR FORCE AND BENDING MOMENT 


(a) Load diagram 


C 


A 
——__" aan 
S.F. diagram 


(c) 


AtA,x=QOhence, F,= wb w x0 = wt 


w.L wl? w.L wl w.bL-3w.L aw. w.L 


At B,x=L,hence, F,= - = = 


BY 6 OL 6 2 6 


6 


3 


The shear force is + us at A and it decreases to — “ at B according to parabolic law. 


Somewhere between A and B, the S.F. must be zero. Let the S.F. be zero to a distance x from A. 


Equating the S.F. to zero in equation (7), we get 


_ wLl | wx? a wx _w.L 
6 2L ae 
5. wl 9b T 
or acs — pO en aa 
6 w 3 


B.M. Diagram 
The B.M. is zero at A and B. 
The B.M. at the section X at a distance x from the end A is given by, 


M,, = R,.x — Load on length AX . os c Load on AX is acting at 3 from x 
- 3 


6 2L 3 «6 6L 


_w.L wx? x wh wx 
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Equation (ii) shows the B.M. varies between A and B according to cubic law. 
Max. B.M. occurs at a point where S.F. becomes zero after changing its sign. 


L L 
That point is at a distance of BB from A. Hence substituting x = iB in equation (ii), we 


get maximum B.M. 


Max. B.M. = 


wb L w ( L ) 
6 /3 6L \ V3 
_ wh? _ we 3w.L?-wl? wl? 
6V3 18/3 18/3 9/3 
Problem 6.13. A simply supported beam of length 5 m carries a uniformly increasing 


load of 800 N/m run at one end to 1600 N/m run at the other end. Draw the S.F. and B.M. 
diagrams for the beam. Also calculate the position and magnitude of maximum bending moment. 
Sol. The loading on the beam is shown in Fig. 6.34. The load may be assumed to be 
consisting of a uniformly distributed load of 800 N/m over the entire span and a gradually 
varying load of zero at A to 800 N/m at B. 
Then load on beam due to uniformly distributed load of 800 N/m = 800 x 5 = 4000 N 


Load on beam due to triangular loading = 5 x 800 x 5 = 2000 N 


DE = 160 x 


3761.5 Nm 
— 


B.M. diagram 


(c) 


Fig. 6.34 
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Now calculate the reactions R, and Rp. 
Taking the moments about A, we get 


4000 x : + 2000 x (: of 5| 


Rz,x5 
R, = 2000 + 1333.33 = 3333.33 N 


and R, = Totalload on beam-R, 
= (4000 + 2000) — 3333.33 = 2666.67 N 
Consider any section X-X at a distance x from A. 
Rate of loading at the section X-X 
= Length CE =CD+DE 
= 800+ . x 800 = 800 + 160x 
Total load on length AX 
= Area of load diagram ACDEF 
= Area of rectangle + Area of ADEF 
= 800xx+ ee = 800x + 80x2 
Now the S.F. at the section X-X is given by, 
F., = R,—loadon length AX 
= 2666.67 —(800x + 80x?) = 2666.67 — 800x — 80x? (i) 
Equation (i) shows that shear force varies between A and B according to parabolic law. 
AtA,x=Ohence F,, = 2666.67 — 800 x 0 — 80 x 0 = + 2666.67 N 
At B,x=5hence F, = 2666.67 — 800 x 5-80 x 52 
= 2666.67 — 4000 — 2000 = — 3333.33 N 
Let us find the position of zero shear. Equating the S.F. equal to zero in equation (1), we get 
0 = 2666.67 — 800x — 80x? 
or x? + 10x - as =i or x? + 10x — 33.33 = 0 
The above equation is a quadratic equation. Its solution is given by, 
_ -10+107+4x 33.33 - 10 + /233.33 
2 7 2 
eee Eaacialitcs au ee (Neglecting — ve root) 
= 2.637m 
B.M. Diagram 


The B.M. at the section X-X is given by 


x 


M, = Ryxx—800xxx ~-+.x.160%.% 
2 2 3 


80 3 


2666.67x — 400x? — a2 x (Zi) 
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Equation (ii) shows that B.M. between A and B varies according to cubic law. 

At A, x =0, M,,=0 

At B, x =5, M,=0 

Maximum B.M. occurs where S.F. is zero. But S.F. is zero at a distance of 2.637 m 
from A. Hence maximum B.M. is obtained by substituting x = 2.637 m in equation (iz). 


Max. B.M. = 2666.67 x 2.637 — 400 x 2.6377 — = x 2.6379 = 3761.5 Nm. Ans. 


6.15. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR OVER-HANGING 
BEAMS 


If the end portion of a beam is extended beyond the support, such beam is known as 
overhanging beam. In case of overhanging beams, the B.M. is positive between the two supports, 
whereas the B.M. is negative for the over-hanging portion. Hence at some point, the B.M. is zero 
after changing its sign from positive to negative or vice versa. That point is known as the point 
of contraflexure or point of inflexion. 

6.15.1. Point of Contraflexure. It is the point where the B.M. is zero after changing its 
sign from positive to negative or vice versa. 

Problem 6.14. Draw the shear force and bending moment diagrams for the over-hanging 
beam carrying uniformly distributed load of 2 kN/m over the entire length as shown in Fig. 6.35. 
Also locate the point of contraflexure. 

Sol. First calculate the reactions R, and R, 

Taking moments of all forces about A, we get 


Ryx4=2x6x > = 36 (-- Total load on beam = 2 x 6 = 12 KN. This 


load is acting at a distance 3 m from A) 


2 kN/m | 


B.M. diagram 


Fig. 6.35 


SHEAR FORCE AND BENDING MOMENT 


Be = -9kN 
and R, = Totalload—R,=2x6-9=3kKN 
Shear Force Diagram 
Shear force at A = +R,=+3kN 
(i) The shear force at any section between A and B at a distance x from A is given by, 
F, = R,-2x (. R,=3) 
= 38-2x .(Z) 


At A, x = 0 hence F, = 3KN 

At B, x = 4 hence Fy, = 3-2x4=-5kN 

The shear force varies according to straight line law between A and B. At A, the shear 
force is positive whereas at B, the shear force is negative. Between A and B somewhere S.F-. is 
zero. The point, where S.F. is zero, is obtained by substituting F’, = 0 in equation (7). 


0 = 38-2x or v= 5=15m 


Hence S.F. is zero at a distance of 1.5 m from A (or S.F. is zero at point D). 
(ii) The S.F. at any section between B and C at a distance x from A is given by, 
Fo = +R,-4x2+R,-(«-4)x2=3-8+9-2x%-4) 

= 4-—2(x-4) (UL) 
At B,x=4mbhence F, 4—2(4-—4)=+4kN 
At C,x=6mbhence Fo =4-2(6-4)=0 
Between B and C alsoS.F. varies by a straight line law. At B, S.F.is+ 4kN and atC,5S.F. 

is zero. 


The S.F. diagram is shown in Fig. 6.35 (0). 


Bending Moment Diagram 

The B.M. at A is zero. 

(i)The B.M. at any section between A and B at a distance x is given by, 
M, = Ryxx-2xxx5 


= 8x—x? alt) 
AtA,x=Ohence M, = 0 
AtB,x=4hence M, = 3x4-4%=-4kNm 
Max. B.M. occurs at D, where S.F. is zero after changing its sign. 
At D,x=1.5 hence M,=3 x 1.5-1.5 = 4.5 — 2.25 = 2.25 kNm 
The B.M. between A and B varies according to parabolic law. 
(ii)The B.M. at any section between B and C at a distance x is given by, 


M, = Ryxx-2xxx +R x (x4) 
3x — x2 + O(x — 4) ...(iv) 
AtB,x=4hence M, = 3x4-4?+9(44-4)=4kNm 


AtC,x=6hence M, = 3x6-67+9(6-4)=18-36+18=0 
The B.M. diagram is shown in Fig. 6.35 (c). 
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Point of Contraflexure 

This point will be between A and B where B.M. is zero after changing its sign. But B.M. at 
any section at a distance x from A between A and B is given by equation (iii) as 

M,, = 3x — x? 
Equation M,, to zero for point of contraflexure, we get 
0 = 8x — x? = x(3 — x) 
or 38-x=0 (.: x cannot be zero as B.M. is not 
changing sign at this point) 
x=3 
Hence point of contraflexure will be at a distance of 3m fromA. 


Problem 6.15. Draw the S.F. and B.M. diagrams for the overhanging beam carrying 
uniformly distributed load of 2 kN/m over the entire length and a point load of 2 kN as shown 
in Fig. 6.36. Locate the point of contraflexure. 

Sol. First calculate the reactions R, and Rp. 

Taking moments of all forces about A, we get 

Rp,x4=2x6x3+2x6=36+12=48 
R= = =12kN 


and R, = Total load — R, = (2x 6+ 2)-12 =2 kN 


2 kN/m ak 
A 
B Cc 
(a) 4m 2m — 


o) 
| Se 


S.F. diagram 


B.M. diagram 


Fig. 6.36 


SHEAR FORCE AND BENDING MOMENT 


S.F. Diagram 
S.F.atA = +R,=+2kN 
(i)The S.F. at any section between A and B at a distance x from A is given by, 
Fy = +R,-2xx 
= 2-2x .(Z) 

AtA,x=Ohence F, 2-2x0=2kN 

At B,x=4hence F, 2-2x4=-6kN 

The S.F. between A and B varies according to straight line law. At A, S.F. is positive and 
at B, S.F. is negative. Hence between A and B,S.F. is zero. The point of zero S.F. is obtained by 
substituting F’. = 0 in equation (Z). 


0 = 2-—2x or x=S=im 


The S.F. is zero at point D. Hence distance of D from A is 1 m. 
(ii)The S.F. at any section between B and C at a distance x from A is given by, 
Z. = +R,-2 x4+R,- 2x -4) 
2-8+12-2(x — 4) =6-2x-4) (Zi) 
At B,x=4hence F, = 6-2(4—4)=+6kN 
AtC,x=6hence F, = 6-2(6-4)=6-4=2kN 
The S.F. diagram is drawn as shown in Fig. 6.36 (0). 


B.M. Diagram 
B.M. atA is zero 
(i) B.M. at any section between A and B at a distance x from A is given by, 


M. = Ryxx-2xxx >= 2-2? (Lit) 


The above equation shows that the B.M. between A and B varies according to parabolic 
law. 

At A,x=Ohence M, = 0 

AtB,x=4hence M, = 2x4-4%=-8kNm 

Max. B.M. is at D where S.F. is zero after changing sign 

At D,x=1hence M,= 2x1-1?=1kNm 


The B.M. at C is zero. The B.M. also varies between B and C according to parabolic law. 
Now the B.M. diagram is drawn as shown in Fig. 6.36 (c). 


Point of Contraflexure 
This point is at HE between A and B, where B.M. is zero after changing its sign. The 
distance of E from A is obtained by putes M,, = 0 in equation (iii). 
0 = 2x-—x2% =x(2—x) 
2-x = 0 
and x = 2m. Ans. 


Problem 6.16. A beam of length 12 m is simply supported at two supports which are 8 m 
apart, with an overhang of 2 m on each side as shown in Fig. 6.37. The beam carries a concen- 


trated load of 1000 N at each end. Draw S.F. and B.M. diagrams. 


STRENGTH OF MATERIALS 


Sol. As the loading on the beam is symmetrical. Hence reactions R, and R, will be equal 
and their magnitude will be half of the total load. 


(1000 + 1000) 


R,=Rz= = 1000N 
2 
1000 N 1000 N 
A B 
i | : D 

\¢— 2m 8m 2m—> 

R, = 1000 N Rp, = 1000 N 

1000 N 


S.F. diagram 
4000 N | | 


(c) 000 Nm = 2000 Nm 


LILILL LLL: LLIPILAL LILA 


sect TT MRTTTTTIT SE 


B.M. diagram 
Fig. 6.37 
S.F. at C =—1000N 
S.F. remains constant (i.e., =— 1000 N) between C and A 
S.F. at A =- 1000+ R,=- 1000 + 1000 = 0 
S.F. remains constant (i.e., = 0) between A andB 
S.F. at B =0+ 1000 =+1000N 


S.F. remains constant (i.e., = 1000 N) between B and D 
S.F. diagrams is drawn as shown in Fig. 6.37 (6). 


B.M. Diagram 
B.M. at C=0 
B.M. at A =— 1000 x 2 =— 2000 Nm (— ve sign is due to hogging moment) 
B.M. between C and A varies according to straight line law. 
The B.M. at any section in AB at a distance of x from C is given by, 
M,, =— 1000 x x + R,(x — 2) 
=— 1000 x x + 1000(« — 2) = — 2000 Nm 
Hence B.M. between A and B is constant and equal to — 2000 Nm. 
B.M. at D = 0. 
B.M. diagram is shown in Fig. 6.37 (c). 


Note. In this particular case, the 8.F. is zero between AB and B.M. is constant. Hence length AB 
is subjected to only constant B.M. The length between A and B is absolutely free from shear force. 


SHEAR FORCE AND BENDING MOMENT 


Problem 6.17. Draw the S.F. and B.M. diagrams for the beam which is loaded as shown 
in Fig. 6.38. Determine the points of contraflexure within the span AB. 
Sol. First calculate the reactions R, and Rp. 
Taking moments about A, we have 
R, x 8 + 800 x 3 = 2000 x 5 + 1000(8 + 2) 


or 8R, + 2400 = 10000 + 10000 
a noo 2400 7 17600 ~ 9200 N 
and R, = Total load — R, = 3800 — 2200 = 1600 
r ———$——_*} 
800 N 2000 N 1000 N 
c A D B E 


(a) 


B.M. diagram 
Fig. 6.38 
S.F. Diagram 
S.F at C =—800N 
S.F. between C and A remains — 800 N 
S.F. at A =— 800 + R, =— 800 + 1600 = + 800 N 
S.F. between A and D remains + 800 N 
S.F. at D = + 800 — 2000 = — 1200 N 
S.F. between D and B remains — 1200 N 
S.F. at B = — 1200 + R, =— 1200 + 2200 = + 1000 N 


S.F. between B and E remains + 1000 N 
S.F. diagram is shown in Fig. 6.38. 
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B.M. Diagram 
B.M. at C =0 
B.M. at A = — 800 x 3 =— 2400 Nm 
B.M. at D =— 800 x (3+5)+R, x5 
=— 800 x 8+ 1600 x 5 
=— 6400 + 8000 = + 1600 Nm 
B.M. at B =— 1000 x 2=-— 2000 Nm 
B.M. at E =0 


The B.M. diagram is drawn as shown in Fig. 6.38 (c). 


Points of Contraflexure 
There will be two points of contraflexure O, and O,, where B.M. becomes zero after changing 
its sign. Point O, lies between A and D, whereas the point O, lies between D and B. 
@) Let the point O, is x metre from A. 
Then B.M. at O, =— 800(3 + x) +R, x x =— 800(3 + x) + 1600x 
= — 2400 — 800x + 1600x =— 2400 + 800x 
But B.M. at O, is zero 


_ 2400 _ 


0 =— 2400 + 800x or x=—=3m. Ans. 
800 

(ii) Let the point O be x metre from B. 
Then B.M. at O, = 1000(« + 2)—R, x x = 1000x + 2000 — 2200 x x = 2000 — 1200x 
But B.M. at O, =0 
: 0 = 2000 — 1200x 

x= 2008 2 = 1.67m from B. Ans. 

1200 3 


Problem 6.18. A horizontal beam 10 m long is carrying a uniformly distributed load of 
1 kN/m. The beam is supported on two supports 6 m apart. Find the position of the supports, so 
that B.M. on the beam is as small as possible. Also draw the S.F. and B.M. diagrams. 


Sol. The beam CD is 10 m long. Let the two supports 6 m apart are at A and B. 
Let x = Distance of support A from C in metre 
Then distance of support B from end D 
=10-(64+x)=(4-x)m 
First calculate the reactions R, and Rp. 
Taking moments about A, we get 


ina oH, x6 =G0-ee1x 
2 2 
2 ya 
or + 6Ry= SO or x? + 12R, = (10 x x)? = 100 + x? — 20x 
or 12R, = 100 + x? — 20x — x? = 100 — 20x 
ae ee Ae) ee ee) 
12 12 3 3 


SHEAR FORCE AND BENDING MOMENT 


and R, = Total load-R, 
-~10x1 5 5 x) = BOA + 5m 
: 3 
_ 5+5K 
—(14+x) 
3 5 a 


In the present case of overhanging nae the maximum negative B.M. will be at either of 
the two supports and the maximum positive B.M. will be in the span AB. If the B.M. on the beam 
is as small as possible, then the length of the overhanging portion should be so adjusted that the 
maximum negative B.M. at the support is equal to the maximum positive B.M. in the span AB. 

The B.M. will be maximum in the span AB at a point where S.F. is zero. 

Let B.M. is maximum (or S.F. is zero) at a section in AB at a distance of y m from C. 


1 kN/m 
Cc D 
A B 
x 6m (4—x) 
Ra Re 
10m 
Fig. 6.39 
But S.F. at this section = y x 1-R, 
yx1-R,=0 
or yeiloe Gages 
3 
a + x) ...(Z) 
Now B.M. at the eee 
3 
ieee (ii) 
5 2 


and B.M. at a distance y from C 
=-Ixyx > +Ryx(y- 


2 5 
en ela E Ry = 2040) 


--32 ase] ceelaree E y=2a+n) 


5 (1+ x) | 
= —(1 —(1 
( 1 3x9 > +x)- 7 
Sao “Br 10 105-6 
3 L 6 
5 [5-x 5 
ce: a ae CG 
3 | x) F 18 ‘ x2 + 4x +5) (iit) 
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For the condition that the B.M. shall be as small as possible, the hogging moment at the 
support A and the maximum sagging moment in the span AB should be numerically equal. 


.. Equating equations (ii) and (iii) and ignoring the — ve sign of B.M. at A, we get 
5 2 
— (_x? ea 
18 (—x* + 4x + 5) 5 
or — 5x? + 20x +25 = 9x? or 14x? — 20x — 25 =0 
The above equation is a quadratic equation. Hence its solution is given by 


20+ 207 +4x 14x25 20+,/400+1400 20+ 42.42 


2x14 28 28 
+ 
= oo (Neglecting — ve value) 
= 2.23 m 
Substituting this value of x in equation (i), we get 


5X 3.23 = 538m 


y= > (142.28) = 


Now the values of reactions R, and R, are obtained as: 


R, = 2 (4 x) =? (1 + 2.23) = 5.38 kN 
5 5 
and Ry = 36-2)=3 6 - 2.23) = 462 kN 
Now the S.F. and B.M. diagrams can be drawn as shown in Fig. 6.40. 
S.F. Diagram 
S.F. at C = 0 


S.F. just on L.H.S.of A = —1x 2.23 =—2.23 kN 
Shear force varies between C and A by a straight line law. 
S.F. just on L.H.S.of <A = —2.23+R, 

= —2.23+ 5.388 =+3.15 kN 
S.F. just on L.H.S.of B = +3.15-1x6=-—2.85 kN 
Shear force between A and B varies by a straight line law. 
S.F. just on R.H.S.of B = —2.85+R, 

= —2.85+462=+1.17kN 
S.F. at D =117-1x1.77=0 
S.F. between B and D varies by a straight line law. 
S.F. diagram is drawn as shown in Fig. 6.40 (c). 


B.M. Diagram 
B.M. at C = 0 


B.M. at A 


Il 
| 
_ 
x 
iw) 
io 
(os) 
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1 kN/m 


(a) 


(b) © 


le y=5.38m >| 
S.F. diagram 


Fig. 6.40 


B.M. at E (7.e., at a distance y = 5.38 m from point C) 


=-1x5.38x = +R, x (5.38 — 2.23) 


2 
= POS" 2 eae 4h a odo kN 
1.77 
B.M. at B =-1x1.77~x 5 =—1.06kNm 


The B.M. between C and A ; between A and B ; and between B and D varies according to 
parabolic law. B.M. diagram is shown in Fig. 6.40 (c). 


6.16. S.F. AND B.M. DIAGRAMS FOR BEAMS CARRYING INCLINED LOAD 


The shear force is defined as the algebraic sum of the vertical forces at any section of a 
beam to the right or left of the section. But when a beam carries inclined loads, then these 
inclined loads are resolved into their vertical and horizontal components. The vertical compo- 
nents only will cause shear force and bending moments. 
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The horizontal components of the inclined loads will introduce axial force or thrust in the 
beam. The variation of axial force for all sections of the beam can be shown by a diagram known 
as thrust diagram or axial force diagram. 


In most of the cases, one end of the beam is hinged and the other end is supported on 
rollers. The roller support cannot provide any horizontal reaction. Hence only the hinged end 
will provide the horizontal reaction. 


Problem 6.19. A horizontal beam AB of length 4 m is hinged at A and supported on 
rollers at B. The beam carries inclined loads of 100 N, 200 N and 300 N inclined at 60°, 45° and 
30° to the horizontal as shown in Fig. 6.41. Draw the S.F., B.M. and thrust diagrams for the 
beam. 


Sol. First of all, resolve the inclined loads into their vertical and horizontal components. 
The inclined load at C is having horizontal component 
= 100 x cos 60° = 100 x 0.5 = 50 N, 
whereas the vertical component= 100 x sin 60° = 100 x 0.866 = 86.6 N 


a 200 N 300 N 
A 60 He we B 
cae c D E -£y- 
(a) 
\¢ 1m 1m 1m 1m > 


86.6 N 141.4N 150 N 


Hy = | | ‘ | 
451.8N|A 50 N 141.4N 259.8 N 


(b) 
Cc D E B 


Ra =173.15N Fe Load diagram Rp = 204.85 
7 
il 86.6 a. 
) 47315f + Kage 
ve 1414 | oc 
(d) 
D : E 
| | | B.M. diagram 
r BON v { 
K 141.4 
451.2N " 
(e) - 401.2 259.8 


on ft 
Thrust diagram 


Fig. 6.41 
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Similarly the inclined load at Dis having horizontal component 
= 200 x cos 45° = 141.4 N, 
whereas the vertical component = 200 x sin 45° = 141.4 N 
The inclined load at E is having horizontal component 
= 300 x cos 30° = 300 x 0.866 = 259.8 N, 
whereas the vertical component = 300 x sin 30° = 150 N 
The horizontal and vertical components of all inclined loads are shown in Fig. 6.41 (0). 
As beam is supported on rollers at B, hence roller support at B will not provide any 
horizontal reaction. The horizontal reaction will be only provided by hinged end A. 
Let H, = Horizontal reaction at A 
= Sum of all horizontal components of inclined loads 
= 50+ 141.4 + 259.8 
(All horizontal components are acting in the same direction) 
= 451.20 N 
To find the reactions R, and Rz, take the moments of all forces about A, 
R, x 4= 86.6 x 1+ 141.4 x 2+ 150 x 3 = 819.4 


or R= — = 204.85 N 


R, = Total vertical load — R, 
= (86.6 + 141.4 + 150) — 204.85 = 173.15 N 


S.F. Diagram 
The S.F. is due to vertical loads (including vertical reactions) only 
S.F. atA =+R,=+173.15N 


S.F. remains constant between A and C and equal to 173.15 N 
S.F. suddenly changes at C due to point load and S.F. at C 

= 173.15 — 86.6 = 86.55 N 
S.F. remains constant between C and D and is equal to 86.55 N 


S.F. at D = 86.55 — 141.40 =— 54.85 N 
The S.F. remains constant between EF and D and is equal to — 54.85 N 
The S.F. at B = — 54.85 — 150.00 = — 204.85 N 
The S.F. diagram is shown in Fig. 6.41 (c). 
B.M. Diagram 
The B.M. is only due to vertical loads (including vertical reactions) only 
The B.M. at A =0 
B.M. at C =R,x1=173.15 x 1=173.15 Nm 
B.M. at D =R,x2-866x1 
= 173.15 x 2 — 86.6 = 259.7 Nm 
B.M. at E =R,x3-86.6x2-1414x1 
= 173.15 x 3- 86.6 x 2— 141.4 =+ 204.85 Nm 
B.M. at B =0 


The B.M. diagram is shown in Fig. 6.41 (d). 
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Thrust Diagram or Axial Force Diagram 


The thrust diagram is due to horizontal components including horizontal reaction. 


Axial force at A = +H, = 451.20 N 

The axial force remains constant between A and C and is equal to 451.20 N 
Axial force at C = H, — 50 = 451.20 — 50 = 401.2 N 

Axial force remains constant between C and D and is equal to 401.2 N 
Axial force at D = 401.2 — 141.40 = 259.8 N 

Axial force remains constant between D and E and is equal to 259.8 N 
Axial force at E = 259.8 — 259.8 = 0 


Axial force between FE and B is zero. 

Thrust diagram or axial force diagram is shown in Fig. 6.41 (e). 

Problem 6.20. A horizontal beam AB of length 8 m is hinged at A and placed on rollers 
at B. The beam carries three inclined point loads as shown in Fig. 6.42. Draw the S.F., B.M. 
and axial force diagrams of the beam. 

Sol. First resolve the inclined loads into their vertical and horizontal components. 

Vertical component of force at C 

=4sin 30° =4x0.5=2 kN 
Horizontal component of force at C 

= 4x cos 30° = 4 x 0.866 = 3.464 kN > 
Vertical component of force at D 

= 8 x sin 60° = 8 x 0.866 = 6.928 kN 
Horizontal component of force at D 

=8xcos 60°=8x0.5=4kN <¢ 
Vertical component of force at E 

= 6x sin 45° = 6 x 0.707 = 4.242 kN 
Horizontal component of force at E 

= 6 x cos 45° = 6 x 0.707 = 4.242 kN — 

The horizontal and vertical components of all inclined loads are shown in Fig. 6.42 (b). 

The horizontal reaction will be provided by the hinged end A. 

.. Horizontal reaction at A, 

H, =-3.464+4+ 4.242 = 4.778 kN 
To find vertical reactions R, and R,, take the moments of all forces about A. 
: R,x8=2x2+6.928 x 4+ 4.242 x 6 = 57.164 


R= _— = 7.1455 kN 
Now R, = Total vertical loads —R, 


= (2 + 6.928 + 4.242) — 7.1455 = 6.0245 kN 


S.F. Diagram 
S.F. is due to vertical loads 
S.F. at A =+R,=+ 6.0245 kN 
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Fig. 6.42 
remains 6.0245 kN between A and C 
at C = + 6.0245 —- 2 = + 4.0245 kN 
remains 4.0245 KN between C and D 
at D = + 4.0245 — 6.928 = — 2.9035 kN 
remains — 2.9035 kN between D and E 
at E =— 2.9035 — 4.242 = — 7.1455 kN 
remains constant between E and B and equal to — 7.1455 


diagram is shown in Fig. 6.42 (c). 
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B.M. Diagram 
B.M. is only due to vertical loads 
B.M. at A =0 
B.M. at C =R, x 2= 6.0245 x 2 = 12.049 kNm 
B.M. at D = 6.0245 x 4-2 x 2 = 20.098 kNm 
B.M. at E = 6.0245 x 6-2 x 4—6.928 x 2 = 14.291 kNm 
B.M at B =0 
B.M. diagram is shown in Fig. 6.42 (d). 
Axial Force Diagram 
Axial force is due to horizontal components including horizontal reaction. 
Axial force at A =+H,=+ 4.778 KN 
Axial force remains 4.778 KN between A and C 
Axial force at C = + 4.778 + 3.464 = + 8.242 
Axial force remains 8.242 kN between C and D 
Axial force at D = 8.242 -—4.0 = + 4.242 
Axial force remains 4.242 kN between D and E 
Axial force at E = + 4.242 —4.242 =0 


Axial force remains zero between E and B 
Axial force diagram is shown in Fig. 6.42 (e). 


6.17. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR BEAMS SUBJECTED 
TO COUPLES 


When a beam is subjected to a couple at a section, only the bending moment at the section 
of the couple changes suddenly in magnitude equal to that of the couple. But the S.F. does not 
change at the section of the couple as there is no change in load due to couple at the section. But 
while calculating the reactions, the magnitude of the couple is taken into account. 

The sudden change in B.M. at the section of the couple can also be obtained by calculating 
B.M. separately with the help of both the reactions. 

Problem 6.21. A simply supported beam AB of length 6 m is hinged at A and B. It is 
subjected to a clockwise couple of 24 kNm at a distance of 2 m from the left end A. Draw the 
S.F. and B.M. diagrams. 

Sol. Fig. 6.43 (a) shows the simply supported beam AB, hinged at A and B. The clockwise 
couple at C will try to lift the beam up at the support A, and to depress the beam down at the 
support B. Hence the reaction at A will be downwards and at B the reaction will be upwards as 
shown in Fig. 6.43 (d). 

To find reactions of R, and Rz, take the moments about A. 

R,x6-24=0 ("Moment due to R, is anti-clockwise and moment 
at C is clockwise) 
24 
hy= 7 has kN T 

Since there is no external vertical load on the beam, therefore the reaction at A will be the 
same, as that of B, but in opposite direction. 

: R, = Load on beam — R, ( Load on beam = 0) 
=— R B =— 4 KN. 
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S.F. Diagram 
S.F. atA =R,=-4kN 
The S.F. remains constant (i.e., equal to— 4 KN) between A and B. 
The S.F. diagram is shown in Fig. 6.48 (c). 


24 kNm 
A c B 
(a) rae rae 
¢ 2m Pit 4m id 
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(6) 4S ae 
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Rp 
t A Cc poe line BY 
© ann - 4 kN 
i] S.F. diagram t 
(d) 
é B.M. diagram ; 
Fig. 6.43 
B.M. Diagram 
B.M. at A =0 
B.M. just on the L.H.S. of C =R,x2=-4x2=-8kNm 
B.M. just on the R.H.S. of C =R,x4=4x4=+16kNm 


(B.M. just on the R.HLS. of C can also be calculated as the sum of moments due to R, and 
moment due to couple. But moment due to R, is anti-clockwise whereas due to couple is clock- 
wise. Hence net B.M. on R.H.S. of C=-— 8+ 24=+16kNm). 

There is a sudden change in B.M. at C due to couple. 

B.M. at B =0 

B.M. diagram is shown in Fig. 6.43 (d). 

Problem 6.22. A beam 10 m long and simply supported at each end, has a uniformly 
distributed load of 1000 N/m extending from the left end upto the centre of the beam. There is 
also an anti-clockwise couple of 15 kNm at a distance of 2.5 m from the right end. Draw the S.F. 
and B.M. diagrams. 

Sol. The reaction at A will be upwards. To find whether the reaction at B is upwards or 
downwards, take the moments about A. 

The following are the moments at A : 


(i) Moment due to U.D.L. = 1000 x 5 x : = 12500 Nm (clockwise) 
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(ii) Moment of couple = 15000 Nm (Anti-clockwise) 
“. Net moment = 15000 — 12500 
= 2500 Nm (Anti-clockwise) 


This moment must be balanced by the moments due to reaction at B. Hence the moment 
about A due to reaction at B should be equal to 2500 Nm (clockwise). This is only possible when 
R, is acting downwards. This is shown in Fig. 6.44 (0). 
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S.F. diagram 
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B.M. diagram 


R, x 10 = 2500 
R,= eon. = 250N 
10 
and R, = Total load on beam + R, 


(Here R, is +ve as acting downwards) 
= 1000 x 5 + 250 = 5250 N. 
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S.F. Diagram 
S.F. atA =+R,=5250N 
S.F. at C = 5250-5 x 1000 = + 250 N 


S.F. between A and C varies according to straight line law. 
S.F between C and B remains constant and equal to + 250 N 
S.F. diagram is shown in Fig. 6.44 (c). 


B.M. Diagram 
B.MatA =0 
B.M. at C = Ry x5~ 1000 x 5 x 2 


= 5250 x 5— 12500 = 13750 Nm 
B.M. just on the left hand side of D 


5 
= 5250 x 7.5 — 1000 x 5 x (3 + 25) 


= 39375 — 25000 = 14375 Nm 
B.M. just on the right hand side of D 

=-—R, x 2.5 =—- 250 x 2.5 = - 625 Nm 
B.M. at B =0 
The B.M. diagram is shown in Fig. 6.44 (d). 


6.18. RELATIONS BETWEEN LOAD, SHEAR FORCE AND BENDING MOMENT 


Fig. 6.45 shows a beam carrying a uniformly distributed load of w per unit length. Consider 
the equilibrium of the portion of the beam between sections 1-1 and 2-2. This portion is at a 
distance of x from left support and is of length dx. 


Fig. 6.45 


Let F = Shear force at the section 1-1, 
F' + dF = Shear force at the section 2-2, 
M = Bending moment at the section 1-1, 
M +dM = Bending moment at the section 2-2. 
The forces and moments acting on the length ‘dx’ of the beam are : 
(i) The force F acting vertically up at the section 1-1. 
(ii) The force F' + dF acting vertically downwards at the section 2-2. 
(iii) The load w x dx acting downwards. 
(iv) The moments M and (M + dM) acting at section 1-1 and section 2-2 respectively. 
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The portion of the beam of length dx is in equilibrium. Hence resolving the forces acting 
on this part vertically, we get 


F-w.dx —(F +dF)=0 
dF 
Pe 
The above equation shows that the rate of change of shear force is equal to the rate of 
loading. 
Taking the moments of the forces and couples about the section 2-2, we get 


or — dF =w.dx or —w. 


M wads. & + Fdx=M+dM 


2 
or 2a + F.dx = dM 
Neglecting the higher powers of small quantities, we get 
F.dx = dM 
dM dM 
or =— or —es= 
dx dx 


The above equation shows that the rate of change of bending moment is equal to the shear 
force at the section. 


HIGHLIGHTS 


1. Shear force at a section is the resultant vertical force to the right or left of the section. 

2. The diagram which shows the variation of the shear force along the length of a beam, is known as 
shear force diagram. 

3. Bending moment at a section is algebraic sum of the moments of all the forces acting to the left 
or right of the section. 

4. The diagram which shows the variation of the bending moment along the length of a beam, is 
known as bending moment diagram. 

5. A beam which is fixed at one end and free at the other is known as cantilever beam. But a beam 
supported or resting freely on the supports at its both ends, is known as simply supported beam. 

6. Ifthe end portion of a beam is extended beyond the support, such beam is known as overhanging 
beam. 

7. A load acting at a point, is known as concentrated load or a point load. 

8. Ifa left portion of a section is considered, then S.F will be positive at the section if the resultant 
of the vertical forces (including reactions) to the left of the section is upwards. But if the resultant 
is acting downwards then S.F. at the section will be negative. 

9. Ifaright portion of a section is considered, the S.F. will be positive at the section if the resultant 
of the vertical forces to the right of the section is downwards. But if the resultant is acting 
upwards then S.F. at the section will be negative. 

10. Ifa left portion of a section is considered, the B.M. will be positive at the section if the moment 
of all vertical forces and of reaction, at the section is clockwise. But if the resultant moment at 
the section is anti-clockwise, then B.M. will be negative. 

11. Ifaright portion of a section is considered, the B.M. will be positive at the section if the resultant 
moment at the section is anti-clockwise. But if the resultant moment at the section is clockwise, 
then B.M. will be positive. 

12. The shear force changes suddenly at a section where there is a vertical point load. 
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13. The shear force between any two vertical loads remains constant. 


14. Shear force for a uniformly distributed load varies according to a straight line law whereas B.M. 
varies according to a parabolic curve. 


15. B.M. is maximum at a section where S.F. is zero after changing its sign. 


16. The point where B.M. is zero after changing its sign, is known as point of contraflexure or point of 
inflexion. 


17. When an inclined load is acting on a beam, then inclined load is resolved into two components. 
Vertical component will cause S.F. and B.M. whereas horizontal component will cause axial 
thrust in the beam. 


18. When a beam is subjected to a couple at a section, then B.M. changes suddenly at the section but 
S.F. remains unaltered at the section. 


EXERCISE 


(A) Theoretical Questions 


1. Define and explain the following terms : 
Shear force, bending moment, shear force diagram and bending moment diagram. 

2. What are the different types of beams ? Differentiate between a cantilever and a simply sup- 
ported beam. 


3. What are the different types of loads acting on a beam ? Differentiate between a point load and 
a uniformly distributed load. 
4, What are the sign conventions for shear force and bending moment in general ? 
5. Draw the S.F. and B.M. diagrams for a cantilever of length L carrying a point load W at the free 
end. 
6. Draw the S.F. and B.M. diagrams for a cantilever of length L carrying a uniformly distributed 
load of w per m length over its entire length. 
7. Draw the S.F. and B.M. diagrams for a cantilever of length L carrying a gradually varying load 
from zero at the free end to w per unit length at the fixed end. 
8. Draw the S.F. and B.M. diagrams for a simply supported beam of length L carrying a point load 
W at its middle point. 
9. Draw the S.F. and B.M. diagrams for a simply supported beam carrying a uniformly distributed 
load of w per unit length over the entire span. Also calculate the maximum B.M. 
10. Draw the S.F. and B.M. diagrams for a simply supported beam carrying a uniformly varying load 
from zero at each end to w per unit length at the centre. 
11. What do you mean by point of contraflexure ? Is the point of contraflexure and point of inflexion 
different ? 
12. How many points of contraflexure you will have for simply supported beam overhanging at one 
end only ? 
13. How will you draw the 8.F. and B.M. diagrams for a beam which is subjected to inclined loads ? 
14. What do you mean by thrust diagram ? 


15. Draw the S.F. and B.M. diagrams for a simply supported beam of length L which is subjected to 
a clockwise couple u at the centre of the beam. 


(B) Numerical Problems 


1. Acantilever beam of length 2 m carries a point load of 1 KN at its free end, and another load of 2 
KN at a distance of 1 m from the free end. Draw the S.F. and B.M. diagrams for the cantilever. 


[Ans. Ff. =+3kKN;M,,.=-4kNm] 


max 
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2. 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


A cantilever beam of length 4 m carries point loads of 1 KN, 2 kN and 3 kN at 1, 2 and 4m from 
the fixed end. Draw the shear force and B.M. diagrams for the cantilever. 


[Ans. F.=+6kN;M,,.=-17kNm] 


A cantilever of length 2 m carries a uniformly distributed load of 3 kKN/m run over a length of 1m 
from the fixed end. Draw the S.F. and B.M. diagrams. [Ans.F  =+3kN;M, =-1.5kNm] 


A cantilever of length 5 m carries a uniformly distributed load of 2 kN/m length over the whole 
length and a point load of 4 KN at the free end. Draw the 8.F. and B.M diagrams for the cantilever. 
[Ans. Ff .=+14kN;M,,,=—45kNm] 
A cantilever of length 4 m carries a uniformly distributed load of 1 kKN/m run over the whole 
length and a point load of 2 KN at a distance of 1 m from the free end. Draw the S.F. and B.M. 
diagrams for the cantilever. [Ans. F.=+14kN;M,,.=—-14kNm] 
A cantilever 2 m long is loaded with a uniformly distributed load of 2 kN/m run over a length of 


1m from the free end. It also carries a point load of 4 KN at a distance of 0.5 m from the free end. 
Draw the shear force and B.M. diagrams. [Ans. F = +6kKN;M,,.=-9kNm] 


A cantilever of length 6 m carries two point loads of 2 KN and 3 KN at a distance of 1m and6m 
from the fixed end respectively. In addition to this the beam also carries a uniformly distributed 
load of 1 KN/m over a length of 2 m at a distance of 3 m from the fixed end. Draw the S.F. and B.M. 
diagrams. [Ans. F = +7kN;M,,,=— 28 kNm] 


A cantilever of length 6 m carries a gradually varying load, zero at the free end to 2 kN/m at the 
fixed end. Draw the 8.F. and B.M. diagrams for the cantilever. 


[Ans. F 


max 


=+6kN;M. 


max ~~ 12 kNm] 
A simply supported beam of length 8 m carries point loads of 4 kN and 6 KN at a distance of 
2 m and 4 m from the left end. Draw the S.F. and B.M. diagrams for the beam. 


[Ans. M 


max = + 20 kNm] 
A simply supported beam of length 10 m carries point loads of 30 KN and 50 KN at a distance of 
3m and 7 m from the left end. Draw the S.F. and B.M diagrams for the beam. 


[Ans. MW 


max = + 182 kNm] 
A simply supported beam of length 8 m carries point loads of 4 KN, 10 KN and 7 KN at a distance 
of 1.5 m, 2.5 m and 2 m respectively from left end A. Draw the S.F. and B.M. diagrams for the 
simply supported beam. [Ans. M_, = +90 kNm] 
A simply supported beam is carrying a uniformly distributed load of 2 kKN/m over a length of 3 m 
from the right end. The length of the beam is 6 m. Draw the S.F. and B.M. diagrams for the beam 
and also calculate the maximum B.M. on the section. [Ans. M_,. = + 5.06 kNm] 
A beam of length 6 m is simply supported at the ends and carries a uniformly distributed load of 
1.5 kKN/m run and three concentrated loads of 1 kN, 2 kN and 3 kN acting at a distance of 
1.5 m, 3 m and 4.5 m respectively from left end. Draw the S.F. and B.M. diagrams and deter- 
mine the maximum bending moment. [Ans. 12.75 kNm] 
A beam of length 10 m is simply supported and carries point loads of 5 KN each at a distance of 
3m and 7 m from left support and also a uniformly distributed load of 1 KN/m between the point 
loads. Draw S.F. and B.M. diagrams for the beam. [Ans. M_, = +23 kNm] 
A beam of length 6 m is simply supported at its ends. It is loaded with a gradually varying load 
of 750 N/m from left hand support to 1500 N/m to the right hand support. Construct the S.F. and 
B.M. diagrams and find the amount and position of the maximum B.M. over the beam. 

[Ans. M_,_,, = 5077.5 Nm at 3.165 m from left hand support] 
A simply supported beam of length 8 m rests on supports 6 m apart, the right hand end is 
overhanging by 2 m. The beam carries a uniformly distributed load of 1500 N/m over the entire 
length. Draw S.F. and B.M. diagrams and find the point of contraflexure, if any. 

[Ans. M_,_,,, = 5.33 kNm ; 5.33 from left hand support] 


Eis 


18. 


19. 


20. 
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A simply supported beam of length 8 m rests on supports 5 m apart, the right hand end is 
overhanging by 2 m and the left hand end is overhanging by 1 m. The beam carries a uniformly 
distributed load of 5 KN/m over the entire length. It also carries two point loads of 4 KN and 6 kN 
at each end of the beam. The load of 4 KN is at the extreme left of the beams, whereas the load of 
6 KN is at the extreme right of the beam. Draw S.F. and B.M. diagrams for the beam and find the 


points of contraflexure. [Ans. 1.405 m and 4.955 from the extreme left of the beam] 
A beam is loaded as shown in Fig. 6.46. Draw the S.F. and B.M. diagrams and find : 
(i) maximum S.F. (ii) maximum B.M. 


(iii) point of inflexion. 


40 kN 40 kN 
— 


[Ans. 50 KN ; 100 kN ; none] 


A beam is loaded as shown in Fig. 6.47. Find the reactions at A and B. Also draw the S.F., B.M. 
and thrust diagrams. 


2 kN 


1kN 3 kN 
A Ne A ae B 
; 1m . 1.5m uF 1.5m i 2m , 


Fig. 6.47 


[Ans. R,= 2.09 kN ; Rp = 1.53 KN ; H, =— 1.893 kN] 
A simply supported beam of length 5 m, carries a uniformly distributed load of 100 N/m extending 
from the left end to a point 2 m away. There is also a clockwise couple of 1500 Nm applied at the 
centre of the beam. Draw the S.F. and B.M. diagrams for the beam and find the maximum 
bending moment. [Ans. 845 Nm at a distance of 1.3 m from left end] 


7.1. INTRODUCTION 


When some external load acts on a beam, the shear force and bending moments are set up 
at all sections of the beam. Due to the shear force and bending moment, the beam undergoes 
certain deformation. The material of the beam will offer resistance or stresses against these 
deformations. These stresses with certain assumptions can be calculated. The stresses introduced 
by bending moment are known as bending stresses. In this chapter, the theory of pure bending, 
expression for bending stresses, bending stress in symmetrical and unsymmetrical sections, 
strength of a beam and composite beams will be discussed. 


7.2. PURE BENDING OR SIMPLE BENDING 


If a length of a beam is subjected to a constant bending moment and no shear force 
(i.e., zero shear force), then the stresses will be set up in that length of the beam due to B.M. only 
and that length of the beam is said to be in pure bending or simple bending. The stresses set up 
in that length of beam are known as bending stresses. 


S.F. diagram 


SNA ALR RR 
B.M. diagram 


Fig. 7.1 


A beam simply supported at A and B and overhanging by same length at each support 
is shown in Fig. 7.1. A point load W is applied at each end of the overhanging portion. The 
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S.F. and B.M. for the beam are drawn as shown in Fig. 7.1 (6) and Fig. 7.1 (c) respectively. 
From these diagrams, it is clear that there is no shear force between A and B but the B.M. 
between A and B is constant. 

This means that between A and B, the beam is subjected to a constant bending moment 
only. This condition of the beam between A and B is known as pure bending or simple bending. 


7.3. THEORY OF SIMPLE BENDING WITH ASSUMPTIONS MADE 


Before discussing the theory of simple bending, let us see the assumptions made in the 
theory of simple bending. The following are the important assumptions : 


1. The material of the beam is homogeneous* and isotropic**. 
2. The value of Young’s modulus of elasticity is the same in tension and compression. 


3. The transverse sections which were plane before bending, remain plane after bending 
also. 


4. The beam is initially straight and all longitudinal filaments bend into circular arcs 
with a common centre of curvature. 


5. The radius of curvature is large compared with the dimensions of the cross-section. 


6. Each layer of the beam is free to expand or contract, independently of the layer, above or 
below it. 


Theory of Simple Bending 


Fig. 7.2 (a) shows a part of a beam subjected to simple bending. Consider a small length dx 
of this part of beam. Consider two sections AB and CD which are normal to the axis of the beam 
N-N. Due to the action of the bending moment, the part of length dx will be deformed as shown 
in Fig. 7.2 (6). From this figure, it is clear that all the layers of the beam, which were originally 
of the same length, do not remain of the same length any more. 

The top layer such as AC has deformed to the shape A’C’. This layer has been shortened in 
its length. The bottom layer BD has deformed to the shape B’D’. This layer has been elongated. 
From the Fig. 7.2 (6), itis clear that some of the layers have been shortened while some of them 
are elongated. At a level between the top and bottom of the beam, there will be a layer which is 
neither shortened nor elongated. This layer is known as neutral layer or neutral 


Big 3x —»|D 


(a) Before bending (6) After bending 
Fig. 7.2 


*Homogeneous means the material is of the same kind throughout. 
** Tsotropic means that the elastic properties in all directions are equal. 
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surface. This layer in Fig. 7.2 (6) is shown by N’ — N’ and in Fig. 7.2 (a) by N—N. The line of 
intersection of the neutral layer on a cross-section of a beam is known as neutral axis (written as 
N.A.). 

The layers above N — N (or N’ — N’) have been shortened and those below, have been 
elongated. Due to the decrease in lengths of the layers above N —N, these layers will be subjected 
to compressive stresses. Due to the increase in the lengths of layers below N — N, these layers 
will be subjected to tensile stresses. 

We also see that the top layer has been shortened maximum. As we proceed towards the 
layer N—N, the decrease in length of the layers decreases. At the layer N—N, there is no change 
in length. This means the compressive stress will be maximum at the top layer. Similarly the 
increase in length will be maximum at the bottom layer. As we proceed from bottom layer 
towards the layer N —N, the increase in length of layers decreases. Hence the amount by which 
a layer increases or decreases in length, depends upon the position of the layer with respect to 
N-N. This theory of bending is known as theory of simple bending. 


7.4. EXPRESSION FOR BENDING STRESS 


Fig. 7.3 (a) shows a small length 6x of a beam subjected to a simple bending. Due to the 
action of bending, the part of length dx will be deformed as shown in Fig. 7.3 (6). Let A’B’ and C’D’ 
meet at O. 

Let R= Radius of neutral layer N’N’ 

6 = Angle subtended at O by A’B’ and C’D’ produced. 


Ble dx 9] 
(a) 


(c) Stress Diagram 


Fig. 7.3 


7.4.1. Strain Variation Along the Depth of Beam. Consider a layer EF at a distance 
y below the neutral layer NN. After bending this layer will be elongated to E’F’. 


Original length of layer EF = &. 
Also length of neutral layer NN = 6x. 


After bending, the length of neutral layer N’N’ will remain unchanged. But length of 
layer E’F’ will increase. Hence 


N'N’ = NN = 6x. 
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Now from Fig. 7.3 (6), 


N’'N = Rx0 
and EF’ = (R+y)x® (-. Radius of E’F’=R+y) 
But N’N = NN =o&x. 
Hence dx = Rx0 
Increase in the length of the layer EF 
= H’F’-EF=(R+y)0-Rx0 (. EF = 6x =R x 8) 
= yx0 
Strain in the layer EF 
__ Increase in length 
Original length 
yx yxd 
“EF  Rx0 (. EF = 6x =R x 6) 
= 
~~ R 


As Ris constant, hence the strain in a layer is proportional to its distance from the neutral axis. 
The above equation shows the variation of strain along the depth of the beam. The variation of 
strain is linear. 


7.4.2. Stress Variation 


Let o = Stress in the layer EF 
E = Young’s modulus of the beam 
Stress in the layer EF 
— es Strain in the layer EF 
9 ae y 
= 7. . Strain in EF =— 
(2) R 
R 
y E 
= Ex 2=— A he 
0 x RR xy (7.3) 


Since F and R are constant, therefore stress in any layer is directly proportional to the 
distance of the layer from the neutral layer. The equation (7.1) shows the variation of stress 
along the depth of the beam. The variation of stress is linear. 


In the above case, all layers below the neutral layer are subjected to tensile stresses whereas 
the layers above neutral layer are subjected to compressive stresses. The Fig. 7.3 (c) shows the 
stress distribution. 


Equation (7.1) can also be written as 
ae iT) 
y R 
7.5. NEUTRAL AXIS AND MOMENT OF RESISTANCE 


The neutral axis of any transverse section of a beam is defined as the line of intersection 
of the neutral layer with the transverse section. It is written as N.A. 


In Art. 7.4, we have seen that if a section of a beam is subjected to pure sagging moment, 
then the stresses will be compressive at any point above the neutral axis and tensile below the 
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neutral axis. There is no stress at the neutral axis. The stress ata 
distance y from the neutral axis is given by equation (7.1) as ua 


= 
O= BX). 
Fig. 7.4 shows the cross-section of a beam. Let N.A. be the 
neutral axis of the section. Consider a small layer at a distance y 
from the neutral axis. Let dA = Area of the layer. 


Now the force on the layer 


dy 


Ple-< >| 


= Stress on layer x Area of layer 


are Fig. 7.4 


== xy xdA @ (+ o-Zxy) 
=p *Y* wd . R y 


Total force on the beam section is obtained by integrating the above equation. 
.. Total force on the beam section 


= fe xyxda 


E 
= al yxdA (-« # and R is constant) 


But for pure bending, there is no force on the section of the beam (or force is zero). 


= Jy xa =i 


or J yxdA =0 [as - cannot be zero) 


Now y x dA represents the moment of area dA about neutral axis. Hence J y x dA repre- 
sents the moment of entire area of the section about neutral axis. But we know that moment of 
any area about an axis passing through its centroid, is also equal to zero. Hence neutral axis 
coincides with the centroidal axis. Thus the centroidal axis of a section gives the position of 
neutral axis. 

7.5.1. Moment of Resistance. Due to pure bending, the layers above the N.A. are sub- 
jected to compressive stresses whereas the layers below the N.A. are subjected to tensile stresses. 
Due to these stresses, the forces will be acting on the layers. These forces will have moment 
about the N.A. The total moment of these forces about the N.A. for a section is known as moment 
of resistance of that section. 


The force on the layer at a distance y from neutral axis in Fig. 7.4 is given by equation (7), as 


E 
Force on layer =Rxyx dA 


Moment of this force about N.A. 
= Force on layer x y 


xyxdAxy 


xy2x dA 
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Total moment of the forces on the section of the beam (or moment of resistance) 
E E 
= [a xy?xdd=[y xdA 
J R xy? x R y" x 


Let M = External moment applied on the beam section. For equilibrium the moment of 
resistance offered by the section should be equal to the external bending moment. 


M= 5) 9? xd. 


But the expression | y? x dA represents the moment of inertia of the area of the section 
about the neutral axis. Let this moment of inertia be I. 


E M £E 
aa or a G8) 
But from equation (7.2), we have 
o FE 
y R 
M o E 
Toe (7.4) 


Equation (7.4) is known as bending equation. 


In equation (7.4), the different quantities are expressed in consistent units as given 
below : 


M is expressed in N mm ;/ in mm4 


co is expressed in N/mm?;y inmm 
and E is expressed in N/mm? ; R in mm. 


7.5.2. Condition of Simple Bending. Equation (7.4) is applicable to a member which is 
subjected to a constant bending moment and the member is absolutely free from shear force. But 
in actual practice, a member is subjected to such loading that the B.M. varies from section to 
section and also the shear force is not zero. But shear force is zero at a section where bending 
moment is maximum. Hence the condition of simple bending may be assumed to be satisfied at 
such a section. Hence the stresses produced due to maximum bending moment, are obtained 
from equation (7.4) as the shear forces at these sections are generally zero. Hence the theory and 
equations discussed in the above articles are quite sufficient and give results which enables the 
engineers to design beams and structures and calculate their stresses and strains with a reasonable 
degree of approximation where B.M. is maximum. 


7.6. BENDING STRESSES IN SYMMETRICAL SECTIONS 


The neutral axis (N.A.) of asymmetrical section (such as circular, rectangular or square) 
lies at a distance of d/2 from the outermost layer of the section where d is the diameter (for a 
circular section) or depth (for a rectangular or a square section). There is no stress at the neutral 
axis. But the stress at a point is directly proportional to its distance from the neutral axis. The 
maximum stress takes place at the outermost layer. For a simply supported beam, there is a 
compressive stress above the neutral axis and a tensile stress below it. If we plot these stresses, 
we will get a figure as shown in Fig. 7.5. 
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Stress distribution 
across a section 


i¢—_Q 


¢— 5, > 
Fig. 7.5 


Problem 7.1. A steel plate of width 120 mm and of thickness 20 mm is bent into a 
circular arc of radius 10 m. Determine the maximum stress induced and the bending moment 


which will produce the maximum stress. Take E = 2 x 10° N/imm?. 


Sol. Given : 
Width of plate, b6=120 mm 
Thickness of plate, t=20 mm 
Moment ofinertia, I= bet = 120 x 20° =8 x 104mm?‘ 
12 12 
Radius of curvature, R=10m=10~x 10? mm 
Young’s modulus, E = 2x 10° N/mm? 
Let nay = Maximum stress induced, and 
M = Bending moment. 
Using equation (7.2), oe E 
y R 
E 
O= xy ..(Z) 


Equation (i) gives the stress at a distance y from N.A. 
Stress will be maximum, when y is maximum. But y will be maximum at the top layer or 


bottom layer. 


= c. = 20 10 
\ max = ) Dy) ~ mm. 
Now equation (i) can be written as 
£ 
Cmax = R x Vmax 
2x 105 
= ————z x 10 = 200 N/mm?. Ans. 
10 x 10 
From equation (7.4), we have 
Mo 
I R 
E 2x 10° 
M=—xI= a x8 x 10* 
R 10x 10 


=16x10°Nmm=1.6kNm. Ans. 
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Problem 7.2. Calculate the maximum stress* induced in a cast iron pipe of external 
diameter 40 mm, of internal diameter 20 mm and of length 4 metre when the pipe is supported 
at its ends and carries a point load of 80 N at its centre. 


Sol. Given : 

External dia., D=40 mm 

Internal dia., d=20mm 

Length, L=4m=4~x 1000 = 4000 mm 
Point load, W=80N 


In case of simply supported beam carrying a point load at the centre, the maximum 
bending moment is at the centre of the beam. 


(a) (b) Area of cross-section 
Fig. 7.6 
WxL 
And maximum B.M. 7 : 
80 x 4000 
Maximum B.M. nr a 8 x 10* Nmm 


M=8 x 104*Nmm 
Fig 7.6 (6) shows the cross-section of the pipe. 
Moment of inertia of hollow pipe, 


_  m_ 44 
= Gq DP d*| 


~ ” 1404 204] = = 
= Gq [40*— 204] = 27 [2560000 — 160000] 


= 117809.7 mm+ 
Now using equation (7.4), 


M_o 
To .(Z) 
when y is maximum, stress will be maximum. But y is maximum at the top layer from the N.A. 
D_ 40 
Dane 2 2 = 20 mm 


*The bending stress will be maximum at the section where B.M. is maximum. This is because 
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Equation (z) can be written as 


M _ O max 
DL Dig 
M 
Oo nax = TO. X Vmax 
8x 104 x 20 
ae ees 2, Ans. 
117809.7 3.58 N/mm s 


7.7. SECTION MODULUS 


Section modulus is defined as the ratio of moment of inertia of a section about the neutral 
axis to the distance of the outermost layer from the neutral axis. It is denoted by the symbol Z. 
Hence mathematically section modulus is given by, 


1 
a AT5) 


max 
where I =M.O.I. about neutral axis 


and Y max = Distance of the outermost layer from the neutral axis. 
From equation (7.4), we have 
M_o 
Toy 


The stress o will be maximum, when y is maximum. Hence above equation can be 
written as 


M _ Sms 

I Ymax 

M = Omax ane 

Ymax 
I 
But —= 
JY max 
M=o,.Z wlTG} 


= max 
In the above equation, M is the maximum bending moment (or moment of resistance 


offered by the section). Hence moment of resistance offered the section is maximum when section 
modulus Z is maximum. Hence section modulus represent the strength of the section. 


7.8. SECTION MODULUS FOR VARIOUS SHAPES OR BEAM SECTIONS 


1. Rectangular Section es 
Moment of inertia of a rectangular section about an axis t a 
through its C.G. (or through N.A.) is given by, 


Distance of outermost layer from N.A. is given by, 
d 
Y max = 2 yv 
Section modulus is given by, Fig. 7.7 
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Z= 


I bd? bd® woe bd? 


2. Hollow Rectangular Section 


BD? bd? 
Here — 12 2 
1 
= 72 [BD? — bd?] 
_D 
Y max ) 
I 
Ze= 
Y max 
1 3 3 
qe — bd”) 
(3) 
2 
1 3 3 
= 6D [BD? — bd?) 
3. Circular Section 
For a circular section, 
d 
PaO Gad nae 
I ae T 
Z= = 3 
Jn (E) ¢ 
2 
4. Hollow Circular Section 
Here Tz a [D4 — d4] 
D 
and ymax = 2 
T 4 4 
—[D*-d 
Z I 6 ma ] 
Y max @ 
2 
u 4 94 
= 32D [D* — d*] wd PLO) 


Vmax 19% (<) 12 d 6 


TT 


¢——_ B ——_ 
- b t 
D i 
V) d 
Til eens ea 
_ & 
Fig. 7.8 
(7.8) 
(7.9) 


Problem 7.3. A cantilever of length 2 metre fails when a load of 2 kN is applied at the free 
end. If the section of the beam is 40 mm x 60 mm, find the stress at the failure. 


Sol. Given : 
Length, L=2m-=2.x 10? mm 
Load, W =2 KN = 2000 N 
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Section of beam is 40 mm x 60 mm. 


Width of beam, 6=40mm 
Depth of beam, d=60mm 
2 kN 
40 mm>| 
60 
mm 
2m > 
Fig. 7.10 Fig. 7.10 (a) 


J L 
Fig. 7.10 (a) shows the section of the beam. 


Section modulus of a rectangular section is given by equation (7.7). 


2 2 
Tz <_< = 24000 mm? 
Maximum bending moment for a cantilever shown in Fig. 7.10 is at the fixed end. 
: M=WxL=2000x 2x 10®=4~x 10°Nmm 


Let OC nax = Stress at the failure 


Using equation (7.6), we get 
M=6,0:2 
M_ 4x10° 


= 166.67 N/mm2. Ans. 


Smax = “J ~ 24000 


Problem 7.4. A rectangular beam 200 mm deep and 300 mm wide is simply supported 
over a span of 8 m. What uniformly distributed load per metre the beam may carry, if the 


bending stress is not to exceed 120 N/mm?. 
‘ w/m length 
Sol. Given : 
Depth of beam, d= 200 mm 
Width of beam, 6 = 300 mm L 
Length of beam, L=8m wb wl 
Max. bending stress, . Fig. 7.11 7 
Onax = 120 N/mm? 
Let w = Uniformly distributed load per 
metre length over the beam ¢—— 300 mm —>| 
(Fig. 7.11 (a) shows the section of the beam.) t 
Section modulus for a rectangular section is given by equa- 200 
tion (7.7). mm 
bd* _ 300 x 2007 ; | 
Z= = = 2000000 mm 
6 6 Fig. 7.11 (a) 
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Max. B.M. for a simply supported beam carrying uniformly distributed load as shown in 
Fig. 7.11 is at the centre of the beam. It is given by 


wx L? w x 8? 


M = = (. L=8m) 
8 8 
= 8w Nm = 8w x 1000 Nmm 
= 8000w Nmm (.- 1m-=1000 mm) 
Now using equation (7.6), we get 
M = Oho Z 
or 8000w = 120 ~x 2000000 
120 x 2000000 
ee a = 30 x 1000 N/m = 30 kN/m. Ans. 


Problem 7.5. A rectangular beam 300 mm deep is simply supported over a span of 
4 metres. Determine the uniformly distributed load per metre which the beam may carry, 
if the bending stress should not exceed 120 N/mm?. Take I = 8 x 10° mm+?. 


Sol. Given : 

Depth, d = 300mm 

Span, L=4m 

Max. bending stress, o,,.. = 120 N/mm? 

Moment of inertia, I = 8x 10°mm‘4 wim length 
Let, w = U.D.L. per metre length over 


the beam in N/m. 

The bending stress will be maximum, where 
bending moment is maximum. For a simply 
supported beam carrying U.D.L., the bending 
moment is maximum at the centre of the beam Fig. 7.11 (b) 
li.e., at point C of Fig. 7.11 (6)] 

: Max. B.M. = 2wx2-2wx1 


= 4w—-2w 
wxl? wx4? 16w 
7 Also M = = = — = 2w 
= 2wNm 8 8 8 ) 
= 2w x 1000 Nmm 
or M = 2000w Nmm 
Now using equation (7.6), we get 
M = 6,,,.*Z .(Z) 
6 
where Z = : = cates g Ymax = = = eu = 150 mm | 
Va 150 2 2 
Hence above equation (z) becomes as 
6 
itm = ain 2s? 
150 
120 x 8 x 10° 
= ——— = 3200N/m. Ans. 
or - 2000 x 150 eo See 
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Problem 7.6. A square beam 20 mm x 20 mm in section and 2 m long is supported at the 
ends. The beam fails when a point load of 400 N is applied at the centre of the beam. What 
uniformly distributed load per metre length will break a cantilever of the same material 40 mm 


wide, 60 mm deep and 3 m long ? 
Sol. Given : 
Depth of beam, d = 20 mm 


400 N 


Width of beam, b6=20mm 
Length of beam, L=2m 
Point load, W=400N 


2m 


Fig. 7.12 


In this problem, the maximum stress for the simply supported beam is to be calculated 
first. As the material of the cantilever is same as that of simply supported beam, hence maxi- 
mum stress for the cantilever will also be same as that of simply supported beam. 


Fig. 7.12 (a) shows the section of beam. 
The section modulus for the rectangular section of simply sup- 
ported beam is given by equation (7.7). 
bd? 20x20? 4000 i, 
= 7 mm 


6 6 3 
Max. B.M. for a simply supported beam carrying a point load 


Z= 


i 
a 


k— 20mm — | 


at the centre (as shown in Fig. 7.12) is given by, Fig. 7.12 (a) 
wxL 400x2 
M= ree 200 Nm 
= 200 x 1000 = 200000 Nmm 
Let o,, = Max. stress induced 
Now using equation (7.6), we get 
M=06,41:2 
4000 
or 200000 = o,,.. X 3 
200000 x 3 
Smae=— agn9 = 150 N/mm? 

Now let us consider the cantilever as shown in Fig. 7.13. 

Let w = Uniformly distributed load per m run. 

Maximum stress will be same as in case of simply we 
supported beam. 

A O max = 150 N/mm? om 

Width of cantilever, b6=40 mm Figs 7:13 

Depth of cantilever, d=60 mm 

Length of cantilever, L = 3m patie ALU 

Fig. 7.13 (a) shows the section of cantilever beam. 

2 
Section modulus of rectangular section of cantilever = a _ 
Z= 40 x 60? = 24000 mm? v 
Fig. 7.13 (a) 
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Maximum B.M. for a cantilever 


wl? wx3 


2 2 


= 4.5w Nm = 4.5 x 1000w Nmm 


A M = 4. x 1000w Nmm 
Now using equation (7.6), we get 
M = Ona Z 
or 4.5x1000w = 150x 24000 
w= ooze 0D = 800 N/m. Ans. 
4.5 x 1000 


Problem 7.7. A beam is simply supported and carries a uniformly distributed load of 
40 kN/m run over the whole span. The section of the beam is rectangular having depth as 
500 mm. If the maximum stress in the material of the beam is 120 N/mm? and moment of 
inertia of the section is 7 x 10° mm+4, find the span of the beam. 


Sol. Given : 
U.D.L., w = 40 kN/m = 40 x 1000 N/m 
Depth, d = 500mm 
Max. stress, Omar = 120 N/mm? 
M.O.I. of section, I = 7x 108 mm‘ 
Let L = Span of simply supported beam. 
Section modulus of the section is given by equation (7.5), as 
I 
Z = — 
Ymax 
where y = is Bul = 250 mm 
max 2 2, 
7x10" Soy 
Z 250. = 28 x 10° mm 


The maximum B.M. for a simply supported beam, carrying a U.D.L. over the whole span 
2 


is at the centre of the beam and is equal to 


w.L? 40000x L? 


8 8 
5000L? Nm = 5000L? x 1000 Nmm 


Now using equation (7.6), we get 


M= 


M = Ono: Z 
or 5000 x 1000 x L? = 120x 28x 10° 
5 
ro pe = 120x28x10" _ 64498 
5000 x 1000 
L = J/24x28 =8.197m say 8.20m. Ans. 


Problem 7.8. A timber beam of rectangular section is to support a load of 20 RN uniformly 
distributed over a span of 3.6 m when beam is simply supported. If the depth of section is to be 
twice the breadth, and the stress in the timber is not to exceed 7 N/mm?, find the dimensions of 
the cross-section. 
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How would you modify the cross-section of the beam, if it carries a concentrated load of 
20 RN placed at the centre with the same ratio of breadth to depth ? 


Sol. Given : 

Total load, W = 20 kN = 20 x 1000 N 
Span, L = 36m 

Max. stress, Ona = 7 N/mm? 

Let 6 = Breadth of beam in mm 
Then depth, d = 2bmm 


2 
Section modulus of rectangular beam = — 


bx(2b)” _ 26° as 


Le= m 
Maximum B.M., when the simply supported beam carries a U.D.L. over the entire span, 
WL 
is at the centre of the beam and is equal to wE or 3 
WL 20000 x 3.6 
M = a 3 = 9000 Nm 
= 9000 x 1000 Nmm 
Now using equation (7.6), we get 
M = Onax Z 
3 
or 9000 x 1000 = 7x ~~ 
or i, SY Somer ine 
7x2 


b = (1.92857 x 10%) 
= 12447mm say 124mm. Ans. 
and d = 2b=2x1245=249mm. Ans. 


Dimension of the section when the beam carries a point load at the centre. 


. : as L . . 
B.M. is maximum at the centre and it is equal to when the beam carries a point 
load at the centre. 


WxL _ 20000 x 3.6 


7 v1 1 = 18000 Nm 
= 18000 x 1000 Nmm 
Ona = 7 N/mm? 
2b? ; 
and Z= rae (In this case also d = 2b) 
Using equation (7.6), we get 
M = OZ 
ap 

or 18000 x 1000 = 7x 3 
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b3 


Re b 
and d 


3 x 18000 x 1000 

7x2 
(3.85714 x 10°)"8 = 156.82 mm. Ans. 
2 x 156.82 = 313.64 mm. Ans. 


= 3.85714 x 10° 


Problem 7.9. A timber beam of rectangular section of length 8 m is simply supported. 
The beam carries a U.D.L. of 12 kN/m run over the entire length and a point load of 10 RN at 
3 metre from the left support. If the depth is two times the width and the stress in the timber is 
not to exceed 8 Nimm?2, find the suitable dimensions of the section. 


Sol. Given : 

Length, L 
U.D.L., w 
Point load, W 
Depth of beam 

re d 
Stress, a. 


8m 

12 kN/m = 12000 N/m 
10 kN = 10000 N 

2 x Width of beam 

2b 

8 N/mm2 


First calculate the section where B.M. is maximum. Where B.M. is maximum, the shear 
force will be zero. Now the equations of pure bending can be used. For doing this, calculate the 
reactions R, and R, as shown in Fig. 7.14. 


10 kN 
(e 12 kN/m B 


Ra 


Fig. 7.14 


Taking moments about A, we get 


Rz,x8 

R, 

Ry 

Now S.F. atA 
S.F. just L.H.S. at C 


S.F. just R.H.S. of C 
S.F. at B 


12000 x 8 x 4+ 10000 x 3 
12000 x 32 + 30000 


= 51750 N 


8 
Total load—R, 
(12000 x 8 + 10000) — 51750 = 54250 N 
+R, =+ 54250 N 
54250 — 12000 x 3=+ 18250 N 
18250 — 10000 = 8250 N 
-—R,=-51750N 


The S.F. is changing sign between section CB and hence at some section in C and B the 


S.F. will be zero. 


Let S.F. is zero at x metre from B. 


Equating the S.F. at this section to zero, we have 
12000 xx-—R, = 0 
or 12000 x x — 51750 


ll 
j=) 


or 


and 


BENDING STRESSES IN BEAMS 


.. Maximum B.M. will occur at 4.3125 m from B. 
4.3125 


“. Maximum B.M. = M=R, x 4.3125 — 12000 x 4.3125 x 


51750 x 4.38125 — 111585.9375 
= 111585.9375 Nm = 111585.9375 x 1000 Nnm 
Section modulus for rectangular beam is given by, 


bd? bx(2b)? 2b? 
Z= = = 


6 6 3 
Now using equation (7.6), we get 
M = Onan Z 
ob 
111585.9375 x 1000 = 8 x ar 
3 x 111585.9375 x 1000 
b= = 20.9223 x 10° 


16 
b = (20.9223 x 106)3 =275.5 mm. Ans. 


d = 2x 275.5=551mm. Ans. 
Problem 7.10. A rolled steel joist of I section has the dimensions as shown in Fig. 7.15. 


This beam of I section carries a u.d.l. of 40 RN/m run on a span of 10 m, calculate the maximum 
stress produced due to bending. 


or 


Sol. Given : 
u.d.l., w = 40 kN/m = 40000 N/m }¢—— 200 mm ——>| 29 
Span, L = 10m ae rain 


Moment of inertia about the neutral axis 
200 x 400? (200-10) x 360° 


12 12 360 mm 
= 1066666666 — 738720000 
= 327946666mm4 wanna eee - === . 
Maximum B.M. is given by, 400 mm 
ae wxL? 40000 x 10? 
8 8 
= 500000 Nm ae 
= 500000 x 1000 Nmm any 
= 5x 10®°Nmm a 
Now using the relation, Fig. 7.15 
M_o 
ee 
M 
Oo = rs xy 
8 
Snax = 2 a a x 200 ("Yay = 200 mm) 


= 304.92N/mm2,. Ans. 
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Problem 7.11. An I-section shown in Fig. 7.16, is simply supported over a span of 12 m. 
If the maximum permissible bending stress is 80 N/mm?, what concentrated load can be carried 


at a distance of 4 m from one support ? 


Sol. Given : 
Bending stress, o,,,, = 80 N/mm? 
Let W = Concentrated load carried at a distance of 4 m from support 
B in Newton 
To find the maximum bending moment (which will be 
at point C where concentrated load is acting), first calculate i \¢ 100 mm >| 


the reactions R, and Rp. 
Taking moments about point A, we get 
R,x12 = Wx8 


SW 2 
ee ee) 
W 
and Ry = W-Ry=W-2W= > 
: W 8 
B.M. at point C oa ar WNm 
But B.M. at C is maximum 
Maximum B.M., 
8 8 
Max = g WNm=, Wx 1000 Nmm 
8000 
= a W Nmm 


Now find the moment of inertia of the given I-sec- 
tion about the N.A. 
_ 100 x 225° (100 - 7.5) x (225 - 2 x 11.5)* 
a ae 12 
92.5 x (202) 


I 


= 94921875 — 


= 94921875 — 63535227.55 = 31386647.45 mm‘4 
Now using the relation, 


Me 
_— 
M _ O max 
- Dine 
225 
where Ymaz = 9 = 112.5 mm. 
Now substituting the known values, we get 
8000 
( 3 w] _ 80 
31386647.45 112.5 
3 
or We 1125 * 31386647.45 x 3000 = 8369.77 N. 


Ans. 
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Problem 7.12. Two circular beams where one is solid of diameter D and other is a 
hollow of outer dia. D,, and inner dia. D,, are of the same length, same material and of same 
weight. Find the ratio of section modulus of these circular beams. 


Sol. Given : 
Dia. of solid beam =D 
Dias. of hollow beam = D,and D, 


Let L = Length of each beam (same length) 
W = Weight of each beam (same weight) 
p = Density of the material of each shaft (same material) 
Now weight of solid beam =p xg x Area of section x L 
=pxgx , Dees; 
Weight of hollow beam =p xg x Area of section x L 
=pxgx = De-DIxL 
But the weights are same 
pxgx 7D?xL=pxgx 7 De-D21xL 
or Dra D#=— D2 ..(Z) 
Now section modulus of solid section, 


T 
Z= 39 D? [See equation (7.9)] 
And section modulus of hollow section, 
_~ "= _ n4_p4 : 
Z, = 32D, [D,*-DF] [See equation (7.10)] 
-~ —" ne 2 2 n2 
= 39D, [D,* + Dl (D,*-D;7] 


Section modulus of solid section 


Section modulus of hollow section 


ye 
= 32 
T 2 2 2 2 
D,* + D“|(D)~ -— D; 
32D, | 0 i Il 0 1 ] 


D? x Dy 7 Dx Dy x D? 
~ (1D, + DF 1105? =DF1 (0)? + D7 11,7 =D? 1 
_ Dx Dy x[D)? - D;?] 
~ [Do2 + D,?| (Dy? - D;”) 
_ _DxDo 
~ (Dy +B?) 
Also from equation (7), 
D?=D2-D? or D?=D,2-D? 


[.- D?=D,?-D,? from equation (i)] 


...(it) 
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Substituting the value of D,? in equation (ii), we get 
Section modulus of solid shaft _ Dx Do Dx Do 


Section modulus of hollow shaft — Dy? * Dj =D? ~ Q DD} 
2 
Section modulus of hollow shaft _ 10, =D". 2Do D? 


or 7 = 
Section modulus of solid shaft Dx Dp DxDy DxD 
,bo PD 
=29 Dp, ° s. 


Problem 7.13. A water main of 500 mm internal diameter and 20 mm thick is running 
full. The water main is of cast iron and is supported at two points 10 m apart. Find the maximum 
stress in the metal. The cast iron and water weigh 72000 N/m? and 10000 N/m? respectively. 


Sol. Given : 

Internal dia., D,= 500mm =0.5m 

Thickness of pipe, ¢= 20mm 

.. Outer dia., Dy = D,+2xt =500 + 2 x 20 = 540 mm = 0.54 m 
Weight density of cast iron = 72000 N/m? 

Weight density of water = 10000 N/m? 

Internal area of pipe = 7 Ds ; x 0.52 = 0.1960 m? 


This is also equal to the area of water section. 
Area of water section = 0.196 m? 


Tt 
Outer area of pipe = De 


(a) (b) 


Area of pipe section = 


[D,?-D?1 = = (0.54? - 0.5" = 0.0327 m? 


~ 4 
Moment of inertia of the pipe section about neutral axis, 
ae ae 
64 64 
Let us now find the weight of pipe and weight of water for one metre length. 


I= — [D,'- D] = — [5404-5004] = 1.105 x 109 mm* 
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Weight of the pipe for one metre run 
= Weight density of cast iron x Volume of pipe 
= 72000 x [Area of pipe section x Length] 
= 72000 x 0.0327 x 1 (Length = 1 m) 
= 2354 N 
Weight of the water for one metre run 
= Weight density of water x Volume of water 
= 10000 x (Area of water section x Length) 
= 10000 x 0.196 x 1= 1960 N 
.. Total weight on the pipe for one metre run 
= 2354 + 1960 = 4314 N 
Hence the above weight is the U.D.L. (uniformly distributed load) on the pipe. The 
maximum bending moment due to U.D.L. is w x L?/8, where w = Rate of U.D.L. = 4314 N per 
metre run. 
.. Maximum bending moment due to U.D.L., 


wxL? 4314 x 10° 


M- = F (. L=10m) 
= 53925 Nm = 53925 x 107°N mm 
M 
Now using fe : 
I oy 
aoe 
O= > xy 
The stress will be maximum, when y is maximum. But maximum value of 
Dy _ 540 
y= go = 270 mm. 
Vmax = 270mm 
M 3 
.. Maximum stress, 6, ..= 2 * Vmax = — 270 
I 1.105 x 10 


= 13.18 N/mm2. Ans. 


7.9. BENDING STRESS IN UNSYMMETRICAL SECTIONS 


In case of symmetrical sections, the neutral axis passes through the geometrical centre of 
the section. But in case of unsymmetrical sections such as L, T sections, the neutral axis does 
not pass through the geometrical centre of the section. Hence the value of y for the topmost layer 
or bottom layer of the section from neutral axis will not be same. For finding the bending stress 
in the beam, the bigger value of y is used. As the neutral axis passes through the centre of 
gravity of the section, hence in unsymmetrical sections, first the centre of gravity is calculated 
in the manner as explained in chapter 5. 

Problem 7.14. A cast iron bracket subject to bending has the cross-section of I-form 
with unequal flanges. The dimensions of the section are shown in Fig. 7.18. Find the position of 
the neutral axis and moment of inertia of the section about the neutral axis. If the maximum 
bending moment on the section is 40 MN mm, determine the maximum bending stress. What is 


the nature of the stress ? 
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Sol. Given : 

Max. B.M., M = 40 MN mm = 40 x 10° Nmm 

Let us first calculate the C.G. of the section. Let y is the distance of the C.G. from the 
bottom face. The section is symmetrical about y-axis and hence y is only to be calculated. Then, 


Aiy1 + Ayo + Ag¥3 


y= (A, + Ay + Ag) 
where A, = Area of bottom flange = 130 x 50 = 6500 mm? 
y, = Distance of C.G. of A, from bottom face 
50 
=e = 25 mm 


A, = Area of web = 200 x 50 = 10000 mm? 
yo = Distance of C.G. of A, from bottom face 
200 
= 50+ “9 = 150 mm 
A, = Area of top flange = 200 x 50 = 10000 mm? 
y3 = Distance of C.G. of A, from bottom face 


50 
= 50+ 200+ 2 = 275 mm. 


}¢——— 200 mm ———_>| 


Bracket | 


50 mm 


¢— 130 mm —>| 


Fig. 7.18 


6500 x 25 + 10000 x 150 + 10000 x 275 
6500 + 10000 + 10000 
162500 + 1500000 + 2750000 


26500 
4412500 one, 
—“oes0 oo 


Hence neutral axis is at a distance of 166.51 mm from the bottom face. Ans. 


S| 
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Moment of inertia of the section about the N.A. 
T=I1,+1,+1, 
where I,=M.O.I. of bottom flange about N.A. 
= M.O.I. of bottom flange about an axis passing through its C.G. 
+A, x (Distance of its C.G. from N.A.)? 


130 x 50° 
a 6500 x (166.51 — 25)2 
= 1354166.67 + 130163020 = 131517186.6 mm4 
k¢——— 200 mm ———>| kK— o, 
A 
133.49 
mm 
200 
mm 
166.51 
mm 
| Vv. 
j+— 130 mm —>| 5 e3a77" = 03377 
Fig. 7.19 
Similarly I, = M.O.I. of web about N.A. 
50 x 2002 
=F + Ap: (166.51 -y,)? 
3 
= a + 10000 (166.51 — 150)2 
= 33333333.33 + 272580.1 
= 33605913.43 mm4 
and I, = M.O.I. of top flange about N.A. 
200 x 50° 
ae +A, . (ys — 166.51)? 
200 x 508 
ae ae 10000 x (275 — 166.51)? 


= 2083333.33 + 117700801 = 119784134.3 mm* 
T=I, +1, +1, = 131517186.6 + 33605913.43 + 119784134.3 
= 284907234.9mm+. Ans. 
Now distance of C.G. from the upper top fibre 
= 300 - y = 300 —- 166.51 = 133.49 mm 
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and the distance of C.G. from the bottom fibre 
= y = 166.51 mm 
Hence we shall take the value of y = 166.51 mm for maximum bending stress. 


Now using the equation 
M _ 
I 


x 166.51 = 23.377 N/mm? 


= 
y 
M 40 x 10° 
cei 


*Y * 984907234.9 
Maximum bending stress 
= 23.377 N/mm?. Ans. 
This stress will be compressive. In case of cantilevers, upper layer is subjected to tensile 
stress, whereas the lower layer is subjected to compressive stress. 
Problem 7.15. A cast iron beam is of I-section as shown in Fig. 7.20. The beam is simply 
supported on a span of 5 metres. If the tensile stress is not to exceed 20 N/mm?, find the safe 
uniformly load which the beam can carry. Find also the maximum compressive stress. 


ey k¢— 80 mm—>| 
20 mm a 
169.34 mm 
200 mm @ 
20 mm 
—>| <—_. 
N A 
90.66 mm 
A 
40 mm @ 
2 vy 


|¢———— 160 mm ———>| 


Fig. 7.20 


Sol. Given : 

Length of beam, L=5m 

Maximum tensile stress, o, = 20 N/mm? 

First calculate the C.G. of the section. Let ¥ is the distance of the C.G. from the bottom 
face. As the section is symmetrical about y-axis, hence y is only to be calculated. 
—_ Ayyi + Agyo + Agys 

(A, + Ag + Ag) 


Now 


(160 x 40). ° + (200 x 20) (40 + | + (80 x 20). (40 + 200 + >| 


160 x 40 + 200 x 20 + 80 x 20 
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128000 + 560000 + 400000 _ 1088000 


6400 + 4000+ 1600. 12000 ~’°°™™ 


N.A. lies at a distance of 90.66 mm from the bottom face or 260 — 90.66 = 169.34 mm from 
the top face. 


Now moment of inertia of the section about N-axis is given by, 
T=1,+1,+1, 
where I,=M.O.I. of bottom flange about N.A 


= M.O.I. of bottom flange about its C.G.+A 


x (Distance of its C.G. from N.A.)? 
160 x 40° 
= Fo + 160 x 40 x (90.66 — 20)2 


= 853333.33 + 31954147.84 = 32807481.17 mm 
I, = M.O.I. of web about N.A. 


= M.O.I. of web about its C.G. + A, 


x (Distance of its C.G. from N.A.)? 
20 x 200 
Sag 200 x 20 x (140 — 90.66)? 


= 13333333.33 + 9737742.4 = 23071075.73 mm 
= M.O.I. of top flange about N.A. 
= M.O.I. of top flange about its C.G.+A 


x (Distance of its C.G. from N.A.)? 
80 x 20° 
= —F5  * 80 x 20 x (250 - 90.66)? 
= 53333.33 + 40622776.96 = 40676110.29 mm4 
I = 32807481.17 + 23071075.75 + 40676110.29 = 96554667.21 mm‘. 
Fae a simply supported beam, the tensile stress will be at the extreme bottom fibre and 
compressive stress will be at the extreme top fibre. 
Here maximum tensile stress = 20 N/mm? 
Hence for the maximum tensile stress 
y = 90.66 mm 


li.e., y is the distance of the extreme bottom fibre (where the tensile stress is maximum) from the 
N.A.] 


; _ M_s 
Using the relation, i 
o 
M=—xI 
y 
20 2 
= x 96554667.21 (- o=6,=20 N/mm“) 
90.66 
= 21300389.85 Nmm .(Z) 
Let w = Uniformly distributed load in N/m on the simply supported beam 


2 
The maximum B.M. is at the centre and equal to —— 
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2 x 25 x 1000 
M = “ Nm = —— Nmm = 3125 wNmm _...(ii) 


Equating the two values of M, given by equations () and (ii), we get 
3125w = 21300389.85 


21300389.85 
w= 3195. = 6816.125 N/m. Ans. 


Maximum Compressive Stress 
Distance of extreme top fibre from N.A., 
y, = 169.34 mm 
M = 21300389.85 


I = 96554667.21 
Let o, = Max. compressive stress 
Mio 
Using the relation, > aa a 
M 
Oo= T xy 
or Go, = a xy,= a x 169.34 = 37.357 N/mm?. Ans. 


Problem 7.16. A cast iron beam is of T-section as shown in Fig. 7.21. The beam is 
simply supported on a span of 8 m. The beam carries a uniformly distributed load of 1.5 kN/m 
length on the entire span. Determine the maximum tensile and maximum compressive stresses. 


\¢ 100 mm >| 
t r F 
32.23 O) fi os 
mm a 
nae (a ar 
80 mm 
100 
@) mm 
67.77 mm 
L wv 
—>| 20 mm|¢— 
Fig; 7.21 
Sol. Given : 
Length, L=8m 
U.D.L., w = 1.5 kN/m = 1500 N/m 


To find the position of the N.A., the C.G. of the section is to be calculated first. The C.G. 
will be lying on the y-y axis. 


Let y = Distance of the C.G. of the section from the bottom 


BENDING STRESSES IN BEAMS 


20 80 

(100 x20) x{ 80+ “P| + 80x20. 

—_ Aiyi + Agye e 2 2 
A; + Ag (100 x 2) + (80 x 20) 


180000 + 64000 244000 
= ~3000+ 1600 3600 ~°/77mm 
N.A. lies at a distance of 67.77 mm from the bottom face or 100 — 67.77 = 32.23 mm 
from the top face. 
Now moment of inertia of the section about N.A. is given by, 
T=1,+1, 
where J, =M.O.I. of top flange about N.A. 
M.O.I. of top flange about its C.G. + A, x (Distance of its C.G. from N.A.)? 


100 x 20° 
aa (100 x 20) x (32.23 — 10)? 


= 66666.7 + 988345.8 = 1055012.5 mm* 
I, = M.O.I. of web about N.A. 
= M.O.I. of web about its C.G. + A, x (Distance of its C.G. from N.A.)? 


20 x 80? 
=~ a5 (80 x 20) x (67.77 — 40)? 


= 853333.3 + 1233876.6 = 2087209.9 mm+ 
I =I, +1, =1055012.5 + 2087209.9 = 3142222.4 mm‘. 
For a simply supported beam, the maximum tensile stress will be at the extreme bottom 
fibre and maximum compressive stress will be at the extreme top fibre. 
Maximum B.M. is given by, 


LIL? 1500x8? 
M="> = > = 12000 Nm 


= 12000 x 1000 = 12000000 Nmm 
Now using the relation 


(i) For maximum tensile stress, 
y = Distance of extreme bottom fibre from N.A. = 67.77 mm 


12000000 
See _ 2 
o= 31499994 x 67.77 = 258.81 N/mm*. Ans. 


(ii) For maximum compressive stress, 
y = Distance of extreme top fibre from N.A. = 32.23 mm 


M 12000000 


ee ee = 2 
a *) = Siaggoo a x 32.23 = 123.08 N/mm*. Ans. 


Problem 7.17.A simply supported beam of length 3 m carries a point load of 12 kN at a 
distance of 2 m from left support. The cross-section of the beam is shown in Fig. 7.22 (6). 
Determine the maximum tensile and compressive stress at X-X. 


Sol. Given : 
Point load, W =12kN = 12000 N 
First find the B.M. at X-X. And to do this first calculate reactions R, and Rp. 
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: leg kN >| 25 50 51 95 = 
! A 
| UE 
| 4 
150 lis 
; mm mm 
: Wy 
i mm 
A ; BY Vv 
1.5m >| le 1m }¢— 100 mm —| 
3m 
Ry =4kN Rpg =8kN 
(@) (b) 
Fig. 7.22 
Taking moments about A, we get 
R,x3=12x2 
12x2 


Rg=—,— =8kN and R,=W-R,=12-8=4kN 


B.M. at X-X =R,x15=4x15=6kNm 
= 6 x 1000 Nm = 6000 x 1000 Nmm 
= 6000,000 Nmm 
= M = 6000,000 Nmm 
Now find the position of N.A. of the section of the beam. This can be obtained if we know 
the position of C.G. of the section. 
Let y = Distance of the C.G. of the section from the bottom edge 
- Ayr = Aaya. (Negative sign is due to cut out part) 
A, - Ap 


(150 x 100) x 75 — (75 x 50) x (50 + 2) 


150 x 100 — 75 x 50 
1125000 — 328125 796875 
7 = = 70.83 mm 
15000 — 3750 11250 


Hence N.A. will lie at a distance of 70.83 mm from the bottom edge or 150 — 70.83 = 79.17 
mm from the top edge as shown in Fig. 7.23. 


Now the moment of inertia of the section about N.A. is given by, 
I=I1,-I, 
where I, = M.O.I. of outer rectangle about N.A. 
= M.O.I. of rectangle 100 x 150 about its C.G. + A, 
x (Distance of its C.G. from N.A.)? 


100 x 1502 
<j 100 x 150 x (75 — 70.83)? 


= 28125000 + 260833.5 = 28385833.5 mm‘4 
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I, = M.O.I. of cut out rectangular part about N.A. 


= M.O.I. of cut out part about its C.G. + A, ; ree ; 
x (Distance of its C.G. from N.A.)? 
50 x 753 ae a 


+ 50 x 75 


2 
x (50 + 2 - 70.88) 


= 1757812.5 + 1042083.375 
= 2799895.875 mm+4 

T=I, —1, = 28385833.5 — 2799895.875 
= 25585937.63 mm+ 


The bottom edge of the section will be subjected to 
tensile stress whereas the top edge will be subjected to Fig. 7.23 


compressive stress. The top edge is at 79.17 mm from > 
N.A. whereas bottom edge is 70.83 mm from N.A. 


Now using the relation, 
M_o 
ro 
M 
O= T xy 
(i) For maximum tensile stress, y = 70.83 mm 
Maximum tensile stress, 


7 en x 70.83 = 16.60 N/mm2. Ans. 
25585937.63 
(ii) For maximum compressive stress, 
y = 79.17 mm. 
Maximum compressive stress, 
M 6000000 


o= x 79.17 = 18.56 N/mm?2. Ans. 


T *> > 95585937.63 


7.10. STRENGTH OF A SECTION 


The strength of a section means the moment of resistance offered by the section and 
moment of resistance is given by, 


M=ocxZ c 20 or M=Sx1=0xZwhereZ=7| 
Isy y y 
where M = Moment of resistance 
o = Bending stress, and 

Z = Section modulus. 

For a given value of allowable stress, the moment of resistance depends upon the section 
modulus. The section modulus, therefore, represents the strength of the section. Greater the 
value of section modulus, stronger will be the section. 

The bending stress at any point in any beam section is proportional to its distance from 
the neutral axis. Hence the maximum tensile and compressive stresses in a beam section are 
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proportional to the distances of the most distant tensile and compressive fibres from the neutral 

axis. Hence for the purposes of economy and weight reduction the material should be concentrated 

as much as possible at the greatest distance from the neutral axis. This idea is put into practice, 

by providing beams of I-section, where the flanges alone with-stand almost all the bending stress. 
We know the relation : 


ve gee 
a or O= ae Z 
J 


where Z=Section modulus. 

For a given cross-section, the maximum stress to which the section is subjected due to a 
given bending moment depends upon the section modulus of the section. If the section modulus is 
small, then the stress will be more. There are some cases where an increase in the sectional area 
does not result in a decrease in stress. It may so happen that in some cases a slight increase in 
the area may result in a decrease in section modulus which result in an increase of stress to 
resist the same bending moment. 


Problem 7.18. Three beams have the same length, same allowable bending stress and 
the same bending moment. The cross-section of the beams are a square, rectangle with depth 
twice the width and a circle. Find the ratios of weights of the circular and the rectangular 
beams with respect to square beams. 


Sol. Given : 


Fig. 7.24 shows a square, a rectangular and a circular section. 
\}¢——— x ——_> ¢— b—>| d 


I I 


x 2b 


(a) (b) ) 
Fig. 7.24 


Let x = Side of a square beam 
b = Width of rectangular beam 
2b = Depth of the rectangular beam 
d = Diameter of a circular section. 
The moment of resistance of a beam is given by, 
M=o0xZ 
where Z=Section modulus. 


As all the three beams have the same allowable bending stress (o), and same bending 
moment (M), therefore the section modulus (Z) of the three beams must be equal. 


or 
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Section modulus of a square beam 
ba 
ae OE Le (s bed=x) 


Section modulus of a rectangular beam 
bd? bx (2b) 


- 2-2 (+ de 2b 
2 (3) 
_ 6x8b" 2 2 
~ 42 2b 3 
Section modulus ofa circular beam 
nd* 
64. 1d* 2 nd? 
= = x — 
d 64 d_ 32 


b3 


2 
Equating the section modulus of a square beam with that of a rectangular beam, we get 
xt 2 4 
6 3 
3x3 x3 
b= =— = 0.2523 
6x2 4 * 
b = (0.25)"8 x = 0.63x wilt) 
Equating the section modulus of a square beam with that of a circular beam, we get 
ola _ nd® 
6 32 
3 v3 
G2 oe ae & a = 1.1927 
6m 6n 


The weights of the beams are proportional to their cross-sectional areas. Hence 
Weight of rectangular beam _ Area of rectangular beam 


Weight of square beam Area of square beam 
_ bx2b _ 0.63x x2 x 0.63x 
~ eX x xXx 
= 0.7938. Ans. 


Weight of circular beam _ Area of circular beam 
Weight of squarebeam Area of square beam 


nd” 
4 d* xx(1.1927x)” 
= = -- @=1.1927 
x? Ax? 4x? ( *) 
= 1.1172. Ans. 
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Problem 7.19. A beam is of square section of the side ‘a’. If the permissible bending 
stress is ‘o’, find the moment of resistance when the beam section is placed such that (i) two 
sides are horizontal, (ii) one diagonal is vertical. Find also the ratio of the moments of the 
resistance of the section in the two positions. 


Sol. Given : 

Bending stress = 0 

1st Case 

Fig. 7.25 (a) shows the square beam section when two sides are horizontal. 


(a) 


Fig. 7.25 


Let M, = Moment of resistance of the square beam when two sides are horizontal. 
Moment of resistance is given by, 


M=oxZ 
oes M,=0 xZ, (i) 
where Z,=Section modulus 
axa? 
I 12 a* - 2° a° 
Tus @2 12 a 6 
ad 
M,=0~% 6 Ans. ... (it) 
2nd Case 
Fig. 7.25 (6) shows the square beam section when one diagonal is vertical. 
Let M, = Moment of resistance of the beam in this position 
a M,=0xZ, 
where Z, = Section modulus for the section shown in Fig. 7.25 (6). 
bh® 
i 2x 712 


3 
[: M.O.I. of a triangle about its base = ~. There are two triangle] 
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3 
2 a 
12 x 2a (+ 
= i Here base = b = 2a and h= 
a 
(a) 
6x /2 
a? 
M,=0x ——=. Ans. 
6x /2 
Ratio of moment of resistance of the section in two positions 
[° xa? 
M 6 
; = /2 =1.414, Ans. 


M, O° 
ox 
6x J2 


+ 


Problem 7.20. Prove that the moment of a resistance of a beam of square section, with 


increase in moment of resistance also. 


Sol. Given: 


its diagonal in the plane of bending is increased by flatting top and bottom corners as shown in 


8a 
Fig. 7.26 and that the moment of resistance is a maximum when y = 90° Find the percentage 


Fig. 7.26 (a) shows a square section with diagonal AC vertical. Let the portions AEF and 


CGH be cut off. 


Let I, = M.O.I. of the square ABCD about diagonal B.D. 
Z, = Section modulus of square ABCD 
M, = Moment of resistance of the square ABCD 


I, = M.O.I. of the new section with cut off portion (7.e., M.O.I. of DEFBHG about 


diagonal BD) 
Z, = Section modulus of new section 
M, = Moment of resistance of the new section. 
In Fig. 7.26 (a), diagonal AC = 2a 


2a — 2y) = 2(a- 
( Falk (a-y) 


”~ 


ESF 


See sere oes 


rc 


~ x 


Fig. 7.26 
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Diagonal DB =AC = 2a. 


Now moment of aes of the square ABCD about N.A. (i.e., diagonal BD) is given by 


= M.O.I. of two triangles ABD and BCD about their base BD 
3 3 
29% bh =o 2a xa 


(Here b = 2a andh =a) 
“12 12 


a 
. I, 3 
Section modulus, Z,= ——- (Here y 
a 


max — a) 


a 1 1 
= x—=— a 
3 a 3 
Moment of resistance is given by, 
M=oxZ 


3 


M,=0%Z,=0% 5 a°=0 x 0.33330" (ZL) 


Now the M.O.I. of the new section with cut off portion (i.e., M.O.I. of DEFBHG) about the 
diagonal BD is given by [Refer to Fig. 7.26 (6)]. 


M.O.I. of four triangles (7.e., triangles DEK, FLB, DGH and HLB) plus 
M.O.I. of rectangle HFHG about N.A. (i.e., diagonal BD) 


_4xbh* | EF x EG* 


_ Axyxy? , 2a-y) x (2y)" 


12 12 12 12 
(. Hereb=y,h=y, EF = 2(a—y) and EG = 2y) 
4 4 3 4 
= 242 (a-y)xy=2 ge A) ahi aA 


-— =— ay®-y 
3 3 3. 8 
and section modulus of new section is given by, 


4 
mae oe 
Z,= 2 (. Here y 
Ymax y 


4 
=3 ay? — 3 
Now moment of resistance of the new section is given by, 


4 ay? — 3 
M,=0xZ,=0%x 3 yoy 


dM. 
The moment of the resistance of the new section will be maximum, if 


See 
dy — a 
Hence differentiating equation (ii) w.r.t. y and equating it to zero, we get 


dad 4 2 Hl 
#952 7 zo 
4 2 
or o [ax 2y~3y J=o (3 


o anda are constants) 


...(ii) 
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or <a x 2y — 8y? =0 (- o cannot be zero) 
By? = = x 
y= 3 axy 
8axy 8a is 
or 5 aay S (Zit) 


Substituting this value of y in equation (ii), we get 
2 3 
(My) nax = 5 * Pease Be ck =Ox 2088 pO ge 
3 9 9 3x81 729 
= 6 x [1.0535a — 0.7023a"] = o x 0.3512 a? ...(iv) 


But from equation (i), M, =o x 0.3333 a? 
M, is more than M,. And from equation (iii), it is clear that M, is maximum when 


Now increase in moment of resistance 
7 _ 3 2 
= (My) nan —M, = 6 x 0.3512 a? — 6 x 0.3333 a 
=o x 0.0179 a? 
Percentage increase in moment of resistance 
Increase in moment of resistance 


- aE : x 100 
Original moment of resistance 
6 x 0.0719 x a® 
- SAO x 100 = 5.37%. Ans. 
6 X 0.3333 x a 


Problem 7.21. Prove that the ratio of depth to width of the strongest beam that can be 
cut from a circular log of diameter d is 1.414. Hence calculate the depth and width of the 
strongest beam that can be cut of a cylindrical log of wood whose diameter is 300 mm. 


Sol. Given : 
Dia. of log = d — b— 
Let ABCD be the strongest rectangular section which ee ina aa 


can be cut out of the cylindrical log. 
Let b = Width of strongest section. 
d = Depth of strongest section. d 
Now section modulus of the rectangular section 


bh 
yet (2) ow? e ee me 
-4 a ; Z 
. Fig. 7.27 


In the above equation, b and hare variable. 
From ABCD, b2 + h? = d? 
or hi =d? — 6? 
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Substituting the value of h? in equation (i), we get 
b 1 
— ~~ [q2_ p21 = — Th2 — b3 . 
=5 [d* — b?] 6 lbd? — b?] .(Ut) 


In the above equation, d is constant and hence only variable is b. 

Now for the beam to be strongest, the section modulus should be maximum (or Z should 
be maximum). 

For maximum value of Z, 


eh 
5 = 
d | bd? =6° d* 3b" 
or — | ————__ | = 0 or ——— =0 
db 6 6 
or d? — 3b? =0 or d? = 3b? (Lit) 
But from triangle BCD, 
d2=b? +h? 
Substituting the value of d? in equation (iii), we get 
b2+h2=3b2 or h2=2b? 
or h= V2 xb ..(iv) 
or e- 2 =1.414. Ans. 
Numerical Part 
Given, d = 300 mm 
But for equation (iii), d?=3b? or 3b2=d?=300? = 90000 
90000 
or b2 = 3 = 30000 


b = (830000)!2 = 173.2 mm. Ans. 
From equation (iv), 


h= V2 xb=1414x 173.2 = 249.95 mm. Ans. 


7.11. COMPOSITE BEAMS (FLITCHED BEAMS) 


A beam made up of two or more different materials assumed to be rigidly connected together 
and behaving like a single piece is known as a composite beam or a wooden flitched beam. 
Fig. 7.27 (a) shows a wooden beam (or timber beam) reinforced by steel plates. This arrangement 
is known as composite beam or a flitched beam. The strain at the common surfaces will be same 
for both materials. Also the total moment of resistance will be equal to the sum of the moments 
of individual sections. 

When such a beam is subjected to bending, the bending stresses and hence strains due to 
bending stresses at a point are proportional to the distance of the point from the common neutral 
axis. Consider the composite beam as shown in Fig. 7.27 (a) and let at a distance y from the N.A., 
the stresses in steel and wood are f, and f, respectively. 


BENDING STRESSES IN BEAMS 


Let E, = Young’s modulus of steel plate Steel Wooden 
I, = Moment of inertia of steel about N.A. plate 


M, = Moment of resistance of steel ine, 
LY, 


E, = Young’s modulus of wood S £7 
I, = M.O.I. of wood about N.A. yr & So, 
M, = Moment of resistance of wood. 
Strain in steel at a distance y from N.A. | 


Y) 


( Stress in steel = 0,) 
Strain in wood at a distance y from N.A. 


G2 
~ Ey 
But strain at the common surface is same 
Si, 94 
Ey Ey tee Fig. 7.27 (a) 
Ey 
or Oo; = E, x Oy 
=MX 6, (i) 


E 
where m = ae and is known as modular ratio between steel and wood. 
2 


M 
Using the relation Fo = , we get 
y 


Hence moment of resistance of steel and wood are given by, 
0 0 
M,=—xI and M,=— xI 
iy 1 2 Ty 2 


.. Total moment of resistance of the composite section, 
M=M,+M, 


o o 
=—-x],+—xk, 
y 


_ MO x I, 4 02 

y y 

= Oe [mI, + 1,] iw ee, 
y 


x Iy (" 6, =mo, from equation 7) 


In equation (7.12) J, + mI, can be treated as equivalent moment of inertia of the cross- 
section, as if all made of material 2 (i.e., wood) which will give the same amount of resistance as 
the composite beam. Let this be denoted by J. 

: I=ml,+1, wT .22) 


Then Mea 28 7 7.14) 
y 


STRENGTH OF MATERIALS 


The equivalent section is produced by using J = I, + mI,. This can be done by multiplying 
the dimensions of the material 1 in the direction parallel to the N.A. by m. The equivalent figure 
can be used for finding the position of N.A. and equivalent moment of inertia. 


Problem 7.22. A flitched beam consists of a wooden joist 10 cm wide and 20 cm deep 
strengthened by two steel plates 10 mm thick and 20 cm deep as shown in Fig. 7.28. If the 
maximum stress in the wooden joist is 7 N/mm?, find the corresponding maximum stress 
attained in steel. Find also the moment of resistance of the composite section. Take Young’s 
modulus for steel = 2 x 10° N/mm? and for wood = 1 x 104 N/mm?. 


Sol. Given : 
Let suffix 1 represent steel and suffix 2 repre- 4 cm 4 om 
sent wooden joist. : 2 kk >}——10 “mn 
Width of wooden joist, 6b, = 10 cm 
Depth of wooden joist, d, = 20cm 
Width of one steel plate, 6,=1cm 
Depth of one steel plate, d,= 20cm 
Number of steel plates =2 
Max. stress in wood, o,= 7 N/mm? Th 
E for steel, E, = 2x 10° N/mm? 
E for wood, E, = 1x 104 N/mm? 
Now M.O.I. of wooden joist about N.A., 
he bydy® _ 10x 20° 
12 12 
= 6666.66 cm4 Sigel Thee a; 
= 6666.66 x 104 mm4 plate joist 


M.O.I. of two steel plates about N.A., 


2xbdy> 2x1x203 
12 78 
= 1333.33 cm‘ = 1333.38 x 104 mm‘. 
Now modular ratio between steel and wood is given by, 
E, 2x10° 
™* Ey ~ 1x 10! 
The equivalent moment of inertia (J) is given by equation (7.13). 
; T=mlI,+I, 
= 20 x 1333.33 x 104 + 6666.66 x 104 
= 104(26666.6 + 6666.66) = 104 x 33333.2 
Moment of resistance of the composite section is given by equation (7.14). 


Fig. 7.28 


= 20 


O2 
M=—xI 
y 


7x 10* x 33333.2 
10x 10 
= 233332.4 x 10? N mm = 23333.24 Nm. Ans. 


(. y=10cm=10 x 10 mm) 


Maximum Stress in Steel 
Let 
Now using equation, we get 


6, = Max. stress in steel. 


Oe ee 
Ek, £&, 
Ey 
=—xo 
1 E, 2 
=20x7 
= 140 N/mm?. Ans. 


2nd Method 


BENDING STRESSES IN BEAMS 


E Hitz m=20and 6, =7 N/a” 
E, 


Total moment of resistance is equal to the sum of moment of resistance of individual 


member. 
M=M,+M, 


Oo 
where M,= at KL 
y 


weed) 


(#9 


(. y=10 x 10 = 100 mm) 


= aa x 1333.33 x 104 
100 ‘ 
= 18666620 Nmm = 18666.620 Nm 
and M, = 92 x is 
y 
7 an x 6666.66 x 104 Nmm 
100 
= 46666.62 Nmm = 4666.662 Nm 
M =M, +M, = 18666.620 + 4666.662 
= 23333.282 Nm. Ans. 
3rd Method 


The equivalent moment of inertia (J) is obtained by producing equivalent section. 


(a) The equivalent wooden section is obtained by multiplying the dimension of steel plate 


in the direction parallel to the N.A. by the modular ratio between steel and wood (ie. by 


E, _ 210° 
E, 1x 104 
Hence equivalent wooden width for this steel 


plate will be 20 x 1 = 20 cm. This is shown in 
Fig. 7.29. 


Equivalent M.O.I. is given by, 
3 

p= de 
12 


multiplying by 


= 20 . But the width of one steel plate parallel to N.A. is 1 cm. 


}<— 20 cm—>}410 cm>}¢— 20 cm—>| 


Fig. 7.29. Equivalent wooden section 
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_ (20+ 10 + 20) x 20° 
7 12 
= 33333.33 cm‘ = 33333.33 x 104 mm*4 
Total moment of resistance 
= Moment of resistance of the equivalent wooden section 


Oo 
Sl 


7 Stress in wood . 
y 


I 


7 
= i00 * 33333.33 x 104 = 23333333.33 Nmm 


= 23333.333 Nm. Ans. 
(6) The equivalent steel section is obtained by multiplying the dimensions of wooden joist 


in the direction parallel to N.A. by the modular ratio between wood and steel ( i.e., by multiplying 


4 
by Ew = ee _ a) 
E, 2x10 20 
But the width of wooden joist parallel to N.A. is 10 cm. Hence 0.5 cm 
equivalent steel width will be 10 x om = 0.5 cm. This is shown in val Daal 
Fig. 7.30. 
Hence equivalent M.O.I. is given by N 
7. bd? N 
~ 12 N 
_ (1+0.5+ 1 x 20° N 
7 12 ING 
= 1666.66 cm4 N 
= 1666.66 x 104 mm! N 
met xI N 
140 
= —— x 1666.76 x 104 ; 
100 Fig. 7.30. Equivalent 
(Here o is the stress in steel steel section 


and = 140 N/mm?) 
= 23333240 Nmm 
= 23333.240 Nm. Ans. 


Note. The width of the single wooden beam for the total moment of resistance of 23333.33 Nm 
should be 20 + 10 + 20 = 50 cm as shown in Fig. 7.29. But the width of flitched beam for the same moment 
of resistance is only 1 + 10 + 1 = 12 cm as shown in Fig. 7.28. Hence flitched beams require less space. 


BENDING STRESSES IN BEAMS 


Problem 7.23. A timber beam 100 mm wide and 200 mm deep is to be reinforced by 
bolting on two steel flitches each 150 mm by 12.5 mm in section. Calculate the moment of 
resistance in the following cases: (i) flitches attached symmetrically at the top and bottom ; 
(ii) flitches attached symmetrically at the sides. Allowable stress in timber is 6 N/mm?2. What is 
the maximum stress in the steel in each case ? Take E, = 2 x 10° Nlmm? and E, = 1 x 10* N/mm’. 


Sol. Given : 
ist Case. Flitches attached symmetrically at the «150 mm ——>| 

top and bottom. 125 i WLLL ak — Se 
(See Fig. 7.31). ca plate 


Let suffix 1 represents steel and suffix 2 repre- 
sents timber. 


Timber 
Width of steel, b, = 150mm amy aia 
Depth of steel, d, = 12.5mm | (ed eee ee a ee a 
Width oftimber, 6, = 150mm : " 
Depth of timber, d, = 200mm 


Number of steel plates = 2 
Max. stress in timber, 6, = 6 N/mm? 


E for steel, E,=E, = 2x 10° N/mm? 12.5 mm WLLL he 
i” a plate 
E for timber, E,=E, = 1x 10+ N/mm? 
Distance of extreme fibre of timber from N.A., Fig. 7.31 
y, = 100mm 


Distance of extreme fibre of steel from N.A., 
y, = 100+ 12.5 = 112.5 mm. 
Let o,* = Max. stress in steel 
6, = Stress in steel at a distance of 100 mm from N.A. 


Now we know that strain at the common surface is same. The strain at a common distance 
of 100 mm from N.A. is steel and wood would be same. Hence using equation (7.11), we get 


Si. 

E, Ey 
E 5 

Oo, = — xo, = ene x 6 = 120 N/mm?. 
Ey 1x 10 


But 6, is the stress in steel at a distance of 100 mm from N.A. Maximum stress in steel 
would be at a distance of 112.5 mm from N.A. As bending stresses are proportional to the distance 
from N.A. 


Oy. Oi 
Hence 100 ~ 112.5 
o,* = 8 yg, = 1 x 120-135 Nimm?. Ans. 
100 100 


Now moment of resistance of steel is given by 


oO * 
M, = ae x I, (where o,* is the maximum stress in steel) 
1 
135 


= x1 


112.5 1 
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where I, = M.O.I. of two steel plates about N.A. 
= 2x[M.O.L. one steel plate about its C.G. + Area of one steel plate 
x (Distance between its C.G. and N.A.)?] 


3 2 
=2x ag +b,d, x [100 + 4) 


12 


1 12.5° 
-2>| 50 x 125 


2 
+150 x 12.5 x [100 + a | 
= 2x [24414.06 + 21166992.18] 
= 42382812.48 mm* 


_ 185_ , 49389812.48 
1> 73495 * 


= 50859374.96 Nmm = 50859.375 Nm 
0 
Similarly, M,= — x I, 
2 


6 150x200 
x 


~ 100 12 
= 6000000 Nmm = 6000 Nm 


.. Total moment of resistance is given by, 
M=M,+M, 
= 50859.375 + 6000 = 56859.375 Nm. Ans. 
2nd Case. Flitches attached symmetrically at the sides (See Fig. 7.32) 
Here distance of the extreme fibre of steel from N.A. 
150 


aig = am 


In the first case we have seen that stress in steel at 
a distance of 100 mm from N.A. is 120 N/mm?. 
Hence the stress in steel at a distance of 75 mm 
from N.A. is given by, 
120 


01" = Fo9 * 75 


(Stress are proportional 
to the distance from N.A.) 
= 90 N/mm2 
Maximum stress in steel 
=0,**=90 N/mm?. Ans. 


Fig. 7.32 


Total moment of resistance is given by, 
M=M,+M, 
where M, = Moment of resistance of two steel plates 


o,** 
= xT 
Ymax 


(Here o,** = Maximum stress in steel = 90 N/mm?) 


1 
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90 
= 75% Vmax = 7 mm) 
I, = M.O.I. of two steel plates about N.A. 
3 
= 9 x 28x 10" _ 7031250 mm! 


90 
M,= 75 * 7031250 Nmm = 8437500 Nmm = 8437.5 Nm. 


Similarly, M, = Moment of resistance of timber section 
Oo 


=—xI 

Je 

6 ,, 150 x 200° a _ 150 x 2008 
~ 100 12 _ = 12 


= 6000000 Nmm = 6000 Nm 
.. Total moment of resistance, 
M=M,+M, 
= 8437.5 + 6000 = 14437.5 Nm. Ans. 

Problem 7.24. Two rectangular plates, one of steel and the other of brass each 40 mm 
wide and 10 mm deep are placed together to form a beam 40 mm wide and 20 mm deep, on two 
supports 1 m apart, the brass plate being on the top of the steel plate. Determine the maximum 
load, which can be applied at the centre of the beam, if the plates are : 

(i) separate and can bend independently, 

(ii) firmly secured throughout their length. 


Maximum allowable stress in steel = 112.5 N/mm? and in brass = 75 Nimm?. Take 
E, = 2 x 10° Nimm? and E, = 8 x 104 N/mm’. 


Sol. Given : 

Width of plates, b6=40 mm 

Depth of plates, d=10mm 

Span, L=im 

Stress in steel, 6, = 112.5 N/mm? 

Stress in brass, 6, = 75 N/mm? 

Value of E for steel, E, = 2 x 10° N/mm? 

Value of E for brass, E, = 8 x 104 N/mm?. 

ist Case. The plates are separate and can Fig. 7.33 
bend independently. 


Since the two materials bend independently, each will have its own neutral axis. It will be 
assumed that the radius of curvature R is the same for both the plates. 


E 
Using the relation el 
y Rk 
EX 
or aes 
0 
ee go ee, POEM 
om 0, 
ae Os _ EsXI 
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But y, = y, as the two plates are having their own N.A. The distance of the extreme 
fibre of brass from its own N.A. is 5 mm. Also the distance of extreme fibre of steel from its 
N.A. = 5 mm. 

E, 2x10° 
Os = Ss = 4= 2.5 
o, EF, 8x10 


Now the allowable stress in steel is 112.5 N/mm? 


i.e., o, = 112.5 N/mm?. 
Then maximum stress in brass will be, 
o, 1125 
= — = —_ =4 2 
%= 35 25 5 N/mm 


This is less than the allowable stress of 75 N/mm?. 
Note. If maximum stress in brass is taken as 75 N/mm”. Then the stress in steel will be o, = 2.5 
xX 6, = 2.5 x 187.5 N/mm. This stress is more than the allowable stress in steel. 


The total moment of resistance is given by, 
M=M,+M, 
where M,, = Moment of resistance of steel plate. 


Vs 


3 
= a x 40x 10" "I, =M.O.L of steel plate = 
5.0 12 


= 75000 Nmm = 75 Nm 
and M,, = Moment of resistance of brass plate 


40 x 102 
12 


So 
7 Yb xt 
45 40x 10° 
“50 12 
M=M,+M,=75 + 30 
=105Nm ..(Z) 
Let W-=Maximum load applied at the centre in N to a simply supported beam. 
Then maximum bending moment will be at the centre of the beam. And it is equal to, 


WxLl Wx10 


= 30000 Nmm = 30 Nm 


M= = = 4 Nm . (Ut) 
Equation (z) and (iz), we get 
- =105 or W=4x105=420N. Ans. 


2nd Case. The plates are firmly secured throughout their length. 


In this case, the two plates act as a single unit and thus will have a single N.A. Let us 
convert the composite section into an equivalent brass section as shown in Fig. 7.34 (0). 


The equivalent brass section is obtained by multiplying the dimensions of steel plate in 
the direction parallel to the N.A. by the modular ratio between steel and brass (7.e., by multiplying 
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E 
by zn 7 25} But the width of steel plate parallel to N.A. is 40 mm. Hence equivalent brass 
b 


width for the steel plate will be 40 x 2.5 = 100 mm. This is shown in Fig. 7.34. 


ken |k— 40 mm —>| 

+ a — 
1omm| Steel | 7.86 mm @ 10mm 

aa 


a 40 x 2.5 =100 mm ——— 5) * 


(a) Composite beam (b) Equivalent brass section 
Fig. 7.34 
Let y = Distance between C.G. of the equivalent brass section and 
bottom face. 
_ Aiy1 + Agy2 
A, + Ag 


100 x 10x 5+ 40x 10x (10 +5) 
100 x 10 + 40 x 10 

_ 5000+6000 _ 11000 

~ 1000+400 1400 


Hence N.A. of the equivalent brass section is at a distance of 7.86 mm from the bottom 
face. 


= 7.86 mm. 


Now the moment of inertia of the equivalent brass section about N.A. is given as 
I= [M.O.I. of rectangle 100 x 10 about its C.G. 
+ Area of rectangle 100 x 10 x (Distance between its C.G. and N.A.)?] 
+ [M.O.I. of rectangle 40 x 10 about its C.G. + Area of rectangle 40 x 10 
x (Distance between its C.G. and N.A.)7] 


_ | 100 x 10° 40 x 10° 


oe 100 x 10 x (7.86 — 5)? |+ Tak 40 x 10 x [5 + (10 — 7.86)]2 
= 8333.33 + 8179.6 + 3333.33 + 20391.84 
= 40238.1 mm‘. 


Distance of upper extreme fibre from N.A. 
= 20 — 7.86 = 12.14mm 
Distance of lower extreme fibre from N.A. 
= 7.86 mm 
Now allowable stress in brass is given 75 N/mm. As the upper plate is of brass. 
Hence the upper extreme fibre will have a stress of 75 N/mm?. Then the lowermost fibre 


75 
will have the stress = ECR ta 7.86 = 48.56 N/mm”. In Fig. 7.34 (6), the lowermost fibre is also 


of brass. Hence the actual stress in the lowermost fibre of steel will be 
= 48.56 x 2.5 = 121.4 N/mm”. 


STRENGTH OF MATERIALS 


But the safe stress in steel is given as 112.5 N/mm/?. Hence the brass cannot be fully 
stressed. 

If we take maximum stress in steel at the bottom to be 112.5 N/mm2, then the 
corresponding stress in brass at the bottom fibre will be 


112.5 
See 2 
25 45 N/mm‘. 
“ 6, = 112.5 N/mm? and _ o, = 45 N/mm”. 
Now using the relation, 
Ms 
Iy 
Oo 
or Mz=-xI 
y 
Pee 40238.1 = 230370.8 N 
= 796 x = .8 Nmm 
= 230.3708 Nm ... (Zit) 


The maximum bending moment at the centre of a simply supported beam, carrying a 
point load W at the centre is given by, 


_WxL Wx10 es 
=a = 4 «ALU 


Equating (iii) and (iv), we get 


Ww 
ao 230.3708 
W = 4x 230.3708 = 921.48N. Ans. 


HIGHLIGHTS 


1. The stresses produced due to constant bending moment (with zero shear force) are known as 
bending stresses. 
2. The bending equation is given by, 
M_o_E 
Toy R 
where M = Bending moment 
o = Bending stress 
I = Moment of inertia about N.A. 
y = Distance of the fibre from N.A. 
R = Radius of curvature 
E = Young’s modulus of beam. 


3. The bending stress in any layer is directly proportional to the distance of the layer from the 
neutral axis (N.A.). 


4, The bending stress on the neutral axis is zero. 
5. The neutral axis of a symmetrical section (such as circular, rectangular or square) lies at a 


d 
distance of 2 from the outermost layer of the section where d is the depth of the section. 


a. 


12. 


13. 


14. 
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If the top layer of the section is subjected to compressive stress then the bottom layer of the 
section will be subjected to tensile stress. 

The ratio of moment of inertia of a section about the neutral axis to the distance of the outermost 
layer from the neutral axis is known as section modulus. It is denoted by Z. 


I 
= 


Ymax 
Section modulus for various sections are given as : 


Z= “— ...For rectangular section 


= = (BD? ~ bd?) ...For a hollow rectangular section 


nd® : : 
= — ...For a circular section 


= =~ [D*-d‘] ...For a hollow circular section. 


For finding bending stresses in unsymmetrical section, first their C.G. is to be obtained. This 
gives the position of N.A. The bigger value of y is to be used in bending equation. 
The moment of resistance offered by the section is known as the strength of the section. 
A beam made up of two or more different materials assumed to be rigidly connected together and 
behaving like a single unit, is known as a composite beam or flitched beam. 
The strain at the common surface of a composite beam is same. 

01 _ O82 

Ey Ey! 


E 
The ratio of a is known as modular ratio of first material to the second material. 
2 


Total moment of resistance of a composite beam is the sum of the moment of resistance of 
individual section. 


EXERCISE 


(A) Theoretical Questions 


Define the terms : bending stress in a beam, neutral axis and section modulus. 


What do you mean by ‘simple bending’ or ‘pure bending’ ? What are the assumptions made in the 
theory of simple bending ? 


Derive an expression for bending stress at a layer in a beam. 
What do you understand by neutral axis and moment of resistance ? 
Prove that relation, 


M_o_E 
Ioy R 
where MM = Bending moment, I=M.O.1. 
o = Bending stress, y = Distance from N.A. 


E=Young’s modulus, and R = Radius of curvature. 
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6. 


7. 


What do you mean by section modulus ? Find an expression for section modulus for a rectangular, 
circular and hollow circular sections. 


How would you find the bending stress in unsymmetrical section ? 
What is the meaning of ‘Strength of a section’ ? 
Define and explain the terms : modular ratio, flitched beams and equivalent section. 


What is the procedure of finding bending stresses in case of flitched beams when it is of 
(i) a symmetrical section and (ii) an unsymmetrical section ? 


Explain the terms : Neutral axis, section modulus, and moment of resistance. 


Show that for a beam subjected to pure bending, neutral axis coincides with the centroid of the 
cross-section. 

Prove that the bending stress in any fibre is proportional to the distance of that fibre from 
neutral layer in a beam. 


(B) Numerical Problems 


A steel plate of width 60 mm and of thickness 10 mm is bent into a circular arc of radius 10 m. 
Determine the maximum stress induced and the bending moment which will produce the maxi- 
mum stress. Take E = 2 x 10° N/mm?. [Ans. 100 N/mm? ; 100 Nm] 


A cast iron pipe of external diameter 60 mm, internal diameter of 40 mm, and of length 5 m is 
supported at its ends. Calculate the maximum bending stress induced in the pipe if it carries a 
point load of 100 N at its centre. [Ans. 7.34 N/mm?] 


A rectangular beam 300 mm deep is simply supported over a span of 4 m. What uniformly 
distributed load per metre, the beam may carry if the bending stress is not to exceed 120 N/mm? ? 
Take I =8 x 10° mm‘. [Ans. 3.2 kN/m] 


A cast iron cantilever of length 1.5 metre fails when a point load W is applied at the free end. If 
the section of the beam is 40 mm x 60 mm and the stress at the failure is 120 N/mm”, find the 
point load applied. [Ans. 1.92 kN] 


A cast iron beam 20 mm x 20 mm in section and 100 cm long is simply supported at the ends. It 
carries a point load W at the centre. The maximum stress induced is 120 N/mm?. What uniformly 
distributed load will break a cantilever of the same material 50 mm wide, 100 mm deep and 2 m 
long? [Ans. 5 KN per m run] 


A timber beam is 120 mm wide and 200 mm deep and is used on a span of 4 metres. The beam 
carries a uniformly distributed load of 2.8 kN/m run over the entire length. Find the maximum 
bending stress induced. [Ans. 7 N/mm?] 


A timber cantilever 200 mm wide and 300 mm deep is 3 m long. It is loaded with a U.D.L. of 
3 kN/m over the entire length. A point load of 2.7 KN is placed at the free end of the cantilever. 
Find the maximum bending stress produced. [Ans. 7.2 N/mm2] 


A timber beam is freely supported on supports 6 m apart. It carries a uniformly distributed load 
of 12 kKN/m run and a point load of 9 KN at 3.5 m from the right support. Design a suitable section 
of the beam making depth twice the width, if the stress in timber is not to exceed 8 N/mm?. 


[Ans. 230 mm x 460 mm] 


A beam of an I-section shown in Fig. 7.35 is simply supported over a span of 4 metres. 
Determine the load that the beam can carry per metre length, if the allowable stress in the 
beam is 30.82 N/mm?. [Ans. 2.5 kN/m run] 
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10. Abeam is of T-section as shown in Fig. 7.36. The beam is simply supported over a span of 4 m and 
carries a uniformly distributed load of 1.7 KN/m run over the entire span. Determine the maxi- 
mum tensile and maximum compressive stress. [Ans. 8 N/mm? and 4.8 N/mm_?] 


11. Asimply supported beam of length 4 m carries a point load of 16 KN at a distance of 3 m from left 
support. The cross-section of the beam is shown in Fig. 7.37. Determine the maximum tensile 
and compressive stress at a section which is at a distance of 2.25 m from the left support. 

[Ans. 24.9 N/mm? ; 27.84 N/mm?] 
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12. 


13. 


14. 


15. 


16. 


Pi. 
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Fig. 7.37 
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x 
Prove that the moment of resistance of a beam of square section is equal to o x ae where ‘o’ is the 


permissible stress in bending, x is the side of the square beam and beam is placed such that its 
two sides are horizontal. 


Find the moment of resistance of the above beam, if it is placed such that its one diagonal is 
vertical, the permissible bending stress is same (i.e., equal to ‘o’). [Ans. x? x 0/6 x /2 ] 


A flitched beam consists of a wooden joist 150 mm wide and 300 mm deep strengthened by a 
steel plate 12 mm thick and 300 mm deep on either side of the joist. If the maximum stress in the 
wooden joist is 7 N/mm/?, find the corresponding maximum stress attained in steel. Find also the 
moment of resistance of the composite section. Take E for steel = 2 x 10° N/mm? and for 
wood = 1 x 104 N/mm?. [Ans. 140 N/mm/?, 66150 Nm] 
A timber beam 60 mm wide by 80 mm deep is to be reinforced by bolting on two steel flitches, 
each 60 mm by 5 mm in section. Find the moment of resistance in the following cases : (z) flitches 
attached symmetrically at top and bottom ; (ii) flitches attached symmetrically at the sides. 
Allowable timber stress is 8 N/mm?. What is the maximum stress in the steel in each case ? Take 
E for steel = 2.1 x 10° N/mm? and for timber = 1.4 x 104 N/mm?. 

[Ans. (i) 3768 Nm, o, = 135 N/mm? (ii) 1052 Nm, o, = 90 N/mm?] 
Two rectangular plates, one of steel and the other of brass each 37.5 mm by 10 are placed to 
either to from a beam 37.5 mm wide by 20 mm deep, on two supports 75 cm apart, the 
brass component being on top of the steel component. Determine the maximum central load if 
the plates are (i) separate and can bend independently, (ii) firmly secured throughout their 
length. Permissible stresses for brass and steel are 70 N/mm? and 100 N/mm?. Take 
E,, = 0.875 x 10° N/mm? and E£, = 2.1 x 105 N/mm?. [Ans. (i) 472.2 N (ii) 1043.5 N] 
A timber beam 150 mm wide and 100 mm deep is to be reinforced by two steel flitches each 
150 mm x 10 mm in section. Calculate the ratio of the moments of the resistance in the two- 
mentioned cases : (i) Flitches attached symmetrically on the sides (ii) Flitches attached at 
top and bottom. [Ans. 0.31] 


8.1. INTRODUCTION 


In the last chapter, we have seen that when a part of a beam is subjected to a constant 
bending moment and zero shear force, then there will be only bending stresses in the beam. The 
shear stress will be zero as shear stress is equal to shear force divided by the area. As shear force 
is zero, the shear stress will also be zero. 

But in actual practice, a beam is subjected to a bending moment which varies from section 
to section. Also the shear force acting on the beam is not zero. It also varies from section to 
section. Due to these shear forces, the beam will be subjected to shear stresses. These shear 
stresses will be acting across transverse sections of the beam. These transverse shear stresses 
will produce a complimentary horizontal shear stresses, which will be acting on longitudinal 
layers of the beam. Hence beam will also be subjected to shear stresses. In this chapter, the 
distribution of the shear stress across the various sections (such as Rectangular section, 
Circular section, I-section, T-sections etc.) will be determined. 


8.2. SHEAR STRESS AT A SECTION 


Fig 8.1 (a) shows a simply supported beam carrying a uniformly distributed load. For a 
uniformly distributed load, the shear force and bending moment will vary along the length of the 
beam. Consider two sections AB and CD of this beam at a distance dx apart. 


aN 
Ee KA 


_& 


Area, A = Area of EFGH 
Fig. 8.1 


STRENGTH OF MATERIALS 


Let at the section AB, 
F = Shear force 
M = Bending moment 
and at section CD,F+dF = Shear force 
M+dM = Bending moment 
I = Moment of inertia of the section about the neutral axis. 

Let it is required to find the shear stress on the section AB at a distance y, from the 
neutral axis. Fig. 8.1 (c) shows the cross-section of the beam. On the cross-section of the beam, 
let EF be a line at a distance y, from the neutral axis. Now consider the part of the beam above 
the level EF and between the sections AB and CD. This part of the beam may be taken to consists 
of an infinite number of elemental cylinders each of area dA and length dx. Consider one such 
elemental cylinder at a distance y from the neutral axis. 

dA = Area of elemental cylinder 
dx = Length of elemental cylinder 
y = Distance of elemental cylinder from neutral axis 
Let o = Intensity of bending stress* on the end of the elemental cylinder on the 


section AB 
o + do = Intensity of bending stress on the end of the elemental cylinder on the section 
CD. 
The bending stress at distance y from the neutral axis is given by equation (7.6) as 
M_o 
Toy 
O= ca xy 


For a given beam, the bending stress is a function of bending moment and the distance y 
from neutral axis. Let us find the bending stress on the end of the elemental cylinder at the 
section AB and also at the section CD. 

Bending stress on the end of elemental cylinder on the section AB, (where bending 
moment is M) will be 


O= cs xy 
Similarly, bending stress on the end of elemental cylinder on the section CD, (where 
bending moment is M+ dM) will be 
(M + dM) 
ey 
I 
(.: On section CD, B.M. = M+dM and bending stress = o + do) 
Now let us find the forces on the two ends of the elemental cylinder. 
Force on the end of the elemental cylinder on the section AB 
= Stress x Area of elemental cylinder 
=oxdA 


o+do= 


*Bending stresses are acting normal to the cross-section. 
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M 
=O xyxdA ( o=4x9] 
Similarly, force on the end of the elemental cylinder on the section CD 
=(o+do)dA 
M+dM 
= ee xy xd [- o+do- MM ,.,| 


At the two ends of the elemental cylinder, the forces are different. They are acting along 
the same line but are in opposite direction. Hence there will be unbalanced force on the elemental 
cylinder. 

.. Net unbalanced force on the elemental cylinder 


= ee xy xdA- 7 xy xdA 


= “a xy x dA Ad) 


The total unbalanced force above the level EF and between the two sections AB and CD 
may be found out by considering all the elemental cylinders between the sections AB and CD and 
above the level EF (i.e., by integrating the above equation (z)). 

. Total unbalanced force 


= JM xy x da = fy xaa 


dM = 
= eed ( JyxdA=Axy) 
where A = Area of the section above the level EF (or above y,) 
= Area of EFGH as shown in Fig. 8.1 (c) 


¥y = Distance of the C.G. of the area A from the neutral axis. 

Due to the total unbalanced force acting on the part of the beam above the level EF and 
between the sections AB and CD as shown in Fig. 8.2 (a), the beam may fail due to shear. Hence 
in order the above part may not fail by shear, the horizontal section of the beam at the level EF 
must offer a shear resistance. This shear resistance at least must be equal to total unbalanced 
force to avoid failure due to shear. 


47 G 
GL 


Fig. 8.2 
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Shear resistance (or shear force) at the level EF 


= Total unbalanced force 
= “a xAxy .. (IL) 
Let t = Intensity of horizontal shear at the level EF 
6b = Width of beam at the level EF 


“. Area on which Tt is acting 
= bxdx 
.. Shear force due to T 
Shear stress x Shear area 
txbxdx .. (lit) 
Equating the two values of shear force given by equations (iz) and (ii), we get 


txbxdx = OE KAKT 


aM Axy 
t= 


I bxdx 


An 

y G aM = F = Shear force | s(GaL} 
dx 

The shear stress given by equation (8.1) is the horizontal shear stress at the distance y, 

from the neutral axis. But by the principal of complementary shear, the horizontal shear stress 


is accompanied by a vertical shear stress t of the same quantity. 


Sometimes A x Y is also expressed as the moment of area A about the neutral axis. 

Note. In equation (8.1), b is the actual width at the level EF (Though here b is same at all 
levels, in many cases 6 may not be same at all levels) and J is the total moment of inertia of the 
section about N.A. 


Problem 8.1. A wooden beam 100 mm wide and 150 mm deep is simply supported over 
a span of 4 metres. If shear force at a section of the beam is 4500 N, find the shear stress at a 
distance of 25 mm above the N.A. 


Sol. Given : 

Width, 6b =100 mm 
Depth, d=150 mm 
Shear force, F=4500N 


Let t = Shear stress at a distance of 25 mm above 
the neutral axis. 
Using equation (8.1), we get 


Ay . 
t= FF, — aa 
1.6 0 : 
where A = Area of the beam above y, |<—— 100 mm —> 
= 100 x 50 = 5000 mm? Fig. 8.3 


(Shaded area of Fig. 8.2) 
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y = Distance of the C.G. of the area A from neutral axis 
= 25+ ne =50mm 
I = M.O.I. of the total section 
bd® 
12 
_ 100x 150° 
7 12 
6 = Actual width of section at a distance y, from N.A. = 100 m 
Substituting these values in the above equation (Z), we get 
_ 4500 x 5000 x 50 
~ 28125000 x 100 
Problem 8.2. A beam of cross-section of an isosceles triangle is subjected to a shear 
force of 30 RN at a section where base width = 150 mm and height = 450 mm. Determine : 
(i) horizontal shear stress at the neutral axis, 


= 28125000 mm4 


= 0.4 N/mm2, Ans. 


(ii) the distance from the top of the beam where shear stress is maximum, and 
(iii) value of maximum shear stress. 

Sol. Given : 

Shear force at the section, F = 30 kN = 30,000 N 
Base width, CD = 150 mm 

Height, h = 450 mm. 

(i) Horizontal shear stress at the neutral axis 


The neutral axis of the triangle is at a distance of : from 


base or = from the apex B. Hence distance of neutral axis from B 


will be a = = 300 mm as shown in Fig. 8.3 (a). The width of the Fig. 8.3 (a) 
section at neutral axis is obtained from similar triangles BCD and BNA as 

NA _ 300 

CD 4650 

300 300 
or NA = 755 * CD = Go * 150 = 100 mm. 
The shear stress at any section is given by equation (8.1) as 
t=Fx AXY WD 
Ixb 


where t = Shear stress at the section 
F = Shear force = 30,000 N 


A = Area above the axis at which shear stress is to be obtained 
li.e., shaded area of Fig. 8.3 (a)] 
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NA x 300 100 x 300 
= 5 = 9 = 15000 mm? 


y = Distance of the C.G. of the area A from neutral axis 


1 
= gq 6 900 = 100 som 


I = M.OL1I. of the total section about neutral axis 


Base width x Height? ' —Bxh} 
"36 


36 where B = Base Width of Triangle 


150x450° —, 
———— mm 


36 
6 = Actual width of the section at which shear stress is to be obtained 
= NA=100 mm. 
Substituting these values in equation (Z), we get 
1 = 30,000 x 2200 x 200 N/mm? 
(= x ) x 100 
36 


= 1.185 N/mm?2, Ans. 


(ti) The distance from the top of the beam where shear stress is maximum 


Let the shear stress is maximum at the section EF 
at a distance x from the top of the beam as shown in ] . 
Fig. 8.3 (6). The distance EF is obtained from similar x 2x/3 
triangles BEF and BCD as oh | + = 
ee = ae ) E . Y 450 mm 
CD 450 } | 
: an aw x N A 
S EF = 450 * P= 450 x150 = 3° a 
The shear stress at the section EF is given by equa- t 
tion (8.1) as C D 
_ }¢——— 150 mm ———>| 
Ax y r Fig. 8.3 (b) 
t = Fx 2h . (i) 
where F = 30,000 N 
A = Area of section above EF i.e., Area of shaded triangle BEF 
EFxx x «x x 
a Ag 2 [- er=5] 
x2 
6 


Distance of C.G. of the Area A from neutral axis 


2h _ 2x _ 2x 450 2x _ (00-2) 
3 3 3 3 


<I 
ll 
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I=M.O.I. of ABCD about neutral axis 
150x450° i, 
= ———— mm 
36 


6 = Width of section EF = 5 . 


Substituting these values in equation (ii), we get 


2, 
x 2x 
30,000 x | — 300 — — 
| 6 }e( 3 


t= = 0.0000395x (300 = =) 
150 x 4502 et 3 
36 3 
Qx? 
= 0.0000395 s00s 7 2s ...(iii) 


: dt 
For maximum shear stress de =0 
x 


2 4x 
or 300-=—x2x=0 or 300= — 
3 3 
or x= ene =225 mm. Ans. 


4 
Hence, shear stress is maximum at a distance of 225 mm from the top of the beam. 
(iii) Value of Maximum Shear Stress 


The value of maximum shear stress will be obtained by substituting x = 225 mm in 
equation (ziz). 


.. Maximum shear stress = 0.0000395 [300 x 225 - " x 225" 


= 1.333 N/mm?, Ans. 


8.3. SHEAR STRESS DISTRIBUTION FOR DIFFERENT SECTIONS 


The following are the important sections over which the shear stress distribution is to be 
obtained : 


1. Rectangular Section, 2. Circular Section, 
3. I-Section, 4, T-Sections, and 
5. Miscellaneous Sections. 
8.3.1. Rectangular Section. Fig. 8.4 shows a rectangular section of a beam of width b 


and depth d. Let F is the shear force acting at the section. Consider a level EF at a distance y 
from the neutral axis. 


The shear stress at this level is given by equation (8.1) as 
Ay 

“oxI 

where A = Area of the section above y (i.e., shaded area ABFE) 


-($-7)xs 


t=F 
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Fig. 8.4 


y = Distance of the C.G. of area A from neutral axis 
1(d d y_y d_1 d 
= + —|—-— — +—-—o= — 
4 (5 y) o£ oe Ga eG 


b = Actual width of the section at the level EF 
I=M.O.I. of the whole section about N.A. 
Substituting these values in the above equation, we get 


d 1 d 
; F.(S-y]xbx3(y+4) 
F (ad 
_ a(¢- ”) (8.2) 


From equation (8.2), we see that t increases as y decreases. Also the variation of t with 
respect to y is a parabola. Fig. 8.4 (6) shows the variation of shear stress across the section. 


At the top edge, y = < and hence 


dad? (d\ 
4 -($) 


At the neutral axis, y=0and hence 


F ( d? Fg 
t= —-0O = — Kk — 
2I\ 4 2r 64 


F 


a = x0=0 
2I 


2I 


2 
_ Fd = = pak 
er gee ome 
12 
12 F F 
= pa ae 7 
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__Shearforce F 
wg Areaof section bxd° 
Substituting the above value in equation (z), we get 
T= 15x Ty (8.3) 


Equation (8.3) gives the shear stress at the neutral axis where y = 0. This stress is also 
the maximum shear stress. 


Now average shear stress, T 


Tmax = 1-5T aug .(8.4) 


From equation (8.1), t = ae In this equation the value of AY can also be calculated as 


given below: 
Ay = Moment of shaded area of Fig. 8.4 (a) about N.A. 

Consider a strip of thickness dy at a distance y from N.A. Let dA is the area of this strip. 
Then dA = Area of strip = b x dy 
Moment of the area dA about N.A. 

=dA.y or yxdA 

=y x bdy (. dA=bxdy) 
The moment of the shaded area about N.A. is obtained by integrating the above equation 


between the limits y to .. 


.. Moment of shaded area about N.A. 


d/2 
= yxbxdy 
y 


d/2 
=b y x dy (as 6 is constant) 


y 
d/2 
-5|2-| =2 (2) - 2|_b)d’_ 2 
La, 2Eee jake? 
But moment of shaded area about N.A. is also equal toAy 


_ bla 


Substituting the value of AY in equation (8.1), we get 


2 

miler 

2\ 4 _F a? 3 
Ixb ~orl4a > 


This equation is same as equation (8.2). 


a 


Problem 8.3. A rectangular beam 100 mm wide and 250 mm deep is subjected to a 
maximum shear force of 50 RN. Determine : 
(i) Average shear stress, (ii) Maximum shear stress, and 
(iii) Shear stress at a distance of 25 mm above the neutral axis. 
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Sol. Given : é— 100 ram —dl 
Width, 6 =100 mm 
Depth, d = 250 mm | 
Maximum shear force, FF =50 kN = 50,000 N. 
(i) Average shear stress is given by, ay 
F _ 50,000 7 
T.3= = 
ws Area bxd t 
=. 50,000 _ 9 Nim, Ans, mn 
100 x 250 I 
(ii) Maximum shear stress is given by equation (8.4) 
y Tmax = 1.5 x Taug Fig. 8.4 (c) 
=15x2=3N/mm?. Ans. 


(iii) The shear stress at a distance y from N.A. is given by equation (8.2). 


FF (@_y 
"ola = 


2 
_ 50000 | 250° _ 252 (- y=25 mm) 
2I 4 
_ Su eS 7 625 _ ace e 16000 Nimm2 
oe bd* 4 2 x 100 x 250 


12 
= 2.88 N/mm2, Ans. 


Alternate Method [See Fig. 8.4 (d)] 


The shear stress at a distance 25 mm from neutral 
axis is given by equation (8.1) as l¢— 100 mm —> 


where F=50,000 N 
A = Area of beam above 25 mm (i.e., shaded area 
in Fig. 8.4 (d)) 
= 100 x 100 = 10000 mm2 
y = Distance of the C.G. of the area A from 
neutral axis 


00 
=25+ 5 =75 mm 


Fig. 8.4 (d) 


I=M.O.I. of total section about neutral axis 


bd? 100 x 250° 


12 12 
6 = Actual width of the section at a distance 25 mm from neutral axis = 100. 


Substituting these values in equation (8.1), we get 
10000 x 75 


100 x 250° 
12 


t = 50,000 x 
} 100 
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_ 50000 x 10000 x 75 x 12 


maximum shearing stress is 1 N/mm?, find the ratio of the span to the depth. 


100 x 250° x 100 


Problem 8.4. A timber beam of rectangular section is simply supported at the ends and 
carries a point load at the centre of the beam. The maximum bending stress is 12 N/mm? and 


= 2.88 N/mm2. Ans. 


Sol. Given : 
Maximum bending stress, Onax = 12 N/mm? W 
Maximum shear stress, Ti = L N/mm. 
Let b = Width of the beam, . e 
d = Depth of the beam, ‘ 
L= Span of the beam, Ry = w Rp, -W 
W = Point load at the centre. 2 
W Fig. 8.5 
Maximum shear force, Fe > 
WxL 
and maximum B.M., M = - 
W. 
N h _ Shear force ke) Ww 
ow average shear stress, te = lee = Oba 
Maximum shear stress is given by equation (8.4) 
: T = 15xt 
max avg 
W W 
or 1=15~x Qbd fe Tmax , Tag -> | 
or ee (i) 
bd 15 8 ™ 
Now using bending equation 
M oO M 
—=— or o=—xy 
I y I 
Maximum bending stress, 
6... == Xx 
max I Y max 
WxLl id 
4 *2 = 
= bd? $ max 9 
12 
12. W.L.d W.L 
= —xX = 5) 
8 bd? bd 
or pees Snax = 12) 
bd 
agg’ / 
bd d 
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4 L 
=15% 3% a E a = ; from equation @| 
ee 
= x a 
L 12 
a = 2 =6. Ans. 


Problem 8.5. A simply supported wooden beam of span 1.3 m having a cross-section 
150 mm wide by 250 mm deep carries a point load W at the centre. The permissible stress are 
7 Nimm? in bending and 1 N/mm? in shearing. Calculate the safe load W. 


Sol. Given : 7 
Span, £=1.30 mm | 
Width, 6=150 mm 
Depth, d = 250 mm 
Bending stress, o = 7 N/mm? % 1.3m % 
: = 2 
Shearing stress, t=1N/mm Fig. 8.6 
L 
Maximum B.M., M=—~ => x13 
Nm 
W 
=4* 1.3 x 1000 Nmm = 325 W Nmm 
W 
Maximum S.F. age N. 


(i) Value of W for bending stress consideration 
Using bending equation 


».{@) 
where M = 325 WNmm 
bd? _ 150 x 250° 


I= = = 195312500 mm?4 
12 12 

o = 7 N/mm? 

d 205 

and y= 9 = “9. = 125 
Substituting these values in the above equation (Zz), we get 
325W 7 
195312500 125 
We 7 x 195312500 _ 3653.8 N. 
325 x 125 


(ii) Value of W for shear stress consideration 
Average shear stress, 


Ww 
_ Shear force a ede W 
Tae Area bxd 2X 150x250 
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Maximum shear stress is given by equation (8.4) 


3 
Tmax = 9 x Tavg 
But Tmax = 1 N/mm? 
3 WwW 
L=-— 
2 2x150~x 250 
2x 2x 150 x 250 
a yo SS e000 Ny: 


3 

Hence, the safe load is minimum of the two values (i.e., 33653.8 and 50000 N) of W. Hence 
safe load is 33653.8N. Ans. 

8.3.2. Circular Section. Fig. 8.7 shows a 
circular section of a beam. Let R is the radius of 
the circular section of F is the shear force acting 
on the section. Consider a level EF at a distance y 
from the neutral axis. 

The shear stress at this level is given by 
equation (8.1) as 

FxAxy : 
T= Tub. ..(Z) 
where Ay = Moment of the shaded area about 
the neutral axis (N.A.) 
I = Moment of inertia of the whole circular section 
b = Width of the beam at the level EF. 

Consider a strip of thickness dy at a distance y from N.A. Let dA is the area of strip. 

Then dA=bxdy=EFx dy (. 6= EF) 

=2xEBxdy (. EF =2~x EB) 


=2x./R? =? x dy 
( Inrt. angled triangle OEB, side EB = ||R? — y? ) 


Moment of this area dA about N.A. 
=yxdA 


=yx2 JR? -y? xdy (. dA =2,/R? — y? dy) 
= 2y “he =" dy. 


Moment of the whole shaded area about the N.A. is obtained by integrating the above 
equation between the limits y and R 


Ay = [2y [R= dy 
- [ic 2y) JR? — y? dy. 
wy: 


|. \ 
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Now (— 2y) is the differential of (R? — y?). Hence, the integration of the above equation 
becomes as 


2 23/278 
ee inne a la 
3/2 


= “ [(R?2 _ R?)32 - (R? — y?)3/2] 


2 2 
_ 3 [0 - (R2 — y?)3/2] = Fi (R? — 23/2 
Substituting the value of Ay in equation (i), we get 
rare =r? — y2y3/2 
Ixb 


But b = EF=2xEB=2x JR? - y? 


Substituting this value of b in the above equation, we get 


C= 


2 
a — y2)3!2 _ 
T= = (R? — y?) (8.5) 
Ix2 aie ~ y? EI 
Equation (8.5) shows that shear stress distribution across a circular section is parabolic. 
Also it is clear from this equation that with the increase of y, the shear stress decreases. At 
y =R, the shear stress, t = 0. Hence, shear stress will be maximum when y = 0 .e., at the 
neutral axis. 
At y = 0i.e., at the neutral axis, the shear stress is maximum and is given by 


tT = Ff R?2 
max 31 
But f= Dpta— ¥@ RY (+ D=2R) 
64 64 
Tt 
= 7 Rt 
2 
Trax = sis = 2 x ia Pe ho ot 
se 1 R? 3 n1R 
4 
But average shear stress, 
— Shear force x F 
“8 ~ Area of circular section 7R? 
Hence equation (8.6) becomes as, 
4 
Tax = 3 X Vag ...(8.7) 


Problem 8.6. A circular beam of 100 mm diameter is subjected to a shear force of 5 RN. 
Calculate : 
(i) Average shear stress, (ii) Maximum shear stress, and 


(iii) Shear stress at a distance of 40 mm from N.A. 
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Sol. Given : 
Diameter, D=100 mm 
: 100 
Radius, R= 9 50 mm 


Shear force, F=5kN =5000N. 
(i) Average shear stress is given by, 
Shear force 


T. = 
“8 ~ Area of circular section 
5000 
= —— = 0.6366 N/mm”. Ans. 
m(50) 
(ti) Maximum shear stress for a circular section is given by equation (8.7). 
4 
Tmax = 3 x Taug 
4 
= x 0.6366 = 0.8488 N/mm2, Ans. 


(iit) The shear stress at a distance 40 mm from N.A. is given by equation (8.5). 


F 
— 7 (P2_ 2 
T= gy (RP -y”) 


_ 0000 (502-402) c y=40 oad T=" 100°) 
3x als x 1004 . 
64 
5000 x 64 
2 2500 — 1600 
3xn x 100000000 ‘ 


= 0.3055 N/mm? Ans. 


8.3.3. I-Section 
Fig. 8.8 shows the I-section of a beam. 
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Let B = Overall width of the section, 
D = Overall depth of the section, 
6 = Thickness of the web, and 
d = Depth of web. 
The shear stress at a distance y from the N.A., is given by equation (8.1) as 
Ay 
Ixb 
In this case the shear stress distribution in the web and shear stress distribution in the 


flange are to be calculated separately. Let us first calculate the shear stress distribution in the 
flange. 


t=Fx 


(i) Shear stress distribution in the flange 


Consider a section at a distance y from N.A. in the 
flange as shown in Fig. 8.8 (c). 


Width of the section = B 


PPIISPTSPIISID IAAL | 
A 


Shaded area of flange, A = B (2 = y) 


Distance of the C.G. of the shaded area from neutral 
axis 1s given as 


Supe 
= eg 
Diy _1(D Fig. 8.8 (c) 
= —+t+— = — | — 
42 ($+) 
Hence shear stress in the flange becomes, 
F x Ay 
t= > (-: Here width = B) 
D 1(D 
FxB|—-y|x—=|—+ 
E y] le y| 
7 IxB 
= (2) - 2 
era 8 meee 
F(D? 5 
= —|——- ...(8.8 
Be a (8.8) 


Hence, the variation of shear stress (t) with respect to y in the flange is parabolic. It is also 
clear from equation (8.8) that with the increase of, shear stress decreases. 
(a) For the upper edge of the flange, 


_D 
y= 9 
F|D? (DY 
H h Sel ie 
ence shear stress, T orl A (2) 0 
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(b) For the lower edge of the flange, 


_a@ 
y= 9 

Hence pee D* (4) ae D* a’ 
~ QI] 4 a) i). OF\ a od 


F 
ai (D2 — d?) ses) 


(ti) Shear stress distribution in the web 


Consider a section at a distance y in the web from the 
N.A. as shown in Fig. 8.9. if 
Width of the section = 6. Uy 
ZZ 


Here Ay is made up of two parts i.e., moment of the 22 ae 


flange area about N.A. plus moment of the shaded area of the | a 
web about the N.A. Abe H| re a Meee eo 
.. Ay = Moment of the flange area about N.A. a * 
+ moment of the shaded area of b 
web about N.A. = 


-8(2 |xa(F+5] +2(4 y)x3(S+9] _ ——F 


B b(d? 4 - 
~ = (n2_ 72 piste (paieeoe? ig. 8.9 
=3 (D? — d?) + {| r y 
Hence the shear stress in the web becomes as 
FxAy F Bog - ge. BIG. oa 
- = D*-d lee 
ie ee 8 ola oe 


From equation (8.10), it is clear that variation of t with respect toy is parabolic. Also with 
the increase of y, t decreases. 


At the neutral axis, y = 0 and hence shear stress is maximum. 


2 
Tmax = = B ip? Pilse 
Ixb| 8 2 4 
2 42 2 
se | BU a) he (8.11) 
Ixb 8 8 
At the junction of top of the web and bottom of flange, 
fe 
~ 9 


Hence shear stress is given by, 


2 2 
B ip? aat[d g ] 
8 2\ 4 \2 
Fx Bx(D? —d?) 
ss pe (8.12) 


ee F 
~ 1xb 
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The shear stress distribution for the web and flange is shown in Fig. 8.8 (b). The shear 
stress at the junction of the flange and the web changes abruptly. Equation (8.9) gives the stress 
at the junction of the flange and the web when stress distribution is considered in the flange. But 
equation (8.12) gives the stress at the junction when stress distribution is considered in the web. 
From these two equations it is clear that the stress at the junction changes abruptly 

F ins ay. © ine_ ae 
from 8I (D* — d*) to 5 x 8I (D* — d*). 


Problem 8.7. An I-section beam 350 mm x 150 mm | 1 
has a web thickness of 10 mm and a flange thickness of bin ot 


20 mm. If the shear force acting on the section is 40 kN, 20 mm 


find the maximum shear stress developed in the I-section. 


Sol. Given : 

Overall depth, D = 350mm 

Overall width, B = 150mm 

Web thickness, 6 = 10mm i - 
Flange thickness, = 20mm 


Depthofweb, d = 350-(2x20)=310mm 
Shear force on the section, F = 40 kN = 40,000 N. 
Moment of inertia of the section about neutral axis, 


|}«——__——- 350 mm 
| | 

8 

3 

3 


3 3 
= 150 x a60 _ 140 ~3i en 7 
= 535937500 — 347561666.6 
= 188375833.4 mm‘. 
Maximum shear stress is given by equation (8.11) 
F | BD? -d*) | bd? 
8 * 8 


vi 


Tmax = Ixb 


_ 40000 150(3507 — 3107) , 10x 310? 
~ 188375833.4 x 10 8 8 


= 0.000021234 Es (122500 — 96100) + 120125 | 


= 13.06 N/mm?. Ans. 

Alternate Method 

The maximum shear stress developed in the I-section will be at the neutral axis. This 
shear stress is given by, 

ee FxAxy 
na Ixb 
where F = 40,000 N 
Ax y = Moment of the area above the neutral axis about the neutral axis 


= Area of flange x Distance of C.G. of the area of flange from neutral axis + Area 
of web above neutral axis x Distance of the C.G. of this area from neutral axis 
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= (150 x 20) x (= + >) (= x 10) (2x5) 


2 

= 8000 x 165 + 1550 x 77.5 

= 495000 + 120125 = 615125 mm? 
I = Moment of inertia of the whole section about neutral axis 

= 188375833.4mm‘ (Already Calculated) 
b = Width of the web at neutral axis 

= 10mm 

40,000 x 615125 


5 Se? te Oe Nims, Ane. 
Tmax = 7383758334 x10 ~ 08 N/mm ¥ 


Problem 8.8. For problem 8.7, sketch the shear stress distribution across the section. 
Also calculate the total shear force carried by the web. 


Sol. Given : 
From problem 8.7, we have 
B=150mm; D=350mm 
d=310mm; 6=10mm 
F=40000N; JI=188.375 x 10° mm‘4 
Tmax = 13.06 N/mm?. 


Shear stress distribution in the flange 
The shear stress at the upper edge of the flange is zero. 
Actually shear stress distribution in the flange is given by equation (8.8) as 


F(D? 2 | 
T= org y (7) 


$180 mm ——> \¢ 10.51 >| 
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For the upper edge of the flange, 


D 
y= 9 


eat p-(2)|-4 DED’) 26 
art 4 (2) Jo ar 4 4) 


For the lower edge of the upper flange (i.e.,) at the joint of web and flange, 


_@ 
y= 9 
Substituting this value in equation (i), we get 
rs » (2) 20 ae 
"““ar| 4 (2) |" ora a 
F 40000 
= — (D?-d?*)= 3502-3102 
ar | 8 x 188.375 x 10° : ’ 


= 0.7007 N/mm?. 


Shear stress distribution in the web 
The shear stress is maximum at N.A. and it is given by, 


Tmax = 18.06 N/mm? (calculated in problem 8.7) 
The shear stress at the junction of web and flange is given by equation (8.12) as 
FxB 
= ‘D2 _ d2 
aricen 
40000 x 150 


= 5 (3502 — 3102) = 10.51 N/mm? 
8 x 188.375 x 10° x 10 


(The shear stress at the junction can also be 
obtained as equal to 


B 150 
4 * 0.7007 = 0 * 0.7007 = 10.51 N/mm?) 


Now shear stress distribution which is symmetrical about N.A., can be plotted as shown 
in Fig. 8.11 (6). The shear stress for web and flange are parabolic. The shear stress at the 
junction suddenly changes from 0.707 to 10.51 N/mm?2. 


Total Shear force carried by the web 
Total shear force carried by the web will be equal to the total shear force carried by the 
I-section minus the total shear force carried by the two flanges. 
Total shear force carried by the web 
= Total shear force carried by I-section minus two times the shear force 
carried by one flange 
= 40,000 — 2 x Shear force carried by one flange (it) 
To find the shear force carried by one flange, first calculate the shear stress in the flange 
at a distance ‘y’ from neutral axis. Now consider an elemental strip of flange of thickness ‘dy’. 
Then area of strip will be width of the flange x thickness of strip i.e., dA = 150 x dy. Now the 
shear force carried by the elemental strip 
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= Shear stress at a distance y in the flange x Area of the strip 
=T x 150 x dy 
Total shear force carried by the flange will be obtained by integrating the above equation 
310 350 . 
from a‘ to os (i.e., from 155 to 175). 


Total shear force carried by one flange 


175 . 
= } tx 150 x dy (Zit) 
155 
The value of ‘t’ (i.e., shear stress) in the flange at a distance y from neutral axis is given 
by 
= FxAxy 
~  Ixb 


where F = 40,000 
Ay = Moment of area of the flange above y, about neutral axis 
li.e., shaded area of Fig. 8.8 (c) on page 360] 


appa) 


= 150 = = y) x : & # y) (: Here B = 150, D = 350) 


1 
= 150(175 -y) x 2 (175 +y) 


= 75 (175? —y?) = 75 (30625 — y”) 
I = Moment of inertia of the whole section about neutral axis 
= 188.375 x 10° mm* (Already calculated) 
b = Width of flange 
= 150mm. 
Substituting the above values, we get 


_ - 40,000 x 75 (30625 - y”) 
188.375 x 10° x 150 


Substituting this value of t in equation (iii), we get 
Total shear force carried by one flange 


= 0.000106 (30625 — y?) 


175 
= J 0.000106(30625 — y2) x 150 x dy 
155 


175 
= 0.000106 x 150 J (30625 — y?) dy 
155 


3 175 
= 0.0159 0625 = 2] 
155 


= 0.0159 [0625 (175 — 155) - ; (175° — 155°) 
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= 0.0159 612500 - = (5359375 - 3123875)| 


= 0.0159 [612500 — 545166.66] 


= 1070.61 N 
Substituting this value in equation (ii), we get 
Total shear force carried by web 

= 40,000 — 2 x 1070.61 

= 37858.78 N = 37.858 kN. Ans. 

8.3.4. T-Section. The shear stress distribution over a T-section is obtained in the same 
manner as over an I-section. But in this case the position of neutral axis (i.e., position of C.G.) is 
to be obtained first, as the section is not symmetrical about x-x axis. The shear stress distribu- 
tion diagram will also not be symmetrical. 

Problem 8.9. The shear force acting on a section of a beam is 50 RN. The section of the 
beam is of T-shaped of dimensions 100 mm x 100 mm x 20 mm as shown in Fig. 8.12. The 
moment of inertia about the horizontal neutral axis is 314.221 x 104 mm*. Calculate the shear 
stress at the neutral axis and at the junction of the web and the flange. 


" 
|}¢<——— 100. mm ———>| 
i a 
mm 
32.22 
oe wade — — 
N 
E 
EE 
eS 
(ee) 
67.78 
20 mm 
er, 2 
(a) 'Y (b) 
Fig. 8.12 
Sol. Given: 


Shear force, F=50KN = 50000 N 
Moment of inertia about N.A., 
I = 314.221 x 104 mm‘. 
First calculate the position of neutral axis. This can be obtained if we know the position of 
C.G. of given T-section. The given section is symmetrical about the axis Y-Y and hence the C.G. 
of the section will lie on Y-Y axis. 


Let y* = Distance of the C.G. of the section from the top of the flange. 
A, 4, + As y 
Th # . Madi 9 2 
a - (Ay Ass 
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(100 x 20) x 10 + (20 x 80) x (20 + >) 


(100 x 10) + (10 x 90) 
20000 + 96000 99.99 
2000+1600 ~~" 


Hence, neutral axis will be at a distance of 32.22 mm from the top of the flange as shown 
in Fig. 8.12 (a). 
Shear stress distribution in the flange 
Now the shear stress at the top edge of the flange, and bottom of the web is zero. 
Shear stress in the flange just at the junction of the flange and web is given by, 
_ Fx Ay 
~ Ixb 
where A-=100 x20 =2000 mm? 


y = Distance of C.G. of the area of flange from N.A. 


20 
= 82.22 - 9° 22.22 mm 


b = Width of flange = 100 mm 
_ 50000 x 2000 x 22.22 


7 | = 7.07 N/mm?. 
314.221 x 10° x 100 


Shear stress distribution in the web 
The shear stress in the web just at the junction of the web and flange will suddenly 


1 
increase from 7.07 N/mm? to 7.07 x ries 35.35 N/mm2. The shear stress will be maximum at 


N.A. Hence shear stress at the N.A. is given by 
F x Ay 
~~ Ixb 
where Ay = Moment of the above N.A. about N.A. 
= Moment of area of flange about N.A. + Moment of area of web about N.A. 


22.22 


= 20 x 100 x (82.22 — 10) + 20 x (82.22 — 10) x 
= 44440 + 4937.28 = 49377.284 mm? 
6 =20 mm 


_ 50000 x 49377.284 
314.221 x 104 x 20 


Now the shear stress distribution diagram can be drawn as shown in Fig. 8.12 (6). 


= 39.285 N/mm? 


8.3.5. Miscellaneous Sections. The shear stress distribution over miscellaneous sec- 
tions is obtained in the same manner as over a T-section. Here also the position of neutral axis is 
obtained first. 


STRENGTH OF MATERIALS 


Problem 8.10. The shear force acting on a beam at an I-section with unequal flanges is 
50 kN. The section is shown in Fig. 8.13. The moment of inertia of the section about N.A. is 
2.849 x 104. Calculate the shear stress at the N.A. and also draw the shear stress distribution 
over the depth of the section. 


0.952 
j¢————. 200 mm ———_ >| 


@ 


200 mm ————_>) 


<< 130 mm —>| 


Fig. 8.13 


Sol. Given : 

Shear force, F=50 kN =50,000 N 

Moment of inertia about N.A., 

I = 2.849 x 108 mm‘. 

Let us first calculate the position of N.A. This is obtained if we know the position of the 
C.G. of the given I-section. Let y* is the distance of the C.G. from the bottom face. Then 
= Aiyi + Agyo + Az ys 

(A, + Ag + Ag) 


* 


where A, = Area of bottom flange 
= 130 x 50 = 6500 mm? 
A, = Area of web = 200 x 50 = 10000 mm? 
A, = Area of top flange = 200 x 50 = 10000 mm? 
y, = Distance of C.G. of A, from bottom face 


= 2 95 
=> =25mm 


Yq = Distance of C.G. of A, from bottom face 
200 


= 50+) = 150mm 


y3 = Distance of C.G. of A, from bottom face 


50 
= 50+ 200+ | = 275 mm 
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Ba 


_ 6500 x 25 x 10000 x 150 + 10000 x 275 
7 6500 + 10000 + 10000 


Hence N.A. is at a distance of 166.51 mm from the bottom face (or 300 — 166.51 = 133.49 mm 
from upper top fibre). 


= 166.51 mm 


Shear stress distribution 
(i) Shear stress at the extreme edges of the flanges is zero. 
(ii) The shear stress in the upper flange just at the junction of upper flange and web is 
given by, 
F x Ay 
~—Ixb 
where Ay = Moment ofthe area of the upper flange about N.A. 


= Area of upper flange x Distance of the C.G. of upper flange from N.A. 
= (200 x 50) x (133.49 — 25) = 1084900 
b = Width of upper flange = 200 mm 
ee 50000 x 1084900 
2.849 x 108 x 200 
(iii) The shear stress in the web just at the junction of the web and upper flange will 


= 0.9520 N/mm?. 


200 
suddenly increase from 0.952 to 0.952 x 0 7 3.808 N/mm?. 


(iv) The shear stress will be maximum at the N.A. This is given by 
F x Ay 
T = 
max IT x b 
where Ay = Moment of total area (about N.A.) about N.A. 
= Moment of area of upper flange about N.A. + Moment of area of web about N.A. 
(133.49 — 50) 
2 


= 200 x 50 x (133.49 — 25) + (133.49 — 50) x 50 x 
= 1084900 + 174264.5 = 1259164.5 
and 6=50mm 
— 50000 x 1259164.5 
max 9849 x 108 x 50 


(v) The shear stress in the lower flange just at the junction of the lower flange and the web 
is given by 


= 4.4196 N/mm2. 


F x Ay 
~ Ixb 
where Ay = Moment ofthe area of the lower flange about N.A. 
= 180 x 50 x (166.51 — 25) = 918125 
b = Width of lower flange = 130 mm 
50000 x 918125 
"= 9.849 x 10° x 130 


= 1.239 N/mm?. 
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(vi) The shear stress in the web just at the junction of the web and lower flange will 
suddenly increase from 1.239 to a = 3.22 N/mm?. 
The shear stress diagram is shown in Fig. 8.13 (0). 


Problem 8.11. The shear force acting on a beam at a section is F. The section of the 
beam is triangular base b and of an altitude h. The beam is placed with its base horizontal. Find 
the maximum shear stress and the shear stress at the N.A. 

Sol. Given : 

Base = b 
Altitude = h 
The N.A. of the triangle ABC will lie at the C.G. of the triangle. But the C.G. of the 


2h 
triangle will be at a distance of 3 from the top. 


2h 
.. Neutral axis will be at a distance of oe from the top. 


(b) 


Fig. 8.14 


Consider a level EF at a distance y from the N.A. The shear stress at this level is given by, 
F x Ay 
T= Ixb 
where Ay = Moment ofthe shaded area about the neutral axis 
= Area of triangle CEF x Distance of C.G. of triangle CEF from N.A. 


= (5 «EF xx)x( 2-22) 


»..(Z) 


3 3 
1 bx 2 . — 
= rie an (h —x) (.: As triangles CEF and CAB are similar. 
EF x x xxb 
Hence 75 h or EF a 2) 
1 bx2 2 
25 aaa ie 3 (h —x) 
1 bx? 
Sa Re 
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I = Moment of inertia of the whole triangular section CAB about N.A. 
b = Actual width at the level EF 


_EF- xxb 


Substituting these values in equation (Z), we get 


1 bx? 


oo F.x(h-x) 
~ xxb ~ 3° I 
I 
sh 
F 
epee 2 ae 
= 37 (xh — x*) .. (ZL) 


From equation (ii), it is clear that variation of t with respect to x is parabolic. At the top, 
x = 0 and hence T is also zero. At the bottom x = h and Tis also zero. 


At the N.A., x = =, and hence the shear at the N.A. becomes as, 


2 
a xa-(2) 
3 8 
F | 2h? 4h? 
3 9 


_ Fh -4h?) _ F  2h® _ 2 | Fh? 
81 9 3. 9 «27 Od 


But f= —— 


...(8.13) 


Maximum shear stress 


The shear stress of any depth x from the top is given by equation (ii). The maximum shear 
stress will be obtained by differentiating equation (ii) with respect to x and equating to zero. 


d|F 2 

—|— (xh - = 

dx E ae ) 
or ce (h — 2x) = 0 

31 
or h-2x=0 (-: FandJ are constants and cannot be zero) 
_h 

or £=5 


F 
TC . = 


pale 
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31|2 4| 314 °&4121 

_ Fh? [: * 
3 ae ea 

12x OA 12 
36 

_ 36 Fh? 

~ 12 bh3 

3F 

7 (8.14) 


Now draw the shear stress diagram as shown in Fig. 8.14 (0). 

Note. In the above case, the shear stress is not maximum at the N.A., but it is maximum at a 
depth of h/2 from the top. In all other cases, the shear stress was maximum at the N.A. 

Problem 8.12. A beam of triangular cross-section is subjected to a shear force of 50 RN. 
The base width of the section is 250 mm and height 200 mm. The beam is placed with its base 
horizontal. Find the maximum shear stress and the shear stress at the N.A. 


Sol. Given : 

Shear force, F = 50kN=50000N 
Base width, b = 250mm 

Height, h = 200mm 

Maximum shear stress is given by equation (8.14). 


3F 3~x50000 
T. = = 
ae bh =. 250 x 200 
Shear stress at N.A. is given by equation (8.13). 


8F 
ee OO > og Nim As 


3bh ~~ 3x 250 x 200 


Problem 8.13. A beam of square section is used as a beam with one diagonal horizontal. 
The beam is subjected to a shear force F, at a section. Find the maximum shear in the cross- 
section of the beam and draw the shear distribution diagram for the section. 


Sol. Given : 
Fig. 8.15 shows a square beam ABCD, having diagonal AC horizontal. 


=3N/mm2. Ans. 


SHEAR STRESSES IN BEAMS 
Let 6 = Length of diagonal AC. This is also length of diagonal BD. 
The N.A. of the beam shown in Fig. 8.15 (a), passes through diagonal AC. 
Consider a level EF at a distance y from the N.A. The shear stress at this level is given by, 
Fx Ay 


ee .(Z) 
where Ay = Moment ofthe shaded area about N.A. 


= Area of triangle BEF x Distance of C.G. of triangle BEF from N.A. 
= (5x EF x.) 3-25] 
2 2 8 


= ($x2nxx) (2-22 i ee 7) ee ee 
2 2 3 CA (6/2) 


~ (6/2) 


12 §=48 
and b = Actual width at the level EF = 2x 
Substituting these values in equation (Z), we get 
b Ax 
Fee) a 
Rai E 3 - — 
_ 4 7 4 6 
x 2x ? 
48 
= SF x (8b - 4x) lit) 
b 


At the top, x = 0 hence t = 0 


b 
AttheN.A., x=? hence r= 4F 8 (36-42) 
2 25 2 
b 


Maximum shear stress 


Maximum shear stress will be obtained by differentiating equation (ii) with respect to x 
and equating to zero. 


d|4F 
2) Pox — 4x°)| -0 


4F 
or rs (36 — 8x) = 0 
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or 3b — 8x = 0 ( oo cannot be zero) 


or Cas 
Substituting this value of x in equation (ii), we get maximum shear stress. 


4F 3b 3b 4F 3b 8b 9 F 
= x 3b-4x S26 
ae Ee 8 b 8 2 4 b 

The shear stress distribution is shown in Fig. 8.15 (6). 

Problem 8.14. Fig. 8.16 shows a section, which is subjected to a shear force of 100 RN. 
Determine the shear stresses at A, B, C and D. Sketch the shear stress distribution also. 


Sol. Given : 
Shear forced, F = 100 kN = 100000 N. 


The neutral axis will be at a distance of = = 62.5 mm from the top, as the given section 


is symmetrical about X-X and Y-Y axis. 
Moment of inertia of the given section about N.A. is given by, 
I= M.O.L. of rectangle 125 x 150 about N.A. 
—M.O.I. two semi-circle (or one circular hole) about N.A. 


_ 125x160" _ © 1994 mm* = 3.025 x 107 mmé 
12 64 
The shear stress is given by, 
es Fx Ay 
Ixb 
AtA, Ay =0 and hence t = 0 
AtB, Ay = Moment of area (125 x 25) about N.A. 


SHEAR STRESSES IN BEAMS 


= (125 x 25) x (50+) (: A=125x25 and 7=50+ =>] 
= 125 x 25 x 62.5 = 1.953 x 10° mm? 


6=125 mm 


_ ~ 100000 x 1.9531x 10° 
3.025 x 10’ x 125 
At C, Ay = Moment of area above an horizontal line passing through C.C., 
about N.A. 
= Moment of area of rectangle 125 x 50 about N.A. 
— Moment of area of circular portion between C and B about N.A. 


= 5.165 N/mm2. Ans. 


=50 
= (125 x 50) x (25 + 2) - i Ox. dyy 
2 =25 
= 3.125 x 10°- (ae x 12500 — y? xy x dy a v= VR? - y*) 
25 
50 
= 3.125 x 10°— | — 2500 - y2 (—2y) x dy 
25 


(2500 _ ye ) 


= 3.125 x 105 
‘ -| 3/2 


25 


= 3.125 x 105+ “ [(2500 — 50?)3? — (2500 — 257)?7] 


= 3.125 x 10°+ : [0 — (2500 — 625)3] 


= 3.125 x 10° + : (— 81189) 


= 3.125 x 105 — 54126 = 258374 mm? 
b = Width of beam at C (i.e., length C-C) 
= Width of complete section — 2 
x Width of circular portion at C 


(i.e., length EC) 
= 125-2x | R? — 25? 
= 125 —2x ,/502 - 252 


= 125 — 86.6 
= 38.4 mm 


_ 100000 x 258374 
3.025 x 10’ x 38.4 


= 22.25 N/mm?. Ans. Fig. 8.17 
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At D, Ay = Moment of area above N.A., about N.A. 
= Moment of area of rectangle 125 x 75 about N.A. 
— Moment of area of circular portion between D and B about N.A. 


=50 
= 125 x 75 x 19 i 2.x.dy.y 
2 y=50 


50 
= 351500 — i) 2.x 2500 - y? x y x dy E x = 42500 - y* | 


50 
= 351500 — i} — [2500 - y? — 2y)dy 


(2500 _ yy" 50 
3/2 


= 351500 + 
0 


= 351500 + : [(2500 — 502)? — (2500 — 0)??] 


= 351500 + 7" LO — 125000] 


= 3851500 — 83333.33 mm? 
= 268166.67 mm? 
b = Width of beam at D (i.e., length D-D) 
= 25 mm 
_ 100000 x 268166.67 
~ 3,025 x 107 x 25 
The variation of shear stress is shown in Fig. 8.16 (0). 


HIGHLIGHTS 


1. The stresses produced in a beam, which is subjected to shear force is known as shear stresses. 
The shear stress at a fibre in a section of a beam is given by, 
Fx Ay 
aay aa 
where /F= Shear force acting at the given section. 
A = Area of the section above the fibre. 
y = Distance of the C.G. of the area A from the N.A. 
I = Moment of inertia of whole section about N.A. 
b = Actual width at the fibre. 
3. The shear stress distribution across a rectangular section is parabolic and is given by, 


es ae 
=or ae 
where d = Depth of the beam 


y = Distance of the fibre from N.A. 
4, The maximum shear stress is at the N.A. for a rectangular section and is given by, 


Tax = 1-5 Tay 


= 35.46 N/mm2. Ans. 


mi 1g. 


SHEAR STRESSES IN BEAMS 


5. The shear stress distribution across a circular section is parabolic and is given by, 


6. The shear stress is maximum at the N.A. for a circular section and is given by, 


mice = 3 x Toug 


7. The shear stress distribution in I-section is parabolic. But at the junction of web and flange, the 
shear stress changes abruptly. The shear stress at the junction of the flange and the web changes 


F BUF 
f; — (D2~- qd? = == (P22 | 
rom ar | d*) to ar S d?) abruptly, 


where D = Overall depth of the section, 
d= Depth of web, 
b = Thickness of web, 
B = Overall width of the section. 


8. The shear stress distribution for unsymmetrical sections is obtained after calculating the position 
of N.A. 


9. In case of triangular section, the shear stress is not maximum at the N.A. The shear stress is 
maximum at a height of h/2. 


10. The shear stress distribution diagram for a composite section, should be drawn by calculating 
the shear stress at important points. 


EXERCISE 


(A) Theoretical Questions 
1. What do you mean by shear stresses in beams ? 


2. Prove that the shear stress at any point (or in a fibre) in the cross-section of a beam which is 
subjected to a shear force F, is given by 


Ay 

bxI 

where A = Area of the section above the fibre, 
y = Distance of the C.G. of the area A from N.A., 
b = Actual width at the fibre, and 
I = Moment of inertia of the section about N.A. 


t= Fx 


3. Show that for a rectangular section of the maximum shear stress is 1.5 times the average stress. 


4. Prove that the shear stress distribution in a rectangular section of a beam which is subjected to 
a shear force F is given by 


ee 
“ol a > | 
5. Prove that the maximum shear stress in a circular section of a beam is 4/3 times the average 
shear stress. 


6. Derive an expression for the shear stress at any point in a circular section of a beam, which is 
subjected to a shear force F. 


7. How will you draw the shear stress distribution diagram for composite section ? 
8. How will you prove that the shear stress changes abruptly at the junction of the flange and the 


web of an I-section ? 
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9. 


10. 


11. 


12. 


1. 


9. 


10. 


The shear stress is not maximum at the N.A. in case of a triangular section. Prove this state- 
ment. 


Prove that the maximum shear stress in a triangular section of a beam is given by 


max Bp 
where 6 = Base width, and 
h = Height. 
Show that the ratio of maximum shear stress to mean shear stress in a rectangular cross-section 


is equal to 1.50 when it is subjected to a transverse shear force F. Plot the variation of shear 
stress across the section. 


Sketch the distribution of shear stress across the depth of the beams of the following cross- 
sections : 


(i) T-section, and 
(ii) Square section with diagonal vertical. 


(B) Numerical Problems 


A rectangular beam 100 mm wide and 150 mm deep is subjected to a shear force of 30 KN. 
Determine : (i) average shear stress and (ii) maximum shear stress. [Ans. 2 N/mm? ; 3 N/mm? 
A rectangular beam 100 mm wide is subjected to a maximum shear force of 100 KN. Find the 
depth of the beam if the maximum shear stress is 6 N/mm?. [Ans. 250 mm] 
A timber beam of rectangular section is simply supported at the ends and carries a point load at 
the centre of the beam. The length of the beam is 6 m and depth of beam is 1 m. Determine the 
maximum bending stress and the maximum shear stress. [Ans. 12 N/mm? ; 1 N/mm/?] 
A timber beam 100 mm wide and 150 mm deep supports a uniformly distributed load of intensity 
w kN/m length over a span of 2 m. 

If the safe stresses are 28 N/mm? in bending and 2 N/mm‘? in shear, calculate the safe intensity 
of the load which can be supported by the beam. [Ans. 20 kN/m] 
A circular beam of 105 mm diameter is subjected to a shear force of 5 KN. Calculate : (i) average 
shear stress, and (ii) maximum shear stress. Also sketch the variation of the shear stress along 


the depth of the beam. [Ans. (i) 0.577 N/mm? (ii) 0.769 N/mm?| 
The maximum shear stress in a beam of circular section of diameter 150 mm, is 5.28 N/mm?. 
Find the shear force to which the beam is subjected. [Ans. 70 kN] 


A beam of I-section is having overall depth as 500 mm and overall width as 190 mm. The 
thickness of flanges is 25 mm whereas the thickness of the web is 15 mm. The moment of inertia 
about N.A. is given as 6.45 x 108 mm‘. If the section carries a shear force of 40 kN, calculate the 
maximum shear stress. Also sketch the shear stress distribution across the section. 

[Ans. 62.33 N/mm?] 


An I-section has flanges of width 6 and the overall depth is 2b. The flanges and web are of uniform 
thickness ¢. Find the ratio of the maximum shear stress to the average shear stress. 


[Ans, 2.25] 
An I-section has the following dimensions : 
flanges : 150 mm x 20 mm 
web : 30 mm x 10 mm 
The maximum shear stress developed in the beam is 16.8 N/mm”. Find the shear force to which 
the beam is subjected. [Ans. 50 kN] 


A 12cm by 5 cm I-section is subjected to a shearing force of 10 kN. Calculate the shear stress at 
the neutral axis and at the top of the web. What percentage of shearing force is carried by the 
web ? Given J = 220 x 104 mm‘, area = 9.4 x 102 mm?, web thickness = 3.5 mm and flange thickness 
= 5.5 mm. [Ans. 27.2 N/mm? ; 20.1 N/mm? ; 9.5 KN. i.e., 95% of the total] 


SHEAR STRESSES IN BEAMS 


11. The shear force acting on a section of a beam is 100 KN. The section of the beam is of T-shaped of 
dimensions 200 mm x 250 mm x 50 mm. The flange thickness and web thickness are 50 mm. 
Moment of inertia about the horizontal neutral axis is 1.134 x 10° mm‘. Find the shear stress at 
the neutral axis and at the junction of the web and the flange. 

[Ans. 11.64 N/mm? ; 2.76 N/mm? and 11.04 N/mm?] 

12. Abeam is of T-section, flange 12 cm by 1 cm, web 10 cm by 1 cm. What percentage of the shearing 
force at any section is carried by the web ? [Ans. 93.5%] 

13. For the section shown in Fig. 8.18, determine the average shearing stresses at A, B, C and D for 
a shearing force of 20 kN. Draw also the shear stress distribution across the section. 

[Ans. 0 ; 6.47 N/mm? ; 27.7 N/mm? ; 44.4. N/mm?] 


i¢————- 60 mm 


14. A rectangular beam is simply supported at the ends and carries a point load at the centre. Prove 
that the ratio of span to depth 


Maximum bending stress 


~ 2x Maximum shear stress ° 
[Hint. Let W = Point load at centre, 
b6 = width, and d = Depth. 
L 
Max. Shear force = a Max. bending moment = “ 
WL 
4 WL 6 3 WL 
2\~ ra ae 2 
bd 4 bd? 2 bd 


Max. bending stress = a = 
Ee 


3 
Max. shear stress = 9 * Average shear stress 


_ 3, Max.shear force _ 3. W L238 
"2° Areaof section 2 2° bxd 4° bxd 


2 5a?) 

Max. bending stress _ 2 bd? _L 

2x Max. shear stress _ W d- 
( bxd 


ig 
4 


9.1. INTRODUCTION 


Direct stress alone is produced in a body when it is subjected to an axial tensile or 
compressive load. And bending stress is produced in the body, when it is subjected to a bending 
moment. But if a body is subjected to axial loads and also bending moments, then both the 
stresses (i.e., direct and bending stresses) will be produced in the body. In this chapter, we shall 
study the important cases of the members subjected to direct and bending stresses. Both these 
stresses act normal to a cross-section, hence the two stresses may be algebraically added into a 
single resultant stress. 


9.2. COMBINED BENDING AND DIRECT STRESSES 


Consider the case of a column* subjected by a compressive load P 
acting along the axis of the column as shown in Fig. 9.1. This load will 
cause a direct compressive stress whose intensity will be uniform across the 
cross-section of the column. 

Let 6 , = Intensity of the stress 

A =Area of cross-section 
P =Load acting on the column. 
Then stress, 


Load _ P 
°0- Area A 
Now consider the case of a column subjected by a compressive load P 
whose line of action is at a distance of ‘e’ from the axis of the column as 
shown in Fig. 9.2 (a). Here ‘e’ is known as eccentricity of the load. The eccentric load shown in 
Fig. 9.2 (a) will cause direct stress and bending stress. This is proved as discussed below : 
1. In Fig. 9.2 (6), we have applied, along the axis of the column, two equal and opposite 
forces P. Thus three forces are acting now on the column. One of the forces is shown in Fig. 
9.2 (c) and the other two forces are shown in Fig. 9.2 (d). 


2. The force shown in Fig. 9.2 (c) is acting along the axis of the column and hence this 
force will produce a direct stress. 


3. The forces shown in Fig. 9.2 (d) will form a couple, whose moment will be P x e. This 
couple will produce a bending stress. 


* Column is a vertical member subjected to a compressive load. 
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Hence an eccentric* load will produce a direct stress as well as a bending stress. By 
adding these two stresses algebraically, a single resultant stress can be obtained. 


P P P P 
e P e 
Ly 
(2) (6) (c) (d) 


Fig. 9.2 


9.3. RESULTANT STRESS WHEN A COLUMN OF RECTANGULAR SECTION IS SUB- 
JECTED TO AN ECCENTRIC LOAD 


A column of rectangular section subjected to an eccentric load is shown in Fig. 9.3. Let the 
load is eccentric with respect to the axis Y-Y as shown in Fig. 9.3 (6). It is mentioned in Art. 9.2 
that an eccentric load causes direct stress as well as bending stress. Let us calculate these 
stresses. 
Let P = Eccentric load on column 
e = Eccentricity of the load 
6, = Direct stress 
6, = Bending stress 
b = Width of column 
d = Depthof column 
Area of column section, A = b x d 
Now moment due to eccentric load P is given by, 
M = Load x eccentricity 
=Pxe 
The direct stress (6 )) is given by, 
Load(P) _ P 
90" Area A 
This stress is uniform along the cross-section of the column. 
The bending stress 6, due to moment at any point of the column section at a distance y 
from the neutral axis Y-Y is given by 
M_0o, 
I ty 


»..{Z) 


* Eccentric load is a load whose line of action does not coincide with the axis of the column. The 
accentricity of the load may be about one of the axis, or about both the axis. 


DIRECT AND BENDING STRESSES 


ge ey . (i) e |P 
i YN 
where I= Moment of inertia of the column section about 
d.b° 
12 
Substituting the value of J in equation (ii), we get 
12M 


ab" 


the neutral axis Y-Y = 


Xy=t xy 


12 


The bending stress depends upon the value of y from 
the axis Y-Y. 
The bending stress at the extreme is obtained by 


Elevation 


(a) 


b 
substituting y = 5 in the above equation. 


Position 


12M 6 6M of load P 


d.b®? 2 d.b? 


(. Area=bxd=A)  Gpin ii 

The resultant stress at any point will be the algebraic <a e 
sum of direct stress and bending stress. 

If y is taken positive on the same side of Y-Y as the (c) a 
load, then bending stress will be of the same type as the 
direct stress. Here direct stress is compressive and hence Fig. 9.3 
bending stress will also be compressive towards the right of 
the axis Y-Y. Similarly bending stress will be tensile towards the left of the axis Y-Y. Taking 
compressive stress as positive and tensile stress as negative we can find the maximum and 
minimum stress at the extremities of the section. The stress will be maximum along layer BC 
and minimum along layer AD. 

Let o, =Maximum stress (i.e., stress along BC) 


max 


Onin = Minimum stress (i.e., stress along AD) 


Then o,,,_, = Direct stress + Bending stress 
=O0,)+0, 
P 6P.e 
+ 


“A A.b 


= #(1+ sxe) (9.1) 


(Here bending stress is +ve) 


b 
and ©,,in = Direct stress — Bending stress 


=O 9S, 
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OZ) 


These stresses are shown in Fig. 9.3 (c). The resultant stress along the width of the 
column will vary by a straight line law. 

If in equation (9.2), o,, ,, is negative then the stress along the layer AD will be tensile. If 
©,,in 18 zero then there will be no tensile stress along the width of the column. Ifo,, ,, is positive 
then there will be only compressive stress along the width of the column. 


Problem 9.1. A rectangular column of width 200 mm 
and of thickness 150 mm carries a point load of 240 kN at an 10mm | | 240 kN 
eccentricity of 10 mm as shown in Fig. 9.4 (i). Determine the | 
maximum and minimum stresses on the section. 
Sol. Given : 
Width, 6b = 200mm 
Thickness, d = 150mm 
Area, A =bxd 
= 200 x 150 = 30000 mm? 
Eccentric load, 
P = 240kN 300 mm 
= 240000 N : Y ? 
Eccentricity, | 
= ie 
e = 10 zm 46 le 
Let Onax = Maximum stress, and mm} fora ik - 
O,,in = Minimum stress. | 
(z) Using equation (9.1), we get vi 
al sxe) Fig. 9.4 (i) 
fe} = —|1+ 
max ~ A b | 200 mm 
240000 ( 6 x 10) Onin t 
= 1+ = 5.6 
30000 200 7 ied 
= 8(1+0.3)=10.4N/m2. Ans. , 
(ii) Using equation (9.2), we get 
Fig. 9.4 (ii) 


b 


_ 240000 (1- 6x10 
~ 30000 200 
These stresses are shown in Fig. 9.4 (ii). 


= 8(1— 0.3) = 5.6 N/mm2. Ans. 


Problem 9.2. Ifin Problem 9.1, the minimum stress on the section is given zero then 
find the eccentricity of the point load of 240 RN acting on the rectangular column. Also calculate 
the corresponding maximum stress on the section. 


Sol. Given : 
The data from Problem 9.1 is: 
b=200mm, d=150mm, P=240000N, A = 30000 mm? 
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Minimum stress, 
Onin = 0 + 200 mm —— 
Let e = Eccentricity ay a 
Using equation (9.2), we get 
a e _ 6x *) 
min = A b Gray = 16 
ie ral sxe) 
= ~ 30000 200 
6xe 6 xe = a 
— = l= 
_ 200 ~ "9 %* ** 300 Fig. 9.5 
0 
er il 33.33 mm. Ans. 


Corresponding maximum stress is obtained by using equation (9.1). 


P 6 xe 
= Ei 
7 Gare 


240000 6 x 200 
= 1+ = = 2 . 
30000 6 8(11+1)=16 N/mm? Ans 


200 


The stresses are shown in Fig. 9.5. 
Problem 9.3. Ifin Problem 9.1, the eccentricity is given 50 mm instead of 10 mm then 
find the maximum and minimum stresses on the section. Also plot these stresses along the 
width of the section. 


Sol. Given : 
}—_——_ 200 mm ——————> 
The data from Problem 9.1 is: 2 
6 = 200 mm 4. N/mm’ 
d = 150mm Si 
P = 240000 N 
= 2 
A = 30000 mm Se nian 
Eccentricity, 
e = 50mm 
(i) Maximum stress (6,,,,) is given by | 
equation (9.1) as Fig. 9.6 
.o) — e e + = *) 
ne b 
240000 6 x50 
= 1+ — 2 — 2. fe 
30000 ( 300 8(1 + 1.5)=20N/mm?. Ans 


(ii) Minimum stress (6,,,,,) is given by equation (9.2) as 


Go. F (1-5) 
min A b 
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_ 240000 [1- 6 x 50 
~ 30000 200 
Negative sign means tensile stress. 


= 8(1-1.5)=-4N/mm?. Ans. 


The stresses are plotted as shown in Fig. 9.6. 
Note. From the above three problems, we have 


2 
(i) The minimum stress is zero when e = 7" mm or - mm (as 6 = 200). This is clear from 
Problem 9.2. 


b 
(ii) The minimum stress is +ve (i.e., compressive) when e < 6° This is clear from Problem 9.1 in 


which e = 10 mm which is less than a (i.e., 33.33). 


b 
(iii) The minimum stress is —ve (i.e., tensile) when e > —. This is clear from Problem 9.3 in which 


6 
ar 200 . 
e = 50 mm which is more than o (i.e., 33.33). 
Problem 9.4. The line of thrust, in a compression testing specimen 15 mm diameter, is 
parallel to the axis of the specimen but is displaced from it. Calculate the distance of the line of 
thrust from the axis when the maximum stress is 20% greater 


than the mean stress on a normal section. e |P 
Sol. Given : 
Diameter, d=15mm 
Area, A= ox 15? 
= 176.714 mm? 
Onan = 20% greater than mean 
120 

= 100 x mean stress 

= 1.2 x mean stress. 
Let P = Compressive load on specimen 

e = Eccentricity 


Load P 
Mean stress = ws N/mm2 


Area 176.714 
We know that moment, 


M=Pxe | ie 
Now bending stress is given by 
Ts 


I y 
M 
ci a # 
d min | 
Maximum bending stress will be when y = + 3° eS s 
Hence maximum bending stress is given by, 
M ol a d 
a =p Fig. 2:7 
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Md 
=+—x— 
I 2 
a - x — ae ce : 
R gt 2 64 
64 
32 M 
=+ 5 
md 
32 Pxe 
=+ nd (~ M=Pxe) 
Direct stress due to load is given by, 
oe an 
°o- "A 176.714 
Maximum stress = Direct stress x Bending stress 
=6,+6, 
a . P ; 32 Pxe G) 
7 sald 
max 176.714 ~~ nd? 
But O,,ax = 1.2 x Mean stress (given) 
P P 
=12x = (ii) | M t = 
12x T6714 eo ( renee wer) 
Equating equations (7) and (ii), we get 
P 32 Pxe 
+ = 1.2% 
176.714. nd® * 176.714 
32xPxe _1.2P P _—-02P 
ad nd? 176714 176714 176,714 
32 xe 0.2 : : 
or TE 176.714 (Cancelling P from both sides) 


_ 0.2x nx d? _ 0.2x mx 15° 
°" 32x176.714  32x176714 
Problem 9.5.A hollow rectangular column of external depth 1 m and external width 


0.8 m is 10 cm thick. Calculate the maximum and minimum stress in the section of the column 
if a vertical load of 200 RN is acting with an eccentricity of 15 cm as shown in Fig. 9.8. 


=0.375 mm. Ans. 


Sol. Given : 
External width, B=0.8m = 800 mm 
External depth, D=1.0m= 1000 mm 
Thickness of walls, t =10cm=100 mm 
Inner width, 6b =B-2x100 

= 800 — 200 = 600 mm 
Inner depth, d =D-2xt 


= 1000 — 2 x 100 = 800 mm 
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Area, A=BxD-bxd 

800 x 1000 — 600 x 800 
= 800000 — 480000 
= 320000 mm? 

M.O.I. about Y-Y axis is given by, 


1000 x 800? 800 x 600° 
12 12 
= 42.66 x 10°- 14.4 x 10° 
= 28.26 x 109 mm+4 
Eccentric load, P = 200 kN = 200,000 N 
Eccentricity, e = 15cm=150mm 
We know that the moment, 


i= 


M=Pxe 
= 200,000 x 150 
= 3000000 Nmm —+7 
The bending stress is given by, Z 
i 
els ae 
I y Z 
M gZ 
Oo; = —xX y tA 
Zi 
Maximum bending stress will be when 
y = +400 
Oo, = _ x (+ 400) 
oe = x 400 
28.26 x 10 


= +0.4246 N/mm2 
Direct stress is given by, 


_ P__ 200000 
°o = “A ~ 320000 
= 0.625 N/mm? 
Maximum stress = 0,)+06,=0.625 + 0.4246 
= 1.0496 N/mm? (Compressive). Ans. 
Minimum stress = 0,)—06, = 0.625 — 0.4246 


= 0.2004 N/mm? (Compressive). Ans. 


Problem 9.6. A short column of external diameter 40 cm and internal diameter 20 cm 
carries an eccentric load of 80 kN. Find the greatest eccentricity which the load can have 
without producing tension on the cross-section. 


Sol. Given: 
External dia., D = 40 cm = 400 mm 
Internal dia., d = 20 cm = 200 mm 
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Area of cross-section, 


_ ne 2 
= 70 d*) 


(400? — 2002) = 30000 x x mm? 


oe 
~ 4 
Moment of inertia 


a (40042004) = 3.75 x 108x mmm! 


Eccentricload, P = 80 kN = 80000 N 


Let e = Eccentricity when there is no tension. 
P 80000 
Now direct st: 0, = == wll 
ow direct stress,oy = | AGN00 SH (i) 
We know that moment, 


M = Pxe= 80000 xe 
Now bending stress (6,) is given by 


M oOo, 
Toy 
Mxy 
a a 
The bending stress will be maximum when 
y= ae ena 
2 2 


Maximum bending stress is given by, 
M x (+200) = M x 200 
I I 
_ 80000 x e x 200 
~~ 375x108 xa 
Now minimum stress is given by, 
Grin = F0- % 
_ 80000 — 80000 xe x 200 
~ 80000xn 3.75x10° x1 


There will be no tension if o,,,, = 0 


Oo, = 


For no tension, we have 


_ 80000 _ 80000 x e x 200 
~ 30000xn 3.75x10°8 xx 


80000 80000 x e x 200 
or = 
30000 x x 3.75x10° xx 


Fig. 9.9 


...(ii) 
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8 
or ae 3.75 x 10° x m x 80000 a or 
30000 x m x 80000 x 200 
Problem 9.7. Ifin the Problem 9.6, the eccentricity of the point load is given as 150 mm, 


then calculate the maximum and minimum stress in the section. 


Sol. Given : 
The data from Problem 9.6 is : 
D = 400 mm, d = 200 mm ¢ —— 400 mm ———+ 
P = 80000N,A=30000xnmm? ,* 
Moment of inertia,J = 3.75 x 108 x mmm‘ by. 
Eccentricity, e = 150mm ii 
Now di P __ 80000 __ 3 
ow direct stress, oy = A 30000xn max 
= 0.8488 N/mm? HA 
We know that moment, Fig. 9.10 
M = Pxe=80000 x 150 


= 12000000 Nmm 
Maximum bending stress is given by, 


— M XYmax _ 12000000 x (+ 200) 
a I —-83.75x10° xn 
= +2.037 N/mm? 
Maximum stress = 6) +0, 
= 0.8488 + 2.037 = 2.8858 N/mm? (Compressive). Ans. 
Minimum stress == 6)—06, 
= 0.8488 — 2.037 =- 1.1882 N/mm? (Tensile). Ans. 


The stress distribution across the width is shown in Fig. 9.10. 


9.4. RESULTANT STRESS WHEN A COLUMN OF RECTANGULAR SECTION IS 
SUBJECTED TO A LOAD WHICH IS ECCENTRIC TO BOTH AXES 


A column of rectangular section ABCD, subjected to a load which is eccentric to both axes, 
is shown in Fig. 9.11. _ 


(! Vmax = + 200 mm) 


Let P = Eccentric load on column 
e, = Eccentricity of load about X-X axis 
e, = Eccentricity of load about Y-Y axis 
6 = Width of column 
d = Depth ofcolumn 
Oo = Direct stress 
6,, = Bending stress due to eccentricity e, 
Oy = Bending stress due to eccentricity e 
M,, = Moment of load about X-X axis 
= Pxe, 
M, = Moment of load about Y-Y axis 
= Pre , 
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I... = Moment of inertia about X-X axis 


_ bd® 


~ 12 
= Moment of inertia about Y-Y axis 


db® 
Po 

Now the eccentric load is equivalent to a central load P, together with a bending moment 
Pxe, about Y-Y and a bending moment P x e, about X-X. 

(i) The direct stress (6 ) is given by, 
P ; 
Oo = m ...(L) 
Gi) The bending stress due to eccentricity e, is given by, 


Ly 


M,xx Pxe,xx 
O,, = = 


. Lyy Lyy 


Cs M,=Bxe,)  ...(ii) 


b b 
In the above equation x varies from — 3 to + 2 


(wi) The bending stress due to eccentricity e, is given by, 
_M,xy_Pxe,xy 
ee | I 


xx xx 


Op 


d d 

In the above equation, y varies from — 2 to + 3 

The resultant stress at any point on the section 
=O,+ Ony + O,, 


P M,xx WM... 
a ee (9.3) 


A Lavy Dex 


(i) At the point C, the co-ordinates x and y are positive hence the resultant stress will be 
maximum. 
(ii) At the point A, the co-ordinates x and y are negative and hence the resultant stress will 
be minimum. 
(iii) At the point B, x is +ve and y is —ve and hence resultant stress 
_ Pp My-% _ My,-y 
“A Loy Ls 
(iv) At the point D, x is —ve and y is +ve and hence resultant stress 
_ P_ My * My. 
A I Le 


yy xx 


Problem 9.8. A short column of rectangular cross-section 80 mm by 60 mm carries a 
load of 40 RN at a point 20 mm from the longer side and 35 mm from the shorter side. Determine 
the maximum compressive and tensile stresses in the section. 
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Sol. Given : * 
Width, b =80 mm D 80 mm———>|c 
Depth, d=60 mm a Load ; * Shorter 
-. Area A =80 x 60 = 4800 mm? point. 10 mm sl 
: mm 
Pointload,  P=40kN=40000N —— 6omm + ices" 
Eccentricity of load about X-X axis, | .—.—._. i 
x 4 lo Xx 

e, =10 mm l 
Eccentricity of load about Y-Y axis, | 

e,=5mm ¥ | 3 
Moment of load about X-X axis, ms a fii 

M,, =P xe, = 40000 x 10 Fig. 9.12 
=400000 Nmm 


Moment of load about Y-Y axis, 
M, =P~x e, = 40000 x 5 = 200000 Nmm 
Moment of inertia about X-X axis, 


1 
1S 


2=o5* 80 x 60? = 1440000 mm4 


ge 1 3 4 
Similarly, te = 2 x 60 x 80° = 2560000 mm 


(i)The maximum compressive stress will be at point C where x and y are positive. The 
value of x = 40 mm and y = 30 mm at C. 
Hence maximum compressive stress is given by equation (9.3) 
P M, xXx M, xy . ; 
=—+ + 
r 7 7 (Taking +ve sign) 


yy xx 
40000 200000x40 400000 x 30 


=——_ + —_______ + 
4800 2560000 1440000 
=8.33 + 3.125 + 8.33 = 19.785 N/mm2, Ans. 


(ii)The maximum tensile stress will be at point A where x = — 40 mm and y =— 30 mm. 
Hence using equation (9.3), we get 


Myxx | M, xy 


=—+ 

Resultant stress at A A i I. 
7 40000 _ 200000x 40 400000 x 30 
~ 4800 2560000 1440000 


=8.33 — 3.125 — 8.33 =- 3.125 N/mm?. Ans. 


Problem 9.9. A column is rectangular in cross-section of 300 mm x 400 mm in dimen- 
sions. The column carries an eccentric point load of 360 kN on one diagonal at a distance of 
quarter diagonal length from a corner. Calculate the stresses at all four corners. Draw stress 
distribution diagrams for any two adjacent sides. 


Sol. Given: 
Width, 6 = 300 mm 
Depth, d = 400 mm 
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Area, A=bxd=300 x 400 een 
= 12 x 104 mm? 7 ¥ é 
Eccentric load, P = 360 kN = 360000 N bs 


The eccentric load is acting at point EZ, where 
distance EC = one quarter of diagonal AC. 


Now diagonal AC = 300? + 400? = 500 


4 400 | 
In ACAB, tan 0 = 3 mim O 
g== oad sos — 
cos@=— and sinO= = 
1 
Also OE = EC = — of AC 
4 Ae 
= “ x 500 = 125 mm Fig. 9.12 (a) 
. 4 
And e, = EF = OF sin @ = 125 x — = 100 mm 


3 
e, = OF = OF cos 0 = 125 x — = 75 mm 


Moment of load about x-x axis, 

M,, =P xe, = 360000 x 100 = 36000000 Nmm 
Moment of load about y-y axis, 

M, = P x e, = 360000 x 75 


= 27000000 Nmm 
1 
Also i= 2 * 300 x 400° = 16 x 108 mm*4 


I - + x 400 x 3003 = 9 x 108 mm4 
wy 12 = 


The resultant stress at any point is given by equation (9.3) as 


Resultant st ae 
esultant stress ae i; 7 


yy xx 


(i) Resultant stress at point C 
At point C, x = 150 mm and y = 200m 
Resultant stress at C 


Pp M,x150 M, x200 
= + x 


= + 

A Ls Lex 
_ 360000 _, 27000000 x 150 , 36000000 x 200 
~ 12x 104 9x 108 16 x 108 


=3+4.5+ 4.5 N/mm? 
= 12 N/mm? (compressive). Ans. 
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(ii) Resultant stress at point B 


At point B,x=150mm and y=-200mm 


P M,x150 M, x(- 200) 
Resultant stress at B =—+ p 


8 
A im 16x10 
_ 360,000 , 27000000 x 150 _ 36000000 x 200 
~ 12x 104 9x 108 16 x 108 
=34+45-4.5 


= 3 N/mm? (compressive). Ans. 
(tii) Resultant stress at point A 
At point A, x =— 150 mm and y = — 200 mm 
Resultant stress at point A 
_ P P M, x(- 150) # M,, x (- 200) 
A I I 


yy xx 


_ 360000 — 27000000 x 150 36000000 x 200 
~ 42x10! = 9x10®———C~*«i 11008 
=3-4.5-4.5 
=-6N/mm? (Tensile). Ans. 

(iv) Resultant stress at point D 

At point D, x = — 150 mm and y = 200 mm 


Resultant stress at point D 


P " M,(- 150) 4s M,. x 200 
A I I 


yy ex 
360000 _ 27000000 x 150 , 36000000 x 200 
= 12x 104 9x 108 16 x 10° 


=3-454+4.5 


= 3 N/mm? (compressive). Ans. 


Stress distribution for AB and BC (i.e., two adjacent sides) 


Fig. 9.12 (6) shows the stress distribution along two adjacent sides (i.e., AB and BC). 
At point A, resultant stress is 6 N/mm? (tensile) whereas at point B, the resultant stress is 
3 N/mm? (compressive). Take AE = 6 N/mm? and BF = 3 N/mm”. Join E to F. 


For side BC, the resultant stress at B is 3 N/mm? (compressive) whereas at point C the 
resultant stress is 12 N/mm? (compressive). 


Take BH = 3 N/mm? (compressive) and CG = 12 N/mm? (compressive). 
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l¢ ——12 N/mm’——> 
G 


i 


A BB J H 
E —>3 Nimm }—— 


6 N/mm* 
A 


B 
2 
fs N/mm 

F 


Fig. 9.12 (6) 


Problem 9.10. A masonry pier of 3 m x 
4m supports a vertical load of 80 kN as shown in 
Fig. 9.183. 

(a) Find the stresses developed at each cor- 
ner of the pier. 

(6) What additional load should be placed 
at the centre of the pier, so that there is no tension 
anywhere in the pier section ? 

(c) What are the stresses at the corners with 
the additional load in the centre ? 

Sol. Given : 

Width b 

Depth, d 

.. Area, A = 4x3=12 mm? 

Point load, P 
Eccentricity of load about X-X axis, 

e, = 0.6m 
Eccentricity of load about Y-Y axis, 
e, = 10m 
Moment of load about X-X axis, 
M, = Pxe,=80x0.5=40kNm 
Similarly, M, = Pxe,=80x1.0=80kNm 
Moment of inertia about X-X axis, 


Ye 2m > 


| 
ok 4m > 


| Load point 
| im 


M 
eo 
B 


1 
I. =— x4x3?=9 mm‘ 


x 12 
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1 
Similarly, I, = i * 3 x 43 = 16 m*. 


(a) Stresses developed at each corner of the pier 
The resultant stress at any point is given by equation (9.3). 
4 M, xx M, xy 
A Ly I 
(At point A,x=—2.0mand y=—1.5m. Hence resultant stress at A (i.e., 6,) is obtained 
by substituting these values in the above equation (i). 
80 ‘: 80 x (- 2.0) ig 40 x (- 1.5) 
12 16 9 
= 6.66—10-6.66 
= -10kN/m? (Tensile). Ans. 
(aA point B, x = 2.0m andy =— 1.5 m. Hence resultant stress at B (i.e., 6,) is obtained by 
substituting these values in equation (z). 
80 80x2.0 40~x(-1.5) 
, = + + 
12 16 9 
6.66 + 10 —- 6.66 
10 kKN/m? (Compressive). Ans. 
(wii)At point C, x = 2.0 m and y = 1.5 m. Hence resultant stress at C (7.e., 6.) is given by, 
80 80x2.0 40x 1.5 
G = + + 
Cc 12 16 9 
6.66 + 10 + 6.66 
= 23.33 kN/m? (Compressive). Ans. 
(wv)At point D, x =— 2.0m andy = 1.5 m. Hence resultant stress at D (i.e., 6p) is given by, 
80 80x(-2.0) 40x1.5 
So = —+— + —— 
12 16 9 
6.66 — 10 + 6.66 
= +3.33 kN/m?2 (Compressive). Ans. 
(6) Additional load at the centre of the pier, so that there is no tension anywhere in the 
pier section. 
Let W =Additional load (in KN) placed at the centre for no tension anywhere in the pier 
section. 


Hence resultant stress = 


.».(Z) 


xx 


O, = 


The above load is compressive and will cause a compressive stress 
Ww WwW 


~ A 12 

As this load is placed at the centre, it will produce a uniform compressive stress across 
the section of the pier. But we know that there is tensile stress at point A having magnitude 
= 10 kN/m?. Hence the compressive stress due to load W should be equal to tensile 


stress at A. 


kN/m? (. A=12m?) 


Ye 46 
12 
or W = 10x12=120KN. Ans. 
(c) Stresses at the corners with the additional load at the centre 
W120 
Stress due to additional load = A ie = 10kN/m? (Compressive) 
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This stress is uniform across the cross-section of the pier. Hence to find the stresses at the 
corners with this additional load, we must add the stress 10 kN/m? in each value of the stresses 
already existing in the corners. 

Stress atA, o,=—-10+10=0. Ans. 


Similarly, 6, =10+10=20kN/m?. Ans. 
Og = 23.33 + 10 = 33.33 kN/m2. Ans. 
and Op = 3.33 + 10 = 13.33 KN/m?. Ans. 


9.5. RESULTANT STRESS FOR UNSYMMETRICAL COLUMNS WITH ECCENTRIC 
LOADING 


In case of unsymmetrical columns which are subjected to eccentric loading, first the centre 
of gravity (i.e., C.G.) of the unsymmetrical section is determined. Then the moment of inertia of 
the section about the axis passing through the C.G. is calculated. After that the distances between 
the corners of the section and its C.G. is obtained. By using the values of the moment of inertia 
and distances of the corner from the C.G. of the section, the stresses on the corners are then 
determined. 

Problem 9.11. A short column has a square section 300 mm x 300 mm with a square 
hole of 150 mm x 150 mm as shown in Fig. 9.14. It carries an eccentric load of 1800 kN, 
located as shown in the figure. Determine the maximum compressive and tensile stress 
across the section. 


¥. 
D e75 mm-rl¢—— 150 mm —>\+75 mm->| C 
# u 
H 
158.34 
mm Y 
141.66 
mm 
Vv ‘ 
A 
+75 mm-><¢75 mm->| 
i 300 mm ————————__>} 


VI 


Fig. 9.14 
Sol. Given : 
Dimension of column = 300 mm x 300 mm 
Dimension of hole = 150 mm x 150 mm 
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Area of section, A = 300 x 300-150 x 150 
= 90000 — 22500 
67500 mm? 
Point load, P = 1800 kN = 1800000 N 
The point load is acting on Y-Y axis. The given section is also symmetrical about 
Y-Y axis. But it is unsymmetrical to X-X axis. Let us first find the position of X-X axis. For 
this, find the distance of C.G. from the bottom line AB. Let y is the distance of the C.G. of 
the section from the bottom line AB. 
_ Aryi + Agye 
(A, + Ag) 
where A, = Area of outer square = 300 x 300 = 90000 mm? 
y, = Distance of C.G. of outer square from line AB = 150 mm 
A, = Area of square hole = 150 x 150 = 22500 mm? = — 22500 mm? 
(—ve sign due to cut out portion) 


S| 


Then 


150 
y = Distance of C.G. of square hole from line AB = 100 + “3 = 175 mm 


90000 x 150 — 22500 x 175 
(90000 — 22500) 


13500000 — 3937500 
- 67500 
.. The axis X-X lies at a distance 141.66 mm from line AB or at a distance of 300 — 
141.66 = 158.34 mm from line CD. 
The load is unsymmetrical to X-X axis. 
Hence eccentricity, e = 158.34 — (50 + 30) = 78.34 mm 
Moment about X-X axis, 
M =P xe =1800000 x 78.34 
= 14101200 Nmm 
Now let us calculate the moment of inertia of the section about X-X axis. 
Let I, = M.O.I. of outer square ABCD about X-X axis. 
= M.O.I. of ABCD about an axis parallel to X-X and passing through 
its C.G. + Area of ABCD (Distance of C.G. of ABCD from X-X axis)” 


y= 


= 141.66 mm 


_ 300 x 300° 
7 12 
= 675000000 + 6260004 = 681260004 mm+4 
I, = M.O.I. of square hole about X-X axis 
= M.O.I. of hole about its C.G. + Area of hole (Distance of C.G. of 
hole from X-X )? 


+ 300 x 300 x (158.34 — 150)? 


_ 150x 150° 
~ 92 
= 42187500 + 25010001 = 67197501 mm‘ 


= 150 x 150(175 — 141.66)4 
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Net moment of inertia of the section about X-X axis is given by 
I =I,-1, 
= 681260004 — 67197501 = 614062503 mm* 
Now direct stress is given by, 
P _ 1800000 


oye 2 a PUNO 96-66 Nim? 
0 A” 67500 aah 


This stress is uniform across the section. 
Bending stress is given by, 


M 8b 
Ty 
M x 
or = A) 


The maximum value of y from X-X axis is 158.34 mm. This is the distance of the line CD 
from X-X axis. As load is acting above the X-X axis, hence the bending stress will be compressive 
on the edge CD. This stress is obtained by substituting y = 158.34 mm in equation (i). 


Bending stress at the edge CD due to moment 


_ Mx 158.34 _ 141012000 x 158.34 
~ 614062503 — 614062503 
= 36.36 N/mm? (Compressive). 
Bending stress at the edge AB will be tensile. The distance of AB from X-X is 141.66 mm. 
Bending stress at the edge AB due to moment will be obtained by substituting y = — 
141.66 in equation (z). 
Bending stress at the edge AB due to moment 


M x 141.66 141012000 x 141.66 . 
=o FG iageasos =P? 
= — 32.529 N/mm? 
Resultant stress at the edge CD 
=O) +6, 
= 26.66 + 36.66 = 63.32 N/mm? (Compressive). Ans. 
and resultant stress at the edge AB 
= 26.66 — 32.529 = - 5.869 (Tensile). Ans. 


Problem 9.12. A short column has a rectangular section 160 mm x 200 mm with a 
circular hole of 80 mm diameter as shown in Fig. 9.15. It carries an eccentric load of 100 kN, at 
a point as shown in the figure. Determine the stresses at the four corners of the section. 


Sol. Given : 

Width, B=160mm 
Depth, D = 200 mm 
Area of rectangular ABCD, 


A, = 160 x 200 = 32000 mm? 
Dia. ofhole, d=80 mm 


Area of hole, A, = ; x 80? = 5026.5 mm? 
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Fig. 9.15 
Area of section, A=A,—A,=32000-5026.5 
= 26973.5 mm? 
Eccentric load, P=100kN=100x 10?N 


The given section is symmetrical about X-X axis. But it is unsymmetrical to Y-Y axis. 
Let us first find the position of Y-Y axis. For this find the distance of the C.G. of the section 
from the reference line AD. Let x is the distance of the C.G. of the section from the reference line AD. 
Ajx1 + Agxs 
(A, + Ag) 
where A, = Area of rectangle ABCD = 32000 mm? 
x, = Distance of C.G. of rectangle ABCD from reference line AD = 80 mm 
A, = Area of hole = — 5026.5 mm? (—ve sign due to cut out portion) 
x, = Distance of C.G. of hole from line AD = 60 mm 


32000 x 80 — 5026.5 x 60 
(32000 — 5026.5) 


_ 2560000 — 301590 
~ 26973.5 


Hence the axis Y-Y will lie at a distance of 83.73 mm from the line AD or at a distance of 
160 — 83.73 = 76.27 mm from line BC as shown in Fig. 9.15. 


The load is unsymmetrical to X-X axis as well as Y-Y axis. 
Eccentricity of load about X-X axis, 


e. = 50mm 
400 


Then X= 


x= 


= 83.73 mm. 


x 
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Eccentricity of load about Y-Y axis, 


e, = 83.73 — 60 = 23.73 mm 


Moment of eccentric load about X-X axis, 


M, = Pxe, 
= 100x 10?x 50 =5 x 10°Nmm ..(L) 
Moment of eccentric load about Y-Y axis, 
M, = Px ey 
= 100~x 10° x 23.73 
= 2.373 x 10°Nmm ..(it) 
Now find the moment of inertia of the section about X-X axis and Y-Y axis. 
Let I,,, = M.O.L. of rectangle ABCD about X-X axis 


= M.O.I. of rectangle about its C.G. + Area of rectangle 
(Distance of C.G. of ABCD from X-X axis)? 


3 
_ as + 160 x 200 (0) 


= 1.066 x 108 mm*4 
I = M.OL.I. of the hole about X-X axis 


= — x 804 = 2.01 x 10° mm4 
64 


The moment of inertia of the section about X-X is given by 


Dig = Tyg, lig, 
= 1.066 x 10®- 2.01 x 108 
= 104.59 x 10°mm+ ...(tii) 
Similarly, I, = Ly, — Lyy, ...(iv) 


where L ws = M.O.I. of ABCD about Y-Y axis 
= M.O.I. of ABCD about its C.G. + A, (Distance of C.G. of ABCD from y-y)? 


3 
_ aaron + 200 x 160 (83.73 — 80)? 


= 6.826 x 107 + 4.45 x 10° 
= 687.05 x 10° mm*4 


and I yo = M.O.I. of hole about Y-Y axis 
= M.O.I. of hole about its C.G. + A, (Distance of its C.G. from y-Y)2 


T 
= ai * 804 + 5026.5 (83.73 — 60)? 
= 2.01 x 10° + 2.83 x 10 
= 4.84 x 10° 
Hence substituting these values in equation (iv), we get 


Dy = 687.05 x 10° — 4.84 x 108 


= 63.865 x 10° mm*4 
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The resultant stress at any point is obtained from equation (9.3). 


P M,.x M,. 
Resultant stress = at 7 i 


yy xx 

The values of x and y are taken to be positive on the same side of X-X and Y-Y as the load. 
Here O is the origin. Hence at point D, x andy are positive. At point B, x and y are both negative. 
At point C, x is negative whereas y is positive. 


At point A, x is positive whereas y is negative. 
(i) At point A, x = 83.73 mm and y =— 100 mm. Hence resultant stress at A, 


P F M,, x 83.73 7 M.. x (- 100) 
A I I 


yy xx 


O, = 


Z 100000 + 2.373 x 10° x 83.73 _ 5x 10° x 100 
26973.5 63.865 x 10° 104.56 x 10° 
3.707 + 3.111 — 4.781 
2.037 N/mm2. Ans. 
(@i)At point B,x =— 76.27 and y =— 100 mm. Hence resultant stress at B, 
PM, x(- 76.27) 7 M,x (- 100) 


= —+ 
“3 A i im 


100000 2.373x 10° x 76.27. 5x10°x 100 


~ 96973.5 63.865 x 10° 104.56 x 10° 


3.707 — 2.833 — 4.781 
= -3.907 N/mm2. Ans. 
(iii)At point C, x =— 76.27 and y = 100 mm. Hence resultant stress at C, 
P in M,, x (— 76.27) F M,, x 100 
A Ly Jig 
= 3.707 — 2.833 + 4.781 
5.655 N/mm?, Ans. 
(iv)At point D, x = 83.73 and y = 100 mm. Hence resultant stress at D, 
P  M,(83.73) M,, x 100 
ae ee = 
yy xx 
= 3.707 + 3.111 + 4.781 
= 11.599 N/mm?. Ans. 


9.6. MIDDLE THIRD RULE FOR RECTANGULAR SECTIONS [i.e., KERNEL O 
SECTION] 


The cement concrete columns are weak in tension. Hence the load must be applied on 
these columns in such a way that there is no tensile stress anywhere in the section. But when an 
eccentric load is acting on a column, it produces direct stress as well as bending stress. The 
resultant stress at any point in the section is the algebraic sum of the direct stress and bending 
stress. 


Oo = 


DIRECT AND BENDING STRESSES 


Consider a rectangular section of width ‘b’ 


and depth ‘d’ as shown in Fig. 9.16. Let this section "| b > 
is subjected to a load which is eccentric to the axis —_ 
Y-Y. 
Let P=Kccentric load acting on the | we 
column jD —\} d 
e = Eccentricity of the load (| an LLCS a ie rx 
A = Area of the section. b/6->¢-b/6 
Then from equation (9.2), we have the mini- b/34 
mum stress as 7 ~*~ 
ca #(1- Ke) i Fig. 9.16 


If6,,,;n 18 —ve, then stress will be tensile. But ifo,,,, is zero (or positive) then there will be 
no tensile stress along the width of the column. 
Hence for no tensile stress along the width of the column, 


Ci 0 
6 
or -(1 Ke) 20 or (1- ~ >0 
(oe Ds 
or 2 or g 2° 
b 
<— 
or es 6 ...(9.4) 


b 
The above result shows that the eccentricity ‘e’ must be less than or equal to 6 Hence the 


b 
greatest eccentricity of the load is 6 from the axis Y-Y. Hence if the load is applied at any 


b 
distance less than 6 from the axis, on any side of the axis Y-Y, the stresses are wholly compressive. 


Hence the range within which the load can be applied so as not to produce any tensile stress, is 
within the middle third of the base. 


Similarly, if the load had been eccentric with respect to the axis X-X, the condition that 

tensile stress will not occur is when the eccentricity of the load with respect to this axis X-X does 
d 

not exceed rs Hence the range within which the load may be applied is within the middle third 


of the depth. 


If it is possible that the load is likely to be eccentric about both the axis X-X and Y-Y, the 
condition that tensile stress will not occur is when the load is applied anywhere within the 


rhombus ABCD whose diagonals are AC = - and BD = < as shown in Fig. 9.16. This figure 


ABCD within which the load may be applied anywhere so as not to produce tensile stress in any 
part of the entire rectangular section, is called the Core or Kernel of the section. Hence the 
kernel of the section is the area within which the line of action of the eccentric load P must cut 
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the cross-section if the stress is not to become tensile in any part of the entire rectangular 


section. 


Note. (2) If direct stress (6,) is equal to bending stress (o,), then the tensile stress will be zero. 
(ii) If the direct stress (6,) is more than bending stress (o,), then the stress throughout the section 


will be compressive. 


(iii) If the direct stress (6,) is less than bending stress (6,), then there will be tensile stress. 


(iv) Hence for no tensile stress, 6, 2 6,. 


Consider a circular section of diameter ‘d’ as shown y 


in Fig. 9.17. Let this section is subjected to a load which is 
eccentric to the axis Y-Y. 
Let P = Eccentric load 
e = Eccentricity of the load 


9.7.MIDDLE QUARTER RULE FOR CIRCULAR SECTIONS [i.e., KERNEL OF 


A = Area of the section = ie 


xX BS 
Now direct stress, 
P P 4P 
ar ar rae 
= q? 
4 
Moment, M=Pxe 
Bending stress (G,) is given by, 
aL _Mxy 
[4 or 6,= F 
Maximum bending stress will be when 
d 
yates 
Maximum bending stress is given by, 
d 
M d euce 2 32x Pxe 
0,= x} = =+ 3 
I 2 ee md 
64 
Now minimum stress is given by, 
Onin = 9 ~ o, 
_4P  32Pxe 
nd? nd? 
For no tensile stress, 6,,,,20 
4P 32P 
or —> = sie or #7 (1-F}20 
nd nd nd d 
8xe 8xe d 
1- >0 12> <= 9.5 
or 7d or 7d or e 3 (9.5) 
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d 
The above result shows that the eccentricity ‘e’ must be less than or equal to —. It means 


d 
that the load can be eccentric, on any side of the centre of the circle, by an amount equal to 8 


Thus, if the line of action of the load is within a circle of diameter equal to one-fourth of the main 
circle as shown in Fig. 9.17, then the stress will be compressive throughout the circular section. 


9.8. KERNEL OF HOLLOW CIRCULAR SECTION (OR VALUE OF ECCENTRICITY FOR) 
HOLLOW CIRCULAR SECTION) 


Let D, = External diameter, and 
= Internal diameter 

= Eccentric load 

= Eccentricity of the load 
= Area of section 


me VO 


™ 
= ra [D,?-D,7] 


Moment due to eccentric load P= P xe 
= Section modulus 


N& 
ll 


64 ‘ ae _Do 
= ea é Y max | 


T 
- —— 1p4 4 
= g2D, Po - 21 
Now direct stress (6 9) is given by 


O = mn (i) 


The direct stress is compressive and uniform throughout the section. 
Bending stress (,) is given by 


M Oo 
as, 
fee ye 
I I 
Gy 


The bending stress may be tensile or compressive. The resultant stress at any point is the 
algebraic sum of direct stress and bending stress. There will be no tensile stress at any point if 
the bending stress is less than or equal to direct stress at that point. 
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Hence for no tensile stress, 
Bending stress < Direct stress 


or 0,395 
Substituting the values of 6, and o, from equations (7) and (iz), we get 
eS 
ZA 
eee (: M=Pxe) 
Z A 
1 
or z < ao (cancelling P from both sides) 
Z 
or es A + 49.6) 
uy 4 4 
D,° —D; 
32Dy i ae 
~ 7 
a [Dy? - D;?] 
An (Do? + D,*)(Dy? - D;”) 
~ 82nDo (Dy? — D,?) 
1 
< 8Dp 8 Be + DP) nl Oe1) 


The above result shows that the eccentricity ‘e’ must be less than or equal to 
(D,? + D?)8D,). It means that the load can be eccentric, on any side of the centre of the circle, 
by an amount equal to (D,? + D.2)(8D,). Thus, if the line of action of the load is within a circle 
of diameter equal to (D,? + D,2)(4D,), then the stress will be compressive throughout. 


Diameter of kernel = 


Dy’ + D? 
4D, 


9.9. KERNEL OF HOLLOW RECTANGULAR SECTION (OR VALUE OF ECCENT- 
RICITY FOR HOLLOW RECTANGULAR SECTION) 


Refer to Fig. 9.17 (a). 
Let B= Outer width of rectangular section 
D = Outer depth 
b = Internal width 
d = Internal depth 
A = Area of section 


=BxD-bxd 
BD* _ bd® 
12° 72 
D Y! 
a Fig. 9.17 (a) 
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— tex 
* Ymax 
BD* _ bd® 
12 12) Bp ba? 
— pe > ER 
DB*® db? 
I 12. 12 _ DB? -db? 
Similarly, Z,=—~ = = 
ae: oe B/2 6B 
For no tensile stress at any section, the value of e is given by equation (9.6). 
Z Z 
4 yy 
esa or eee and ae 
[eee bd*) 
_ (BD* ~ bd*) 
< ws 
™ °<"(BD-bd) ~~ 6D(BD- bd) oe 
[P= — db? 
6B DB? - db 
d = = ..[9.8 (A) 
= ‘y" “(BD-bd)  6B(BD— bd) ial 


It means that the load can be eccentric on either side of the geometrical axis by an amount 


ee (BD? - bd®) DB? — db® 
_ 6D(BD—bd)  6B(BD — bd) 


Problem 9.13. Draw neat sketches of kernel of the following cross-sections : 


(i) Rectangular section 200 mm x 300 mm 
(ii) Hollow circular cylinder with external dia = 300 mm and thickness = 50 mm 


along x-axis and y-axis respectively. 


(iii) Square with 400 cm? Area. 


Sol. Given : 
(i) Rectangular Section 200 mm——_> 
B=200 mm ———— ay 
D = 300 mm 
Value of ‘e’ for no tensile stress along width is given by 
equation (9.4) as y: Sects 
B _ 20 YAN 
eS G SG $33.33 cm x] REG 
Hence take OA = OC = 33.33 cm [P 
The value of ‘e’ for no tensile stress along the depth is 
given by, 
D _ 300 ¥ 
ex<—<— <100cm Y 
3 Fig. 9.18 


g* 


Hence take OD = OB = 100 
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Now join A to B, B to C, C to D and D toA. The figure ABCD represents the kernel of the 


given rectangular section as shown in Fig. 9.18. 
(ii) Kernel for Hollow Circular Section 


Given : 
External dia., D,= 300 m 
Thickness, t =50mm 


Internaldia., D,=D,-2xt 
= 300 - 2 x 50 = 200 mm 


For hollow cylindrical section, for no tensile stress, 
the value of e is given by equation (9.7) as 


pt eh) 
~ 8Dy 0 i 


< 2+ 2002 
3x 300 (3007 + 200*) 


< 


2400 (90000 + 40000) 


< 130000 
~ 2400 
Taking O as centre and radius equal to 54.16 mm 


(or dia. = 2 x 54.16 = 108.32 mm) draw a circle. This 
circle is the kernel of the hollow circular section of exter- 


< 54.16 mm 


¢—— D,= 200 mm ——>| 


D, = 300 mm 


Fig. 9.19 


nal dia. = 300 mm and internal dia. = 200 mm, as shown 
in Fig. 9.19. 


(iii) Kernel for Square Section 

Given: 

Area = 400 cm? 

One side of square = /400 = 20cm 

For no tensile stress, the value of ‘e’ for the square 

section is given by equation (9.4) as 
Side 
6 

Hence take OA = OC = OB = OD = 3.33 cm 

Join ABCDA as shown in Fig. 9.20. Then ABCD is 
the kernel of given square section. 


Problem 9.14. Draw neat sketch of kernel of a 


es 


20 
[B or D] < Se < 3.33 cm 


hollow rectangular section of outer cross-section 300 mm x 200 mm and inner cross-section 150 


mm x 100 mm. 
Sol. Given : 


Outer rectangular section, B = 300 mm, D = 200 mm 


20/3 cm 
| 


Fig. 9.20 


Inner rectangular section, b = 150 mm and d = 100 mm. 


For no tensile stress the value of ‘e’ along x-axis and along y-axis are given by equations 


(9.8) and (9.8 A) respectively. 


Fig. 9.21. 


to A. The figure ABCD represents the kernel of 
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Using equation (9.8), we get 
3 3 
» < (BD* ~bd*) 
*" 6D(BD - bd) 
_ (300 x 2007-150 100°) _—: 100° x (2400 — 150) 
~ 6 x 200(300 x 200- 150x100) 12x 1002 x (6 — 1.5) 
2250 
~ 12x45 
Hence take OA = OC = 41.67 mm in Fig. 9.21 
Using equation (9.8 A), we get 
(DB? — db*) 
e, < ——_____. 
’~ 6B(BD — bd) 
_ (200 x 300° - 100 x 150°) 
~ 6 x 300(300 x 200 — 150 x 100) 


100? (5400 — 337.5) 
6x3~x 10°(6— 1.5) 


= 41.67 mm 


5062.5 
= "= 62. 
edge 
Hence take OD = OB = 62.5 mm in 
weve Y! 
Now join A to B, BtoC,C toD andD Fig. 9.21 


the given hollow rectangular section. 
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N 


> 


The axial load produces direct stress (6 ,). 
Kccentric load produces direct stress as well as bending stress (o,). 
The maximum and minimum stress at any point in a section which is subjected to a load which 
is eccentric to Y-Y axis is given by, 
O,,ax = Direct stress + Bending stress 


m 


= - [1 + a ‘) ...For a rectangular section 
A b 
and ©,,in = Direct stress — Bending stress 
= a (a oa . *) ...For a rectangular section 


where P = Eccentric load 

A = Area of section 

e = Eccentricity 

b = Width of the section. 
If 6, = 6,, the tensile stress will be zero across the section. 
If 6, > 6,, there will be no tensile stress across the section. 
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6. Ifo )<o,, there will be tensile stress across the section. 


7. The resultant stress at any point when a symmetrical column section is subjected to a load which 
is eccentric to both the axis, is given by, 


a Py Moe" Mey 


A Tye Te 


where P= Eccentric load 
A = Area of the section 
M, = Moment of load about Y-Y axis 
Ly = Moment of inertia about Y-Y axis 
M,, and I,,. = Moment and moment of inertia about X-X axis respectively. 
The values of x and y are positive on the same side on which load is acting. 

8. For unsymmetrical sections, subjected to eccentric load, first of all the C.G. of the section is 
determined. Then moment of inertia of the section about an axis passing through the C.G. is 
obtained. After that stresses are obtained. 

9. For a rectangular section, there will be no tensile stress if the load is on either axis within the 
middle third of the section. 

10. For a circular section of diameter ‘d’, there will be no tensile stress if the load lies in a circle of 
diameter “ with centre O of the main circular section. This is known as ‘middle quarter rule for 
circular sections’. 

11. For no tensile stress, the value of eccentricity e is given by 


d 
es 3 ..For circular section 
1 
<a (D,2 + D.”) ...For hollow circular section with D, as 
8Do 0 i 0 
external dia. and D, as internal dia. 
b d : 
< ry and 6 ...For rectangular section 


Z One side of square 
~ 6 
(BD® - bd?) 
een genera 
~~ 6D(BD - bd) 


...For square section 


..For hollow rectangular section with B and D as outer 
width and depth and 6 andd as inner width and depth 


¢ < (DB? - db*) 
»~ 6B(BD - bd)" 


EXERCISE 


(A) Theoretical Questions 
1. What do you mean by direct stress and bending stress ? 
Prove that an eccentric load causes a direct stress as well as bending stress. 


3. Find an expression for the maximum and minimum stresses when a rectangular column is 
subjected to a load which is eccentric to Y-Y axis. 
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Prove that for rectangular section subjected to eccentric load, the maximum and minimum stresses 


are given by: 
P 6e P 6e 
= (13 es ed 
Onax A ( b and Onin A ( b 


where P = Eccentric load, 
A = Area of the system, 
b = Width of section, 
and e= Eccentricity. 
How will you find the maximum and minimum stresses at the base of a symmetrical column, 
when it is subjected to load which is eccentric to both axis ? 
Find and expression for the maximum and minimum stresses at the base of an unsymmetrical 
column which is subjected to an eccentric load. 
What do you mean by the following terms : 
(i) Middle third rule for rectangular sections, and 
(ii) Middle quarter rule for circular sections. 
Prove that for no tension at the base of a short column : 
(i) of rectangular section, the line of action of the load should be within the middle third, and 
(ii) of circular section, the line of action of the load should be within the middle quarter. 
Draw a neat sketches of Kernel of the following cross-sections : 
(i) Rectangular 200 mm x 300 mm 
(ii) Hollow circular cylinder with external dia. = 300 mm, thickness = 50 mm. 
(iii) Square with 400 cm? area. 


(B) Numerical Problems 


A rectangular column of width 120 mm and of thickness 100 mm carries a point load of 120 kN 
at an eccentricity of 10 mm. Determine the maximum and minimum stresses at the base of the 
column. [Ans. 15 N/mm?, 5 N/mm?] 


If in the above problem, the minimum stress at the base of the section is given as zero then find 
the eccentricity of the point load of 120 KN acting on the rectangular section. Also calculate the 
corresponding maximum stress on the section. [Ans. 20 mm, 20 N/mm?] 


Ifin Q. 1, the eccentricity is given as 30 mm, then find the maximum and minimum stress on the 
section. Also plot these stress along the width of the section. [Ans. — 5 N/mm?, 25 N/mm?] 
In a tension specimen 13 mm in a diameter the line of pull is parallel to the axis of the specimen 
but is displaced from it. Determine the distance of the line of pull from the axis, when the 
maximum stress is 15% greater than the mean stress on a section normal to the axis. 
[Ans. 0.25 mm] 

A hollow rectangular column is having external and internal dimensions as 120 cm deep x 80 cm 
wide and 90 cm deep x 50 cm wide respectively. A vertical load of 200 KN is transmitted in the 
vertical plane bisecting 120 cm side and at an eccentricity of 10 cm from the geometric axis of the 
section. Calculate the maximum and minimum stresses in the section. 

[Ans. 0.61 N/mm? and 0.17 N/mm?] 
A short column of diameter 40 cm carries an eccentric load of 80 kN. Find the greatest eccentricity 
which the load can have without producing tension on the cross-section. [Ans. 5 cm] 
A short column of external diameter 50 cm and internal diameter 30 cm carries an eccentric load 


of 100 kN. Find the greatest eccentricity which the load can have without producing tension on 
the cross-section. [Ans. 8.5 cm] 
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8. 


10. 


A hollow circular column of 25 cm external and 20 cm internal diameter respectively carries an 
axial load of 200 KN. It also carries a load of 100 KN on a bracket whose line of action is 20 cm from 
the axis of the column. Determine the maximum and minimum stress at the base section. 
[Ans. 39 N/mm? (comp.), 5.13 N/mm? (tension)] 
A column section 30 cm external diameter and 15 cm internal diameter supports an axial load of 
2.6 MN and an eccentric load of PN at an eccentricity of 40 cm. If the compressive and tensile 
stresses are not to exceed 140 N/mm? and 60 N/mm? respectively, find the magnitude of load P. 
[Ans. 766.8 kN] 


A rectangular pier of 1.5m x 1.0m is subjected to a compressive load of 450 kN as shown in 
Fig. 9.18. Find the stresses on all four corners of the pier. 


[Ans. 0, = 0.45 N/mm”, 6, = + 0.15 N/mm”, 6, = 1.05 N/mm”, op = 0.45 N/mm?] 


10.1. INTRODUCTION 


A large quantity of water is required for irrigation and power generation throughout the 
year. Adam is constructed to store the water. A retaining wall is constructed to retain the earth 
in hilly areas. The water stored in a dam, exerts pressure force on the face of the dam in contact 
with water. Similarly, the earth, retained by a retaining wall, exerts pressure on the retaining 
wall. In this chapter, we shall study the different types of dams, stresses across the section of a 
dam, stability of adam and minimum bottom width required for a dam section. 


10.2. TYPES OF DAMS 


There are many types of dams, but the following types of dams are more important : 
1. Rectangular dams 


2. Trapezoidal dams having 
(a) Water face vertical, and 
(6) Water face inclined. 


A trapezoidal dam as compared to rectangular dam is economical and easier to construct. 
Hence these days trapezoidal dams are mostly constructed. 


10.3. RECTANGULAR DAMS 


Fig. 10.1 shows a rectangular dam having water on one of its sides. 
Let h = Height of water 
F = Force exerted by water on the side of the dam 
W = Weight of dam per metre length of dam 
H = Height of dam 
b = Width of dam 
W, = Weight density of dam. 
Consider one metre length of the dam. 
The forces acting on the dam are 
(i) The force F due to water in contact with the side of the dam. 
The force F* is given by 
F=wAh 


*The derivation for F can be seen in any standard book of Fluid Mechanics. 
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eT ere (: A=hxland i=) 
2 2 

_wxh? 

a a 


————-> 
Free surface of water Yi 


h/3 xe 
LBL Y. 
Ni Mi\ ‘a 
le—x—>| 
Fig. 10.1 


The force F will be acting horizontally at a height of S above the base as shown in 


Fig. 10.1. 
(ii) The weight W of the dam. The weight of the dam is given by 
W = Weight density of dam x Volume of dam 
= W, x [Area of dam] x 1 [-. Length of dam = 1m] 
=w,xbxH 

The weight W will be acting downwards through the C.G. of the dam as shown in 
Fig. 10.1. 

These are only two forces acting on the dam. The resultant force may be determined by 
the method of parallelogram of forces as shown in Fig. 10.1. The force F is produced to intersect 
the line of action of the W at O. Take OC = F and OB = W to some scale. Complete the rectangle 
OBDC. Then the diagonal OD will represent the resultant R to the same scale. 


Resultant R=.,/F2+w?2 ee G0 
And the angle made by the resultant with vertical is given by 
tan 0= oe wl10.2) 
OB W 


10.3.1. The Horizontal Distance between the Line of Action of W and the Point 
through which the Resultant Cuts the Base. In Fig. 10.1 the diagonal OD represents the 
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resultant of F and W. Let the diagonal OD is extend so that it cuts the base of the dam at point 
M. Also extend the line OB so that it cuts the base at point N. Then the distance MN is the 
horizontal distance between the line of action of W and the point through the resultant cuts 
the base. 


Let x = Distance MN 

The distance x is obtained from similar triangles OBD and ONM as given below 
; NM _ BD 
i.e., Gn Gs 

x F 
of (h/3) = WwW (.- Distance ON = h/3, BD = OC = F and OB = W) 
eG (10.3) 
W 3 10. 


The distance x can also be calculated by taking moments of all forces (here the forces F 
and W) about the point M. 


h 
Fxg 


=Wxx 
wn gl 
x= 3° 


Problem 10.1.A masonry dam of rectangular i¢— 40 m—>) 
section, 20 m high and 10 m wide, has water upto a = 
height of 16 m on its one side. Find : 

(i) Pressure force due to water on one metre 
length of the dam, 
(ii) Position of centre of pressure, and 
(iii) The point at which the resultant cuts the 


E 
base. © F 
Take the weight density of masonry = 19.62 
kN/m?, and of water = 9.81 kN/m?*. 
Sol. Given: 
Heiohiof dam Hn Ot PIELTTILTTUTT ELAT ATS 
Width of dam, b6=10m >| x fe 
Height of water, h=16m Fig. 10.2 


Weight density of masonry, 
W, = 19.62 kN/m? = 19620 N/m? 


For water, 

w = 9.81 kN/m? = 9.81 x 1000 N/m? 
(i) Pressure force due to water on one metre length of dam 
Let F = Pressure force due to water 


Then F=wAh 


h 
= 9.81 x 1000 x (h x 1) x 5 
(-. w for water = 9.81 kN/m?® = 9.81 x 1000 N/m?) 


16 
= 9.81 x 1000 x (16 x 1) x te 1255680 N. Ans. 
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(ii) Position of centre of pressure 
The point, at which the force F is acting, is known as centre of pressure. The force F is 


: : . h({. 16 
acting horizontally at a height of 3 L.e., te 5.33 m | above the base. 


Position of centre of pressure from base 


=5.33m. Ans. 
(iii) The point at which the resultant cuts the base 
Let x = Horizontal distance between the line of action of W and the point through 


which the resultant cuts the base 
W = Weight of dam per metre length of dam 
= Weight density of masonry x (Area of dam) x 1 
=W,)x bx Hx 1=19620 x 10 x 20 x 1 = 3924000 N 
Using equation (10.3), 
F . h  ~=1255680 . 16 


W 3 3924000 3 
Problem 10.2. A masonry dam of rectangular cross-section 10 m high and 5 m wide has 
water upto the top on its one side. If the weight density of masonry is 21.582 kN/m?®. Find : 


(i) Pressure force due to water per metre length of the dam 
(ii) Resultant force and the point at which it cuts the base of the dam. 


=1.706m. Ans. 


x= 


Sol. Given : 

Height of dam, H=10m 
Width of dam, b=5m 
Height of water, h=10m 


Weight density of masonry 
Wy = 21.582 kN/m? 
= 21582 kN/m?. 
(i) Pressure force due to water is given by 


_ 10 
F=wAh = 9.81 x 1000 x (10 x 1) x > 
= 490500 N. Ans. 
(ii) Resultant force is given by equation (10.1). 
% Rep? 4w? (7) Fig. 10.3 
where W = Weight of masonry dam 
= Weight density of masonry x Area of dam x 1 
=W,)x bx Hx 1 = 21582 x (10 x 5) x 1 = 1079100 N. 
Substituting the values of F and W in equation (i), we get 
R = [4905007 + 10791007 
= 1185048 N=1.185 MN. Ans. 


The point at which the resultant cuts the base 
Let x = Horizontal distance between the line of action of W and the point through which 


the resultant cuts the base. 
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Using equation (10.3), 
Fh 490500 _ 10 


* x = x =1. F a 
eS a = 976100 Ge 


10.4. STRESSES ACROSS THE SECTION OF A RECTANGULAR DAM 


Fig. 10.4 shows a rectangular dam of height H and width b. 
The dam is having water upto a depth of h. The forces acting on dam are 


(i) The force F due to water at a height of — ¢—__— b—___ > 7 
h 
3 above the base of the dam, T 
z 
(ii) The weight W of the dam at the C.G. ae 
ofthedam, 
The resultant force R is cutting the base é 7 


of the dam at the point M as shown in Fig. 10.4. h 
Let x = The horizontal distance between F O F 
the line of action of W and the 
point through which the result- 
ant (R) cuts the base (i.e., dis- 
tance MN in Fig. 10.4). This dis- 
tance is given by equation (10.3). 
FA 
=—x— 
W 3 
d = The distance between A and the 
point M, where the resultant R cuts the base 
= Distance AM = AN + NM 
b F oh : ; 
= 5 + WwW x 3 (.* Distance AN = Half the width of dam) 
The resultant R meets the base of the dam at point ——_ 
M. This resultant force R acting at M may be resolved into 
vertical and horizontal components. The vertical component 
will be equal to W whereas the horizontal component will be 
equal to F'as shown in Fig. 10.4 (a). The vertical component 
W acting at point M on the base of the dam is an eccentric 
load as it is not acting at the middle of the base. The point 


Nin Fig. 10.4 for a rectangular dam is the middle point of a 
the base. 
But an eccentric load produces direct stress and i oY 
bending stress as mentioned in chapter 9. 
. Eccentricity of the vertical component Wis equal N F M B 
to distance NM which is equal to x in this case. <— 2 |e x >| 
Fig. 10.4 (a) 


*x can also be obtained by taking moments of all forces (i.e., force F and W) about the point M. 


10 F 10 490500 10 
—-wWw =k eS xe 
Fx 3 xx or x W3 1079100 x 3 1.51 m. 
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Eccentricity, e = Distance x (or Distance NM) ...(10.4) 
b 
=-AM-AN=d- > PeGlitsy 


Due to the eccentricity, there will be a moment on the base of the dam. This moment will 
cause some bending stresses at the base section of the dam. 


Now the moment on the base section 


= W x Eccentricity Axis 
=We t—_——_ b —>___________>| 
Moment, M=W.e 
M oO, : 
We know that ca = ..(Z) 
y im 
where M = Moment 
I = Moment of inertia 
3 
= 1xb (See Fig. 10.5) Base section 
12 of dam 
33 Fig. 10.5 
9 


6, = Bending stress at a distance y from the centre of gravity of the base section 
y = Distance between the C.G. of the base section and extreme edge of the base (which is 


b 
equal to + 3 in this case). 


Substituting the values in equation (i), we get 
W.e _ Op 
(b°/12) (+ b/2) 


b : 12 6W.e 
2 oF Be 
The bending stress across base at point B (see Fig. 10.4) 
6 W.e 
b2 
And the bending stress across base at point A 


o,=+W.e 


b2 
But the direct stress on the base section due to direct load is given by 
Weight of dam W W 


Areaof base ~ 6x1 6° 
Total stress across the base at B 


W 6W.e *( =) 
+ = 1+ 
b b? b 


Oo = 


Snax = Fo + 94 = 


...(10.6) 
and total stress across the base at A, 


Onin = 9 + Bending stress at point A 


bb bP 
ey 


at the 


at the 
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= F(-S) «A 10.7) 


If the value of o,,,, is negative, this means that at the point A the stress is tensile. 
Problem 10.3. For the Problem 10.1, find the maximum and minimum stress intensities 
base of the dam. 
Sol. The data given for Problem 10.1 is 

H = 20m, 6=10m,h = 16 m, w, = 19620 N/m? 
The force calculated are 

F =1255680N, W=38924000N 


And distance, x = 1.706 m. 
From equation (10.4), we know 
Eccentricity, e = Distance x 
= 1.706m (x = 1.706 m) 


Maximum stress at the base of the dam (i.e., 6 
Using equation (10.6), we have 
Ww (1452) _ 3924000 (1+ 6 x ae 
max  b b 10 10 

= 392400 (1 + 1.0236) 

= 794060.64 N/m? = 0.794 N/mm? (compressive). Ans. 
Minimum stress at the base of the dam (i.e., 6 
Using equation (10.7), we get 

W ( “*) _ 3924000 ( 6 x are) 
Oo, = 1- = 1- 
wee b b 10 10 

= 392400 (1 — 1.0236) = — 9260.64 N/m? 

= 0.00926 N/mm? (Tensile). Ans. 
Problem 10.4. For the Problem 10.2, find the maximum and minimum stress intensities 
base of the dam. 
Sol. The data given for Problem 10.2 is 

H=h=10m,}b=5 mand w, = 21582 N/m? 
Calculated values are 
F = 490500 N, W = 1079100 N, x = 1.51 m. 

From equation (10.4), we know 
Eccetricity, e=x=1.51m. 
Maximum stress at the base of the dam (i.e., 6 
Using equation (10.7), we have 


W 6.e 1079100 6x 1.51 
= MS = 5 1+ 5 = 215820 (1 + 1.812) 


= 606885.84 N/m? (compressive). Ans. 
Minimum stress at the base of the dam (i.e., 6 
Using equation (10.7), we have 


vf s*) | sa) 
fo} —aa oe aes | —| 1- 


eae 


a) 


) 


max 


aint 


b 5 5 
= 215820 (2 — 1.812) = — 175245.84 N/m? 


= 175245 N/m? (tensile). Ans. 
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10.4.1. Trapezoidal Dam having Water Face Vertical. Fig. 10.6 shows a trapezoidal 
dam having water face vertical. Consider one metre length of the dam. 


Let H = Height of dam 
h = Height of water, 
a = Top width of dam, 
6 = Bottom width of dam, 
W, = Weight density of dam masonry, 
w = Weight density of water = p x g = 1000 x 9.81 N/m? 
= 9.81 kN/m? = 9810 N/m? 
F = Force exerted by water 
W = Weight of dam per metre length of dam. 
Now the forces acting on the dam are 
(i) F = Force exerted by water 
h? 


= h 
SA ET a 3 


The force F will be acting horizontally at a height of h/3 above the base. 


(ii) W = Weight of dam per metre length of dam 
= Weight density of dam x (Area of cross-section) x 1 


a+b 
= WX (+3*) xHx1 [. Area= ; (Sum of parallel sides) x Height] 
(a + b) 


= Wy X xH 
The weight W will be acting downwards through the C.G. of the dam. 

(i) The distance of the C.G. of the trapezoidal section (shown in Fig. 10.6) from the vertical 
face AC is obtained by splitting the dam section into a rectangle and a triangle, taking the 
moments of their areas about line AC and equating the same with the moment of the total area 
of the trapezoidal section about the line AC. 
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i.e., Area of rectangle x Distance of C.G. of rectangle from AC + Area of triangle 
x Distance of C.G. of triangle from AC = Total area of trapezoidal x Distance AN 
a (ax Hx $4 C= O"F (P=) (2? 
2 2 3 2 
From the above equation distance AN can be calculated. 
(ii) The distance AN can also be calculated by using the relation given below. 


) xx an 


AN = 2 tab" ...(10.8) 
3(a + b) 
Now let x* = Horizontal distance between the line of action of weight of dam and the 
point where the resultant cuts the base 


= Distance MN and it is given by equation (10.3) 


F oh 
=—x— 
W 3 
d = Distance between A and the point M where the resultant cuts the base (i.e., 
distance AM) 
=AN + NM +(10.9) 


The distances AN and NM can be calculated and hence the distance ‘d’ will be known. 


Now the eccentricity, e =d-—halfthe base width of the dam 


-d-3 
Then the total stress across the base of the dam at point B, 
o - 7 (1452) (10.10) 
a. 5 f10: 
and the total stress, acros the base at A, 
W(4_6¢ 
C=) ( 5 eA1O01) 


Problem 10.5. A trapezoidal masonry dam is of 18 m height. The dam is having water 
upto a depth of 15 m on its vertical side. The top and bottom width of the dam are 4m and 8m 
respectively. The weight density of the masonry is given as 19.62 kN/m?. Determine : 


(i) The resultant force on the dam per metre length. 
(ii) The point where the resultant cuts the base, and 
(ii) The maximum and minimum stress intensities at the base. 


Sol. Given : 
Height of dam, H=18m 
Depth of water, h=15m 


Top width of dam, a=4m 
Bottom width ofdam, b=8m 
Weight density of masonry, 
Wy = 19.62 kN/m? = 19620 N/m? 


* The distance x can also be calculated by taking moments of all forces about the point M. 
h Foh 
—— . = 
Fx 3 Wxx x w3 
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(i) Resultant force on dam 


Let us find first the force F and weight of the 
dam. 


Force F=wxAxh 


h 
= 9810 x (h x 1) x 5 


15 
= 9810 x 15 x 5 1103625 N 


h 
And it is acting at a distance of 3 1.é., 


15 
a 5.0 m above the base. 


Now weight of dam is given by 
W = Weight density of masonry 
x Area of dam x 1 


at+b 
=W)X|—9_ xHxi1 


4+8 
- 19620 x (45) «18x 1N 


2 
= 19620 x 6 x 18 = 2118960 N. 
The distance of the line of action of W from the line AC is obtained by splitting the dam into 
rectangle and triangle, taking the moments of their areas about the line AC and equating to the 
moment of the area of the trapezoidal about the line AC. 


4x18 1 4+8 
or 4x18x2+ 9 x (4434) -( 9 ) x18 aN 
or 144 + 36 [5.33] = 108 x AN 
AN = 144 + 36 x 5.33 8 49a. 


108 
AN can also be calculated as given by equation (10.8) 


a’? +ab+b? 4744x848? 


ae 3(a + b) 3(4 + 8) (..a=4mandb=8m) 
_ 16+32+64 112 “aay 
a 36 36 =O. m. 


The resultant force R is given by 


R= JF? + W? = 1103625? + 2118960? 
= 238925.5 N = 2.389 MN. Ans. 
(ii) The point where the resultant cuts the base 


Let «x = The horizontal distance between the line of action of W and the point at which 
the resultant cuts the base. 


Using equation (10.3), we get 
_ FA _ 1103625 | 15 
~W 3. 2118960 3 


x = 2.604 m 
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a distance x can also be calculated by taking moments of all forces about the point M. 


Fxe5=Wxx 
F 1103625 
a ee x5 = Sris9g9 * 2 = 7504 m 
From Fig. 10.6, the distance AM = d. 
d =AN+NM 
=3.11+%x=3.11 42.604 =5.714m 
Now eccentricity, e=d- 2 


8 
= 5.714 - 5 5.714 — 4.0 = 1.714 m. 


(iii) The maximum and minimum stress intensities 
Let O,,ax = Maximum stress, and 


O,,in = Minimum stress 


Using equation (10.10), we get 
_W [1+ <2) _ 2118960 [1+ 6 x aa 
b 8 8 
= 264870 (1 + 1.2855) = 605360 N/m2. Ans. 
Using equation (10.11), we get 
W 6x | 2118960 6x od 
o —|1-——|= 1- 
b 8 8 
= 264870 (1 — 1.2855) = — 75620 N/m?2. Ans. 
— ve sign shows that stress is tensile. 
Problem 10.6. A masonry trapezoidal dam 4 m high, 1 m wide at its top and 3 m width 
at its bottom retains water on its vertical face. Determine the maximum and minimum stresses 


at the base (i) when the reservoir is full, and (ti) when the reservoir is empty. Take the weight 
density of masonry as 19.62 kN/m®. 


min — b 


Sol. Given : 1m 
Height of dam, H=4m Cc 


Top widthofdam, a=l1m SSS 
Bottom width ofdam, b = 3m . 


Depth of water, h=4m 
Weight density of masonry, 
Wy = 19.62 kKN/m? = 19620 N/m? 4m 

Consider one metre length of dam. c F 

(it) When the reservoir is full of water A 4 

The force exerted by water on the vertical face E 

of the dam per metre length is given by, , ty a PRA, Mu : 
Faw xAx h =9810x(4x1)x($) w X— | ap 
: kt——— d—_> 


(w= 9810 N/m? for water) 
= 78480 N ——_—_—n 


Fig. 10.8 
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The weight of dam per metre length is given by 
W = Weight density of masonry dam x Area of trapezoidal x 1 


axb 
=W)X|—9_ xH 


3 
9 x 4= 156960 N. 


Now let us find the position of the C.G. of the dam section. This is done by splitting the 
trapezoidal into rectangle and triangle, taking the moments of their areas about the line AC and 
equating to the moment of the area of the trapezoidal about the line AC. 


1 4x2 1 1+3 
[4x1x3)+] 9 (143 2}) - (729) cana 


1+ 
= 19620 x ( 


or 2+4x167=8xAN 
_ 2+668 8.68 1.08 
“8 Silas 
AN can also be calculated from equation (10.8), as 
AN a +ab+b? 
~ 8(a +b) 
1+1x3+3" 14+3+9 18 
= = = = 1.08 m. 


3(1+ 3) 12 12 


The horizontal distance x, between the line of action of W and the point at which the 
resultant cuts the base, is obtained by using equation (10.3), 


Fh 
“"W 3 
78480 7 ae 0.67 
~ 156960. 3° 
Horizontal distance AM from Fig. 10.7 is given by 
d=AN+x 
= 1.08 + 0.67 =1.75 m 
- b 
Eccentricity, e=d- 3 
3 
=1.75- a 1.75 — 1.50 = 0.25 m. 
Nowlet o,,,,= Maximum stress at the base of the dam, and 
Onin = Minimum stress. 


Using equation (10.10), we get 


Oo =F (14S) 
max — b b 


_ 156960 
3 


(1 ie oes = 78480 N/m2. Ans. 
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Using equation (10.11), we get 


Ww 6.e 
tes 
Onin = ( ) 


156960 6 x 0.25 
=—3 dis 3 = 26163 N/m2. Ans. 
(ii) When the reservoir is empty 
When the reservoir is empty, the force F exerted by water a mi 


will be zero as there is no water retained by the dam. Hence only 
the weight of the dam will be acting as shown in Fig. 10.9. 

The weight of dam, W = 156960 N as before. The position of 
the C.G. of the dam will also remain the same. 


Distance AN = 1.08 m as before. 


Now the resultant force on the dam is equal to the weight 
of the dam, as force F is zero. Hence the horizontal distance at the 
base of dam between A and the point at which the resultant (i.e., 
force W in this case) cuts the base is equal to distance AN. 


“ d=AN =1.08 m. N . 
. . . ‘ @ i Ser ae a TTTTVT7T7T7T7T7T7T77 
As Wis not acting at the middle of the base, this load is an 
j ' kt—_—— 3 m ———_ 
eccentric load. : vas 
Now eccentricity, e=d—— 
2 Fig. 10.9 


3 
= 1.08 - 27 1.08 — 1.5 =— 0.42 m. 


(Minus sign only indicates that stress at A will be more than at B). 
Now using equation (10.10), we get 


Omax = b b 


156960 6 x 0.42 
= 3 e + 3 (Numerically e = 0.42) 
= 96265 N/m’. Ans. 
Using equation (10.11), we get 
WwW 6.e 
ee 6 eee 
Onin =" ( b 
156960 (1 _ 6x 2) 
~ 3 3 
= 8367.93 N/m2. Ans. 


Problem 10.7. A masonry dam, trapezoidal in cross-section, 4 m high, 1 m wide at its 
top and 3 m wide at its bottom, retains water on its vertical face toa maximum height of 3.5 m 
from its base. Determine the maximum and minimum stresses at the base (i) When the reservoir 
is empty, and (ii) When the reservoir is full. Take the unit weight of masonry as 19.62 kN/m?. 
Sol. Given : 
H=4m,a=1m,b=3m 
h = 3.5 m, wy, = 19.62 kN/m? = 19620 N/m? 
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H————>| 


Wp = 


=== | N M 
awh FIFE ETI IAT I IIT TTT 7 

}¢— x —>| 
}¢——— d—_4} 
\q b= 3m >| 


7 


Fig. 10.9 (a) 


Weight density of water, w = 9810 N/m? 
Consider 1 m length of the dam. 
The force F exerted by water is given by 


_ h 
F=wxAxh =9810x (hx Ix > 


3.9 
= 9810 x (3.5 x 1) x 9 = 9.81 x 6125 N = 60086 N 


h 
This force acts at a height of 3° 97 1.167 m above the ground. 


The weight W of the dam per metre length is given by 


a+b 
W=w, x a xHxl1 


3 
5) ] x41 = 156960.N 


The distance of C.G. of the dam section from point A [i.e., distance AN of Fig. 10.9 (a)] is 
given by equation (10.8) as 


1+ 
= 19620 x ( 


a +ab+b?  12+1x3+3? 


AN = 


Bla+b) ——«<H' 3) 
2 8 ae 
i "Qe 


The horizontal distance ‘x’, between the line of action of W and the point at which the 
resultant cuts the base, is obtained by using equation (10.3) as 
7 FA _ 60086 35 
W 3 156960 3 
(i) Maximum and Minimum stresses at the base when the reservoir is empty: 
When the reservoir is empty (i.e., there is no water), the only force acting on the dam will 
be its own weight i.e., 156960 N. The position of C.G. of the dam section will remain same. Hence 


= 0.446 m 


x 
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distance AN = 1.08 m. Also the resultant force here will be W only. The distance of the point 
where resultant cuts the base from A will be 


d=AN=1.08m 
Hence eccentricity ‘e’ is given by 


(Minus sign only indicates that stress at A will be more than that of at B) 
The stresses are given by equation (10.10) as 


: Ww (12 one) 156960 [a sxc) 


~ 6 b 3 > 


156960 (. . 6x 0.42 
— (12 S )=52820(1 40.84 


Maximum stress = Onan 
= 52320 (1 + 0.84) = 52320 (1.84) N/m? 
= 96268.8 N/m2. Ans. 
and Minimum stress = Onin 
= 52320 (1 — 0.84) = 52320 (0.16) 
= 8371.2 N/m?. Ans. 
(ii) Maximum and minimum stresses when reservoir is full: 


In this case, two forces i.e., F and W are acting on the dam. The resultant (R) of these two 
forces cuts the base at the point M. The distance AM is given by, 


d=AM=AN+x 
= 1.08 + 0.446 = 1.526 m 
Now eccentricity is obtained as 


b 
e=d—5 = 1.526 = = 1526-15 = 0.026 m 


Maximum stress is given by, 


w (1+ sxe) 
5 max = b b 


156960 ( 6 x 0.026 
1+ 

3 3 

= 55040.64 N/m2. Ans. 


Ww 6 xe 
and oO a t= 


= 52320 (1 + 0.052) 


min b b 
156960 e 6 x 0.026 
3 3 
52320 x 0.948 = 49599.36 N/m2. Ans. 


= 52320 (1 — 0.052) 
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10.5. TRAPEZOIDAL DAM HAVING WATER FACE INCLINED 


Fig. 10.10 shows a trapezoidal dam section having its water face inclined. 


| 


| 


A N 
TIVIVITTT TTT ATT TTT NT 


Let H = Height of dam, 
h = Height of water, 
a = Top width of dam, 
6 = Bottom width of dam, 
W, = Weight density of dam masonry, 
w = Weight density of water = 9810 N/m? 
6 = Inclination of face AC with vertical, 
F = Force exerted by water on face AC, 
F.. = Component of F in x-direction = F cos 8, 
F’, = Component of F in vertically downward direction = F sin 6, 
W = Weight of dam per metre length of dam, 
a+b 
= Wy X (=?) xH 
L = Length of sloping side AE which is subjected to water pressure. 
Consider one metre length of the dam. 
Now in triangle AEF, 


any veel) 
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The force acting on the dam are 
(i) The force exerted by water on face AE is given by, 


F=wAh 
where A= AreaoffaceAE 
=AEx1 (.* Length of dam perpendicular to plane of paper = 1 m) 
iow » AB=L=—" 
- cos 8 cos 8 
— A 
he= 2 
h he 
F=wx z =v* 


cos 8 6 2° 2cos0 


h 
The force F acts perpendicular to the face AE as shown in Fig. 10.10 at a height 3 above 
the base. 


Now, PF. =F x cos 8 
w xh? . paewxk 
~ 2cos 0 = COE S ; 2 cos 0 
_ wxh? 
~ @Q 
= Force exerted by water on vertical face AF 
and i, =F sin 0 
wx h? ; 2 pewxk 
~ 2 cos 0 wane’ 2. cos 0 
2 
Beda x tan 0 
2 
2 
-#< x fe InAAEF, tan 0-47 | 
wxh? EF 
= 9 as (2 AF=h) 
_ hx EF 
=x 5 
EF xh 
= w x Area of triangle AEF (- Area of A AEF = 


= w x Area of triangle AEF x 1 
= Weight of water in the wedge AEF. 


Hence the force F,, acting on inclined face AE is equivalent to force F, acting on the 
vertical face AF and force F’, which is equal to the weight of water in the wedge AEF. 
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h 
The force F,, acts at a height 3 above the base whereas the force F,, acts through the C.G. 


of the triangle AEF. 
(ii) Weight of dam per metre length of the dam and it is given by 


a+b 
W= >) x H x Wp. 


The weight W will be acting through the C.G. of the trapezoidal section of the dam. The 
distance of the C.G. of the trapezoidal section shown in Fig. 10.10 from the point A is obtained by 
splitting the dam section into triangles and rectangle, taking the moments of their areas about 
the point A and equating the same with the moment of the total area of the trapezoidal section 
about the point A. By doing so the distance AN will be known. 

(tit) The force R, which is the resultant of the forces F and W, cuts the base of the dam at 
point M. The distance AM can be calculated by taking moments of all forces (i.e., forces F,, F. , 
and W) about the point M. But the distance AM = d. 


Now the eccentricity, e=d— . 


Then the total stress across the base of the dam at point B, 


°o -¥ (1452) (10.12) 
ie 5 sO, 
and the total stress across the base of the dam at point A, 
Y fp Be 
oni = ( 5 ...(10.13) 
where V = Sum of the vertical forces acting on the dam 


=F + W. 

Brobleis 10.8. A masonry dam of trapezoidal section is 10 m high. It has top width 
of 1 m and bottom width 7 m. The face exposed to water has a slope of 1 horizontal to 10 
vertical. Calculate the maximum and minimum stresses on the base, when the water level 
coincides with the top of the dam. Take weight density of masonry as 19.62 kN/m?*. 

Sol. Given : 

Height of dam, H=10m 

Top width of dam, a=1m 

Bottom width of dam, b=7m 

Slope of face exposed to water = 1 hor. to 10 vertical 

Length of EC in Fig. 10.11=1m 

Depth of water, h=10m 

Weight density of masonry, w, = 19.62 kN/m? = 19620 N/m? 

Consider one metre length of the dam. 

Let the weight of dam (W) cut the base at N whereas the resultant R cuts the base at M. 

The force F due to water acting on the face AC is resolved into two components F,, and F, 
as shown in Fig. 10.11. 

But F.. = Force due to water on vertical face AE 


=wxAxh 
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10m 


10/3 m 


ee 


10 
= 9810 x (10 x 1) x (. Area, A =AE x 1) 
= 490500 N 


10 
The force F’, will act at a height of 3m above the base of the dam. 


F’, = Weight of water in wedge AEC 
= w x Area of AEC x 1 (: Length of dam = 1 m) 


10x1 
= 9810 x x 1=49050N. 
The force i. will act downward through the C.G. of the triangle AEC i.e., at a distance 


¥X1=5 m from AE. 


at+b 1+7 
Weight of dam, W=w,x|—5 | x H = 19620 x x 10 = 784800 N. 


2 2 
The weight W will be acting through the C.G. of the dam. 
The position of C.G. of the dam (i.e., distance AN) is obtained by splitting the trapezoidal 
into triangles and rectangle, taking the moments of their areas about A and equating to the 
moment of area of the trapezoidal about the point A. 


10x1 2 10x5 5 (a+b) 
x—|+(10x 1x 1.5) + x} 24+—]/= 
( 3 4 ( ) 5 ( 4 5 xHxAN 
14+7 
or 3.33 +15 +91.67=("*"] x 10x AN =40 x AN 
110 
AN = 49 725m 


The resultant force R cuts the base at M. To find the distance of M from A (i.e., distance 
AM), take the moments of all forces about the point M. 
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or 


or 


or 


or 


or 


10 
F x3 —#, x AM — 0.33) - Wx NM = 0 


x 


10 
490500 x = 49050 x (AM — 0.33) — 784800 x (AM —AN) = 0 
(. NM =AM-—AN) 


4905000 
3.7 490500 AM + 16350 — 784800 AM + 784800 x 2.75 = 0 
(. AN =2.75) 
490500 
+ 16350 + 784800 x 2.75 = 784800 AM + 49050 AM 
3809550 = 833850 AM 
_ 3809550 _ 4.568 
~ 833850 — 
d = 4.568 (. AM =d) 
b 
Now the eccentricity, e=d- 2 


7 
= 4.568 — 27 4.568 — 3.5 = 1.068 m. 


Maximum and Minimum stresses on the base 
Let © ax = Maximum stress on the base, 

© ,in = Minimum stress on the base. 
Using equation (10.12), we get 


Vv 6.e 
= —| 1+— 
Snae= F| b 


where V =Total vertical forces on the dam 


= W + F,, = 784800 + 49050 = 833850 N 
833850 ( 6+ a 
= 1+ 
max 7 7 
= 228167 N/m2. Ans. 
Using equation (10.13), we get 


V 6.e 
aie 
Snin= | b 


_ 883850 [1- 6 x ne) 


7 6 
= 10077.8 N/m?. Ans. 
Problem 10.9. A masonry dam of trapezoidal section is 10 m high. It has top width 


of 1 mand bottom width 6 m. The face exposed to water has slope of 1 horizontal to 10 vertical. 


Calculate the maximum and minimum stresses on the base when the water level coin- 


cides with the top of the dam. Take weight density of masonry as 22.563 kN/m?*. 


Sol. Given: 

Height of dam, H=10m 
Height of water, h=10m 
Top width of dam, a=l1m 


Bottom widthofdam, 6=6m 


DAMS AND RETAINING WALLS 


Slope of the face AC which is exposed to lt mie 
water = 1 horizontal to 10 vertical. 
EC=1m (. AH=10m) 
Weight density of masonry, 
Wy = 22.563 kN/m? 
= 22563 N/m® 
Consider one metre length of dam. 
Now the force F due to water acting on the face 
AC is resolved into two components F’, and Fas shown 
in Fig. 10.12. 
Force, F.. = Force due to water acting on 
vertical face AE 


=wxAxh 


10 
= 9810 x (10 x 1) x = 


= 490500 N 
and Force, F, = Weight of water in the wedge AEC 
=w x Area of triangle AEC x 1 
ECx AE 
2 
1x10 
2 


=W XxX x1 


= 9810 x 
Weight of dam, 


x 1 = 49050 N 


a+b 1+6 
W=w.x(“S"] « H=22563 x | 5) x 10 
= 789705 N. 
The position of the C.G. of the dam (i.e., distance AN )is obtained by splitting the trapezoidal 
into triangles and rectangle, taking the moments of their areas about A, and equating to the 


moment of the area of the trapezoidal about point A. 


10x1) 2 1 10x4 1 at+b 
X>+10x1x Ms + 9 x Dont Oe = xHxAN 


2 3 2 
or 3.88 +15 +20x ===" x 10x AN 
85 = 35 x AN 
= = = 2.43 m. 


Now let the resultant R of forces F and W cut the base at M. 
Taking the moments of all forces (i.e., force F., fF and W ) about the point M, we get 


10 1 
Fox 0 = WxNM+F, x(AM-x1] 


10 1 
490500 x re 789705 x (AM — AN) + 49050 [au - 5 
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49050 
i = 789705 x AM — 789705 x AN + 49050 x AM — 3 
17 49050 17 
=AM x (789705 + 49050) — 789705 x 773 € AN = 2) 
49050 
= AM x 838755 — 1917855 — 3 
4905000 49050 
AM x 838755 = —_ 3. + 1917855 + 5. = 3569205 
3569205 
b 
Eccentricity, e=AM - 2 (. AM=d) 


6 
= 4.255 — 27 4.255 — 3.0 = 1.255 m. 


Maximum stress on the base 
Using equation (10.12), we get 


o. = v (1452) 
max b b 


where V = Total vertical forces on the dam 
=W+ oe = 789705 + 49050 = 838755 N 
838755 6+ 1255 
oO = 1+ 6 


max 6 


= 315232 N/m?. Ans. 
Using equation (10.13), we get 


o.. (1-5) 
min b b 


_ 838755 (a- 6+ 1255 
~ 6 6 


= 35647 N/m?2. Ans. 


10.6. STABILITY OF A DAM 


A dam should be stable under all conditions. But the dam may fail : 

1. by sliding on the soil on which it rests, 

2. by overturning, 

3. due to tensile stresses developed, and 

4. due to excessive compressive stresses. 

10.6.1. Condition to Prevent the Sliding of the Dam. Fig. 10.13 shows a dam of 
trapezoidal section of height H and having water upto a depth of h. The forces acting on the dam 
are: 


h 
(i) Force due to water pressure F acting horizontally at a height of 3 above the base. 


(ii) Weight of the dam W acting vertically downwards through the C.G. of the dam. 

The resultant R of the forces F and Wis passing through the point M. The dam will be in 
equilibrium if a force R* equal to R is applied at the point M in the opposite direction of R. Here 
R* is the reaction of the dam. The reaction R* can be resolved into two components. The vertical 
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component of R* will be equal to W whereas the horizontal component will be equal to frictional 
force at the base of the dam. 


IN 
<x > 
}¢——— d*__—_» 


Fractional 
force = nW 


Fig. 10.13 


Let pt = Co-efficient of friction between the base of the dam and the soil. 

Then maximum force of friction is given by, 

F oe xWw ...(10.14) 

If the force of friction 7.e., Fis more than the force due to water pressure (i.e., F’), the 
dam will be safe against sliding. 

10.6.2. Condition to Prevent the Overturning of the Dam. If the resultant R of the 
weight W of the dam and the horizontal F due to water pressure, strikes the base within its 
width i.e., the point M lies within the base AB of Fig. 10.13, there will be no overturning of the 
dam. This is proved as: 

For the dam shown in Fig. 10.18, taking moments about M. 

Moment due to horizontal force F about point M 


h 
=Fx Fi ..(Z) 
Moment due to weigth W about point M 
=Wxx (iz) 


The moment, due to horizontal force F, tends to overturn the dam about the point B ; 
whereas the moment due to weight W tends to restore the dam. If the moment due to weight W 
is more than the moment due to force F’, there will be no overturning of the dam. For the 
equilibrium of the dam, the two moments should be equal. 


F x = =-Wxx iii) 


Since overturning can take place about point B, hence restoring moment about the 
point B 
=WxNB 
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But overturning moment due to force F about point B 
=Fx “ =Wxx E from equation (iii) F x “ =Wx *] 


There will be no overturning about point B, if restoring moment about B is more than the 
overturning moment about B i.e., 


if WxNB>Wxx 
or NB>«x 
>NM (. x=NM) 


This means that there will be no overturning of the dam if point M lies between N and B 
or between A and B. 

10.6.3. Condition to Avoid Tension in the Masonry of the Dam at its Base. The 
masonry of the dam is weak in tension and hence the tension in the masonry of the dam should 
be avoided. The maximum and minimum stresses across the base of the dam are given by 
equations (10.10) and (10.11). The maximum stress is always compressive but the minimum 


6. 
stress given by equation (10.11) will be tensile if the term (1 = **) is negative. In the limiting 


case, there will be no tensile stress at the base of dam 


6.e 
if 1- —20 
b 
or b-6.e20 or b>6.e 
b 
or 6.e<b or ese 510.15} 


where e = Eccentricity and b = Base width of dam. 


b 
This means that the eccentricity of the resultant can be equal to 6 the either side of 


the middle point of the base section. Hence the resultant must lie within the middle third of the 
base width, in order to avoid tension. Refer to Fig. 10.13. 

If d* = Maximum distance between A and the point through which resultant force R 
meets the base. 


b 
Then e=d*— 2 .(Z) 
But to avoid tension at the base of the dam, maximum value of eccentricity, 
b 
es 6 .. (i) 
From equations (i) and (ii), we have 
d*— 6 < g 
2 6 
ge? 8 05D FP ee (10.16) 


6 2 b 5 3 
Hence if the maximum distance between A and the point through which resultant force R 
meets the base (i.e., distance d*) is equal to or less than two third of the base width, there will be 
no tension at the base of dam. 
10.6.4. Condition to Avoid the Excessive Compressive Stresses at the Base of 
the Dam. The maximum and minimum stresses across the base of the dam are given by 
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equations (10.10) and (10.11). The condition to avoid the excessive compressive stresses in the 
masonry of the dam is that the p,,,,,/-e., maximum stress in the masonry should be less than the 
permissible stress in the masonry. 

Problem 10.10. A trapezoidal masonry dam having 4 m top width, 8 m bottom width 
and 12 m high, is retaining water upto a height of 10 m as shown in Fig. 10.14. The density of 
masonry is 2000 kg/m? and coefficient of friction between the dam and soil is 0.55. The allow- 
able compressive stress is 343350 N/m?. Check the stability of dam. 


Sol. Given : 

Top width of dam, a=4m 
Bottom width of dam, b6=8m 
Height of dam, H=12m 
Depth of water, h=10m 
Density of masonry, Py = 2000 kg/m? 


Weight density of masonry, 
W, = 2000 x 9.81 N/m? 
Co-efficient of friction, 


wu = 0.55 
I¢— 4 m—> 
-_ 
————E 
12m 
10m 
F 
10/3 m 
ne ee ‘A B ¥ 
wv 
k¢—— X —_| 
le d >| 
¢——_ 8 m9 
Fig. 10.14 


Allowable compressive stress 
= 343350 N/m? 
Consider on metre length of dam. 
The horizontal force F exerted by water on the vertical side of dam is given by 


F=awxAxh 


10 
= 1000 x 9.81 x (10 x 1) x 2 
= 490500 N 
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10 
The force F will be acting at a height of 3m above the base. 


Weight of the dam per metre length is given by, 
w = Weight density of masonry x Area of trapezoidal section x 1 


4+8 
= wy x (229) 1x1 = 2000x981 x (5) x12x1 


= 1412640 N. 
The weight W will be acting at the C.G. of the dam. The C.G. of the dam is obtained by 
splitting the trapezoidal section into rectangle and triangle, taking the moments of their areas 
about the point A and equating to the moment of the area of the trapezoidal about A. 


4x12 4 4+8 
4x12x2+4+ 5 x(4+4) -( 2 } x12 aN 


3 
16 
or 96 + 24x — = 72 x AN 
or 96 + 128=72xAN 
96+128 224 
AN = 72 = 72 = 3.11 m. 
Taking the moments of the forces acting on the dam about the point M. 
10 
Fx =Wxx 
3 
“a a F . 10 _ 490500 . 10 —~1157m 
WwW 3 1412640 3 
Distance AM =AN +x 


= 3.11 + 1.157 = 4.267 m. 
(i) Check for the tension in the masonry of the dam 
Now from equation (10.15), we have 


2 2 
*#<—xb< : 
d $3 3 * 8.0 
< 5.33 m. 


2 
As the distance AM is less than d* or 3 x 6 (i.e., 5.33 m), the dam is safe against the 


tension in its masonry at the base. Ans. 
(ii) Check for overturning 
The resultant is passing through the base AB of the dam and hence there will be no 
overturning. 
(iii) Check for sliding of the dam 
From equation (10.14), the maximum force of friction is obtained as, 
F hax = Xx W 
= 0.55 x 1412640 = 776952 N. 
Since force of friction is more than the horizontal force due to water (i.e., F = 490500), the 
dam is safe against sliding. 
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(iv) Check for excessive compressive stress at the base of the dam 
From equation (10.10), the maximum stress at the base of the dam is given by 


Oo =F (14) 
max ~ b b 
b 


where e=d->=AM- > (. d=AM) 


8 
= 4.267 - a= 0.267 m 


W = 1412640 N 
_ 1412640 


max — 8 


6 x 0.267 
(1+ : : = 211940 N/m?. 


Since the maximum stress is less than the allowable stress, hence the masonry of the dam 
is safe against excessive compressive stress. Ans. 


Problem 10.11. A trapezoidal masonry dam having top width 1 m and height 8 m, is 
retaining water upto a height of 7.5 m. The water face of the dam is vertical. The density of 
masonry is 2240 kg/m? and co-efficient of friction between the dam and soil is 0.6. Find the 
minimum bottom width of the dam required. 


Sol. Given : 
Top width, a=10m >it mie 
Height of dam, H=80m 
Depth of water, h=75m 
Density of masonry, (, = 2240 kg/m? 


Weight density of masonry, 
Wy = Py X § = 2240 x 9.81 N/m? 
Co-efficient of friction, u = 0.60 


Let 6 = Width of dam at the base. Con- 
sider one metre run of the dam. Horizontal force 
F exerted by water is given by, 


F=wxAxh 


7.5 
= 1000 x 9.81 x (7.5 x 1) x > 


(.: w for water =p x g 
= 9810 N/m?) 


= 275906.25 N. 
The weight of dam per metre run is given by, 
a+b 


Ww, (S*) xwx4 


1+b 
= 2240 x 9.81 (=*) x 8x 1 = 87897.6(6+1)N. 


The weight W will be acting through the C.G. of the dam. The distance of the C.G. of the 


dam from A is given by equation (10.8). 
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a? +ab+b? 

Ne aie 5 
_ P+1xb+b? _14+b+0? 
311+6)  —-3(1+) * 


The horizontal distance x, between the line of action of W and the point at which the 
resultant force R cuts the base, is obtained by using equation (10.3). 
F oh 
= 2x 
W 3 
_ _ 275906.25 . 7.5 — 7.847 
~ 87897.6(6+D) 3 (6+) 
Distance d=AM=AN+NM=AN+<x 
1+b+b? 7.847 
~ 30+b6) (+0 


x 


(2) 


2 
(t) There will be no tension in the dam at the base ifd < — b 


~ 3 
ae 2 
Hence for the limiting case d = a b 
2 
or > a + = = = b [Substituting the value of d from equation (i)] 
14+6+67+3x 7.487 =2b(b +1) 
or 1+6b +b? + 22.461 = 2b? + 2b 
or b2 + b — 23.461 = 0. 
The above equation is a quadratic equation. Its solution is 
~14 1? +4x1x23461  - 149.7387 
b= = 
2 2 
= —— (Neglecting negative value) 
(ii) There will be no sliding of the dam if 
uW>F 
or 0.6 x 87897.6 (6 + 1) > 275906.25 
275906.25 
or (6+1)> 06878976 > 5.23 
or b> 4.23 (iit) 


Hence the minimum bottom width of the dam, so that there is no tension at the base of the 
dam and also there is no sliding of the dam, should be greater of the two values given by equations 
(ii) and (iii). 

Minimum bottom width=4.37m. Ans. 

Problem 10.12. A masonry gravity dam is vertical at the water face and has a height of 
8.5 m above its base. It is 1.2 m wide at the top. It retains water upto a height of 8 m above the 
base. The density of masonry is 2300 kg/m. Determine the minimum bottom width required 
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to satisfy “no tension” condition in the section and also to ensure that there is no sliding at the 
base. The co-efficient of friction between the dam and foundation is 0.5. 


h 


3 


ue A N M 
TLATAALECLCTLEOLAAELAACTALTETE FALE. 
e—— x ——> 


Fig. 10.15 (a) 


Sol. Given : 

Height of dam, H =85m 
Width at top, a=12m 
Depth of water, h=8m 


Density of masonry, p, = 2300 kg/m® 

Weight density of masonry, 

Wy = Py XZ = 2300 x 9.81 N/m? 

Weight density of water, 
1000 x 9.81 N/m? = 9810 N/m? 
Co-efficient of friction, u = 0.5 
Let 6 = Bottom width at the base 
Consider 1 m length of the dam 


W 


The force F exerted by water is given by 


_ h 
F=wxAxh = 9810 x (hx 1)x 5 


8 
= 9810 x (8x x > 
= 313920 N ..(Z) 
The weight of dam is given by 


a+b 


W=w,x/ )xux4 


b 
= (2300 x 9.81) x ( 2 x8.5x1 
= 95892.75 (1.2 + b) (i) 
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The horizontal distance x, between the line of action of W and the point M at which the 
resultant force R cuts the base, is given by equation (10.3) as 


_F yh 
~ WwW 3 
313920 8 26.19 


95892.75(1.2+6) 3 3(1.2+5) 
The weight W will be acting through the C.G. of the dam. The horizontal distance of the 
C.G. of the dam section from point A is given by equation (10.8) as 


7 a? +ab+b? 
3(a + b) 
1.27+1.2b+b7 — 1.444+1.2b+B? 
~ 30.2+b) ~—«:31.2 +) 
Now distance, d=AM=AN+NM=AN+x 


_ 1444+1.2b+67 26.19 
~~ 3d.2+6) 30.246) 
_ 144+ 1.2b+b? + 26.19 

7 3(1.2 + d) 


27.63 + 1.2b +b? es 
= _ ...(Zit) 
3(1.2 + b) 
(a) Width at the base for no tension at the base 


There will be no tension in the dam at the base if 


a 
dszb 
27.63+1.2b+b7 2 
or <—b 
3(1.2 + b) 3 
or 27.63 + 1.2b + b? < 20(1.2 + b) 
<2.4b + 2b? 
or 0 <2.4b + 2b2 — 27.63 — 1.2b — b? 
or 0 <b? + 1.2b —27.63 
or b2 + 1.2b — 27.63 = 0 


For limiting case, b? + 1.2b — 27.63 = 0. 
The above equation is a quadratic equation. Hence its roots are given by 


ed: (12? +4x1x2763 -1241058 
~ 2x1 ~ 2 
= 4.69m (Neglecting —ve root which is not possible) 
Hence there will be no tension at the base, if width b is more than 4.69 m. 
(6) Width of dam for no sliding of dam at the base 
There will be no sliding of the dam at the base if uW = F. 
Substituting the values of W from equation (iz) and of F from equation (i), we get 
ux 95892.75 (1.2 + b) > 313920 
or 0.5 x 95892.75 (1.2 + b) = 313920 


or 


or 


(9+) >——813920_, 
oF = 05 x 95892.75 ~ 


b2(6.54-1.2)25 


For no tension, we have 6>4.69m 
For no sliding at the base b2>5.34m 
To satisfy both the conditions, 625.34m 
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6.54 


.34 m. 
(c) Width of dam for no tension condition and also for no sliding at the base 


Minimum bottom width =5§.34m. Ans. 
Problem 10.13. A masonry dam of trapezoidal section is 12 m high with a top width of 
2m. The water face has a better of 1 in 12. Find the minimum bottom width necessary so that 
tensile stresses are not induced on the base section. Assume density of masonry = 2300 kg /m?, 
that of water = 1000 kg/m? and no free board. 


Sol. Given : 
Height of dam, H=12m 
Top width, a=2m 
Slope of water face =1lin12 
1 CD_CD 
or tan @ = 2° AD 12 
Length CD =1m 
Density of masonry,p, = 2300 kg/m? 
Weight of density of masonry, 
Wy, = 2300 x 9.81 N/m? 
Density of water, p =1000kg/m® 
Weight density of water, 
w = 1000 x 9.81 N/m?. 
No free board means the depth of water is equal 
to the height of dam. 


Depth of water, h =12m 
Consider one metre length of the dam. 
The forces acting on the dam are : 
The force F due to water acting on the face AC is 


perpendicular to the face AC. This force F is resolved 
into two components F’, and F’, as shown in Fig. 10.16. 


(i) Force F’, = Force due to water acting on 
vertical face AD 


=wxAxh 

12 
= 1000 x 9.81 x (12x 1)x a 
= 72000 x 9.81 N. 


12 
The force F’, acts at a height of os 4 m above the base of the dam i.e., from point A. 


(ii) The force F’, = Weight of water in the wedge ADC 
= w x Area of triangle ADC x 1 


12x 
= 1000 x 9.81 x 


1 
x 1 = 6000 x 9.81 N. 
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The line of action of F F is at a distance of 3 m from line AD. 


(iii) Weight of dam, W-=w, x Area of trapezoidal x 1 


a+b 
= 2300 x 9.81 x xHx1 


2 
2+b 

= 2300 x 9.81 x a x12x1 

= 13800 x 9.81(2 + B) N. 


The weight of the dam (W) is acting at the C.G. of the dam. The position of C.G. of the dam 
(i.e., distance AN in Fig. 10.16) is obtained by splitting the trapezoidal into triangles and rectangle, 
taking the moments of their areas about A and equating to the moment of area of the trapezoidal 
about the point A. 


: b 
(2X4) x2 s1ax2xa+n+ BXG-® ,[3+2xo-9)]-(% )<Hxan 


2 2 


or 4448 + 66-3)x(3+2=9)- (258) «12 xan 


b+6 
3 


or 52+ 6(6-3)( )=62 +6) xan 


a AN = 156 + 6(b6 — 3)(b + 6) 
3x6x(2+5)) 
The resultant R cuts the base at M. To find the distance of M from A (i.e., distance AM or 
d), take the moments of all forces about the point M. 


Fx4-F x(a-3)-Wxx=0 
x yy: 3 


or 72000 x 9.81 x 4— 6000 x 9.81 x (a - 5 — 18800 x 9.81(2 +6) xx =0 


But x=d—AN ..(Z) 
156 + 6(b — 3)(b + 6) 

18(2 + bd) 
Substituting the value of x in equation (i), we get 


=d 


9.81 x 72000 x 4 — 6000 x 9.81 (a a 5 — 138800 x 9.81(2 + b) 


[a 156 + 6(b — 3)(b + 6) ai 


18(2 + b) 


2 
To avoid the tension at the base of the dam, the distance d < 3 b. 
Taking the limiting value, we get 


ek. 
3 
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Substituting this value of d in above equation, we get 


2b 1 
9.81 x 288000 — 6000 x 9.81 (2 = 5 — 13800 x 9.81(2 + 6) 


[2 156 + 6(b — 3)(b + ® 
x - = 0. 


3 18(2 +b) 
or 288000 — 2000(2b — 1) — 13800(2 + b) x | 22% 6% @ + 6) ~ 156 — 6H ~ 36 +6) | _ 9 
18(2 +b) 


3800 


1 
or 288000 — 2000(26 + 1) — 


18 [12b(2 + b) — 156 —- 6(6 — 3)(6+ 6)] = 0 
138 

or 2880 = 20(2b — 1) - 73 [24b + 126? — 156 - 6(b7 + 3b-18)] = 0 

23 
or 2880 — 406 + 20—— [6b? + 6b —48] = 0 
or 2880 — 40b + 20 — 23 [267+ 2b-16] = 0 
or 2880 — 40b + 20 — 46b? — 46b + 36.8 = 0 
or — 46b?—86b + 3268 = 0 
46b? + 86b — 3268 = 0. 


The above equation is a quadratic equation. Hence its solution is 


5 - 786# 186" +4x 46x 3268 _ - 86 + 780.19 


2x 46 92 
= ae ae (Neglecting —ve roots) 
= 7.545 m. Ans. 

Problem 10.14. A mass concrete dam shown in Fig. 10.17 (a) has a trapezoidal cross- 
section. The height above the foundation is 61.5 m and its water face is vertical. The width at 
the top is 4.5 m. 

Calculate the necessary minimum width of the dam at its bottom, to ensure that no 
tension shall be developed when water is stored upto 
60 metres. Draw the pressure diagram at the base of 
the dam, for this condition, and indicate the maxi- 
mum pressure developed. 

Take density of concrete as 2,400 kg/m? and that 
of water as 1,000 kg /m*. 


a2 — 
Cc 


v4 


Sol. Given : 

Height of dam, H=61.5m 
Top width of dam, a=4.5m 
Height of water, h=60m 


Density of concrete, ~, = 3400 kg/m? 
Weight density of concrete, 
W, = 2400 x 9.81 N/m? 
Density of water, p = 1000 kg/m? 
Weight density of water, 
w = 1000 x 9.81 Nm? Fig. 0i7@ 
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Let b= Minimum width of the dam at its bottom in metres, 
F = Total water pressure on the dam per metre length, 
x = Horizontal distance between the C.G. of the dam section and point M. 
wh” 
2 
_ 1000 x 9.8160") 


Using the relation, F= 


= 17658000 N .-(Z) 


2 
We know that the weight of dam per metre length, 
b 
W=w,x ow xHx1 


2 
4.5+b 
= 2400 x 9.81 x x 61.5 N 


= 723978(4.5 + b) N ...(it) 
Now let us find out the position of the C.G. of the dam section. We know that the distance 
AN from equation (10.8) is given by 
a’ +ab+b? (4.5)? +4.5b+b? 


3(a + 5) 3(4.5 + b) 
20.25 + 4.5b +b? 
3(4.5 + b) 
Now from equation (10.3) 
F oh 
xe=-xX*- 
Ww 3 —| 4.5 j— 
: 17658000 : 60 488 ‘ Mm é 
~ 723978(4.5+6) 3 (4546) = 
Horizontal distance AM 2a 
20.25+4.5b+07 J 
d=AN = 
oe 3(45 +b) 
488 
+ & 
45+b re) = G 
TA fo) 
_ 20.25 + 4.5 + b? + 1464 aes a ol F 
3(4.5 + bd) f 4 . 
1484.25 + 4.5b + b? g 
~3(4.5 +b) a 
There will be no tension in the dam at Al oN mM \B 
the base if 
9 Ww 
d< 3 b }¢———_ b ———_| 
— 2b ; 
Hence for the limiting case d = — max 
2 ¥ 
be 1484.25 + 4.56 +b z 2b Fig. 10.17 (b) 
3(4.5 + b) 3 
or 1484.25 + 4.56 + b2 = 2b(4.5 +b) =9b + 2b? 
or b? + 4.56 — 1484.25 =0. 
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Solving this equation, as a quadratic equation for b, 


5, 7 a5t (4.5)? +4 x 1484.25 


2 


~ 45 + 77.05 
z =— = 36.725 m. Ans. 


Pressure diagram at the base of the dam 
Let o,,,,, = Maximum stress across the base at B. 
Substituting the value of b in equation (iz) 
W = 723978(4.5 + b) = 723978(4.5 + 36.275) 
= 29520252 N 
Using equation (10.10), 
W 6e 

Hof 

But from equation (10.15), 


ae 
e= 6 7 
2W 2x 29520252 N 
— = = 2 
Snap SE a7E 1627479 N/m 


=1.6275MN/m? and o,,,=0. 
The pressure diagram at the base of the dam is shown in Fig. 10.17(6). Ans. 


10.7. RETAINING WALLS 


The walls which are used for retaining the soil or earth, are known as retaining walls. 
The earth, retained by a retaining wall, exerts pressure on the retaining wall in the same way as 
water exerts pressure on the dam. A number of theories have been evolved to determine the 
pressure exerted by the soil or earth on the retaining wall. One of the theories is Rankine’s 
theory of earth pressure. Before discussing Rankine’s theory, let us define the angle or repose 
and study the equilibrium of a body on an inclined plane. 

10.7.1. Angle of Repose. It is defined as the maximum inclination of a plane at which a 
body remains in equilibrium over the inclined plane by the assistance of friction only. The earth 
particles lack in cohesion and have a definite angle of repose. And angle of repose* is equal to 
angle of friction (o). Angle of friction is the angle made by the resultant of the normal reaction 
and limiting force of friction with the normal reaction. 

10.7.2. Equilibrium of a Body on an Inclined Plane. If the inclination of the inclined 
plane is less than the angle of repose, the body will be in equilibrium entirely by friction only. 
But ifthe inclination of the plane is greater than the angle of repose, the body will be in equilibrium 
only with the assistance of an external force. Let an external horizontal force P is applied on a 
body, which is placed on an inclined plane having inclination greater than angle of repose, to 
keep the body in equilibrium. There are two cases : 

(i) The body may be on the point of moving down the plane, and 

(ii) The body may be on the point of moving the plane. 

ist Case. The body is on the point of moving down the plane. 

Let W = Weight of the body 

P = Horizontal force applied on the body in order to prevent the body from moving 


down the plane 
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0 = Angle of inclination of the plane 
o = Angle of limiting friction i.e., angle made by the resultant of normal reaction and 
limiting force of friction with the normal reaction as shown in Fig. 10.18 (6). 
R’ = Resultant of normal reaction and limiting force of friction. 


The forces acting on the body are shown in Fig. 10.18 (a). The body is in equilibrium 
under the action of three forces W, P and R’. Applying Lami’s theorem* to the forces acting on 
the body, we get 


P W 
sine of angle between W and R’ "sine of angle between R’ and P 
P W 
a sin (90-0+90+6) — sin (0+ 90-6) 
P 5 W 
sin[180-(8-)] sin (90+ 6 - 9) 
A 
>/ R’ | 
& | 
o | 
(0) : a) 
Fig. 10.18. Body moving down. 
ie p_ Wsin[180-(@—-9)] _ W sin (0-6) 
~  sin[90+(8-0)] ~~ cos(0-0) 
= W tan (0 — 6) RIO LF) 


2nd Case. The body is on the point of moving up the plane. 
Let W = Weight of the body, 


P = Horizontal force applied on the body in order to prevent the body from moving up 
the plane, 
6 = Angle of inclination, 
o =Angle of limiting friction i.e., angle made by the resultant (R’) of normal 


reaction and limiting force of friction with the normal reaction as shown in 
Fig. 10.19 (6), 


R’ = Resultant of normal reaction and limiting force of friction. 


*Please refer to some standard book of Engineering Mechanics. 
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The forces acting on the body are shown in Fig. 10.19 (a). The body is in equilibrium 
under the action of three forces W, P and R’. 


Applying Lami’s theorem to the forces acting on the body, we get 


P W 
sine of angle between W and R’ _ sine of angle between R’ and P 
P ow 
sas sin (90-6+90-6)  sin(@+90+9) 
P - W 
> sin[180-(0+6)]  sin[90+ (0+) 
oe _ W sin [180 - (6 + 6)] 


sin [90 + (6 + )] 
_ Wsin 0 + 6) 
~ cos (0+) 
= W tan (0 + ). ...(10.18) 


Fig. 10.19. Body moving up. 


10.8. RANKINE’S THEORY OF EARTH PRESSURE 


Rankine’s theory of earth pressure is used to determine the pressure exerted by the earth 
or soil on the retaining wall. This theory is based on the following assumptions : 

1. The earth or soil retained by a retaining wall is cohesionless. 

2. Frictional resistance between the retaining wall and the retained material (i.e., earth 
or soil) is neglected. 

3. The failure of the retained material takes place along a plane, known as rupture plane. 

Fig. 10.20 shows a trapezoidal retaining wall ABCD retaining the earth upto a height A on 
the vertical face AD. Let the earth surface is horizontal and it is in level with the top of the 
retaining wall. Let AE is the rupture plane which means if the wall AD is removed the wedge AED 
of earth will move down along the plane AE. Let P is the horizontal force offered by the retaining 
wall, to keep the wedge AED in equilibrium. Let w is the weight density of the earth or soil. 


STRENGTH OF MATERIALS 


Consider one metre length of the retaining wall. 
The forces acting on the wedge AED of the retained material are : 


(i) Weight of wedge AED, 
W = Weight density of earth x Area of AED x 1 
AB x ED 
= x ——— xl 
2 
_ hxhcot0 
tan 80=— or ED= = hxeot] 
tan 


w x h” x cot 0 
2 
(ii) The horizontal force P exerted by the retaining wall on the wedge. 


|¢———-_ h cot 89 ———> 
Earth 
surface E D ie; 


A 
TLIA TELAT TATE TL TL TT VTTTT TT TT TTB 


Fig. 10.20 


(iii) The resultant reaction R’ at the plane AE. The reaction R’ is the resultant of normal 
reaction R and force of friction uR. The resultant reaction R’ makes an angle ¢ with the normal 
of the plane AE. 


(iv) The frictional resistance along the contact face AD is neglected. 


These forces are similar as shown in Fig. 10.18 (a). The wedge AED is in equilibrium 
under the action of three forces P, W and R’. The value of horizontal force P is given by equation 
(10.17) as 


P=W tan (0-6) .{Z) 
But here W = Weight of wedge AED 
2 
= le cot 0 
2 
Substituting the value of W in equation (z), we get 
2 
P= = cot 6 . tan(6 — 6) . (i) 
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In the above equation the angle 0 is the angle of the rupture plane. The earth is having 


maximum tendency to slip along rupture plane. Hence the supposing force P should be maxi- 


P 
mum. But P will be maximum if oF =0. 


or 


or 


or 


or 
or 
or 
or 
or 


or 


or 


or 
or 


dé 
Hence differentiating equation (ii), w.r.t. 0, we get 
dp dJ|wh? 
=~ =— t@.tan (6 — = 
do <| gr oes 0] : 


2 
wae {cot 8 sec? (8 — @) — cosec? 6 tan (0 — o)} = 0 


cot 8 sec? (6 — o) — cosec? 6 tan (6 — ) = 0 ...(iii) 
Let tan 6 =¢ and tan (6 — 6) =¢,. 
Equation (iii) becomes as 


Za+e)-(1+5) x t,=0 i ee @=1+ cot” @=1+ =| 
t 


tan@ ¢ 2 
14%" (Fs) eee 
ene i 


t - 

t(1+t,2)-@+1) xt, =0 
t+tt,?>-t,t?-t,=0 
t—t,t? + tt,?-t,=0 
t{1 —¢,¢] -¢,[1-7,] =0 
(1-¢,t)(¢ -t,) =0 

Either (1-7¢,4)=0 or (@-t#,)=0 

tt,=1 or t=t, 

Ift =¢,, then 6 = tan (0 — 9). 


This is not possible 
tt, =1 
tan 6 tan (0-6) =1 
tan 0 = a 
tan (6 — ) 
= cot (6 — 6) = tan [90 — (6 — 6)] 
0 = 90-(8-96) 
0+6—o=90° 
20 — 6 = 90° 
gu 20D age? 
2 2 


Thus, the plane of rupture is inclined at [45° + ‘) with the horizontal. 


Substituting the value of 6 in equation (ii), we get 


wh? wh? tan (0-9) 
i ee aan 


P= 
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eee 
tan( 45 a °| 


2 
ue ¢ o=45°+ 2) 
2 tan [45° 2) 
2 
Y 
t 45° — + 
_ wh? an( °) 
2 tan [45+ 2) 
2 
h2 tan 45° — tan 9 1- tan 45° tan Lg 
2 1+ tan 45° tan tan 45° + tan 
pe 1-tan $ 1-tan $ 
= rf x rf (stan 45° = 1) 
2 1+ tan + 1+ tan + 
2 
sin — 
6 2 1- 2 
wh? a - wh? cos 5 
2 1+ fan’ 2 sin 
1+ 2 
cos + 
2 
2 
do . 0 
ihe cos, — sin | 
2 ioe een’ 
2 2 
2 | cos? ate Doge” gin @ 
_ wh 2 2 ie: 
2 oe ean? ows in 
2 2 2 2 
ee 
1-2 + + 
- se cos 9 sin 9 
2 (ioe en ® 
2 2 
wh2 | 1-sino | 
= : Tacaw ...(10.19) 


But Pis the horizontal force exerted by the retaining wall on the wedge. The wedge of the 
earth will also exert the same horizontal force on the retaining wall. Hence equation (10.19) gives 
also horizontal force exerted by the earth on the retaining wall. 


h 
The horizontal force P acts at a height of 3 above the base. 
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Pressure intensity at the bottom. If we assume a linear variation of the pressure 
intensity varying from zero at the top to the maximum value p at the bottom, then we have 
pxh 
5 
But from equation (10.19), 
wh? | 1-sino 
~g |1+singo|}’ 
Equating the two values of P, we get 
pxh_ wh? |1-sing 
“2 9g |1+sing 


1-sin 6 
or p=wh eee ...(10.20) 


1+sin 6 
Problem 10.15. A masonry retaining wall of trapezoidal section is 6 metre high and 
retains earth which is level upto the top. The width at the top is 1 m and the exposed face is 
vertical. Find the minimum width of the wall at the bottom in order the tension may not be 
induced at the base. The density of masonry and earth is 2300 and 1600 kg/m? respectively. The 
angle of repose of the soil is 30°. 


Sol. Given : 
Height of wall, h =6m 
Width at the top, a=l1m 


Density of masonry, Py = 2300 kg/m? 
Weight density of masonry 
W = Py X = 2300 x 9.81 N/m? 
Density of earth, p = 1600 kg/cm? 
Weight density of earth, w = p x g = 1600 x 9.81 N/m? 
Angle of repose, @ = 30° 
Let b= Minimum width at the bottom. 


Earth surface 
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Consider one metre length of the retaining wall. 
The thrust of earth on the vertical face is given by equation (10.19), 
1 1-sin 6 
oo) 
=a 1+sin ‘| 
: 1- sin 30° 
x 1600 x 9.81 x 6 1+ sin 30° 


1- o3) _ 800 x 9.81x 36 x 0.5 


= 800 x 981 x 36 (Fae2 = 15 


= 94176 N. 
6 
The thrust P will be acting at a height of 37 2 m above the base. Weight of 1 m length 


of trapezoidal wall, 
W = Weight density of masonry x Area of trapezoidal x 1 


<6) 
9 xhx1 


a 
= 2300 x 9.81 x ( 


b 
5) ) x6 = 67689 1+ B)N, 


The weight W will be acting through the C.G. of the trapezoidal section. The distance of 
the C.G. of the trapezoidal from the point A is obtained by using equation (10.8). 


1+ 
= 2300 x 9.81 x ( 


a? +ab+b? 
BE ae 4b) 
+1xb+b? 1+b+0? 
~ 31+) 3(1+ b) 


The horizontal distance x, between the line of action of W and the point at which the 
resultant force R cuts the base, is given by equation (10.3). 


x=—x— (.. Here P =F) 


94176 6 _ 2.782 
~ 67689(11+ 6) 3 (1+) 
Hence in Fig. 10.21,d =AN +x 
1+b+b? 2.782 
= "3d4+5) (+5) 
1+6+b7+3x2.782 1+b+b7+8346 67 +b+9.346 


3(1+ b) 7 3(1+ b) ~  3(1+8) 
If the tension at the base is just avoided, 
2 
=3 

b7+b4+9346 2 
i 311+b) 3 

or b2 +b + 9.346 = 26(1 + b) = 2b + 2b? 
or b2 + b — 9.346 = 0 
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The above equation is quadratic equation. Its solution is given by 


_ -14 12 +4x1x9346 | - 146.195 


D) 2 
—1+6.195 


b 


5 (Neglecting — ve value) 
=2.597m. Ans. 
Problem 10.16. A masonry retaining wall of trapezoidal section is 10 m high and retains 


earth which is level upto the top. The width at the top is 2 m and at the bottom 8 m and the 


exposed face is vertical. Find the maximum and minimum intensities of normal stress at the 
base. 


Take: Density of earth = 1600 kg/m®, 
Density of masonry = 2400 kg/m’, 
Angle of repose of earth = 30°. 
Sol. Given : 
Height of wall, h=10m 
Width of wall at top, a=2m 
Width at the bottom, 6=8m 
Density of earth, p = 1600 kg/m? 
Weight density of earth, 
w=pxg=1600 x 9.81 N/m? 
Density of masonry, p, = 2400 kg/cm? 
Weight density of masonry, 
Wy = Py X § = 2400 x 9.81 N/m3 
Angle of repose, = 380° 
Consider 1 m length of the wall. 


4 == Sea, 
| ee 
| 
| 
| 
| 
E 
= 
| 
| > 
| 
10/3 m 
eee | B 
e— x —p FR 
}«—_ d —_>| 
}—_—_- 8 m—_> 
Fig. 10.22 


Thrust of earth on the vertical face of the wall is given by equation (10.19), 
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1+ sin 30° 
1-05 
1+ 0.5 ) 
0.5 80000 x 9.81 
15 3 
The thrust P will be acting at a height of = m above the ground. Weight of 1 m length of 
trapezoidal wall. 


1-sin 30° 
x 1600 x 9.81 x 10? 


wl eR 


= 800 x 9.81 x 100 ( 


= 80000 x 9.81 x 


W = Weight density of masonry x Volume of wall 
= 2400 x 9.81 x [Area of cross-section of trapezoidal wall] x 1 


8+2 8+2 
= 2400x9.81 x (=) «101 |: Area =( r )«10m?] 


= 120000 x 9.81 N. 
The weight W will be acting through the C.G. of the trapezoidal section. The distance of the 
C.G. of the trapezoidal section from the point A is obtained by using equation (10.8). 


AN a? +ab+b" 
~  8(a +b) 
27 4+2x8+87 44+16+64 84 
= = = = 2.8m. 
3(2 + 8) 30 30 


The horizontal distance x between the line of action of W and the point at which the 
resultant force R cuts the base, is given by equation (10.3). 
Poh 
—x— (. HereP=F) 


x= 


80000 x9.81__ 10 
= 3x 120000x9.81 3 
Hence in Fig. 10.22, d=AN+x 
=2.8+0.74=3.54m 
b 


Eccentricity, e=d- a 


8 
= 3.54 — a= 3.54 — 4.0 =— 0.46 m 


(Minus sign only indicates that stress at A will be more than at B). 


The maximum and minimum stresses at the base are given by equations (10.10) and 
(10.11). 


= 0.74 m 


Stresses (6,,,, and o,,,,,) 


=F (125*) 
b b 


120000 x 9.81 6 x 0.46 
= 8 it 8 = 147150 (1 + 0.345) 
= 147150 x 1.345 and 147150 x (1 — 0.345) 
= 197916.75 N/m? and 96383.25 N/m? 
, = 197916.75 N/m? and is acting at A. Ans. 


Oo ma 


© min = 96383.25 N/m? and is acting atB. Ans. 
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Problem 10.17.A masonry retainting wall of trapezoidal section is 1.5 m wide at the top, 
3.5 m wide at the base and 6 m high. The face of the wall retaining earth is vertical and the earth 
level is upto the top of the wall. The density of the earth is 1600 kg/m? for the top 3m and 1800 
kg/m? below this level. The density of masonry is 2300 kg/m’. Find the total lateral pressure on 
the retaining wall per m run and maximum and minimum normal pressure intensities at the 
base. Take the angle of repose = 30° for both types of earth. 


Sol. Given : 

Width at the top, a=15m 
Width at the bottom, 6=3.5m 
Height of the wall, h=6m 


Density of upper earth, p, = 1600 kg/m? 
Weight density of upper earth, 
w, = 1600 x 9.81 N/m? 
Depth of upperearth, Ah, =3m 
Density of lower earth, p, = 1800 kg/m? 
Weight density of lower earth, 
W, = 1800 x 9.81 N/m? 
Depth oflowerearth, h, =3m 
Density of mesonry, Py = 2300 kg/m? 
Weight density of masonry, 
Wy = 2300 x 9.81 N/m? 
Angle of repose for both earth, 
= 30°. 
Total lateral pressure on the retaining wall per m run 


je 1.5 m>| A 


Earth surface 


ee Cc E F 
(a) 3.5m (6) 


Pressure diagram 


Fig. 10.23 


The pressure diagram on the retaining wall is shown in Fig. 10.23 (6) 
Let P = Total lateral pressure force 

P, = Pressure force due to upper earth. 

P, = Pressure force due to lower earth. 
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The pressure intensity at a depth h is given by equation (10.20) as 
1-sin 6 
paws [= sing) 
Pressure intensity at B, 
1-05 


1- sin 30° 
Pp= Wily | Gea ags | Steed RO 81 43 |G oe 


0.5 
= 4800 x 9.81 x T= = 1600 x 9.81 N/m’. 


This is represented by length BD in pressure diagram. 
Length BD = p, = 1600 x 9.81 N/m? 
Similarly pressure intensity at C, 
1-sin 6 
Po =Pzt Wot, 1+sin 
1-05 
= 1600 x 9.81 + 1800 x 9.81 x 3x | 7795 
= 1600 x 9.81 + 1800 x 9.81 N. 


This is represented by length CF in pressure diagram 
CF = 1600 x 9.81 + 1800 x 9.81 = 3400 x 9.81 N/m? 


CE = BD = 1600 x 9.81 


EF=CF-CE 


But 
= (1600 + 1800) x 9.81 — 1600 x 9.81 = 1800 x 9.81 N/m? 


Pressure force due to upper earth, 
P, = Area of triangle ABD 
1 1 
= 9 xABx BD= 5 x3 x 1600 x 9.81 = 23544 N 
1 
This force acts at a height of 3 * 3 = 1mabove Bor ata height of (3 + 1)=4 m above point C. 
Pressure force due to lower earth, 


1 
P, = Area of BDFC = 2 [BD + CF] x BC 
1 
= [1600 + 3400] x 9.81 x 3.0 = 73575 N. 


This force acts at a height from C 


3 
[Area of rectangle CEDB x . 
+ Area of triangle EFD x 1] + Total area 
1600 x 9.81x 3x ; , 1800 = Sa 
1600 x 9.81x 3 + 1800x9813 


9.81x 7200 +2700x981_9900 |, ng 
~ 9.81x 4800+ 2700x981 7500 > °° Om 
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Total pressure force, 
P=P,+P, = 23544 + 73575 =97119N. Ans. 
Maximum and minimum normal stresses at base 
Weight of retaining wall per m run, 
a+b 
2 


W = Weight density of masonry x ( xhx1 


154+ 3.5 
= 2300 x 9.81 x 5 6 x 1 = 338445 N. 


The weight W will be acting at the C.G. of the retaining wall. The distance of the C.G. of 
the retaining wall from point C is given by equation (10.8) as, 


a? +ab+b? = 157 +15x3.5+3.5" 
ON aay | (SdSeaS), | 
Let x= Distance between the line of action of W and the resultant of W and P at the base. 
Taking moments of W, P, and P, about the point M, we get 
P,x4+P,x1382=Wxx 


P,x4+ Py x132 


WwW 
_ 23544 x 4+ 738575 x 1.32 7 94176 + 97119 — 0.565 
338445 e7-* agdag 
Distance CM =CN +x =1.32 + 0.565 = 1885 m 
b : 
Eccentricity, e =CM- ia 1.885 — Gq = 0.135 m. 
Now using equations (10.10) and (10.11), we get 
Ww 6.e 
epee 
9 max b ( b 
338445 [1+ 6x a | chal ee 
= 35 35 = 119073.78 N/m2. s. 
d Ww (1- 6 x ‘) 
an O min = h b 
338445 6 x 0.135 
= 35 1 35 = 74320.56 N/m?2. Ans. 


10.9. SURCHARGED RETAINING WALL 


Fig. 10.24 shows a retaining wall of height / and retaining earth which is surcharged at 
an angle o with the horizontal. Then the total earth pressure exerted on the retaining wall is 


given by, 
2 = Dee iD 
pr =P  cog ay, S08 A= eos a —coBT ¢ (10.21) 
2 cos O + cos” a. + cos” o 


where @=Angle of repose. 


*The proof of this expression may be seen in some standard book of theory of structure. 
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h Earth 
The total earth pressure P acts at a height of 3 surface 


above the base of the retaining wall and parallel to the 
free surface of the earth. 


The pressure P is resolved into two components 
i.e., horizontal and vertical components. 


The horizontal component, P,,= P cos a and acts 
h 
at a height of a above base. 


The vertical component, P, = P sin o and acts 
along DA. 


Problem 10.18. A masonry retaining wall of trapezoidal section 2 m wide at its top, 3 m 
wide at its bottom is 8 m high. It is retaining a soil on its vertical side at a surcharge of 20°. The 
soil has a density of 2000 kg /m? and has an angle of repose of 45°. Find the total pressure on the 
wall per metre length and the point, where the resultant cuts the base. 

Also find maximum and minimum intensities of stress at the base. Take density of the 
masonry as 2400 kg/m?. 


Sol. Given : 

Top width, a =2m 

Base width, 6b =3m 

Height of wall, h =8m 

Angle ofsurcharge, a = 20° 

Density of soil, p = 2000 kg/m? 

Specific weight of soil, 
w = 2000 x 9.81 N/m? 

Angle of repose, o = 465° 


Density of masonry, p, = 2400 kg/m? 
Weight density of masonry, 
Wy =PoX8 
= 2400 x 9.81 N/m?. 
Total pressure on the wall per metre length 
Let P =Total pressure on the wall per metre length. 


Using equation (10.21), 
wh? cos & — cos” & — cos” 
cos & 
2 cos a + cos” a + cos” o 


2 cos 20° — ./cos” 20° — cos” 45° 
P= 2000 x 9.81(8) cos 20° x A N 


2 cos 20° + cos” 20° + cos” 45° 
0.9397 — 0.9397? - 0.7071” 
0.9397 + [0.93972 + 0.7071” 


= 64000 x 9.81 x 0.9397 x 


=627840N. Ans. 
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The point, where the resultant cuts the base —| 2m ee 
Let the resultant cut the base at M as shown in a” 2 
Fig. 10.26. 
Let x = Horizontal distance between the c.g. of the 
vertical load of wall and M (i.e., NM). 
We know that the horizontal component, of the 
pressure, 


P,, = 627840 cos 20° N P,4,——> - - - 
= 627840 x 0.9397 N = 114090.3 N 
and vertical component of the pressure, 
P,, = 627840 sin 20° N 


= 627840 x 0.3420 N = 41535.54 N R 
Weight of dam cs 


; Fig. 10.26 
at 
= Wy X ( 9 xh 


24+3 
= 2400 x 9.81 x | —— | x 8 = 470880 N 


y A N 
TITTTTTTTTTTTT STITT PT 


2 
Total load acting vertically down, 
W = 470880 + 41535.54 = 512415.54 N. 


First of all, let us find out the position of c.g. of the vertical load. Taking moments of the 
vertical loads about A and equating the same, 


8x1 7 
Wx AN =P,, x 0 + 2400 x 9.81 x 2 x 8 x 1 + 2400 x 9.81 x os 
512415.54 AN = 60,8000 x 9.81 
é: 60,8000 x 9.81 = 1464-m 
512415.54 
Now using the relation, 
Py oh, . 
= Xx 3 with usual notations. 
_ _114090.8 oe 0.594 
~ 512415543 °° 
or Distance NM = x = 0.594 m. 


Horizontal distance between A and the point M, where the resultant cuts the base, 
d =AN+NM =1.164+0.594m=1.758m. Ans. 
Maximum and minimum intensities of stress at the base 
Let © ax = Maximum intensity of stress at the base. 


0 
We know that the eccentricity of the resultant, 


= Minimum intensity of stress at the base. 


=d 5 1.758 3 _ 0.058 
e= =o eae m 


: : Ww 6.e 
Using the relation, 6, = | 1+ “95 
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512415.54 6 x 0.258 
= 3 a N/m? = 259082.1 N/m? 


Now using the relation, 
W 6.e 
ae ee 
O min ~ b ( b 
512415.54 (1 _ 6 x 0.258 
= 3 3 


N/m? = 82659.06 N/m?. Ans. 


10.10 CHIMNEYS 


Chimneys are tall structures subjected to horizontal 
wind pressure. The base of the chimneys are subjected to 
bending moment due to horizontal wind force. This bending 
moment at the base produces bending stresses. The base of 
the chimney is also subjected to direct stresses due to self 
weight of the chimney. Hence at the base of the chimney, the 
bending stress and direct stress are acting. The direct stress 
Gy is given by, 


Weight of chimney W 
Area of section at the base ~ A 
The bending stress (6,) is obtained from 


Oo= 


M _% 
Ty 
M 
or o,= 5 Oia Z cf 10.22) 
where M = Bending moment due to horizontal wind force 
and | 
Z = Modulus of section. Fig. 10.27. Chimney subjected 


to wind force. 


The wind force (F' ) acting in the horizontal direction 
on the surface of chimney is given by, 


F=KxpxA ...[10.22 (A)] 


where K = co-efficient of wind resistance, which depends upon the shape of the area exposed to 
wind. 


= 1 for rectangular and square chimneys 


2 
=a for circular chimney 


p = intensity of wind pressure 

A = projected area of the surface exposed to wind. 
= D xh for circular chimney 
= b xh for rectangular or square chimney 

b = width of chimney exposed to wind 

h = height of chimney. 


h 
The wind force F will be acting at — . 


2 
462 
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h 
The moment of F at the base of the chimney will be F' x 2 


Hence bending moment (JM) at the base of chimney is given by, 


h 
M=Fx->. 


Problem 10.19. Determine the maximum and minimum stresses at the base of an hollow 
circular chimney of height 20 m with external diameter 4 m and internal diameter 2 m. The 
chimney is subjected to a horizontal wind pressure of intensity 1 kN/m?. The specific weight of 
the material of chimney is 22 kN/m?. 


Sol. Given : 
Height, H = 20 m ; External dia, D = 4m; Internal dia, d = 2 m. 
Horizontal wind pressure, p = 1 kN/m? 
Specific weight, w = 22 kN/m? 
Let us first find the weight of the chimney and horizontal wind force (F). 
Weight (W) of the chimney is given by, 
W=p xg x Volume of chimney 
= Weight density x Volume of chimney 
=w x [Area of cross-section] x height 


= 22x Ew? -a*)| xhkN 


20's Z (42 — 22) x 20 kN = 4146.9 kN 


Direct stress at the base of the chimney, 


WwW 
Oo = < where A = Area of cross-section 
_ 4146.9  — 4146.9 | 4AO KN/m2 
7 (4? = 2?) 3m 


Now let us find the wind force (F). This force is given by equation [10.22(A)]. 
. F=KxpxA 


2 
where K = 3 as the section is circular 


A = projected area of the surface exposed to wind 
=Dxh where D = External dia = 4m 
= 4x 20=80 m? 

p = horizontal wind pressure = 1 kN/m? 


2 160 
P= 3 x1x80= 2” = 53.33 kN 


The bending moment (/ ) at the base, 


h 20 
M=Fx ry = 53.33 x — = 533.3 kNm 


2 
The bending stress (6 ,) is given by equation (10.22) as 
M I 
S,= where Z = section modulus = 
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and 


_ 7 ma_ 4 D 
ayy (D da*), y= D) 
fa (a 54 a1 aa! and je Som 
64 2 
i Vive 
=—=—~" = 5.89 m3 
y~ 2 
533.3 
Bae Ey 2, 
0, = pgp = 90.54 kN/m 


Now the maximum and minimum stresses at the base are given by, 
© nav= 09+ 0, = 440 + 90.54 = 530.54 KN/m? (comp) 
© min = 09 — 0, = 440 — 90.54 = 349.46 kN/m?(comp). Ans. 


HIGHLIGHTS 


1. 


A dam is constructed to store water whereas a retaining wall is constructed to retain the earth. 
Trapezoidal dams, as compared to rectangular dams, are economical and easier to construct. 
Thrust due to water on the vertical side of a dam is given by 


wh? 


2 
where w = Weight density of water = 1000 x 9.81 N/m? 
h = Depth of water. 
The horizontal distance between the line of action of W and the point through which the resultant 
cuts the base is given by 


F re h 
eX 
W 3 
where F = Force exerted by water, W = Weight of dam and 


h = Depth of water. 
The eccentricity is given by, 


b 
e=d— 2 
where d= The distance between A and the point where the resultant R cuts the base 
= 2 ay ms ... For a rectangular dam 
Fxh . 
=AN+ Wx3 ...For a trapezoidal dam 


and b= Base width of the dam. 
The position of the C.G. of the dam from the point A is given by, 


= . ...For a rectangular dam 


= <<. a ..For a trapezoidal dam 


where a = Top width of the dam, and 
b = Bottom width of the dam. 


10. 


11. 


12. 


13. 


14, 


DAMS AND RETAINING WALLS 


The maximum and minimum stresses at the base of a dam having water face vertical are given by, 


(oy = (1454) 


max b b 
Ww 6.e 
pee pes 
and S min = ( b ) 
where W= Weight of the dam 
=w,xbxHx1 ...For a rectangular dam 
= Wy X (==*) xHx1 ...For a trapezoidal dam 


b = Bottom width of dam, and 

e = Eccentricity. 
If the reservoir is empty, then the only force acting on the dam is the weight of the dam. 
In case of a trapezoidal dam, if water face is inclined, then the force due to water acting on the 
inclined face is resolved into two components. The components in the x-direction and y-directions 
are given by, 

F., = Force exerted by water on the vertical face 

and F’, = Weight of the water included with the vertical face and inclined face. 


The maximum and minimum stresses induced at the base of a trapezoidal dam having water face 
inclined are given by, 


W 6.e 
and o - 2 (1-52) 


where V= Sum of the forces acting on the dam = BW. 

where W= Weight of dam 

and =F’, = Weight of water included with the vertical face and inclined face. 

If the force of friction is more than the force due to water pressure, there will be no sliding of the 
dam. But force of friction is equal to tp x W, where u is the co-efficient of friction between the base 
of the dam and the soil and W = weight of dam. 

There will be no overturning of the dam if the resultant of water pressure and weight of dam 
strikes the base within its width. 


There will be no tension in the masonry of the dam at its base if 


es us or d< z b 
~ 6 ~ 3 
where e= Eccentricity, b = Base width, 
and d= Distance between the point A and the point through which resultant force meets the 


base. 


The pressure exerted by earth on the retaining wall is given by Rankine’s theory of earth pressure. 
According to this theory the pressure exerted by earth, which is level upto the top, on the retaining 
wall is given by 


2 |1+sino 
where P= Pressure exerted by earth on retaining wall, 


p= ah] Losing 


h= Height of retaining wall, 
w = Weight density of earth retained by the wall, 
and o= Angle of repose. 
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15. 


Angle of repose is the maximum inclination of a plane at which a body remains in equilibrium over 
the inclined plane by the assistance of friction only. The earth particles lack in cohesion and have 
a definite angle of repose. 


EXERCISE 


(A) Theoretical Questions 


What is the difference between a dam and a retaining wall ? 

Describe the different types of dams. Why a trapezoidal dam is mostly used these days ? 

A masonry dam of rectangular section of height H and bottom width 6 retains water upto a depth 
of h. How will you find the point at which the resultant cuts the base. Take the weight density of 
masonry as Wo. 

Prove that the horizontal distance between the line of action of the weight of the dam and the point 
through the resultant cuts the base of a rectangular dam is given by 


Fo oh 
== XS 
W 3 
where F = Force exerted by water 
W = Weight of dam, 
and A= Depth of water. 


x 


Prove that the eccentricity in case of a rectangular dam is given by e = W x 3° 

Find an expression for the stresses developed at the base of a rectangular dam which retains water 
upto a given depth. 

Prove that the maximum and minimum stresses at the base of a rectangular dam are given by 


Gnas (1+ 52) and oer =F (1-55) 
b b 


where W = Weight of the dam, 

b = Width of dam at the base, and 

e= Eccentricity. 
Prove that in case of a trapezoidal dam having water face vertical, the distance between A and the 
point through resultant passes at the base is given by 


aet+ab+b? F Ah 
= + —xX 
3(a + b) W 3 


where a = Top width of dam, 

b = Bottom width of dam, 

F = Force exerted by water, 

W = Weight of dam, and 

a = Depth of water. 
A trapezoidal dam is having one of the face vertical. If the reservoir is empty, how will you find the 
stresses at the base of the dam. 
Find an expression for the stresses induced at the base of a trapezoidal dam having water face 
inclined. 
What do you mean by stability of a dam ? What are the different conditions under which a dam is 
going to fail ? 
Prove the statement that the resultant (of the water pressure force and weight of the dam) must lie 
within middle third of the base width, in order to avoid tension in the masonry of the dam at the 
base. 


13. 


14, 
15. 


16. 


17. 


18. 


19. 
20. 


DAMS AND RETAINING WALLS 


How will you find the minimum bottom width of a dam, if the dam is safe against sliding, 
overturning and tensile stress at the base. 


Define the terms : Retaining wall, dam and angle of repose. 


A dam of weight W is placed on an inclined plane, having inclination more than the angle of 
repose. Prove that the minimum horizontal force applied on the body to keep it in equilibrium 
when the body is on the point of moving down the plane is given by 


P=Wtan (0-6) 
where 0 = Angle of inclination of plane and 
¢ = Angle of repose. 


If in the baove question, the body is on the point of moving up the plane then prove that minimum 
horizontal force is given by P = W tan (0 + 6). 


What are the assumptions made in Rankine’s theory of earth pressure ? How is this theory is used 
to determine the pressure exerted by the earth on the retaining wall ? 


What do you mean by plane of rupture ? Prove that the pressure exerted by the earth on the 
retaining wall when earth is level upto the top is given by 


Pez wh? 1- sin | 
2 |1+sin 6 
where W = Weight density of retained earth by the wall, 
h= Height of the retaining wall, and 
o = Angle of repose. 
Defined angle of repose. 


Distinguish between active and passive earth pressure. Draw the active earth pressure diagram 
against a smooth vertical back retaining wall, and hence explain the intensity of pressure at any 
depth Z, the centre of pressure and the total pressure. 


(B) Numerical Problems 
A masonry dam of rectangular section, 16 m high and 8 m wide, has water upto a height of 15 m 
on its one side. Find : 
(i) Pressure force due to water on one metre length of the dam, 
(ii) Position of centre of pressure, and 


(iii) The point at which the resultant cuts the base. Take density of masonry = 2000 kg/m°. 


[Ans. 1103625 N, 5 m, 2.197 m] 


A masonry dam of rectangular cross-section 12 m high and 5 m wide has water upto the top on its 
one side. If the density of masonry is 2300 kg/m, find : (i) Pressure force due to water per metre 
length of dam (ii) Resultant force and the point at which it cuts the base of the dam. 


[Ans. (7) 706320 N (iz) 1.527 MN, 2.087 m] 

For the question 1, find the maximum and minimum stress intensities at the base of the dam. 
[Ans. 831181.68 and 203341.68 N/m?] 

For the question 2, find the maximum and minimum stress intensities at the base of the dam. 
[Ans. 948833 and 407321 N/m?] 


A trapezoidal masonry dam is of 20 m height. The dam is having water upto a depth of 16 m on its 
vertical side. The top and bottom width of the dam are 3 m and 9 m respectively. The density of the 
masonry is given as 2000 kg/m?. Determine : 


(z) the resultant force on the dam per metre length, 
(ii) the point where the resultant cuts the base, and 
(iii) the maximum and minimum stress intensities at the base. 
[Ans. 2.1667 MN ; 6.094 m ; 539.6 kN/m?, — 16382] 
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6. A masonry trapezoidal dam 5 m high, 1 m wide at its top and 3 m wide at its bottom remains 


10. 


at 


water on its vertical face. Determine the maximum and minimum stresses at the base : 
(<) when the reservoir is full and 
(ii) when the reservoir is empty. Take the density of masonry as 2000 kg/m’. 
[Ans. (i) 14954, — 1621.33 (ii) 12266 ; 1066.66] 
A masonry dam of trapezoidal section is 12 m high. It has top width of 1 m and bottom width 6 m. 
The face exposed to water has a slope of 1 horizontal to 12 vertical. Calculate the maximum and 
minimum stresses on the base, when the water level coincides with the top of the dam. Take 
density of masonry as 2000 kg/m?. [Ans. 228965.4, 65334.6 N/m?] 
A trapezoidal masonry dam having 4.5 m top width, 9.5 m bottom width and 15 m high, is 
retaining water upto a height of 12 m. The density of masonry is 2000 kg/m? and co-efficient of 
friction between the dam and soil is 0.6. The allowable stress is 392400 N/m?. Check the stability 
of the dam. [Ans. Dam is safe] 
A trapezoidal masonry dam having top width 2 m and height 10 m, is retaining water upto a 
height of 9 m. The water face of the dam is vertical. The density of masonry is 2200 kg/m? and co- 
efficient of friction between the dam and soil is 0.6. Find the minimum bottom width of the dam 
required. [Ans. 4.46 m] 
A masonry retaining wall of trapezoidal section is 8 m high and retains earth which is level upto 
the top. The width at the top is 1.5 m and exposed face is vertical. Find the minimum width of the 
wall at the bottom in order the tension may not be induced at the base. Masonry and earth has 
densities 2300 kg/m? and 1600 kg/m? respectively. The angle of repose of the soil is 30. 
[Ans. 3.45 m] 
A masonry retaining wall of trapezoidal section is 12 m high and retains earth which is level upto 
the top. The width at the top is 3 m and at the bottom 6 m and exposed face is vertical. Find the 
maximum and minimum intensities of normal stress at the base. Take density of earth = 1600 
kg/m? and density of masonry = 2300 kg/m? and angle of repose of earth = 30°. 
[Ans. 318138.3, 87985.9 N/m?] 


11.1. INTRODUCTION 


A structure made up of several bars (or members) riveted or welded together is known as 
frame. If the frame is composed of such members which are just sufficient to keep the frame in 
equilibrium, when the frame is supporting an external load, then the frame is known as perfect 
frame. Though in actual practice the members are welded or riveted together at their joints, yet 
for calculation purposes the joints are assumed to be hinged or pin-joined. In this chapter, we 
shall discuss how to determine the forces in the members of a perfect frame, when it is subject to 
some external load. 


11.2. TYPES OF FRAMES 


The different types of frames are : 

(i) Perfect frame, and 

(ii) Imperfect frame. 

Imperfect frame may be a deficient frame or a redundant 
frame. 

11.2.1. Perfect Frame. The frame which is composed of 
such members, which are just sufficient to keep the frame in 
equilibrium, when the frame is supporting an external load, is 
known as perfect frame. The simplest perfect frame is a triangle 
as shown in Fig. 11.1 which consists three members and three 
joints. The three members are: AB, BC and AC whereas the three 
joints are A, B and C. This frame can be easily analysed by the condition of equilibrium. 

Let the two members CD and BD and a joint D are added to the triangular frame ABC. 
Now, we get a frame ABCD as shown in Fig. 11.2 (a). This frame can also be analysed by the 
conditions of equilibrium. This frame is also known as perfect frame. 
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Suppose we add a set of two members and a joint again, we get a perfect frame as shown in 
Fig. 11.2 (6). Hence for a perfect frame, the number of joints and number of members are given 
by, 
n=2j-3 
where n= Number of members, and 
j = Number of joints. 
11.2.2. Imperfect Frame. A frame in which number of members and number of joints 
are not given by 
n=2j7-3 
is known, an imperfect frame. This means that number of members in an imperfect frame will 
be either more or less than (27 — 3). 
(i) If the number of members in a frame are less than (27 — 3), then the frame is known 
as deficient frame. 
(ii) If the number of members in a frame are more than (2j — 3), then the frame is known 
as redundant frame. 


11.3. ASSUMPTIONS MADE IN FINDING OUT THE FORCES IN A FRAME 


The assumptions made in finding out the forces in a frame are : 
(i) The frame is a perfect frame 

(ii) The frame carries load at the joints 

(zit) All the members are pin-joined. 


11.4. REACTIONS OF SUPPORTS OF A FRAME 


The frames are generally supported 

(i) on roller support or 

(ii) on a hinged support. 

If the frame is supported on a roller support, then the line of action of the reaction will 
be at right angles to the roller base as shown in Figs. 11.3 and 11.4. 


Hinged Roller —¥: a 
Suppor support Roller 


Ra R,p| base 


Fig. 11.3 


If the frame is supported on a hinged support, then the line of action of the reaction will 
depend upon the load system on the frame. 


ANALYSIS OF PERFECT FRAMES 


The reactions at the supports of a frame are determined by the conditions of equilib- 
rium. The external load on the frame and the reactions at the supports must form a system of 
equilibrium. 


Roller base 


Fig. 11.4 


11.5. ANALYSIS OF A FRAME 


Analysis of a frame consists of : 

(i) Determinations of the reactions at the supports and 

(ii) Determination of the forces in the members of the frame. 

The reactions are determined by the condition that the applied load system and the 
induced reactions at the supports form a system in equilibrium. 

The forces in the members of the frame are determined by the condition that every joint 
should be in equilibrium and so, the forces acting at every joint should form a system in 
equilibrium. 

A frame is analysed by the following methods : 

(z) Method of joints, 

(ti) Method of sections, and 

(iit) Graphical method. 


11.5.1. Method of Joints. In this method, after determining the reactions at the sup- 
ports, the equilibrium of every joint is considered. This means the sum of all the vertical forces 
as well as the horizontal forces acting on a joint is equated to zero. The joint should be selected 
in such a way that at any time there are only two members, in which the forces are unknown. 
The force in the member will be compressive if the member pushes the joint to which it is 
connected whereas the force in the member will be tensile if the member pulls the joint to 
which it is connected. 

Problem 11.1. Find the forces in the members AB, AC and BC of the truss shown in 
Fig. 11.5. 

Sol. First determine the reactions R, and Ry. The 
line of action of load of 20 KN acting at A is vertical. This 
load is at a distance of AB x cos 60° from the point B. Now 
let us find the distance AB. 

The triangle ABC is a right-angled triangle with an- 
gle BAC = 90°. Hence AB will be equal to BC x cos 60°. 


. AB =5 x cos 60° = 5x >=25m 
Now the distance of line of aetion of 20 KN from B is 


AB x cos 60° or 2.5 x 3 = 1.25 m. 


20 kN 
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Taking the moments about B, we get 
Rox 5 = 20 x 1.25 = 25 


25 
Ro = — 5 kN 
and R, = Total load —-R, = 20-5 =15 kN 


Now let us consider the equilibrium of the various joints. 


Joint B 
Let F, = Force in member AB 
F, = Force in member BC 
Let the force F’, is acting towards the joint B and the force F, is acting away* from the joint 
B as shown in Fig. 11.6. (The reaction R, is acting vertically up. The force F,, is horizontal. The 
reaction R,, will be balanced by the vertical component of F',. The vertical component of F’, must 
act downwards to balance R,. Hence F’, must act towards the joint B so that its vertical component 
is downward. Now the horizontal component of F’, is towards the joint B. Hence force F’., must act 
away from the joint to balance the horizontal component of F,,). 


Rg = 15 kN 


Fig. 11.6 


Resolving the forces acting on the joint B, vertically 
F, sin 60° = 15 
15 15 ; 
FL= in 60° 0.866 > 17.32 kN (Compressive) 
As F, is pushing the joint B, hence this force will be compressive. Now resolving the forces 
horizontally, we get 


1 
F,, = F cos 60° = 17.32 x a7 8.66 kN (tensile) 
As F, is pulling the joint B, hence this force will be tensile. 


Joint C 

Let F, = Force in the member AC 

F, = Force in the member BC 

The force F’, has already been calculated in magnitude and 
direction. We have seen that force F’, is tensile and hence it will 
pull the joint C. Hence it must act away from the joint C as shown 
in Fig. 11.7. 

Resolving forces vertically, we get 

F, sin 30° = 5 KN 


Ro =5 kN 


3 = ono = 10 KN (Compressive) 
sin 30° Fig. 11.7 
As the force F, is pushing the joint C, hence it will be 


compressive. Ans. 


Problem 11.2. A truss of span 7.5 m carries a point load of 1 kN at joint Das shown in 
Fig. 11.8. Find the reactions and forces in the members of the truss. 


*The direction of F, can also be taken towards the joint B. Actually when we consider the equi- 
librium of the joint B, if the magnitude of F, and F,, comes out to be positive then the assumed direction 
of F, and F, are correct. But if any one of them is having a negative magnitude then the assumed 
direction of that force is wrong. Correct direction then will be the reverse of the assumed direction. 


ANALYSIS OF PERFECT FRAMES 


Sol. Let us first determine the reactions R, and R, 
Taking moments about A, we get R, x 7.5=5x1 


ete 
~ 75 


Rp 


2 
ir 0.667 kN 


R, = Total load —-R, 
e = 1—- 0.667 = 0.333 kN 
Now consider the equilibrium of the various joints. 
Joint A 
Let F, = Force in member AC 
F, = Force in member AD. 


Let the force F, is acting towards the joint A and F, is acting [ 


away from the joint A as shown in Fig. 11.9. 
Resolving the forces vertically, we get 
F, sin 30°=R, 
or F, == Ra = p8e 
sin 30° 0.5 
= 0.666 kN (Compressive) 
Resolving the forces horizontally, we get 
F, = F, x cos 30° 
= 0.666 x 0.866 = 0.5767 KN (Tensile) 
Joint B 
Let F’, = Force in member BC 
F, = Force in member BD 


Let the direction of F, and F, are assumed as shown in 
Fig. 11.10. 


Resolving the forces vertically, we get 
F,, sin 30° = R, = 0.667 

_ 0.667 

* sin 30° 

Resolving the forces horizontally, we get 


or = 1.334kN (Compressive) 


Ry = .333 kN 


Fig. 11.9 


F, = F, cos 30° = 1.334 x 0.866 = 1.155 KN (Tensile) 
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Joint D 
Let F, = Force in member CD. The forces F,, and F have been already calculated in 
magnitude and direction. The forces F’, and F’; are tensile and hence they will be pulling the joint 
D as shown in Fig. 11.11. Let the direction* of F’, is assumed as shown in Fig. 11.11. 
Resolving the forces vertically, we get 
F, sin 60° = 


Cc 


i 4 


F, = ———— = —_— 
3 sin 60° 0.866 
= 1.1547 kN (Tensile) 


Hence the forces in the members are : Pi a 
F, = 0.666 kN (Compressive) AQF Fs () B 
F, = 0.5767 KN (Tensile) net 
F’, = 1.1547 KN (Tensile) Fig. 11.11 


F, = 1.334 kN (Compressive) 
F, = 1.155 KN (Tensile). Ans. 
Problem 11.3. A truss of span 5 m is loaded as shown in Fig. 11.12. Find the reactions 
and forces in the members of the truss. 
Sol. Let us first determine the reactions R, and Rp. 


Fig. 11.12 


ra at ABD isa right-angled triangle having angle ADB = 90°. 
AD =AB cos 60° =5 x 0.5=2.5m 
The distance of the line of action of the vertical load 10 KN from point A will be AD cos 
60° 
or 2.5 x 0.5 = 1.25 m. 
From triangle ACD, we have AC = AD = 2.5m 
BC=5-25=25m 


is right-angled triangle CEB, we have 
BE = BC cos 80° = 2.5 x a8 


*The horizontal force F, is more than F,. Hence the horizontal component of F, must be in the 
direction of F,. This is only possible if F, is acting away from D. 


ANALYSIS OF PERFECT FRAMES 


The distance of the line of action of the vertical load of 12 kN from point B will be 
BE x cos 30° 


= 1.875 m. 
5 m 


The distance of the line of action of the load of 12 kN from point A will be (5 — 1.875) = 
3.125 m. 
Now taking the moments about A, we get 
R,x5=10 x 1.25 + 12 x 3.125 = 50 
50 


Ry=— =10KN 


R, = Total load — R, = (10 + 12)— 10 = 12 kN 
Weiy consider the equilibrium of the various joints. 
Joint A 
Let F’, = Force in member AD, and 
F, = Force in member AC 


Let the directions of F, and F,, are assumed as shown in 
Fig. 11.18. 


Resolving the forces vertically, 
F, sin 60° = 


or BE x = [2s x 


a 12 
sin 60° 
= 13.856 kN (Compressive) 
Resolving the forces horizontally, 
F, = F, cos 60° = 13.856 x 0.5 
= 6.928 KN (Tensile) 
Now consider the joint B. 
Joint B 
Let F’, = Force in member BE, and 
F’, = Force in member BC 


Let the directions of F, and F, are assumed as shown in 
Fig. 11.14. 


Resolving the forces vertically, we get 
F, sin 30° = 10 
_ 10 
3" sin 30 
Now resolving the forces horizontally, we get 
F', = F, cos 30° = 20 x 0.866 
= 17.32 KN (Tensile) 
Now consider the joint C. 
Joint C 
Let F, = Force in member CE 
F,, = Force in member CD 


= 20 kN (Compressive) 
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Let the directions of F; and F, are assumed as shown D E 
in Fig. 11.15. (6) 

The forces F, and F’, are already known in magnitude 
and directions. They are tensile and hence will be pulling 
the joint C as shown in Fig. 11.15. 


Resolving forces vertically, we get 60° 60° 
F, sin 60° + F,, sin 60° = 0 A @) F, F, B 
or F,=-F, .(Z) @ 
Resolving forces, horizontally, we get Fig. 11.15 
F, — F, cos 60° = F’, — F,, cos 60° 
7 Fs 
.928 — — = 17.32 —- — 
or 6.928 9 7.3 3 
—-F,+F, 
or —— = 17.32 — 6.928 = 10.392 
or —F,+F; = 10.392 x 2 = 20.784 
or PF. + Fi, = 20.784 (. —F,=F;) 
20.784 
a = 10.392 kN 
and F,=—F,=- 10.392 kN 


The magnitude of F, is —ve, hence the assumed 
direction of F, is wrong. The correct direction F, will be as 
shown in Fig. 11.15 (a). 

“ F,, = 10.392 (Compressive) 
and F, = 10.392 (Tensile) 


Now consider the joint E. 7 7 
Joint E A B 
Let F, = Force in member ED 


Let F, is acting as shown in Fig. 11.16. 


The forces F, and F, are known in magnitude and 
directions. They are compressive hence they will be push- 
ing the joint E as shown in Fig. 11.16. 


Resolving the forces along BED, we get 
F, + 12 cos 60° = F, 


or FL =F,—12 x 0.5 
=20-6=14kN 
(Compressive) 
As F,, is positive hence the assumed direction of Fig. 11.16 


F, is correct. Ans. 
Problem 11.4. A truss of span 9 m is loaded as shown in Fig. 11.17. Find the reactions 
and forces in the member of the truss. 
Sol. Let us first calculate the reactions R, and Rp. 
Taking moments about A, we get 


R,x9=9x3+12x6=27+ 72=99 
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and R, = Total load —R, = (9 + 12)-11=10kN 

In this problem, there are some members in which force is zero. 

These members are obtained directly as given below : 

“Tf three forces act at a joint and two of them are along the same straight line, then for the 
equilibrium of the joint, the third force should be equal to zero.” 

1. Three forces are acting at the point A (z.e., Ry, F4c and Fy), two of which (i.e., Ry, 
R, ) are along the same straight line. Hence the third force (7.e., R,.) is zero. 


2. Similarly, three forces are acting at the joint B (z.e., Rp, Cc 
Fy, and F,,), two of which (7.e., R, and F,,,) are along the same 
straight line. Hence the third force F’,,, should be zero. 

3. At the joint E also, three forces (i.e., Fyn, Fz, and F'y,) are 
acting, two of which (i.e., F',, and F’,,) are along the same straight 
line. Hence the third force F',,, must be zero. 

Now the equilibrium of various joints can be considered. 
Joint A [See Fig. 11.17 (a)] 

Fg = Force in member AG = 0 Ra = 10 KN 


Fc = Force in member AC Fig. 11.17 (a) 
=R,=10kN (Compressive) 
Now consider the equilibrium of joint C. 
Joint C [See Fig. 11.17 (6)] 


Let Fp = Force in member CD 


Fog = Force in member CG 
F.4c = 10 kN (Compressive) 


Let the directions of Fo, and Fp are assumed as shown in Fig. 
11.17 (0). 


Resolving the forces vertically, we get 
Fog cos 8 = 10 Fig. 11.17 (6) 


STRENGTH OF MATERIALS 


10 
CG cos 0 
AG _4 7 fe a ges 
But cos8= Ga =s (. CG@=.43°4+4° =5) 
10 5 : 
Cay a ee 


Resolving forces horizontally, we get 
Fop = Fog sin 8 


3 
= 12.5 x 5 7.5 KN (Compressive) 


Now consider the equilibrium of joint G. 
Joint G 
The force in member CG is 12.5 KN (Tensile). 


Hence at the joint G, this force will be pulling the joint G 
as shown in Fig. 11.17 (c). 12.5 kN 


Resolving the forces vertically, we get 
12.5 cos 0+ Fon =9 


Vv Feo 


9 


Fp = 9 — 12.5 cos 0 Gra 
4 
=9-12.5x = fe sin d= 4] = 
5 5 Fig. 11.17 (c) 
=9-10=—1KN. 
As the magnitude of F',p is negative, hence its assumed 
direction is wrong. The correct direction will be as shown in D 
Fig. 11.17 (d). 
Then, Fp = 1 KN (Compressive) 


Resolving the forces horizontally, we get 
12.5 sin 0 = Foy 


or Foy = 12.5 x = (: cos 8 = 2] B 
5 5 VOKN 
= 7.5 KN (Tensile) 
Now consider the equilibrium of joint D. Fig. 11.17 (d) 
Joint D 


The forces in the members CD and GD have been already calculated. They are 7.5 KN and 
1 KN respectively. Both are compressive. 


Let F py = Force in member DH, and Cc 7.5kN D E 

Fy, = Force in member DE ‘ S : 
Resolving the forces vertically, we get 

Fpy cos 8 = 1 kN 1kN 
1 1 
F = —— = — 
DH cos@ (4/5) i 
5 G 
= 1.25 KN (Tensile) Fig. 11.17 (e) 


Resolving the forces horizontally, we get 
7.5 + Fp, sin 0 = Fp, 


3 
or Frog = 7.5 + 1.25 x B 
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E sin 9 = =| 
5 


= 7.5 + 0.75 = 8.25 kN (Compressive) 


Now consider the equilibrium of joint E. 
Joint E 

As shown in Fig. 11.17 (f), at joint E three forces are 
acting. The forces i.e., FP, and F,, are in the same straight 
line. 


Hence force F’,,, must be zero. 
Force in EF, 1.e., Fur =F pp 
= 8.25 kN (Compressive) 
Now consider the joint H. 
Joint H 


It is already shown that forces in the members EH and 
BH are zero. 


Also the forces in the member GH is 7.5 KN tensile 
and in the member DH is 1.25 kN tensile. 


Let Fy, is the force in the member HF. 
Resolving forces vertically, we get 
1.25 cos 0 + Fy, cos 8 = 12 


D 8.25 kN E 8.25kN- F 
> < 


H 


Fig. 11.17 (f) 


1.25 4 F S46 E cos 0= 5 
or 25 x 5 + Fup x B= . 5 
1.0+ 0.8 Fy, = 12 ; 
“2-10 — | Fig. 11.17 (g) 
a HF- "9g 08 
(Tensile) 
Now consider the joint B. 
Joint B : 
See Fig. 11.17 (h). 
The force in member BF TKN 
= 11 kN (Compressive) zs B 
Now the forces in each member are known. i 
They are shown in Fig. 11.18. Also these forces are shown Rg = 11 KN 
in a tabular form. 
Fig. 11.17 (A) 


STRENGTH OF MATERIALS 


Member Force in member 


Problem 11.5. A plane truss is loaded and supported as shown in Fig. 11.19. Determine 
the nature and magnitude of the forces in the members 1, 2 and 3. 

Sol. First calculate the reactions R, and R, 

Taking moments about A, we get 

R, x 4=1-x 1000 
1000 
R= ar 250 N 

ce R, = 1000 — 250 = 750 N 

From figure, we know that 


CH 2.25 
tan 0 = AH 4 = 0.75 
_ 3 . _ [a2 2_ 
cos 0 = = aoe (- AC = 3? + 2.25 =3.75) 
= 0.8 
CH 2.25 
and sin 0 = AC 395 7 0.6 
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1m ke 1 m IH 1m OH 1m 


4m 


Fig. 11.19 


Consider the equilibrium of joint A. 
Joint A [See Fig. 11.19 (a)] 
Resolving the forces vertically, 
F,p sin 0 = 750 
_ 750 _ 750 
AD sin@ 0.6 
= 1250 N (Compressive) Ry = 750 kN 


Resolving the forces horizontally, we get 
Fag = Pap C08 9 = 1250 x 0.8 
= 1000 N (Tensile) 


Fig. 11.19 (a) 


Now consider joint E. 
Joint E 

Three forces, i.e., Fy, Fy, and F yp are acting at the joint E. Two of the forces, i.e., F'4,, and 
Fy, are in the same straight line. Hence the third force, i.e., F',, should be zero 
and For = Fag = 1000 N (Tensile) 

Now consider the equilibrium of joint D. 
Joint D 

Let F, = Force in member DG 

F pr = Force in member DF. 


Let us assume their directions as shown in Fig. 11.19 (0). 


The forces in the member AD and DE are 1250 N 
(Compressive) and 0 respectively. 


Resolving forces vertically, we get 
1250 sin 0 + F, sin 8 + F>, sin 8 = 1000 


or 1250 x 0.6 + F, x 0.6 + Fp, x 0.6 = 1000 
(.* sin 0=0.6) Fig. 11.19 (b) 
1000 
or 1250 + F, + For = 06. = 1666.66 
or F + Fp, = 1666.66 — 1250 = 416.66 ..(Z) 
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Resolving the forces horizontally, we get 
1250 cos 6 + F, cos 8 = Fp, x cos 8 
or 1250+ F, =F, or F,— Fp, =— 1250 (Zt) 
Adding (7) and (ii), we get 
2F, = 416.66 — 1250 = — 833.34 


833.34 
Fi=- a 416.67 N 


1 


Substituting the value of F’, in equation (z), we get 
— 416.67 + Fp, = 416.66 
or F yp = 416.66 + 416.67 
= 833.33 N (Comp.) 
The magnitude of F, is negative. Hence its assumed 


direction is wrong. The correct direction of F', is shown in 
Fig. 11.19 (c). 


Fig. 11.19 (c) 


F,= 416.67 N (Compressive). Ans. 
To find the forces F, and F.,, consider the joint F. 
Joint F 
The forces in the members DF and EF are already G 
known. They are: 
F pp = 833.33 N (Compressive) 
F yy = 1000 N (Tensile). 
These forces are acting at the joint F as shown in 
Fig. 11.19 (d). 
Let F, = Force in member FG, and E a nF @ 4H 
F’, = Force in member FH 


Fig. 11.19 (d) 


Resolving forces vertically, we get 
833.33 sin 6 = F, 
or F, = 833.33 x 0.6 ("sin 6 = 0.6) 
= 499.998 N ~ 500N (Tensile). Ans. 
Resolving forces horizontally, we get 
F,, + 833.33 cos 6 = 1000 
or F, = 1000 — 833.33 x 0.8 ("cos 6=0.8) 
= 333.336 N (Tensile). Ans. 


11.5.1.1 Method of Joints Applied to Cantilever Trusses. In case of cantilever trusses, 
it is not necessary to determine the support reactions. The forces in the members of cantilever 
truss can be obtained by starting the calculations from the free end of the cantilever. 


Problem 11.6. Determine the forces in all the members of a cantilever truss shown in 
Fig. 11.20. 

Sol. Here the calculations can be started from end C. Hence consider the equilibrium of 
the joint C. 
Joint C 

Let F cp = Force in member CD, and 


Fo, = Force in member CA. 
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Their assumed directions are shown in Fig. 11.20. 
Resolving the force vertically, we get 
F op x sin 60° = 1000 


1000 — 1000 
- = —** = 1154.7 N (Tensil 
oO jaen ase 


Resolving the forces horizontally, we get 


Fou = op x cos 60° 

= 1154.7 x 0.5 

= 577.35 N (Compressive) 
Now consider the equilibrium of the joint D. 

Joint D 

[See Fig. 11.20 (a)] 
The force Fp = 1154.7 N (tensile) is already calculated. 
Let F yy = Force in member AD, and 


F 3p = Force in member BD 
Their assumed directions are shown in Fig. 11.20 (a). 
Resolving the forces vertically, we get 
F'yp C08 80° = 1154.7 cos 30° 


1154.7 cos 30° 
F,, = ———— _ =1154.7N 
AD cos 30° 
(Compressive) 
Resolving the forces horizontally, we get Fig. 11.20 (a) 


F gp = Pap Sin 30° + Fp sin 30° 
= 1154.7 x 0.5 + 1154.7 x 0.5 = 1154.7 N (Tensile) 
Now the forces are shown in a tabular form below : 


Member Force in the member Nature of force 


Problem 11.7. Determine the forces in all the mem- 4000 N 4000 N 
bers of a cantilever truss shown in Fig. 11.21. 


Sol. Start the calculations from joint C. 
From triangle ACE, we have 


iia 
coma sume 
Also EC = 32 +4? =5 
ia2 == hig 
ae OB 
AE 3 
sin 0 = =~ =0.6 
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Joint C 
The direction of forces at the joint C are shown in Fig. 11.21. 
Resolving the forces vertically, we get 
F op sin 8 = 1000 
Fop = _ 7 ae = 1666.66 N (Compressive) 
Resolving the forces horizontally, we get 
F op = F cp x cos 8 = 1666.66 x 0.8 = 1333.33 N (Tensile) 
Now consider the equilibrium of joint B. 
Joint B 
Resolving vertically, we get 
Fp = 1000 N (Compressive) 
Fa, =F op = 1833.33 (Tensile) 
Now consider the joint D. 
Joint D 
The forces in member CD and BD have already been 
calculated. They are 1666.66 N and 1000 N respectively as shown 
in Fig. 11.21 (a). 
Let Fp, = Force in member DA, and 
F pg = Force in member DE 
Resolving forces vertically, we get 
1000 + 1666.66 sin 0 = F',, sin 0 + Fy, sin 8 


or 1000 + 1666.66 x 0.6 = F,, x 0.6 + Fan x 0.6 
1000 : 
or Fint Fry = wat 1666.66 = 3333.32 (2) 
Resolving forces horizontally, we get Fig. 11.21 (a) 
1666.66 cos 8 + F',, cos 0 = F'n, cos 8 
or 1666.66 4+ Fiyj=Fpp or Foy — Pap = 1666.66 (ii) 


Adding equations (z) and (iz), we get 
2F »p = 3333.32 + 1666.66 = 4999.98 


4999.98 
Fup = — 9 = 2499.99 ~ 2500 N (Compressive) 


Substituting this value in equation (i), we get 
F 4p + 2500 = 3333.32 
F yp = 3333.32 — 2500 = 833.32 N (Tensile) 
Nie the forces are shown in a tabular form below : 


Member Force in the member Nature of force 


ANALYSIS OF PERFECT FRAMES 


11.5.1.2 Method of Joints Applied to Trusses Carrying Horizontal Loads. If a 
truss carries horizontal loads (with or without vertical loads), hinged at one end and supported on 
rollers at the other end, then the support reaction at the roller supported end will be normal, 
whereas the support reactions at the hinged end will consists of : (¢) horizontal reaction and (iz) 
vertical reaction. 

The horizontal reaction will be obtained by adding algebraically all the horizontal loads ; 
whereas the vertical reaction will be obtained by subtracting the roller support reaction from 
the total vertical loads. Now the forces in the members of the truss can be determined. 


Problem 11.8. Determine the forces in the truss shown in Fig. 11.22 which carries a 
horizontal load of 12 kN and a vertical load of 18 kN. 

Sol. The truss is supported on rollers at B and hence the reaction at B must be normal 
to the roller base i.e., the reaction at B, in this case, should be vertical. 

At the end A, the truss is hinged and hence the support reactions at the hinged end A 
will consists of a horizontal reaction H, and a vertical reaction R,. 


D 


Ra Rep 


Fig. 11.22 


Taking moments of all forces at A, we get 
R,x4=18x2+12x 1.5 = 36+ 18 =54 


54 
Rg= 7 = 13.5 KN (1) 


* R, = Total vertical load—R, =18-13.5 = 4.5 kN (T) 
and H, =Sum of all horizontal loads = 12 KN (< ) 
Now the forces in the members can be calculated. 


In triangle BCD, BD = |BC? + CD? = 2? +15? =2.5m 


ae 
ee BD 25 
sin’ "BD 25 


Let us first consider the equilibrium of joint A. 
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Joint A 


The reactions R, and H, are known in magnitude and 
direction. Let the directions of the forces in the members AC and 
AD are as shown in Fig. 11.22 (a). 


Resolving the forces vertically, we get 


F 4p sin 0=R, 


Fac 
R 4.5 
et ‘sp = ar ave 7.5 kN (Compressive) R, = 4.5 kN 
Resolving the forces horizontally, we get Fig. 11.22 (a) 


Fug = Hy, + Fap cos 8 
= 12+ 7.5 x 0.8 = 18 KN (Tensile) 
Now consider the joint C. 
Joint C 


At the joint C, the force O in member CA and vertical load 
18 kN are known in magnitude and directions. For equilibrium 
of the joint C. 


18 kN 
< 


Fao = Fc, = 18 KN (Tensile) 
F op = 18 KN (Tensile) 
Now consider the joint B. 
Joint B 


At the joint B, Ry and force F',, are known in magnitude and 
direction. 


Fig. 11.22 (b) 


Let F',, is the force in member BD. 


Resolving the forces vertically, we get 
) 


Fpp X sin 89 = Rp 
Rg, 135 Li 
ap = be = 13.5 kN 
sin6 0.6 Rp 


= 22.5 kN (Compressive) Fig. 11.22 (c) 
Now the forces are shown in a tabular form below : 


Member Force in the member Nature of force 


Problem 11.9. Determine the forces in the truss shown in Fig. 11.23 which is subjected 
to horizontal and vertical loads. Mention the nature of forces in each case. 
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8 kN 
> 


Fig. 11.23 


Sol. The truss is supported on rollers at B and hence 


R, will be vertical. The truss is 


hinged at A and hence the support reactions at A will consists of a horizontal reaction H, and 


a vertical reaction R,. 


Taking moment about A, we get 7 
R,x12=8x15+3x4+6x8 ij 
= 72 1.5m 
72 
R,=—— =6KN (1) i 
12 a 
and R, = Total vertical loads — R, A Cc FE 
=(8+6)-6 #— 2m =. 
= 3 kN (1) ° ‘ 
and H, = Sum of all horizontal loads Fig. 11.23 (a) 
=8 kN (< ) 
In the triangle ACC*, AC = ace +CC*? = /2? +15? =2.5 
Qo ns d si jo ae 
were Ae Boe ee, eo A, a 
Now the forces in the members can be calculated. Consider the joint A. 
Joint A 


The reactions R, and H, are known in magnitude and 
direction. Let the directions of the forces F,, and F,, are as 
shown in Fig. 11.23 (6). 


Resolving the forces vertically, we get 


Fo, x sin 0=3 KN 
ee 5 kN (Compressive) 
CA’ sin@ 06 — 


Resolving the forces horizontally, we get 


Fy, =F co, cos 8+ A, 


Fig. 11.23 (b) 


=5x0.8+8=12 KN (Tensile) 


Now consider joint C. 
Joint C 


The force F,, is known in magnitude and direction. The assumed directions of the forces 


Fop and Fo, are shown in Fig. 11.23 (c). 
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Resolving forces vertically, we get 
Fc, sin 0 = Fog sin 8 
oe aa ataae (. Fo, =5 KN) 
For = 5 KN (Tensile) 

Resting forces horizontally, we get 

Fop = Fc €08 9 + Fog cos 8 

=5x0.8+5x0.8=8kN 
(Compressive) 
Now consider the joint F’. 
Joint F 


Fig. 11.23 (c) 


The forces F',, and F’,, are known in magnitude and directions. The assumed directions of 


the forces Fp, and F,, are shown in Fig. 11.23 (d). 
Resolving the forces vertically, we get 
5 x sin@+ Fp, sin 0=3 


5sin0+3 
or Fp = — —————_ 
sin 9 
=—5 a 5 a 5+5=0 
“~°* sn@ 9°06. >> 
Resolving the forces horizontally, we get 
12 +5 cos 0 = Fo, + Fp, cos 8 
Por 


or 12+5x0.8=Fo,+0 or 12+4= 

. For = 12 + 4 = 16 KN (Tensile) 

Now consider the joint D. 
Joint D 

The forces F,, and Fy are known in magnitude and 
direction. The assumed directions of Fp, and Fp, are shown 
in Fig. 11.23 (e). 

Resolving vertically, we get 

Fg sin 0 = Fp, x sin 8 = 0 
Fog = 0 
Rasdlving forces horizontally, we get 
For =F cp = 8 KN 

a F pg = 8 KN (Compressive) 

Now consider the joint G. 
Joint G 

The forces Fp, and Fy, are known in magnitude and 
direction. The assumed directions of F,, and Fo, are shown 
in Fig. 11.23 (f). 

Resolving the forces vertically, we get 

Fog Sin 0 = Fpg sin 8 + 6 =6 


6 = 4 = 10 KN (Tensile) 


= Ge ne 0.6 


Fig. 11.23 (d) 


Fig. 11.23 (e) 


Fig. 11.23 () 
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Resolving forces horizontally, we get 
Fp = 16 — Figg cos 8 
= 16-10 x 0.8 =8 KN (Tensile) 
Now consider the joint E. 
Joint E 
The forces F,, and F', are known in magnitude and directions. Let F,, is acting in a 


direction as shown in Fig. 11.28 (g). ae a 
Resolving forces vertically, we get D ra 5 
Fog sin 0 = Fp, sin 8 10 kN For 
Pon =F gg = 10 
: Fay = 10kN (Compressive) G 8 
if we have calculated the forces in member BE and BG, Fig. 11.23 (g) 
considering joint B, we would have got the same results. 


Now the forces in each member are shown in Fig. 11.28 (A). 


Fig. 11.23 (h) 


11.5.1.3. Method of Joints Applied to Trusses Carrying Inclined Loads. Ifa truss 
carries inclined loads, hinged at one end and supported on rollers at the other end, then the 
support reaction at the roller supported end will be normal, whereas the support reactions at the 
hinged end will consists of : 

(i) Horizontal reaction and (ii) Vertical reaction. 

The inclined loads are resolved into horizontal and vertical components. 

The horizontal reaction will be obtained by adding algebraically all the horizontal compo- 
nents of the inclined loads ; whereas the vertical reaction will be obtained by subtracting the 
roller support reaction from the total vertical components of the inclined loads. Now the forces 
in the members of truss can be determined. 


Problem 11.10. Determine the forces in the truss shown in Fig. 11.24 which is subjected 
to inclined loads. 


Sol. The truss is supported on roller at B and hence R, will be vertical. 


The truss is hinged at A and hence the support reactions at A will consists of a horizon- 
tal reaction H, and a vertical reaction R,. 


Now length AC =4 x cos 80 = 4 x 0.866 = 3.464 m 
and length AD =2 x AC = 2 x 3.464 = 6.928 m 
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Fig. 11.24 | 


Now taking moments about A, we get 
R,x12=2xAC+1xAD+1x AE 
=2 x 3.46441 x 6.928+1x 4=17.856 
17.856 
BY 12 
Total vertical components of inclined loads 
=(1+2+1)x sin 60° 
= 4 x 0.866 = 3.464 kN 
Total horizontal components of inclined loads 
=(1+2+41)cos 60° =4x0.5=2kN 
Now R, = Vertical components of inclined loads + 1.0—R, 
= 4.464 — 1.49 = 2.974 kN (T) 
and H, = Sum of all horizontal components = 2 kKN 


= 1.49 kN 


Now the forces in the members can be calculated. 
Consider the equilibrium of joint A. 
Joint A 
Let F'4, = Force in member AE 
and F 4c = Force in member AC 
Their directions are assumed as shown in Fig. 11.24 (a). 
Resolving the forces vertically, we get 
Fc X sin 30° + 1 x sin 60° = 2.974 


or Fic x 0.5 + 0.866 = 2.974 
2.974 — 0.866 
Fac=— 05 Fig. 11.24 (a) 
= 4,216 kN (Compressive) 


Resolving the forces horizontally, we get 
Fag = 2 + Fy cos 30° — 1 x cos 60° 
= 244.216 x 0.866 — 0.5 = 5.15 KN (Tensile) 
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Now consider the joint C. 
Joint C 
From Fig. 11.24 (6), we have 
Fop = Fac = 4.216 (Compressive) 
and Fo, = 2 KN (Compressive) 
Now consider joint E. 


Joint E [See Fig. 11.24 (c)] 
Resolving forces vertically, we get 
1 +2 x sin 60° = Fgp x sin 60° 


or F, =94 —_ -3.155 
sin 60° 
(Tensile) 
Resolving forces horizontally, we get 
5.15 — 2 x cos 60° — F'pp cos 60° — Fy, = 0 
or B.15—2x > 8.15 x 5 — Fp =0 


Four = 5.15-—1-1.57 =2.58 kN 
(Tensile) Fig. 11.24 (c) 


At the joint G, two forces, i.e., Fz, and F'pg are in the 
same straight line and hence the third force, i.e., Fg, should be zero. 


Re For = 0 
Now consider the joint F. 
Joint F [See Fig. 11.24 (d)] 


Resolving forces vertically, we get G 
F pp x sin 60° = 0 
* Fp, = 0 60 
Resolving horizontally, we get E 258kN F 258kN  B 
F pp = Fay = 2.58 kN Fig. 11.24 (d) 
ne Fryp = 2.58 
kN (Compressive) 
Now consider the joint B. 
Joint B 
Resolving vertically, we get 
Fag sin 30° = 1.49 . 
1.49 <* 
BG= 95 = 2.98 kN (Compressive) 2.58 kN 


Joint G Rp = 1.49 KN 


Fop = Fpg = 2.98 KN (Compressive) 


Fig. 11.24 (e) 
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The forces are shown in a tabular form as 


Member Force in the member Nature of force 


11.5.2. Method of Sections 


When the forces in a few members of a truss are to be determined, then the method of 
section is mostly used. This method is very quick as it does not involve the solution of other 
joints of the truss. 

In this method, a section line is passed through the members, in which forces are to be 
determined as shown in Fig. 11.25. The section line should be drawn in such a way that it does 
not cut more than three members in which the forces are unknown. The part of the truss, on 
any one side of the section line, is treated as a free body in equilibrium under the action of 
external forces on that part and forces in the members cut by the section line. The unknown 
forces in the members are then determined by using equations of equilibrium as 

LF’, = 0, =F, =0 and ©M =0. 


(a) Given Truss (6) Left Part (c) Right Part 


Fig. 11.25 


If the magnitude of the forces, in the members cut by a section line, is positive then the 
assumed direction is correct. If magnitude of a force is negative, then reverse the direction of 
that force. 

Problem 11.11. Find the forces in the members AB and AC of the truss shown in Fig. 
11.26 using method of section. (U.P. Tech. University, 2002-2003) 
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Sol. First determine the reaction R, and Ro. 
The distance of line of action of 20 KN from point B is 


1 
AB x cos 60° or 2.5 x oe” 1.25 m 


Taking moments about point B, we get 
Rox 5 = 20 x 1.25 


20 x 1.25 
Ry = — = 5 KN 
and R, = 20-5 =15kN 


Now draw a section line (1-1), cutting the members 
AB and BC in which forces are to be determined. Now con- 
sider the equilibrium of the left part of the truss. This part is 
shown in Fig. 11.27. 


Let the directions of F,, and F,, are assumed as shown 
in Fig. 11.27. 
Now taking the moments of all the forces acting on the 
left part about point C, we get 
15 x5 + (Fp, x AC)* =0 


(-: The perpendicular distance between the line of 


Fig. 11.2 
action of F’,, and point C is equal to AC) bss 
or 75 + Fp, x 5 x cos 80° = 0 (.: AC =BC x cos 30°) 
or Fy, = ——2__ =-17.32 kN 
5 x cos 80° 


The negative sign shows that F’,, is acting in the opposite direction (7.e., towards point B). 
Hence force F’,, will be a compressive force. 


F 4 = 17.32 kN (Compressive). Ans. 

Ageia taking the moments of all the forces acting on the left part about point A, we get 
15 x Perpendicular distance between the line of action of 

15 KN and point C = F,, x Perpendicular distance between F',, and point A 

15 x 2.5 x cos 60° = Fp, x 2.5 x sin 60° 
— 15x 2.5xcos60° 15x05 
BC 2.5 x sin 60° 0.866 

= 8.66 KN (Tensile). Ans. 

These forces are same as obtained in Problem 11.1. 


Problem 11.12. A truss of span 5 m is loaded as shown in Fig. 11.28. Find the reactions 
and forces in the members marked 4, 5 and 7 using method of section. 


*The moment of the force F,, about point C, is also taken by resolving the force F’,, into vertical 
and horizontal components at point B. The moment of the horizontal component about C is zero, whereas 
the moment of vertical component will be (F,, x sin 60°) x 5 = F,, x 5 x sin 60° or F,, x 5 x cos 30°. 

(sin 60° = cos 380°) 
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Sol. Let us first determine the reactions R, and Rp. 
Triangle ABD is a right-angled triangle having angle 
ADB = 90° 
AD = AB cos 60° =5 x 0.5=2.5m 


The distance of line of action the vertical load 10 kN 
from point A will be AD cos 60° or 2.5 x 0.5 = 1.25 m. 


From triangle ACD, we have 
AC =AD=2.5m 
BC=5-2.5=25m 

In right-angled triangle CEB, we have 


V3 


BE = BC cos 80° = 2.5 x aye 


The distance of line of action of vertical load 12 kN 


from point B will be BE cos 30° or BE x #8 


3 3 
= [25x28 } 8 = 1.875 m 


*. The distance of the line of action of the load of 12 kN from point A will be 
(5 — 1.875) = 3.125 m 
Now taking the moments about A, we get 
R,x 5=10 x 1.25 + 12 x 3.125 = 50 


50 
Ry=— =10KN and Ry= (10+ 12)-10=12kN 


Now draw a section line (1-1), cutting the members 4, 
5 and 7 in which forces are to be determined. Consider the 
equilibrium of the right part of the truss (because it is smaller 
than the left part). 

This part is shown in Fig. 11.29. Let F,, F, and F, are 
the forces in members 4, 5 and 7. Let their directions are 
assumed as shown in Fig. 11.29. 

Now taking the moments of all the forces acting on 
the right part about point E, we get 

R, x BE cos 30° = F, x (BE x sin 30°) 


V3 \_ V3 v3 


or 10 x | 2.5 x — |x — =F, x 2.5 x — x 0.5 
2 2 2 


V3 


or 10 x — =F,x 0.5 
2 


3 1 
F,=10x 8 x ts 17.32 kN (Tensile). 
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Now taking the moments of all the forces about point B acting on the right part, we get 
12 x BE cos 30° + F; x BE =0 
or 12 x cos 30° + F, = 0 
* F, = — 12 x cos 30° = — 10.392 kN 
—ve sign indicates that F, is compressive. 
: F’, = 10.392 kN (Compressive). Ans. 
Now taking the moments about point C of all the forces acting on the right parts, we get 
12 x (2.5 — BE cos 30°) = F, x CE + R, x BC 


or 12 [26- 252 x = x25 xsin 90° +1025 

or 12 x (2.5 — 1.875) = F, x 1.25 + 25 or 7.5 =1.25F, + 25 
7.5 — 25 

or Fi = —Jo5_ =~ 14 KN 


Negative sign shows that F, is compressive. 
: F,=14kN (Compressive). Ans. 
These forces are same as obtained in Problem 11.3. 


Problem 11.13. A truss of span 9 m is loaded as shown in Fig. 11.30. Find the reactions 
and forces in the members marked 1, 2 and 3. 


Sol. Let us first calculate the reactions R, and Rp. 
Taking moments about A, we get 
R,x9=9x3+12x6=27+ 72=99 
99 
Ry = 9 =11kN 
and R,=(9 + 12)-11=10kN 


Fig. 11.30 


Now draw a section line (1-1), cutting the members 1, 2 and 3 in which forces are to be 
determined. Consider the equilibrium of the left part of the truss (because it is smaller than 
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the right part). This part is shown in Fig. 11.30 (a). Let F,, 
F, and F, are the forces members 1, 2 and 3 respectively. 
Let their directions are assumed as shown in Fig. 11.30 (a). 

Taking moments of all the forces acting on the left 


part about point D, we get 


10x3=F,x4 
10x3 
3.> 4 


= 7.5 KN (Tensile). Ans. 
Now taking the moments of all the forces acting on 
the left part about point G, we get 
10x3+F,x4=0 


Fig. 11.30 (a) 


F,= = =— 7.5 kN 
Negative sign shows that force F', is compressive. 
F,=7. kN (Couipessaive. Ans. 
oe taking the moments about the point C, we get 
Fox3-9x3+F,x4=0 
or Fix3-27+75x4=0 
27-75x4 —-8 
or Fy = 3 =e 


(- Fy=7.5) 


=-—1.0 kN 


Negative sign shows that force F’, is compressive. 
F, = 1.0 KN (Compressive). Ans. 


Pecblen 11.14. For the pin-joined truss shown in Fig. 11.31, find the forces in the 
members marked 1, 2 and 3 with the single load of 80 kN as shown. 
Sol. First calculate reactions R, and Rp. 


yy H 

0.5m 

‘a I 

| [e 
A 


Fig. 11.31 


Taking moments about A, R, x 16 = 80 x 12 
80 x 12 


2 = =60kN 
R, = Total vertical load — R, = 80 — 60 = 20 kN 
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Let us now find the forces in the members 1, 2 and 3 
by the method of section. Take a section Y-Y passing through 
the members 1, 2 and 3. Now consider the equilibrium of 
left portion shown in Fig. 11.31 (a). 


Let F,, F, and F, are the forces in the members 1, 2 
and 3 respectively. Their assumed directions are also 
shown in Fig. 11.31 (a). 

Taking moments of all forces (here Ry, F,, F, and 
F,) about point D, we get 


R,x4=F,x 4.5 


Fe R,x4_ 20x4 
17 45 45 
= 17.78 kN (Tensile). Ans. Fig. 11.31 (a) 


Now taking the moments about C, we get 
R, x 8 =F, x Perpendicular distance between F,, and point C .{Z) 


To find the perpendicular distance between the line of action of F, and point C, first find 
angle CDH 


DE 45 
tan 0 = EC = 40 
6 = tan"! ee = 48.37° and tana = Me 
4.0 4.0 


o =tan! oo 7.125° 
4.0 


ZCDH = @ + 0 = 48.37 + 7.125 = 55.495 
From triangle DEC, we know that 


CD = 4.52 +4? =6.02m 


Now from C, draw a perpendicular CL on the line of 
action of F’, as shown in Fig. 11.31 (6). 


*. From right-angled triangle CDL, 


sin (a + 0) = CD 
CL = CD sin (a + 0) 
= 6.02 x sin (55.495) Fig. 11.31 (6) 
= 4.96 m 


Substituting the value of OL (i.e., perpendicular distance between F, and C) in equation 
(i), we get 
R, x 8=F, x 4.96 
R,x8_ 20x8 
3° 496 4.96 

To find the force F,, resolve the forces (i.e., R,, F,, F, and F’,) vertically. Hence, we get 
R,-F, sin a + F, sin 8 = 0 
or 20 — 32.26 x sin (7.125) + F, x sin (48.37) = 0 


= 32.26 kN (Compressive). Ans. 
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or 20-44 F, x 0.7474 =0 
16 - 
or F,= 07474 = 21.4 KN (Compressive). Ans. 


11.5.2.1. Method of Section, Cutting more than Three Members. In method of sec- 
tion, in general a section should cut only three members, since only three unknowns can be 
determined from three equations of equilibrium. However, there are special cases where we may 
cut more than three members. It is illustrated in the following example. A section line can cut 
four members if the axes of the three of them intersect in one point, thus making it possible to 
determine the axial force in the fourth member by taking moments about the point of intersection 
of the axes of the three members. 

Problem 11.15. For the frame shown in 
Fig. 11.32 find the forces in the members BD, BG, GA, 
AC and AB of the bottom bay only. State their nature. 

Sol. Let us first find the reactions. The frame car- 
ries horizontal loads. As the frame is supported on roll- 
ers at B, hence the reaction R, will be vertical. 

At the point A, the frame is hinged and hence the 
support reactions at A will consist of a horizontal reac- 
tion H, and a vertical reaction R ,. 


Taking moments of all forces about A, we get 
Rz,x4=20x 2+ 20 x 4+ 20 x 6 = 240 


240 
Rae T= 60 kN (1) 


Now R, = Total vertical loads — Rz 
= 0-60 =— 60 kN 
—ve sign means, R, is acting downwards. 
R, =60 KN (J) 
and H, = Sum of all horizontal loads 
= (20 + 20 + 20) = 60 KN (< ) 


Now draw a section line (1-1), cutting the mem- 
bers BD, BG and BA in which forces are to be determined. 
Consider the equilibrium of the right part. This part is 
shown in Fig. 11.32 (a). Let Fyn, Fpg and F, are the 
forces in the members BD, BG and BA respectively. Let 
their directions are assumed as shown in Fig. 11.32 (a). 


In this particular case, all the three forces are meet- 
ing at one point B. Hence by cutting these members by 
section line (1-1), we may not get the results. 


Let us draw a section line (2-2), cutting four mem- Fig. 11.32 (a) 
bers AC, CG, GD and BD in which forces are to be deter- — eee 
mined. The axes of three members, i.e., AC, CG and GD are intersecting at point C. And hence 
taking moments about point C, we can find force in member BD. 

Similarly the axes of BD, GD and CG are meeting at point D. And hence taking moments 
about point D, we can find the force in member AC. 


The section line (2-2), cutting the four members, 
is shown in Fig. 11.32 (b). Let the forces in the members 
are Fug, Fog: Fpg and F gp. Let their directions are as- 
sumed as shown in Fig. 11.32 (6). Consider the equilib- 
rium of part above the section line (2-2). Taking the 
moments of all the forces (acting on the upper part) about 
point C, we get 

20 x 2+20x4+4+Fy,x 4=0 


— 40 - 80 
or Fp =——7 
— 120 
= —T— =~ 30kN 


—ve sign means the force F’,, is compressive. 


Fyn Ans. 


Now taking moments of all forces (acting on the 
upper part) about point D, we get 


= 30 KN (Compressive). 
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Fig. 11.32 (6) 


Fo4 X 4= 20x 2+ 20x 4= 120 
120 


Fos = ars 30 KN (Tensile). Ans. 


Now consider joint B. 
Joint B 
Resolving forces vertically, we get 
Fag cos 45° + Fan = Rp 


or Fag x cos 45° + 30 = 60 
_ 60-30 30 
a BG cos 45° 1, /2 
= 30 x 2 (Compressive) 
Resolving horizontally, we get 
Fa, = pg sin 45° 
= 80 x 2 x —= =30KN (Tensile) 
aa 
Now consider joint A. 
Joint A 


At the joint A ; R,, H,, F,, and F,, are known in mag- 
nitude and direction. 
Resolving horizontally, we get 
60 = 30 + Fy, x cos 45° 


7, 60-30 __ 30 
AG cos 45° 1 
2 


= 30 x /2 (Tensile) 


Re = 60 kN 


Fig. 11.32 (c) 


Fig. 11.32 (d) 
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Now the forces are shown in a tabular form below : 


Member Force in the member Nature of force 


Problem 11.16. A truss of 12 m span is loaded as shown in Fig. 11.33. Determine the 
forces in the members DG, DF and EF, using method of section. 


Sol. The truss is supported on rollers at B and hence R, will be vertical. The truss is 
hinged at A and hence the support sections at A will consists of a horizontal section H, and a 
vertical section R,. 


In triangle AEC, AC =AE x cos 30° 
=4 x 0.866 = 3.464 m 
Now length AD =2 x AC = 2 x 3.464 
= 6.928 m 


Fig. 11.33 


Now taking the moments about A, we get 
R,x12=2xAC+1xAD+1xAE 
=2x3.464+1x6.928+1x4=17.856 


AUB 06 ong i 
Bo 2 


Now draw the section line (1-1), passing through members DG, DF and EF in which the 
forces are to be determined. Consider the equilibrium of the right part of the truss. This part is 
shown in Fig. 11.33 (a). Let Fp, Fyp and Fy, are the forces in members DG, FD and EF 
respectively. Let their directions are assumed as shown in Fig. 11.33 (a). Taking moments of 
all forces acting on right part about point F, we get 


R,x4+ Fog x FG=0 
or 1.49 x 4+ Fp, x (4 x sin 30°) = 0 (. FG =4 x sin 30°) 
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—-149x4 
Fyq = —— = - 2.98 kN @) 
or DG” 4x-sin 30° : Pa 
—ve sign shows that the force Fp, is compressive. Weed Pi 
: F pg = 2.98 KN (Compressive). Ans. Noy 
Now taking the moments about point D, we get 
R, x BD cos 30° = Fn, x BD x sin 30° 4 B 
or R, x cos 30° = F,, x sin 30° Bog Pgs een 
7. _ 149 xcos 30° _ 149 x 0.866 @ lees 
. sin 30° 0.5 Fig. 11.33 (a) 
= 2.58 KN (Tensile). Ans. 


Now taking the moments of all forces acting on the right part about B, we get 
F pp X 1 distance between F’,, and B = 0 


Fyp=90. Ans. 


(. 1 distance between F',, and B is not zero) 
11.5.3. Graphical Method 


The force in a perfect frame can also be determined by a graphical method. The analytical 
methods (such as method of joints and method of sections) give absolutely correct results, but 
sometimes it is not possible to get the results from analytical methods. Then a graphical method 
can be used conveniently to get the results. The graphical method also provides reasonable accu- 
rate results. 


The naming of the various members of a frame are done accord- 
ing to Bow’s notations. According to this notation of force is designated 
by two capital letters which are written on either side of the line of A 
action of the force. A force with letters A and B on either side of the line 
of action is shown in Fig. 11.34. This force will be called AB. 

The following steps are necessary for obtaining a graphical solu- 
tion of a frame. Fig. 11.34 

(i) Making a space diagram 
(i) Constructing a vector diagram 
(iii) Preparing a force table. 


B 


Force AB 


1. Making a space diagram. The given truss or frame is drawn accurately according 
to some linear scale. The loads and support reactions in magnitude and directions are also 
shown on the frame. Then the various members of the frame are named according to Bow’s 
notation. Fig. 11.35 (a) shows a given truss and the forces in the members AB, BC and AC are 
to be determined. Fig. 11.35 (6) shows the space diagram to same linear scale. The member AB 
is named as PS and so on. 

2. Constructing a vector diagram. Fig. 11.35 (c) shows a vector diagram, which is 
drawn as given below : 

(i) Take any point p and draw pq parallel to PQ vertically downwards. Cut pq = 4 KN to 
same scale. 

(ii) Now from q draw qr parallel to QR vertically upwards and cut gr = 2 KN to the same 
scale. 


STRENGTH OF MATERIALS 


(a) Given Diagram (6) Space Diagram (c) Vector Diagram 
Fig. 11.35 


(iii) From r draw rp parallel to RP vertically upwards and cut rp = 2 KN to the same scale. 

(iv) Now from p, draw a line ps parallel to PS and from r, draw a line rs parallel to RS, 
meeting the first line at s. This is vector diagram for joint (A). Similarly the vector diagrams 
for joint (B) and (C) can be drawn. 

3. Preparing a force table. The magnitude of a force in a member is known by the 
length of the vector diagram for the corresponding member, i.e., the length ps of the vector 
diagram will give the magnitude of force in the member PS of the frame. 

Nature of the force (i.e., tensile or compressive) is determined according to the following 
procedure : 

(i) In the space diagram, consider any joint. Move round that joint in a clockwise direc- 
tion. Note the order of two capital letters by which the members are named. For example, the 
members at the joint (A) in space diagram Fig. 11.35 (6) are named as PS, SR and RP. 

(ii) Now consider the vector diagram. Move on the vector diagram in the order of the 
letters (i.e., ps, sr and rp). 

(iit) Now mark the arrows on the members of the space diagram of that joint (here 
joint A). 

(iv) Similarly, all the joints can be considered and arrows can be marked. 

(v) If the arrow is pointing towards the joint, then the force in the member will be 
compressive whereas if the arrow is away from the joint, then the force in the member will be 
tensile. 

Problem 11.17. Find the forces in the members AB, AC and BC of the truss shown in 
Fig. 11.36. 

Sol. First determine the reactions R, and Ro. 


1 
From Fig. 11.36 (a), AB =BC x cos 60° =5 x ae 2.5m 


Distance of line of action of 20 KN from point B 


1 
= AB cos 60° = 2.5 x SF 1.25 m 
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: 


15 kN q 


(a) Given Diagram (6) Space Diagram (c) Vector Diagram 


Fig. 11.36 


Now taking moments about B, we get 
Rox 5 =20 x 1.25 = 25 
25 
Ro = =5kN and R,=20-5=15kN 

Now draw the space diagram for the truss alongwith load of 20 KN and the reactions R, 
and R, equal to 15 KN and 5 KN respectively as shown in Fig. 11.36 (6). Name the members 
AB, AC and BC according to Bow’s notations as PR, QR and RS respectively. Now construct 
the vector diagram as shown in Fig. 11.36 (c) and as explained below : 

(i) Take any point p and draw a vertical line pq downward equal to 20 kN to some 
suitable scale. From q draw a vertical line gs upward equal to 5 KN to the same scale to repre- 
sent the reaction at C. Then sp will represent the reaction R, to the scale. 

(ii) Now draw the vector diagram for the joint (B). From p, draw a line pr parallel to PR 
and from s draw a line sr parallel to SR, meeting the first line at r. Now prs is the vector 
diagram for the joint (B). Now mark the arrows on the joint B. The arrow in member PR will be 
towards joint B, whereas the arrow in the member RS will be away from the joint B as shown 
in Fig. 11.36 (0). 

(iii) Similarly draw the vector diagrams for joint A and C. Mark the arrows on these 
joints in space diagram. 

Now measure the various sides of the vector diagram. The forces are obtained by multi- 
plying the scale factor. The forces in the members are given in a tabular form as : 


Member 
Force in member Nature of force 


According to given truss According to 


Bow’s notation 


Problem 11.18. A truss of span 7.5 m carries a point load of 1000 N at joint Das shown 
in Fig. 11.37. Find the reactions and forces in the member of the truss. 
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Sol. First determine the reactions R, and Rp. 


(a) Given Diagram (b) Space Diagram (c) Vector Diagram 
Fig. 11.37 


Taking moments about A, we get 
R, x 7.5 =5 x 1000 


5000 
Ry=—7z- =667N and R, = 1000-667 = 333N. 


Now draw the space diagram for the truss alongwith load of 1000 N and reactions R, and 
R, equal to 333 N and 667 N respectively as shown in Fig. 11.37 (6). Name the members AC, CB, 
AD, CD and DB according to Bow’s notations as PR, PQ, RT, QR and QS respectively. Now 
construct the vector diagram as shown in Fig. 11.37 (c) and as explained below : 


(i) Take any point s and draw a vertical line st downward equal to load 1000 N to some 
suitable scale. From ¢ draw a vertical line tp upward equal to 333 N to the same scale to 
represent the reaction at A. The ps will represent the reaction R, to the scale. 


(ii) Now draw the vector diagram for the joint A. From p, draw a line pr parallel to PR 
and from ¢ draw a line tr parallel to RT, meeting the first line at r. Now prt is the vector 
diagram for the joint A. Now mark the arrows on the joint A. The arrow in the member PR will 
be towards the joint A, whereas the arrow in the member RT will be away from the joint A as 
shown in Fig. 11.37 (6). 

(iii) Similarly draw the vector diagrams for the joint C, B and D. Mark the arrows on 
these joints as shown in Fig. 11.37 (6). 


Now measure the various sides of the vector diagrams. The forces in the members are 
obtained by multiplying the scale factor to the corresponding sides of the vector diagram. The 
forces in members are given in a tabular form as : 


Member 
Force in member Nature of force 


According to given truss According to 
Bow’s notation 
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Problem 11.19. Determine the forces in all the members of a cantilever truss shown in 
Fig. 11.38. 

Sol. In this case the vector diagram can be drawn without knowing the reactions. First of 
all draw the space diagram for the truss along with loads of 1000 N of joints B and C. Name the 
members AB, BC, CD, DE, AD and BD according to Bow’s notation as PT, QS, SR, RV, VT and 
ST respectively. Now construct the vector diagram as shown in Fig. 11.38 (c) and as explained 
below: 


(i) The vector diagram will be started from joint C where forces in two members are 
unknown. Take any point g and draw a vertical line gr downward equal to load 1000 N to some 
suitable scale. From r, draw a line rs parallel to RS and from q draw a line qs parallel to QS, 
meeting the first line at s. Now qrs is the vector diagram for the joint C. Now mark the arrows 
on the joint C. The arrow in the member RS will be towards the joint C, whereas the arrow in 
the member SQ will be away from the joint C as shown in Fig. 11.38 (0). 


1000 N 1000 N 1000 N 1000 N 


(a) Given Figure (b) Space Diagram (c) Vector Diagram 
Fig. 11.38 


(ii) Now draw the vector diagram for the joints B and D similarly. 
Mark the arrows on these joints as shown in Fig. 11.38 (6). 


Now measure the various sides of the vector diagram. The forces in the members are given 
in a tabular form as: 


Member 


Force in member Nature of force 


According to given truss According to 
Bow’s notation 


From the vector diagram, the reactions R, and R, at.A and EF can be determined in magnitude 
and directions. 
Reaction R, = rv = 2500 N. This will be towards point E. 
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Reaction R, = vp = 2000 N. This will be away from the point A as shown in Fig. 11.38 (6). 


The reaction R, is parallel to up. 


Problem 11.20. Determine the support reac- 
tions and nature and magnitude of forces in the mem- 
bers of truss shown in Fig. 11.39. 

(U.P. Tech. University, 2001-2002) 

Sol. Let us start from joint A where forces in 
two members are unknown. 


Joint A 
In triangle ABC, 
ano . BC 2 
ee CA A 
cos 8 = cee i - 200 kN 
AB /92 4 42 20 F 
2° +4 C AC A 
d sin 0 <e : 
an = 
v20 Fas 


Refer to Fig. 11.39 (a). The forces are shown at joint A. Resolving 
forces vertically, we get 
F',, sin 8 = 200 
200 200 200x /20 
Fup sin® 2/20 2 = 447.2 kN. Ans. 
Resolving forces horizontally, we get 
Fig = F4p 0s 8 


= (100 x 20) x 


4 


20 


=400kN (Tensile). 


Joint B 

Refer to Fig. 11.39(b) 

ZABC = 90-8 
Resolving forces vertically, 

Fac = F 4p C08 (90 — 8) 
=F, sin 0 
2 
(100 x /20 ) x a0 


G Fag = 100 120 and sin 0= | 


Fyc= 200 kN (Tensile) 
Resolving forces horizontally, we get 
Fan = F4p8in (90 — 8) = F,, cos 0 


4 
= (100 x ,/99) x =400kN (Comp.) 
ee 150 7 


Joint C 
Refer to Fig. 11.39(c) 
Resolving forces horizontally, 


Fog cos 0+ Fop cos 8 = Fig 


Fig. 11.39 (a) 


Fap B 


Fig. 11.39 (0) 
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4 4 
or Fo. xX == + Fx —= = 400 
CE 20 CD J20 


20 
4 


Fon + Fop = 400 x 


= 100 x /20 i) 


Resolving forces vertically, we get 


Fog sin 9 — Fon sin 0 — Fag = 0 


Fig. 11.39 (c) 


or (Fog — Fp) sin 8 = Fy, = 200 


FP. 200 = 200 
Ce ©P™ sin 0 2 
(a) 
= 100 x 20 
Adding equations (7) and (ii), 
2F op = 200 x J20 
or Fog = 100 x ./20 (Tensile) 
Substituting this value in equation (i), we get 


Fop = 100 x 20 — 100 x /20 =0 


F 


(Fao = 200 kN) 


P sin 8 = ss 


.. (Zi) 


To find the support reactions, consider joint D and E. 
Joint D 
The force F yp = 400 KN 
whereas F',,= 0. Hence at joint D, there will be only horizontal reac- 
tion Rp, , which will balance force F'pp. 
s Roy = F pp = 400 KN. 
Joint E 


D Foo = 0 
>: <j—______ 
Rou B 

Fap = 400 KN 


At joint E, the force F,, = 100 x /20 KN. To balance this 
force, there will be horizontal reaction and vertical reaction at E. 


Let Ry = Vertical component of reaction at E 
Ry = Horizontal component of reaction at E 
Resolving forces horizontally, we get 


4 
Ray = Fp 008 9 = (100 x 20) x Tog =400 KN. Ans. 


20 
Resolving forces vertically, we get 


2 
Ray = Fg sin 0 = (100 x 20) x Taq =200kKN. Ans. 


Now the nature and magnitude of forces in the members are: 
AB —> 447.2 kN (Compressive) 
BC > 200 KN (Tensile) 
AC — 400 KN (Tensile) 
BD + 400 KN (Compressive) 
CD->0 
CE — 447.2 KN (Tensile). 


Fig. 11.39 (e) 
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HIGHLIGHTS 


ile 


2. 


12. 


The relation between number of joints (7) and number of members (7) in a perfect frame is given 
byn =2j-3. 
Deficient frame is a frame in which number of members are less than (2j — 3) whereas a redundant 
frame is a frame in which number of members are more than (2j — 3). 
The reaction on a roller support is at right angles to the roller base : 
The forces in the members of a frame are determined by : 
(i) Method of joints (ii) Method of sections, and 
(iit) Graphical method. 


The force in a member will be compressive if the member pushes the joint to which it is connected 
whereas the force in the member will be tensile if the member pulls the joint to which it is 
connected. 


While determining forces in a member by method of joints, the joint should be selected in such a 
way that at any time there are only two members, in which the forces are unknown. 


If three forces act at a joint and two of them are along the same straight line then third force would 
be zero. 


If a truss (or frame) carries horizontal loads, then the support reaction at the hinged end will 
consists of (i) horizontal reaction and (ii) vertical reaction. 


If a truss carries inclined loads, then the support reaction at the hinged end will consists of : (z) 
horizontal reaction and (ii) vertical reaction. They will be given as : 


Horizontal reaction = Horizontal components of inclined loads 
Vertical reaction = Total vertical components of inclined loads — Roller support reaction. 


Method of section is mostly used, when the forces in a few members of a truss are to be deter- 
mined. 


The following steps are necessary for obtaining a graphical solution of a frame : 
(i) Making a space diagram, 

(ii) Constructing a vector diagram, and 

(iii) Preparing a force table. 

The various members of a frame are named according to Bow’s notation. 


EXERCISE 


A. Theoretical Questions 
Define and explain the terms : Perfect frame, imperfect frame, deficient frame and a redundant 
frame. (U.P. Tech. University, 2002-2003) 
(a) What is a frame ? State the difference between a perfect frame and an imperfect frame. 
(6) What are the assumptions made in finding out the forces in a frame ? 


What are the different methods of analysing (or finding out the forces) a perfect frame ? Which one 
is used where and why ? 


How will you find the forces in the members of a truss by method of joints when 
(i) the truss is supported on rollers at one end and hinged at other end and carries vertical loads. 
(ii) the truss is acting as a cantilever and carries vertical loads. 


(iii) the truss is supported on rollers at one end and hinged at other end and carries horizontal and 
vertical loads. 


2. 


3. 


ANALYSIS OF PERFECT FRAMES 


(iv) the truss is supported on rollers at one end and hinged at other end and carries inclined loads. 


(a) What is the advantage of method of section over method of joints ? How will you use method of 
section in finding forces in the members of a truss ? 


(6) Explain with simple sketches the terms (i) method of sections and (ii) method of joints, as 
applied to trusses. 


How will you find the forces in the members of a joint by graphical method ? What are the 
advantages or disadvantages of graphical method over method of joints and method of section ? 


What is the procedure of drawing a vector diagram for a frame ? How will you find out (i) magni- 
tude of a force, and (ii) nature of a force from the vector diagram ? 


How will you find the reactions of a cantilever by graphical method ? 
What are the assumptions made in the analysis of a simple truss. 
Explain what you understand by perfect frame, deficient frame and redundant frame. 


B. Numerical Problems 
Find the forces in the members AB, AC and BC of the truss shown in Fig. 11.40. 
[Ans. AB = 4.33 kN (Comp.) 
AC = 2.5 kN (Comp.) 
BC = 2.165 kN (Tens.)] 


5 kN 


Fig. 11.40 


A truss of span 7.5 m carries a point load of 500 N at joint D as shown in Fig. 11.41. Find the 
reactions and forces in the members of the truss. 


[Ans. R, = 166.5 N 
R, = 333.5 N 

F, = 333 N (Comp.) 
F, = 288.5 N (Tens.) 
F, = 577.5 N (Tens.) 
F, = 667 N (Comp.) 
F.= 577.5 N (Tens.)] 


Fig. 11.41 


A truss of span 7.5 m is loaded as shown in Fig. 11.42. Find the reactions and forces in the 
members of the truss. 


[Ans. AD = 3.464 kN (Comp.) 
AC = 1.732 kN (Tens.) 

CD = 2.598 KN (Tens.) 

CE = 2.598 kN (Comp.) 

DE = 3.50 kN (Comp.) 

BE =5 KN (Comp.) 

BC = 4.33 kN (Tens.)] 
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4. A truss is shown in Fig. 11.43. Find the forces in 
all the members of the truss and indicate it is in 
tension or compression. 

(U.P. Tech. University 2000-2001) 


[Hint. In the problem, length of members are not given. Assume AD = DE = 3m and ZDAC = ZDEC 
= 60 as from figure it appears that AD = DE and ZDAC = ZDEC 
M,=0,10x3+15x3+20x6—-6xR,=0, 


30 + 45 + 120 
or n= eT «= 82.5 KN 
and R,=10+ 15+ 20+ 10-—R, = 55 — 32.5 = 22.5 


Start from joint B where forces in two members are unknown 


Joint B Fy, = 10 KN (Comp.) 
Fao = 0 
Joint A xV =0 
22.5 — 10 — F,, sin 60° = 0 
12.5 
‘ac = Gr gor = 14-43 KN 
Joint D LH = 0, Fyn = Fy cos 60° = 7.215 
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Joint F F yp = 20 KN (Comp.) 


Fyo=0 


Joint E EV = 0, 32.5 — 20 — Fo, sin 60° = 0 
12.5 
Sn 60° = For = 14.43 kN 


XH = 0, Fan = Fog cos 60° = 7.215 kN] 


5. Determine the forces in the various members of the truss shown in Fig. 11.44. 
[Ans. AB = 1200 N (Comp.) 
BC = 800 N (Comp.) 
CD = 800 N (Comp.) 
DE = 1200 N (Comp.) 
EF = 600 N (Tens.) 
AF = 600 N (Tens.) 
BF = DF = 400 N (Comp.) 
FC = 400 N (Tens.)] 


6. A plane truss is loaded and supported as shown in Fig. 11.45. Determine the nature and magni- 
tude of forces in the members 1, 2 and 3. 


[Ans. F', = 833.34 N (Comp.) 
F, = 1000 N (Tens.) 
F,, = 666.66 (Tens.)] 


2m Pie 2m D1 2m Fle 2m 


8m 


Fig. 11.45 
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7. Determine the forces in all the members of a cantilever truss shown in Fig. 11.46. 
[Ans. AC = 1154.7 N (Comp.) 
CD = 2309.4 N (Tens.) 
AD = 2309.4 N (Comp.) 
BD = 2309.4 N (Tens.)] 


2000 N 


Fig. 11.46 


8. Acantilever truss is loaded as shown in Fig. 11.47. Find the force in member AB. 
[Ans. AB = 15 KN (Tens.)] 


9. Find the axial forces in all the members of the truss shown 12000 N 8000 N 
in Fig. 11.48. 


[Hint. Start from joint B 
First find angles 6 and o 


ED 3 #1 
tan 0 = ——=—=— .. @=tan!0.5 = 26.56° 
an EB 62 an 

EA 3 

=—=—=1. a= 11.0 = 45° 
tan @ ED 3 a = tan 0 5 


Joint B =F’, = 0, Fzc sin 8 = 8000 
8000 —_ 8000 
BC™ sin@ sin 26.56° 
LF, = 0 = Fp, cos 8 
= 17891 x cos 26.56° = 16002 N (Tensile) 


= 17891 N (Comp.) 


10. 


11. 


12. 


13. 


14, 


ANALYSIS OF PERFECT FRAMES 


Joint C XF’, = 0, Fz, cos 8 = Fp cos 8 
Fon=F pc = 17891 N (Comp.) 

LF) = 0, Foy — Fp¢ Sin 8 + Fon sin 8=0 
Foa=0 (+ Feo =F op) 


Joint A LF, = 0, Fan cos o = 12000 
12000 N ; 12000 


= 16970 


| AD ~ sin 45° 
E Fe A B LF, = 0, Fyn = cos 0- Fyn + Fp, = 0 
es F,= 16002 or F,, cos 45° — F,, + 16002 =0 
Fa. 16970 cos 45° — F4, + 16002 = 0 
D G “. Fyy = 16002 + 16970 cos 45° 
= 16002 + 11999 = 28001 N (Tens.)] 


Determine the forces in the truss shown in Fig. 11.49 which carries a horizontal load of 16 kN and 
a vertical load of 24 KN. [Ans. AC = 24 kN (Tens.) 


AD = 10 kN (Comp.) 
CD = 24 kN (Tens.) 
CB = 24 kN (Tens.) 

BD = 30 KN (Comp.)] 


Find the forces in the member AB and AC of the truss shown in Fig. 11.40 of question 1, using 
method of sections. [Ans. AB = 4.33 kN (Comp.) 
AC = 2.5 kN (Comp.)] 

Find the forces in the members marked 1, 3, 5 of truss shown in Fig. 11.41 of question 2, using 
method of sections. [Ans. F, = 333 N (Comp.) 
F, = 577.5 N (Tens.) 

F.= 577.5 N (Tens.)] 

Find the forces in the members DE, CE and CB of the truss, shown in Fig. 11.42 of question 3, 
using method of sections. [Ans. DE = 3.5 kN (Comp.) 
CE = 2.598 kN (Comp.) 

BC = 4.33 KN (Tens.)] 

Using method of section, determine the forces in the members CD, FD and FE of the truss shown 
in Fig. 11.43 of question 5. [Ans. CD = 800 N (Comp.) 
FD = 400 N (Comp.) 

FE = 600 N (Tens.)] 


STRENGTH OF MATERIALS 


15. 


16. 


17. 


18. 


19. 


Using method of section, determine the forces in the members CD, ED and EF of the truss shown 
in Fig. 11.50. [Ans. CD = 4.216 kN (Comp.) 


ED = 3.155 KN (Tens.) 
EF = 2.58 KN (Tens.)] 


Find the forces in the members AB, AC and BC of the truss shown in Fig. 11.40 of question 1, using 

graphical method. 

Using graphical method, determine the magnitude and nature of the forces in the members of the 

truss shown in Fig. 11.41 of question 2. 

Determine the forces in all the members of a cantilever truss shown in Fig. 11.46 of question 7, 

using graphical method. Also determine the sections of the cantilever. 

A cantilever truss is loaded and supported as shown in Fig. 11.51. Find the value of load P which 

would produce an axial force of magnitude 3 kN in the member AC using method of section. 
(U.P. Tech. University, 2002-2003) 


[Hint. Force in member AC, F,,=3 kN 
Now pass a section ©-® as shown in Fig. 11.51 (a). 


¢——_ 3m ——_> 


Fig. 11.51 (a) 


Take moments about point D. 


IM, =0;Fipx 2-Px15=0 But Fic=3 kN 
38x2-Px15=0 
or 6=1.5P or P=4KN.] 


12.1. INTRODUCTION 


If a beam carries uniformly distributed load or a point load, the beam is deflected from 
its original position. In this chapter, we shall study the amount by which a beam is deflected 


from its position. Due to the loads acting on the beam, it will 
be subjected to bending moment. The radius of curvature of 


the deflected beam is given by the equation * = = The ra- 


IxE 
dius of curvature will be constant if R = age constant. 


The term (J x £)/M will be constant, if the beam is subjected 
to a constant bending moment M. This means that a beam for 
which, when loaded, the value of (E x D/M is constant, will 
bend in a circular arc. 

Fig. 12.1 (a) shows the beam position before any load is 
applied on the beam whereas Fig. 12.1 (6) shows the beam 
position after loading. 


12.2. DEFLECTION AND SLOPE OF A BEAM SUBJECTED TO UNIFORM BENDING 
MOMENT 


A beam AB of length L is subjected to a uniform bend- 
ing moment M as shown in Fig. 12.1 (c). As the beam is sub- 
jected to a constant bending moment, hence it will bend into 
a circular arc. The initial position of the beam is shown by 
ACB, whereas the deflected position is shown by AC’B. 

Let R= Radius of curvature of the deflected beam, 

y = Deflection of the beam at the centre (i.e., dis- 
tance CC’), 

I = Moment of inertia of the beam section, 

E = Young’s modulus for the beam material, and 

6 = Slope of the beam at the end A (i.e., the angle 
made by the tangent at A with the beam AB). 
For a practical beam the deflection y is a 
small quantity. 


C’ 


(b) Beam position after loading 


Fig. 12.1 


Fig. 12.1 (c) 
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Hence tan 0 = 0 where 0 is in radians. Hence 0 becomes the slope as slope is 


Loe ae 
dx 
L 
Now AC = BC = > 


Also from the geometry of a circle, we know that 
AC x CB = DC x CC’ 


LoL 
a a =(2R—-y) xy (. DC = DC’ — CC’ = 2R — y) 
2 
or <= 2Ry-y" 


For a practical beam, the deflection y is a small quantity. Hence the square of a small 
quantity will be negligible. Hence neglecting y? in the above equation, we get 


2 
ae = 2Ry 
L? 
ae .{Z) 
ay: 
But from bending equation, we have 
Le 
I R 
Ext 
or = ...{ii) 
Substituting the value of R in equation (Z), we get 
L? 
NA 
EI 
8 x — 
M 
ML? 
= Ate, 
- ”* SEI ies 


Equation (12.1) gives the central deflection of a beam which bends in a circular arc. 
Value of Slope (8) 
From triangle AOB, we know that 


AC cae i 


AO R_ 2R 
Since the angle 0 is very small, hence sin 6 = @ (in radians) 


sin 0 = 


¢ R= = from equation «) 


EI .»(12.2) 


Equation (12.2) gives the slope of the deflected beam at A or at B. 
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12.3. RELATION BETWEEN SLOPE, DEFLECTION AND RADIUS OF CURVATURE 


Let the curve AB represents the deflection of a beam as shown in Fig. 12.2 (a). Consider 
a small portion PQ of this beam. Let the tangents at P and Q@ make angle y and y + dw with 
x-axis. Normal at P and Q will meet at C such that 


PC=QC=R 


Ya 


Fig. 12.2 


The point C is known as centre of curvature of the curve PQ. 
Let the length of PQ is equal to ds. 
From Fig. 12.2 (6), we see that 

Angle PCQ = dy 


PQ = ds = R.dy 
d 
or = a .{Z) 
But if x and y be the co-ordinates of P, then 
d 
tan y = - . (it) 
_ dy 
sin W= 7 
d 
and cos YW = = 
Now equation (i) can be written as 
tmeu 
ds_\dx) _\cosy 
* (2) (Z) 
dx dx 
cn R- sec W 


wAZb) 
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Differentiating equation (ii) w.r.t. x, we get 


sec? y. dy _d*y 
dx dx? 


2 
or dy _\dx 


dx sec? y 


Substituting this value of “ in equation (iii), we get 
x 


3 
secw _ secw.sec”>y sec” W 


d*y d’y 
dx? 


dx? 


Rx 


d’y 


Q 

R 
iw) 
a 


Taking the reciprocal to both sides, we get 


d*y d*y 
lod? dx? 
R sec? WV (sec? le 
d*y 
dx? 


~ (1+ tan? y)?”? 
For a practical beam, the slope tan y at any point is a small quantity. Hence tan? y can 
be neglected. 


ae (iv) 
—_— = — AC) 
R dx? 
From the bending equation, we have 
M_E 
I R 
1 M 
ee aT el) 
Equating equations (iv) and (uv), we get 
M_d*y 
EI dx? 
2 
M-EI d af hte) 
dx 
Differentiating the above equation w.r.t. x, we get 
3 
aM _ py ty 
dx dx 
dM 
But ae F shear force (See page 288) 
d°y 
F = EI —> ...(12.4) 
dx? 
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Differentiating equation (12.4) w.r.t. x, we get 


4 
a _ py d'y 
dx dx 
dF 
But ae the rate of loading 
4 
ee EI (12.5) 
Xx 
Hence, the relation between curvature, slope, deflection etc. at a section is given by : 
Deflection =y 
dy 
] a 
Slope ay 
2 
Bending moment = EI oe 
dx 
d°y 
Shearing force = EI —> 
dx 
d*y 


The rate of loading =EI —~+. 
dx 


Units. In the above equations, E is taken in N/mm? 
T is taken in mm4, y is taken in mm, 


MistakeninNm and x is taken in m. 
12.3.1. Methods of Determining Slope and Deflection at a Section in a Loaded 


Beam. The followings are the important methods for finding the slope and deflection at a 
section in a loaded beam : 


(z) Double integration method 
(ii) Moment area method, and 
(iii) Macaulay’s method 
Incase of double integration method, the equation used is 
d*y d*y M 
M=kEI ae or ae EI 
dy 


First integration of the above equation gives the value of dx 


or slope. The second inte- 


gration gives the value of y or deflection. 


The first two methods are used for a single load whereas the third method is used for 
several loads. 


12.4. DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A POINT LOAD 
AT THE CENTRE 


A simply supported beam AB of length L and carrying a point load W at the centre is 
shown in Fig. 12.3. 


As the load is symmetrically applied the reactions R, and R, will be equal. Also the 


maximum deflection will be at the centre. 
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nz 


Ww 
Now R,=R,= a 
Consider a section X at a distance x from A. The bending moment at this section is 


given by, 


xx (Plus sign is as B.M. for left portion at X 


is clockwise) 
But B.M. at any section is also given by equation (12.3) as 


2 
M=E 22 = 
dx 
Equating the two values of B.M., we get 
d*y W : 
EI ae = 2 x xX .(Z) 
On integration, we get 
2 
gee Ng 2G, (ii) 
dx 2 2 
where C, is the constant of integration. And its value is obtained from boundary conditions. 


L 
The boundary condition is that at x = 3? slope (2) = 0 (As the maximum deflection is at the 
X 


centre, hence slope at the centre will be zero). Substituting this boundary condition in equa- 
tion (iz), we get 


or C,=- 
Substituting the value of C, in equation (iz), we get 


2 2 
ee iii) 
dx 4 16 

The above equation is known the slope equation. We can find the slope at any point on 
the beam by substituting the values of x. Slope is maximum at A. At A, x = 0 and hence slope 
at A will be obtained by substituting x = 0 in equation (iii). 


EI 
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4 16 


(2) is the slope at A and is represented by 0 4 
dx at A 


2 
or EI x 0, =—- ues 
16 
WL? 
0,=- 
16EI 
The slope at point B will be equal to ,, since the load is symmetrically applied. 
WL? 
6, =0, =- (1256 
BSA” I6EI (12-6) 


Equation (12.6) gives the slope in radians. 


Deflection at any point 
Deflection at any point is obtained by integrating the slope equation (iii). Hence inte- 
grating equation (iii), we get 


3 2 
EIxy= 2-7 x + Cy iv) 


where C, is another constant of integration. At A, x = 0 and the deflection (y) is zero. 
Hence substituting these values in equation (iv), we get 
EIx0=0-0+C, 


or C,=0 
Substituting the value of C, in equation (iv), we get 
Wx? WL? .x 
EI xy= = .(v) 
“12 ‘16 


The above equation is known as the deflection equation. We can find the deflection at 
any point on the beam by substituting the values of x. The deflection is maximum at centre 


L L 
point C, where x = a° Let y, represents the deflection at C. Then substituting « = 2 andy =y, 


in equation (uv), we get 


W(L\) WL? (L 
woo (E) Ea 


1249 16 \ 2 
_ WL? WL? WL? -3WL’ 
~ 96 32 96 
2WL? WL? 
~ 96 48 
_ WL 
ye ~~ 48EI 
(Negative sign shows that deflection is downwards) 
WL? 


Downward deflection, y, = wt) 


48 EI 
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Problem 12.1. A beam 6 m long, simply supported at its ends, is carrying a point load 
of 50 RN at its centre. The moment of inertia of the beam (i.e. I) is given as equal to 
78 x 10° mm+*. If E for the material of the beam = 2.1 x 10° N/mm?, calculate : (i) deflection at 
the centre of the beam and (ii) slope at the supports. 


Sol. Given : 

Length, L=6m=6 x 1000 = 6000 mm 
Point load, W =50 KN = 50,000 N 

M.O.L., I= 78 x 10° mm4 

Value of E = 2.1 x 10° N/mm? 

Let y, = Deflection at the centre and 


8, = Slope at the support. 
(i) Using equation (12.7) for the deflection at the centre, we get 
_ WL’ 
~ 48EI 
_ 50000 x 6000° 
~ 48x 2.1x 10° x 78 x 10° 
= 13.736 mm. Ans. 
(ii) Using equation (12.6) for the slope at the supports, we get 
WL’ 
~ 16EI 


Ye 


Op = 94 = 


_ We 

~ 16EI 

7 50000 x 6000? 

~ 16x 2.1x 10° x 78x 10° 
= 0.06868 radians 


(Numerically) 


radians 


180 : 180 
= 0.06868 x as degree [2 lradian = 75° degree | 


= 3.935°. Ans. 


Problem 12.2. A beam 4 metre long, simply supported at its ends, carries a point load W 
at its centre. If the slope at the ends of the beam is not to exceed 1°, find the deflection at the 
centre of the beam. 


Sol. Given : 
Length, L=4m= 4000 mm 
Point load at centre =W 


1x 
Slope at the ends, 6,=0,=1°= eG = 0.01745 radians 


Let y, = Deflection at the centre 
Using equation (12.6), for the slope at the supports, we get 
2 
0, = — (Numerically) 
2 
or 0.01745 = ure .{Z) 
16EI 


Now using equation (12.7), we get 
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_ WL? 
Ye * ARRT 
We? L WE WL? we 
~ T6EI <3 “ 48EI 16EI 3 
2 
= 0.01745 x = |: — 0.01745 from equation a 


= 23.26 mm. Ans. 


Problem 12.3. A beam 3 m long, simply supported at its ends, is carrying a point 
load W at the centre. If the slope at the ends of the beam should not exceed 1°, find the deflec- 


tion at the centre of the beam. 
Sol. Given : 
Length, L = 3 m = 38 x 1000 = 3000 mm 
Point load at centre =W 
Slope at the ends, 06, =0,=1° 
1xt 


aga 0.01745 radians 


Let y, = Deflection at the centre 


Using equation (12.6), we get 


= 0.01745 = Wa 
dem oo ~ 16EI 


O4 


Now using equation (12.7), we get 


_ WL’ WL’ L 
~ 48EI 16EI° 3 


Ye 


L 
= 0.01745 x 3 


3000 
= 0.01745 x 


=17.45 mm. Ans. 


eek) 


2 
s Ee 0.01745 
16EI 


(.. L = 3000 mm) 


12.5. DEFLECTION OF A SIMPLY SUPPORTED BEAM WITH AN ECCENTRIC 
POINT LOAD 


A simply supported beam AB of length Z and carrying a point load W at a distance a 
from support A and at a distance 6 from support B is shown in Fig. 12.4. 


The reactions at A and B can be calculated by taking moments about A. 


We find that reaction at A is given by 


Wxb Wxa 
L and R,= L 


Ryz= 
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w 
«x —>| 
(e 
A B 
1X 
# =: b 
Wb jp Wa 
L L 


Fig. 12.4 


(a) Now consider a section X at a distance x from A in length AC. The bending moment 
at this section is given by, 


M,=R,xx 
Wxb 
= xe (Plus sign due to sagging) 
But B.M. at any section is also given by equation (12.3) as 
2 
Men” 
dx 
Equating the two values of B.M., we get 
d*y Wxb 
EI = dx = z x 
Integrating the above equation, we get 
dy Wxb_ x? ; 
EI —= x C oe 
rf 7 ae (i) 
where C, is the constant of integration. 
Integrating the equation (i), we get 
W.b x 
ELy = OL ee + Cie + Cy ...(ii) 


where C, is another constant of integration. The values of C, and C, are obtained from bound- 
ary conditions. 

(i) AtA,x=0 and deflection y = 0 

Substituting these values in equation (iz), we get 


0=0+0+C, 
2 C,=0 
Substituting the value of C, in equation (ii), we get 
Ehy=— 3 eC 6e 
...(Ziz) 
. dy 
(ii) At C, x = a and slope a 9¢ - (Note that value of 6, is unknown). 
The value of C’, is obtained by substituting these values in equation (7). Hence, we get 
2 
1s ae ac 


Set ne 
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W.b.a’ 
C, = EI x 8, —- ————_ 
1 eG OL 
Substituting the value of C, in equations (7) and (iii), we get 
dy W.b , W.b.a? 
EI de OL xX + EI x O0- oL ...(iv) 
b W.b.a” 
Ely = —— .x°+| EI.0¢- a 
4 xe + Cc OL (v) 


Equation (iv) gives the slope whereas equation (v) gives the deflection at any point in 
section AC. But the value of 8, is unknown. 
(6) Now consider a section X at a distance x from A in length CB as shown in Fig. 12.5. 
Here x varies from a to L. The B.M. at this section is given by, 
M,, = R4.x — Wx - a) 


Fig. 12.5 


But B.M. at this section is also given by equation (12.3) as 
2 
M=5r 22 
dx 
Equating the two values of B.M., we get 
2 
EI d*y _ W.b 
dx” L 
Integrating the above equation, we get 
dy W.b x? W(x-a)? a 
de iL 2 2 
where C, is the constant of integration. 


.x—- W(x -a) 


EI 


Cs ..(UL) 


Integrating the equation (vi) again, we get 


3 a) 
5 a a) 

2L 3 2 3 

where C’,, is another constant of integration. The values of C, and C, are obtained from bound- 


ary conditions. 


+C.x+C, ...(UiL) 


(i) At B, x = L and y = 0. Substituting these values in equation (vii), we get 
_W.b LD? W (L-a)? 


0 ‘ . 
2E6€3~¢«C2 3 


+C,xL+C, 
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_W.b.L? W.b? 
= 
_ Wo? W.b.L? 
«6 6 


$C eC, (. L-a=b) 


Cy 


C,xL 
...(ULiL) 


d 
(ii) At C, x =a and slope a = 0,. (The value of 8, is unknown). 


The value of C, is obtained by substituting these values in equation (v/). 
Hence, we get from equation (vz) 

W.b.a? 
2L 

_ W.b.a? 
2L 


EL.0, = . (a-a)?+C, 


-0+C, 


2 
C, = EL, a (ix) 


Substituting the value of C, in equation (viii), we get 


we er | Ww ee 


EI.0¢ -— 


CL= 6 6 


= —” [p2- 1? + 307] ELL.0, 
= —” [b2~ (a + 5)? + 302] —ELL.0, (. L=a+b) 
= —— [b? -a*- 6? - 2ab + 3a?] - EL.L.6, 


[2a? — 2ab] - EL.L.6, 


—— x 2a(a - 6) — ELL.6, 


W.ab 
=e la — 6] - EL.L.8¢ 


The slope [ie >) at any point in CB is obtained by substituting the value of C, in 
be 


equation (vi). Hence, we get from equation (vi), 


dy_ W.b 2 W W.b.a? 


EI 


_—q)2 oy ee 
dx OL 9 (x —a)? + EL.0, TF w(x) 
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The deflection (7.e., y) at any point in CB is obtained by substituting the values of C, and 
C,, in equation (vii). Hence, we get from equation (vii), 


W.b 3 W W.b.a” 
EI. +8 — (a) + (2t0¢ be), 
W.ab 
5 (a-b)- EI. L. 8, Ati) 


The deflection at the point C is obtained by substituting x = a in the above equation. Let 
Yc = the deflection at C. Hence, we get 


3 W.b.a? 
Big, a ee ag as [Bt9,-UP-2")g 


6L 6 2L 
W.a.b 
+— 2 (a — 6) - ELL.0, 
1/W.b.a° W.b.a> W.a.b 
or ven By 0+ BI 0.00 - ERE, 3 (a b) BIL ¢ | 
3 3 
cp es OE GEE gO ie IO) Ate) 
EI| 6L QL 3 


The deflection at the point C can also be obtained by substituting x = a in equation (v). 
Hence, we get 


or Yo= a" ...(B) 


Equating the two values of y,, given by equations (A) and (B), we get 


1/W.b.a° W.b.a*|  1/W.b.a? W.b.a®  W.a.b 
EI| 6L 2L |” EI| 6L 2L 3 


+ EI.a.0¢ = EI.L.6¢] 


+ EI.6¢.a- 


(a — bd) 


Ww. 


b 
or 0=—<" (a—6)-EILL6, 


3 


W.a.b (oh) 


or ELL, = 


W.a.b 
3EI.L 


The above equation gives the value of 0, (i.e., slope at point C). Substituting this value 
of 6, in equation (iv), we get the slope at any point in AC. Hence, we get from equation (iv), 


or 80 = (a —b) A128) 


2 
ep WO 2, ayy WG-8, b) W.b.a 
dx 2L 3EI.L 2L 

2 
a Web oa, Wan.by, b) W.b.a 
2L 3L 2L 
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= 


.b 


[3x2 + 2a(a — b) — 3a?| 


O igx2 —2ab — a?] 


a 
wl 


.(C) 
As the length AC is more than length CB, hence maximum slope will be at the support 


A, where x = 0. Let the slope at A is represented by 6,. Hence = at A will be equal to @,. 
x 
Substituting x = 0 in equation (C), we get 


a(S) Se ee 
A 


dx 6L 
EL®@ ee 4b =a") 
or O,= Gr, (-2ab-a 
-W.a.b 
or 0, = “6EILL (a + 2b) whd229) 


[Negative sign with the slope means that tangent at the point A makes an angle in the 
anti-clockwise or negative direction]. 
Value of Maximum Deflection 

Since ‘a’ is more than ‘b’ hence maximum deflection will be in length AC. The deflection 
at any point in length AC is given by equation (v) as 


fig u x? + 


2 
.b fetes " W.b.a I 


L 
E _W.a.b 
. ( Oem 


SELL (a — b) from Eq. az) 


W.b 3 |W.a.b W.b.a? 
= x3 4 (a—b) Lx 
6L 3L 2L 


.b 
= [x? + 2a (a — b)x — 8a? . x] 


= [x3 + 2a2x — 2abx — 3a2x] 


.b 
_ Be _ 3 vl y2 
= Er [x? — a*x — 2abx] 6L [x? — x(a* + 2ab)] 


[x3 — x(a? + 2ab)] ...(D) 


= y* GEIL 


d. 
The deflection will be maximum if =0 


dy_W.b 5 5 
But dx 6EIL [8x* — (a* + 2ab)] 


dy 
For maximum deflection, =0 


dx 
828 


W.b 
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GEIL [3x2 — (a? + 2ab)] = 
or 3x2 — (a? + 2ab) = ( ven cannot be zero) 
9 a +2ab 
or x4 = —_—_— 
3 


; 


a? +2ab 
3 


is 


Substituting this value of x in equation (D), we get maximum deflection. 


W.b|{ a2 +2ab ida a” + 2ab - 2 
y, = || |] -} |? +208) 
max ~ 6 EIT, 3 3 
_ W.b | (a? +2ab)?? (a? + 2ab)*” 
6EIL| 3x3 V3 
_W.b a | 1 
(a? + 2ab) -— 
~ GEIL Bea 3B | 
W.b 


~ 6EIL 


(a? + 2ab)?” a?) 


3/3 


(a? + 2ab)*”? 


__W.b 
9/3EI.L 


Negative sign means the deflection is in downward direction. 


Downward, Y max = 


Deflection Under the Point Load 
Let 


W.b 
9V3EI.L 


(a2 + 2ab)*”? ...(12.10) 


Yo = Deflection under the point load 


The deflection at any point in length AC is given by equation (D), as 


W.b 
Yo= GEIL [x3 — x(a? + 2ab)] 
The deflection under the point load will be obtained by substituting x = a in the above 
equation. 
W.b 
opacity os err ee 
Yo= 6EIL [a? — a(a* + 2ab)] 
W.b 
oe Ee E78. 28 ne 
= GEIL [a? — a? — 2a*b] 
.b Wa’b? 
- _ 9g 2h) — _ 
ee ae 
Negative sign means the deflection is downward. 
Wa?b? 
. D d, 7 por (ee Eh 
ownwar Vo 3EIL ( ) 


Note. The above method for finding the slope and deflection is very laborious. There is a simple 


method of finding the slope and deflection at any point in a beam. This method is known as Macaulay’s 


method which will be discussed later on. 
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Problem 12.4. Determine : (i) slope at the left support, (ii) deflection under the load and 
(tii) maximum deflection of a simply supported beam of length 5 m, which is carrying a point 
load of 5 RN at a distance of 3 m from the left end. Take E = 2 x 10° N/mm? and I = 1 x 108 mm?. 


Sol. Given : 
Length, L=5m=5000 mm 
Point load, W=5kN=5000N 


Distance between point load and left end, 

a=3m= 3000 mm 
Re b=L—-a=5-3=2m= 2000 mm 
Value of E = 2 x 10° N/mm? 


M.O.L., IT=1x 108 mm‘ 
Let 8, = Slope at the left support, 


Yo = Deflection under the load, and 
Ymax = Maximum deflection. 
(i) Using equation (12.9), we get 


W.a.b 
6ELL (a + 2b) 


5000 x 3000 x 2000 . 
=— 5 4 x (3000 + 2 x 2000) (radians) 
6x2x 10° x 10° x 5000 
= — 0.00035 radians. Ans. 
Negative sign means that the angle made by tangent at A is anti-clockwise. 
(ii) The deflection under the load is given by equation (12.11), as 
_ Wa?.b? 
%c* “3EIL 
5000 x 3000” x 20007 
~ 3x2x10° x 10° x 5000 
(iii) The maximum deflection is given by equation (12.10), as 


0, =- 


=0.6mm. Ans. 


: 
eo te eRe 
Ymax = 93 ppt + 20°) 


_ 5000 x 2000 
7 9x J3 x2x10° x 10° x 5000 


(3000? + 2 x 3000 x 2000)?” 


1 
= 50a on (9000000 + 12000000)22 


= 0.6173 mm. Ans. 


12.6. DEFLECTION OF A SIMPLY SUPPORTED BEAM WITH A UNIFORMLY DIS- 
TRIBUTED LOAD 


A simply supported beam AB of length L and carrying a uniformly distributed load of w 
per unit length over the entire length is shown in Fig. 12.6. The reactions at A and B will be 


wx L 


equal. Also the maximum deflection will be at the centre. Each vertical reaction = 


DEFLECTION OF BEAMS 


j}¢—— x —->| Pal length 
| —————— ae a | 
L 
R, = 2% [ Ra = 2 L 
Fig. 12.6 
wx 
R,=R,= i 
Consider a section X at a distance x from A. The bending moment at this section is given 
by, 
2 
M,=R,xx-wxxx Fe wes Ze 
“ 2 2 2 
But B.M. at any section is also given by equation (12.3), as 
2 
M=51 22 
dx 
Equating the two values of B.M., we get 
2 2 
EI d y_w.Ll wx 
dx” 2 2 
Integrating the above equation, we get 
dy w.L x* w x? 
EI —= : : salt 
Go ae oe ” 
where C, is a constant of integration. 
Integrating the above equation again, we get 
Cie i‘ 
Ely=" sails acted Cix+C, ska) 


4 3.6 4 
where C, is another constant of integration. Thus two constants of integration (7.e., C, and C,) 
are obtained from boundary conditions. The boundary conditions are : 
(i) atx=0,y=0 and (ii) atx =L, y =0 
Substituting first boundary condition i.e., x = 0, y = 0 in equation (iz), we get 
0=0-0+0+C, or C,=0 
Substituting the second boundary condition i.e., at x = L, y = 0 in equation (iz), we get 


w.L Db w L 


0= ae ae +C,.L (C, is already zero) 
4 4 
_w LY _w.L rene 
12 24 
wl? wl? wL? 
or C= + = 


12 24 24 
Substituting the value of C, in equations (7) and (ii), we get 


wD ey 
dy _w Pe a 


re - 7 ry .. (tz) 
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w.L 3 w 4 wL? 
and pee ee aT haa [= x+0 ( C, = 0) 
3 
or Ely = lee ag? a a at x ...(iv) 
12 24 24 


Equation (iii) is known as slope equation. We can find the slope (ie. the value of | 
x 


at any point on the beam by substituting the different values of x in this equation. 
Equation (iv) is known as deflection equation. We can find the deflection (i.e., the value 
of y) at any point on the beam by substituting the different values of x in this equation. 


Slope at the Supports 


d 
Let 0, = Slope at support A. This is equal to (2) 
at A 


dx 
d 
and 8, = Slop at support B = (2) 
dx at B 
d 
AtA, x=0 and = = 0,. 
Substituting these values in equation (iii), we get 
3 
Bia? x0=" g0= 
4 6 24 
3 2 
ge eea (. w.L=W= Total load) 
24 24 
WL? 
= — —— seh LS 
A 24EI 


(Negative sign means that tangent at A makes an angle with AB in the anti-clockwise 
direction) 
WL? 


- ...(12.13) 
24EI 


By symmetry, 0, = 
Maximum Deflection 
L 
The maximum deflection is at the centre of the beam i.e., at point C, where x = a" Let 


L 
Yo = deflection at C which is also maximum deflection. Substituting y = y, and x = 5 in 


equation (iv), we get 


Il 
»|§ 
NS 
_—_a 
wlth 
NY 

w 
ms 
——S 
bo] ty 
Se 

ine 
s 
|S, 
| ay 
bol ty 
— 


EL yo 


(. w.L = W = Total load) 
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Negative sign indicates that deflection is downwards. 
Downward deflection, 


5 WL’ 

Yo= aka ...(12.14) 
Problem 12.5. A beam of uniform rectangular section 200 mm wide and 300 mm deep 

is simply supported at its ends. It carries a uniformly distributed load of 9 kN/m run over the 

entire span of 5 m. If the value of E for the beam material is 1 x 104 N/mm2, find : 


(i) the slope at the supports and (ii) maximum deflection. 
Sol. Given : 
Width, 6 = 200 mm 
Depth, d= 300 mm 
M.O.L, p= bd? _ 200x300" _ ys 108 mm! 
12 12 
U.d.l., w =9 kN/m = 9000 N/m 
Span, L=5m=5000 mm 
Total load, W =w. L* = 9000 x 5 = 45000 N 
Value of E=1x 10+ N/mm? 
Let 8, = Slope at the support 
and Yo = Maximum deflection. 
(i) Using equation (12.12), we get 
_ W.P? 
A“ 24EI 
45000 x 5000? ; 
= radians 


24x1x 104 x 45x 108 
= 0.0104 radians. Ans. 
(ii) Using equation (12.14), we get 
5 WD 
~ 384° «EI 
__5 45000 x 5000? 
384° 1x 10* x 4.5 x 108 
=16.27mm. Ans. 


Problem 12.6. A beam of length 5 m and of uniform rectangular section is simply 
supported at its ends. It carries a uniformly distributed load of 9 kN/m run over the entire 
length. Calculate the width and depth of the beam if permissible bending stress is 7 N/mm? and 
central deflection is not to exceed 1 cm. 

Take E for beam material = 1 x 10* N/mm?. 


Yo 


Sol. Given : 
Length, L=5m=5000 mm 
U.d.l., w =9kN/m 


*Here L should be taken in metre. Hence for calculating total load, LZ must be in metre and in 


other calculations L is taken in mm. 
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Total load, W=w.L=9x5=45 KN = 45000 N 
Bending stress, f =7N/mm? 
Central deflection, y,=1cm=10mm 
Value of E =1~x 104 N/mm? 
Let 6 = Width of beam is mm 
and d = Depth of beam in mm 
3 
MOL, Pees 
12 
Using equation (12.14), we get 
_5 WL 
%c~ 384°” EI 
‘6 5_ 45000 x 5000° 
or - 
384 3 
is<iotx| 
12 
5 — 45000 x 5000? x 12 
bd? = x 
“ 384 1x 104 x 10 
= 878.906 x 107 mm*4 ..(Z) 


The maximum bending moment for a simply supported beam carrying a uniformly dis- 
tributed load is given by, 


2 
_ wh = v= ( W-=w.L = Total load) 
45000 x 5 45000 x 5 
_ _ n= = x 1000 Nmm 


= 28125000 Nmm 
Now using the bending equation as 


M_f 
Ty 
- 28125000 __7 fe aoe 
bd? (¢ 2 
12 2 
2812500012 14 
uC bd? d 
28125000 x 12 
re pga ES 071d been? wt 


14 
Dividing equation (i) by equation (ii), we get 
_ 838.906 x 10° 


~ 24107142.85 
Substituting this value of ‘d’ in equation (ii), we get 


b x (364.58)? = 24107142.85 
p = 24107142.85 
364.587 


= 364.58 mm. Ans. 


= 181.36 mm. Ans. 
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Problem 12.7. A beam of length 5 m and of uniform rectangular section is supported at 
its ends and carries uniformly distributed load over the entire length. Calculate the depth of 
the section if the maximum permissible bending stress is 8 N/mm? and central deflection is not 
to exceed 10 mm. 


and 


Take the value of E = 1.2 x 104 N/mm. 


Sol. Given : 

Length, L=5m= 5000 mm 
Bending stress, f = 8 N/mm2 
Central deflection, y,= 10mm 

Value of E = 1.2 x 10* N/mm? 
Let W = Total load 


d = Depth of beam 
The maximum bending moment for a simply supported beam carrying a uniformly dis- 


tributed load is given by, 


or 


or 


or 


or 


jp ae (Cs W=w.L) axO) 
8 8 
Now using the bending equation, 
M _f 
roy 
fxI_ 8xI E -$] 
~~ y  (d/2) ae 
-— _Aii) 
Equating the two values of B.M., we get 
W.L 160 
8 dt 
16x82 1287 re 
Sa ed .. (iit) 
Now using equation (12.14), we get 
5 WE? 
Yo* 384° EI 
5 1281 LD 128] 
aa aE (- ye =10mm ana W = 12°.) 
_ 5 128xL? 
384. dxE 


5 128xL’ 5 128 x 5000" 
~ 384° 10xE 384° 10x12x 101 
= 347.2 mm = 34.72 em. Ans. 


12.7. MACAULAY’S METHOD 


The procedure of finding slope and deflection for a simply supported beam with an 


eccentric point load as mentioned in Art. 12.5, is a very laborious. There is a convenient method 
for determining the deflections of the beam subjected to point loads. 
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This method was devised by Mr. M.H. Macaulay and is known as Macaulay’s method. 
This method mainly consists in the special manner in which the bending moment at any sec- 
tion is expressed and in the manner in which the integrations are carried out. 

12.7.1. Deflection of a Simply Supported Beam with an Eccentric Point Load. 
A simply supported beam AB of length L and carrying a point load W at a distance ‘a’ from left 
support and at a distance ‘b’ from right support is shown in Fig. 12.7. The reactions at A and 
B are given by, 


Fig. 12.7 


The bending moment at any section between A and C at a distance x from A is given by, 
W.b 


M,=R,xx= 


The above equation of B.M. holds good for the values of x between 0 and ‘a’. The B.M. at 
any section between C and B at a distance x from A is given by, 
M,.=R,.x — W x (x-a) 


xXx 


The above equation of B.M. holds good for all values of x between x = a and x = b. 
The B.M. for all sections of the beam can be expressed in a single equation written as 


W.b : 
M,=——x : -W(x-a) ...(Z) 
Be 
Stop at the dotted line for any point in section AC. But for any point in section CB, add 
the expression beyond the dotted line also. 


The B.M. at any section is also given by equation (12.3) as 


d*y 
M = EI —> ...(Zi) 
dx” 
Hence equating (i) and (ii), we get 
d?y_ W.b ah 
EI mL Xx : — Wix - a) ...(Zit) 
Integrating the above equation, we get 
2 : _ yg 
pe ee ..iv) 
dx L 2 2 
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where C, is a constant of integration. This constant of integration should be written after the 
first term. Also the brackets are to be integrated as a whole. Hence the integration of (x — a) will 


(x - a)? 


be and not —ax. 
Integrating equation (iv) once again, we get 
_y8 
Ely = Me +C,x+C, - ee 2 ...(v) 


where C, is another constant of integration. This constant is written after C,x. The integration 


3 
of (x — a)? will be | ~ : ¢) . This type of integration is justified as the constant of integrations 


C, and C, are valid for all values of x. 

The values of C, and C, are obtained from boundary conditions. The two boundary 
conditions are : 

(i) Atx =0,y =0 and (ii) Atx =L,y =0 

(i) At A, x = 0 and y = 0. Substituting these values in equation (v) upto dotted line only, 
we get 


0=0+0+C, 
2 C,=0 
(i) At B, x = L and y = 0. Substituting these values in equation (uv), we get 
3 3 
oS seeps Se 
2L 3 2 
( C, = 0. Here complete Eq. (v) is to be taken) 
2 3 
= ME eo ice (. L-a=b) 
6 2 3 
WwW 2 
Cxha We Wie (L? = 5?) 
6 6 6 
W.b 
ee 2 FR? : 
C,= 6L (L? — b?) .(UL) 
Substituting the value of C, in equation (iv), we get 
dy W.bx? [ W.bs5 .o\] 2 Waa? 
a + [* -—b ee 
a dx L 2 6L ( ) : 2 
2 : ye 
2L 6L : 2 


Equation (vii) gives the slope at any point in the beam. Slope is maximum at A or B. To 
find the slope at A, substitute x = 0 in the above equation upto dotted line as point A lies in AC. 


WwW. Ww d 
EL.®, = Seok 0-2-8) (» Bat a-0,] 
Wb 
=~ (72— B2 
ep ee 
Wb aT ; 
°,=— Grr (L* — b*) (as given before) 
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Substituting the values of C, and C, in equation (v), we get 


W.b 3 Wb 
Leo + 
6L 6L 
Equation (viii) gives the deflection at any point in the beam. To find the deflection y, 
under the load, substitute x = a in equation (viii) and consider the equation upto dotted line 
(as point C lies in AC). Hence, we get 


Ely = (L? p%)| x +0 - S-a)! ..(viii) 


Ely, = “_ = ~ Lb) = ie =? 407) 
-— SS 12-2 b) 
W.a.b 
=— cL [(a + 6)? — a? — b?} (. L=a+b) 
W.a 
=— af. 2 i + b?2 + 2ab — a? — b?| 
W.a.b Wa? .b2 
=, 6L [ab] =- 
2 72 
y= << ..(same as before) 


Note. While using Macaulay’s Method, the section x is to be taken in the last portion of the beam. 

Problem 12.8. A beam of length 6 m is simply supported at its ends and carries a point 
load of 40 kN at a distance of 4 m from the left support. Find the deflection under the load and 
maximum deflection. Also calculate the point at which maximum deflection takes place. Given 
M.O.I. of beam = 7.33 x 107 mm4 and E = 2 x 10° N/mm?. 


Sol. Given : 
Length, L=6m=6000 mm 
Point load, W = 40 kN = 40,000 N 


Distance of point load from left support, a = 4m = 4000 mm 
b=L-a=6-4=2m= 2000 mm 


Let y, = Deflection under the load 
Ymax = Maximum deflection 
2 22 
a” .b 
Usi ti = — —___—_ 
sing equation ce 3EIL 
_ 40000 x 4000” x 20007 
Ye 3x 2x 10° x 7.33 x 10" x 6000 


=—9.7mm. Ans. 

Problem 12.9. A beam of length 6 m is simply supported at its ends and carries two 
point loads of 48 kN and 40 kN at a distance of 1 m and 3 m respectively from the left support. 
Find: 

(i) deflection under each load, 

(ii) maximum deflection, and 

(iii) the point at which maximum deflection occurs. 

Given E = 2 x 10° Nimm? and I = 85 x 10° mm‘. 
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Sol. Given : 
I= 85 x 10° mm‘; E = 2 x 10° N/mm? 
First calculate the reactions R, and Rp. 
Taking moments about A, we get 
R,x6=48x1+40x3 = 168 
168 


Ry=—_ = 28KN 


R, = Total load — R, = (48 + 40) — 28 = 60 kN 


Consider the section X in the last part of the beam (i.e., in length DB) at a distance x 
from the left support A. The B.M. at this section is given by, 


d*y 


meV one } <4861) ) 406-9) 
dx? : 7 
=60x : -48(«-1) : -40(«-3) 
Integrating the above equation, we get 
2 _ 42 _ 9)2 
gr & ~ 80% +C, 1-48 (x- 1) 40 (x - 3) 
dx 2 : 2 : 2 
= 30x7+C, : -24¢-1? : -20(¢-3) (i) 
Integrating the above equation again, we get 
3 . : 
Ely = 2° 4.0¢+0, | ~24@-D? } -200-3) 
: : 20 or 
= 103 + Cx +C, : — B(x — 193 Do 3 — 3) (ii) 
To find the values of C, and C,, use two boundary conditions. The boundary conditions are: 
(i) atx=0,y=0, and (ii) atx =6m, y =0. 


(i) Substituting the first boundary condition i.e., at x = 0, y = 0 in equation (ii) and 
considering the equation upto first dotted line (as x = 0 lies in the first part of the beam), we get 
0=0+0+C, . C,=0 
(ii) Substituting the second boundary condition i.e., at x = 6 m, y = 0 in equation (ii) and 
considering the complete equation (as x = 6 lies in the last part of the beam), we get 


20 
0 =10x 6?+C,x6+0-8(6-1)8 3 (6 ay (. C,=0) 


20 
or 0 = 2160 + 6C, -8 x 5°— — x 3° 
= 2160 + 6C, - 1000 — 180 = 980 + 6C, 
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80 
C,=—g— =~ 163.38 


Now substituting the values of C, and C, in equation (iz), we get 
Ely = 10x® — 163.88x : -—8x-1)8 : - ac = 9)8 (Lit) 
(Z) (a) Deflection under first load i.e., at point C. This is obtained by substituting x = 1 in 
equation (Zizi) upto the first dotted line (as the point C lies in the first part of the beam). Hence, 
we get 
EI. y, = 10 x 13 — 163.33 x 1 
= 10 — 163.33 = — 153.33 kNm* 
= — 153.33 x 103 Nm? 
= — 153.33 x 10? x 109 Nmm? 
= — 153.33 x 1012 Nmm? 


-15333x10"  -153.33x 10” 
ve EI 2x 10°x85x105 
=—9.019mm. Ans. 
(Negative sign shows that deflection is downwards). 


(b) Deflection under second load i.e. at point D. This is obtained by substituting x = 3 m 
in equation (ziz) upto the second dotted line (as the point D lies in the second part of the beam). 
Hence, we get 


Ely, = 10 x 3° — 163.33 x 3 — 83 - 1) 
= 270 — 489.99 — 64 = — 283.99 kNm?® 
= — 283.99 x 1012 Nmm?® 
_ = 283.99 x 10” 
~ 2x 10° x 85 x 108 
(ii) Maximum Deflection. The deflection is likely to be maximum at a section between C 
dy 
> dx 
zero upto the second dotted line. 
30x? +C,-24(x-1)? =0 
or 30x? — 163.33 — 24(x? + 1 — 2x) =0 (. C,=- 163.33) 
or 6x? + 48x — 187.33 =0 
The above equation is a quadratic equation. Hence its solution is 
~ 48+ [487 +4x 6x 187.33 
aol 2x6 


Yp =-16.7mm. Ans. 


and D. For maximum deflection should be zero. Hence equate the equation (i) equal to 


= 2.87 m. 


(Neglecting — ve root) 
Now substituting x = 2.87 m in equation (iii) upto the second dotted line, we get maxi- 
mum deflection as 
Ely, ax = 10 x 2.873 — 163.33 x 2.87 — 8(2.87 — 1)? 
= 236.39 — 468.75 — 52.31 


= 284.67 kNm? = — 284.67 x 10/2 Nmm? 


_ 12 
_ _~ 284.6710 16.745 mm. Ans. 


ymax ~ 910° x 85 x 108 
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Problem 12.10. A beam of length 8 m is simply supported at its ends. It carries a uni- 
formly distributed load of 40 kN/m as shown in Fig. 12.9. Determine the deflection of the beam 
at its mid-point and also the position of maximum deflection and maximum deflection. Take E 
= 2x 10° N/mm? and I = 4.3 x 108 mm‘?. 


A B 
m>—- 4m ————> | + 3m 
8m 
Ra Re 
Fig. 12.9 
Sol. Given : 
Length, L=8m 
U.d.l., W = 40 kN/m 
Value of E=2x 10° N/mm? 
Value of T=4.3 x 108 mm‘4 


First calculate the reactions R, and Rp. 
Taking moments about A, we get 


Ry x8=40x 4x (142) = 480 KN 


480 
R,=—, =60kN 


R, = Total load — R, = 40 x 4-60 = 100 kN 
a order to obtain the general expression for the bending moment at a distance x from 
the left end A, which will apply for all values of x, it is necessary to extend the uniformly 
distributed load upto the support B, compensating with an equal upward load of 40 KN/m over 
the span DB as shown in Fig. 12.10. Now Macaulay’s method can be applied. 


Peace 
aaa eh TSA a a a a 
Cc D aoKNim™ 
1 m->\¢ 4m ple 3m 


The B.M. at any section at a distance x from end A is given by, 


d’y (x-1) : (x — 5) 
EE — 40(x — 1) x 5 > +40x(x—-—5)x 5 
d*y : : 
or EI a =100x : —20(—-1)? : +20(¢-—5)? 
: : 
Integrating the above equation, we get 
2 . oe _ 8 
EI dy _ 100x +C, i - 20(x — 1) 420 (x — 5) _@ 
dx 2 : 3 : 3 
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Integrating again, we get 


20 @-Dt : , 20(x-5)" 
a 4° 2 3. 3 


3 
Ely = 50“ +C,x+C, 


3 ; : 
= 50 = + Cx + Cy - 2-9! +2 5)! ii) 
where C,, and C, are constants of integration. Their values are obtained from boundary conditions 
which are : 
(i) atx=0,y=0 and (ii) atx =8m,y=0 

(i) Substituting x = 0 and y = 0 in equation (ii) upto first dotted line (as x = 0 lies in the first 

part AC of the beam), we get 
0=0+C,x0+C, “ C,=0 

(ii) Substituting x = 8 and y = 0 in complete equation (zi) (as point x = 8 lies in the last part 

DB of the beam), we get 


50 5 5 
=] x 8'+C,x8+0-3 (8-144 3 (8-5) (- C,=0) 
= 8533.33 + 8C, — 4001.66 + 135 
or 8C,, = — 4666.67 
— 4666.67 
or [= 3 = — 583.33 


Substituting the value of C, and C, in equation (ii), we get 
50 : 5 : 5 
ee gt aaa) om fh & a by ine 
EI, =3* 583.33x 3 (x — 1) 2 3 (x — 4) ... (iit) 


(a) Deflection at the centre 


By substituting x = 4 m in equation (iii) upto second dotted line, we get the deflection at the 
centre. [The point x = 4 lies in the second part (i.e., CD) of the beam]. 


50 5 
ELy = = x 43 — 583.33 x4 (4—1)4 


= 1066.66 — 2333.32 — 135 =— 1401.66 kNm? 
= — 1401.66 x 1000 Nm? 

= — 1401.66 x 1000 x 109 Nmm? 

= — 1401.66 x 1012 Nmm? 


_ -140166x10" _ - 140166 x10” 


EI 2x 10° x 4.5 x 108 
=- 16.29 mm downward. Ans. 
(6) Position of maximum deflection 
The maximum deflection is likely to lie between C and D. For maximum deflection the 


slope “ should be zero. Hence equating the slope given by equation (z) upto second dotted line to 
x 


zero, we get 


2 20 
x 
0 = 100 >) +C, 3 & 1)3 


0 = 50x? — 583.33 — 6.667(x — 1)8 ..(iv) 
The above equation is solved by trial and error method. 
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Let x = 1, then R.H.S. of equation (iv) 

= 50 — 583.33 — 6.667 x 0 = — 533.33 
Letx=2,thenR.H.S. =50 x 4—583.33 — 6.667 x 1 =— 390.00 
Let x= 3, then R.H.S. =50 x 9— 583.33 — 6.667 x 8 =— 136.69 
Letx=4,then R.H.S. =50 x 16 — 583.33 — 6.667 x 27 = + 36.58 


In equation (iv), when x = 3 then R.H.S. is negative but when x = 4 then R.H.S. is positive. 
Hence exact value of x lies between 3 and 4. 


Let x = 3.82, then R.HLS. = 50 x 3.82 — 583.33 — 6.667 (3.82 — 1)? 
= 729.63 — 583.33 — 149.51 =—- 3.22 
Let x = 3.83, then R.HLS. = 50 x 3.837 — 583.33 = 6.667 (3.83 — 1)® 


= 733.445 — 583.33 — 151.1 =- 0.99 


The R.HLS. is approximately zero in comparison to the three terms (i.e., 733.445, 583.33 
and 151.1). 


Value of x = 3.83. Ans. 
Hence maximum deflection will be at a distance of 3.83 m from support A. 
(c) Maximum deflection 
Substituting x = 3.83 m in equation (iii) upto second dotted line, we get the maximum 
deflection [the point x = 3.83 lies in the second part i.e., CD of the beam.] 
50 5 
EL wax = pee 3.833 — 583.33 x 3.83 — 3 (3.83 — 1)4 
= 936.36 — 2234.15 — 106.9 = — 1404.69 kNm? 
= — 1404.69 x 1012 Nmm? 
— 1404.69 x 10” 
2x 10° x 4.3 x 108 


Problem 12.11. An overhanging beam ABC is loaded as shown in Fig. 12.11. Find the 
slopes over each support and at the right end. Find also the maximum upward deflection be- 
tween the supports and the deflection at the right end. 


Take E =2 x 10° Nimm? and I= 5 x 108 mm¢. 


10 kN 
A B | 
— oh 3m ——>| 
Ry Re 


=-16.33 mm. Ans. 


\ max = 


Fig. 12.11 
Sol. Given : 
Point load, W=10KN 
Value of E=2x 10° N/mm? 
Value of T=5x 108 mm* 


First calculate the reaction R, and Rp. 
Taking moments about A, we get 
R,x6=10x9 
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10x9 
Rz= a= 15 kN 
R, = Total load -R, = 10-15 =-5 kN 
Hehe the reaction R., will be in the downward direction. Hence Fig. 12.11 will be modified 


as shown in Fig. 12.12. Naw write down an expression for the B.M. in the last section of the beam. 


10 kN 
A 
B | 


6m * 3m p| 
Ry, =5 kN Rp = 15 kN 
Fig. 12.12 
The B.M. at any section at a distance x from the support A is given by, 
2 : 
pr? . -R,xx : +R,x(x-6) 
dx” : 
=-5x : +15(x-6) (% By=5) 
Integrating the above equation, we get 
dy —5x” . 15 (x-6)? 
EI —= + C 7 + —_——— see 
dx 2 ve 2 Se 
Integrating again, we get 
5 x? 15 (x -6)* 
eS oe a7 3 
5 3 ; 5 4 7 
=-5* PUR ECs : Pics — 6) .. (it) 


where C,, and C, are constant of integration. Their values are obtained from boundary conditions 
which are : 


(i) atx =0,y =0 and (ii) atx =6m,y=0. 
(i) Substituting x = 0 and y = 0 in equation (zi) upto dotted line (as x = 0 lies in the first part 
AB of the beam), we get 
0=0+C,x0+C, “ C,=0 
(ii) Substituting x =6m and y=0 in equation (ii) upto dotted line (as x = 6 lies in the first 
part AB of the beam), we get 


-5 
= x 64+ C, x6 +0=-5 x 36+ 6C, GP 6.=0) 
+5 x 36 
C,= —— = 30 
Substituting the values of C, and C, in equations (7) and (ii), we get 
dy _ 5 : 15 j on 
E 4g 5 #30. .6 + 5 (x —6) (Zit) 
5 ; 5 . 
and Ely =- 6 x34 30x : + 2 (x —6)° ...(iv) 
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(a) Slope over the support A 


By substituting x = 0 in equation (iii) upto dotted line, we get the slope at support A (the 
point x = 0 lies in the first part AB of the beam). 


5 
EL, =—~ x 0 + 30 = 30 kNm? = 30 x 1000 Nm? E “ at A=0, 
x 


2 
= 80 x 1000 x 10° Nmm? = 30 x 109 Nmm? 
_ 30x10° 80x 10° 


A™ ExI — 2x10°x5x 108 
= 0.0003 radians. Ans. 
(b) Slope at the support B 


By substituting x = 6 m in equation (iii) upto dotted line, we get the slope at support B (the 
point x = 6 lies in the first part AB of the beam). 


5 d 
EL@, =~ 5 x 6" + 30 =-90 +30 (» & at B=0s) 
= — 60 kNm? = - 60 x 109 Nmm? 
‘ -60x10° = -60x10° 
BU ExI— 2x10°x5x10° 


=- 0.0006 radians. Ans. 


(c) Slope at the right end i.e., at C 
By substituting x = 9 m in equation (iii), we get the slope at C. In this case, complete 


equation is to be taken as point x = 9 m lies in the last part of the beam. 
5 15 dy 
m= G2 =" (9 _ @)2 = at C=0 
EL.05 = 5 *9 +3045 (9 — 6) ( ce Cc 
= — 202.5 + 30 + 67.5 = — 105 kNm? 
=— 105 x 109 Nmm2 
_ -105x10° —— - 105 x 10° 


C™ ExI 2x 10° x5x 10° 
=-0.00105 radians. Ans. 


(d) Maximum upward deflection between the supports 
For maximum deflection between the supports, = should be zero. Hence equating the 
Be 
slope given by equation (iii) to be zero upto dotted line, we get 


5 
0=— 5 x? + 30 = — 5x? + 60 


60 
or 5x2 = 60 or x= (eve = 3.464 m 


Now substituting x = 3.464 m in equation (iv) upto dotted line, we get the maximum 
deflection as 


5 
Ely, =— —~ x 3.464° + 30 x 3.464 


max 6 
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= — 34.638 + 103.92 = 69.282 kNm? 
= 69.282 x 1000 x 10° Nmm? = 69.282 x 1012 mm? 


69.282 x 10”? 
Ymax ~ 2% 10° x5 x 108 
= 0.6928 mm (upward). Ans. 


(e) Deflection at the right end i.e., at point C 
By substituting x = 9 m in equation (iv), we get the deflection at point C. Here complete 
equation is to be taken as point x = 9 m lies in the last part of the beam. 


5 5 
El yg=— @ x 9° +30x9+ 5 (9-6) 


= — 607.5 + 270 + 67.5 
= — 270 kNm? = —- 270 x 10!2 Nmm? 


— 270 x 10” 
Yo 9x 10° x5 x 108 
=- 2.7mm (downwards). Ans. 

Problem 12.12. A beam ABC of length 9 m has one support of the left end and the other 
support at a distance of 6 m from the left end. The beam carries a point load of 1 kN at right end 
and also carries a uniformly distributed load of 4 kN/m over a length of 3 m as shown in 
Fig. 12.13. Determine the slope and deflection at point C. 

Take E = 2 x 10° Nlmm? and I = 5 x 108 mm‘. 


Sol. Given : 

Point load, W=12kN 

U.d.l., w=4kN/m 

Value of E =2 x 10° N/mm? 
Value of I=5 x 108 mm*4 


First calculate the reactions R, and Rp. 


Ra Rep 


Fig. 12.13 


Taking moments about A, we get 


Ryx6=4x3x(842) +12%9 


= 54+ 108 = 162 
162 
B= —@ = 27 KN (T) 


and ‘4 = Total load — KR, = 24 - 27=-3kN (L) 
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Negative sign shows that R., will be acting downwards. In order to obtain general expres- 
sion for the bending moment at a distance x from the left end A, which will apply for all values of 
x, it is necessary to extend the uniformly distributed load upto point C, compensating with an 
equal upward load of 4 kN/m over the span BC as shown in Fig. 12.14. Now Macaulay’s method 
can be applied. 


3m ——>}«——. 3m 


Ry =3kN Re = 27 KN 
Fig. 12.14 
The B.M. at any section at a distance x from the support A is given by, 
d*y (x — 8) (x — 6) 
oo a as — A(x — 3) 5 + R(x - 6) : + A(x — 6) 5 
=-8x : —2@-3)? : +27(%-6) : +2(x-6)? 
Integrating the above equation, we get 
dy 3x" :  2(x-3)8 : | 27-6)? 2(x-6)° , 
EIT —=-— +C, : — ——— : ———_ + — see 
dx 2 1: i an ae: ” 
Integrating again, we get 
3 _ a4 . _@3 : _ py4 
ELy =- oe +O eC, 2 es) > + eo) Dot oe 8) 
23 3.464 : 2 3 : 3. 44 


4. : 
ae + 5-68 | 42-6! i) 


where C, and C, are constant of integration. Their values are obtained from boundary condi- 
tions which are : 
(i) atx =0,y =0 and (ii) atx=6m,y=0. 
(i) Substituting the x = 0 and y = 0 in equation (ii) upto first dotted line (as x = 0 lies in 
the first part AD of the beam), we get 
0=0+C,x0+C, “ C,=0 
(ii) Substituting x = 6 and y = 0 in equation (ii) upto second dotted line (as x = 6 lies in 
the second part DB of the beam), we get 
3 4 
0=- + +C,x6+0- eo) 
=— 108 + 6C, — 13.5 =- 121.5 + 6C, 
1215 


x2 
or a a 


or C= EF 20.25 
Substituting the values of C, and C, in equations (7) and (ii), we get 
dy 2 (x -3)3 27 > 
EI —=-—x?+20.25 : —-————— — (x-6)? : —(x-6)) ..Gii 
dx get 0.25 : 5 ae (x — 6) aa (x — 6) (iii) 
3 : 1 : 9 ; 1 
x 
Ely = — — + 20.2 : —~—=(x-—8)4 : —(x-6)3 : = (x — 6)4 
and ry 5 + 20.2 xx: 6 3) to & 6) +5 & 6) 


..(iv) 
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(a) Slope at the point C 


By substituting x = 9 m in equation (iii), we get the slope at C. Here complete equation is to 
be taken as point x = 9 m lies in the last part of the beam. 


3 2 27 2 
EI.0¢ =— 3 x 9° + 20.25 — 3 (9- 3)° + F- (9-6) + 3 (9 - 6)” 


& dy at C=6¢] 
dx 


= — 121.5 + 20.25 — 144 + 121.5 + 18 =— 105.75 kNm? 


= — 105.75 x 103 x 108 Nmm? = - 105.75 x 10° Nmm? 
9 
Oo=- X10” _ = 0.0010575 radians. Ans. 
2x 10° x5x10 


(b) Deflection at the point C 
By substituting x = 9 m in complete equation (iv), we get the deflection at C. 


9° i 1.9 | 4 
EI x yq=—-> + 20.25 x9- | (9-3) + 5 (9-6) + & (9-6) 


= — 364.5 + 182.25 — 216 + 121.5+ 13.5 
= — 263.25 kNm? = — 263.25 x 10!2 Nmm? 


263.25 x 10 
2x10°x5x 108 


Problem 12.13. A horizontal beam AB is simply supported at A and B, 6 m apart. The 
beam is subjected to a clockwise couple of 300 kNm at a distance of 4 m from the left end as 
shown in Fig. 12.15. If E = 2 x 10° N/mm? and I = 2 x 10° mm+4, determine : 


(i) deflection at the point where couple is acting and 
(ii) the maximum deflection. 


=-2.6325mm. Ans. 


Yo= 


A B 
Aim Por kNm 
6m 
Ra Re 
Fig. 12.15 
Sol. Given : 
Length, L=6m 
Couple = 300 kNm 
Value of E=2~x 10° N/mm? 
Value of IT=2x 108 mm* 


First calculate the reactions R, and Rp. 
Taking moments about A, we get 


R, x 6 = 300 
300 
Ry =~ = 50 KN (1) 
and R,= Total load — R, = 0-50 kN (.: There is no load on beam) 


8 a 
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Negative sign shows that R, is acting downwards as shown in Fig. 12.16. 


R, = 50 kN Rg = 50 kN 
Fig. 12.16 
The B.M. at any section at a distance x from A, is given by 
2 : 
EI» =—50x } +300 
dx ; 
=-50x : + 300(x— 4)? 
Integrating the above equation, we get 
a a ee Ce (i) 
dx 2 : 
Integrating again, we get 
3 : ne 
Bypse ye eee xe, : ee 
2 3 : 2 
25 


=- Fiabe Cy+C, | + 1500-4? ii) 


where C;, and C, are constants of integration. Their values are obtained from boundary conditions 
which are : 


(i) atx =0,y=0 and (ii) atx =6 mandy =0. 

(i) Substitutingx=0 and y-=0in equation (iz) upto dotted line, we get 
0=0+C,x0+C,.. C,=0 

(ii) Substitutingx =6m and y=0in complete equation (ii), we get 


oes x 63+ C, x6 +0 + 150(6 - 4)” 
= — 1800 + 6C,, + 600 
1800 — 600 
6s, 0 


Substituting the values of C, and C, in equation (iz), we get 


25 : 
Ely =—— x? + 200x 2 + 150(x—4)? 


(2 C,=0) ...dii) 
(i) Deflection at C (i.e., yo) 


By substituting x = 4 in equation (iii) upto dotted line, we get the deflection at C. 


25 
Lie x 43 + 200 x 4 


— 533.33 + 800 = + 266.67 kNm? 
266.67 x 1012 Nmm? 
12 
7 masla ai z = 6.66 mm upwards. Ans. 
2x10° x2x10 


Yo 
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(ti) Maximum deflection 
First find the point where maximum deflection takes place. The maximum deflection is 


d 
likely to occur in the larger segment AC of the beam. For maximum deflection ie should be zero. 


Hence equating the slope given by equation (i) upto dotted line to zero, we get 
50 
— 3 x" + 200 = 0 ( C,=200) 
or — 25x? + 200 = 0 


/200 
or x= J— =2x J2m 
25 v2 


Now substituting x = 2 x /2 in equation (iii) upto dotted line, we get the maximum 
deflection. 


EI x Yyge =~ =X (2 x V2)? + 2002 x V2) 


=— 188.56 + 565.68 
= 377.12 kNm? = 377,12 x 10° Nmm?® 


.. Bt712 x10" 
max 9510 x 2x 108 


Fig. 12.17 shows a beam AB car- 
rying some type of loading, and hence sub- 
jected to bending moment as shown in 
Fig. 12.17 (a). Let the beam bent into 
AQ,P,B as shown in Fig. 12.17 (6). 

Due to the load acting on the beam. 
Let A be a point of zero slope and zero x 
deflection. \¢ x ri<—>| B.M. Diagram 


= 9.428 mm upwards. Ans. 


Area = M.dx 


Consider an element PQ of small 


length dx at a distance x from B. The 


>| 
| 
corresponding points on the deflected 1A 
beam are P,Q, as shown in Fig. 12.17 (6). ! 2 
Let R = Radius of curvature of de- | 
flected part P,Q, 
d@= Angle subtended by the | 
arc P,Q, at the centre O 
M = Bending moment between \ \ 
PandQ \\ 
P,C = Tangent at point P, \ do 
@,D = Tangent at point Q,. \\ 
The tangent at P, and Q, are cut- \ 
ting the vertical line through B at points O 
C and D. The angle between the normals Fig. 12.17 


at P, and Q, will be equal to the angle 
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between the tangents at P, and Q,. Hence the angle between the lines CP, and DQ, will be equal 
to dé. 


For the deflected part P,Q, of the beam, we have 


But P,Q, = dx 


d0 = — weak) 


But for a loaded beam, we have 


M_E _H 
IR” “mM 
Substituting the values of R in equation (i), we get 


Geer ee Adi) 


EI EI 
(ir) 
Since the slope at point A is assumed zero, hence total slope at B is obtained by integrating 
the above equation between the limits 0 and L. 


“ae 
0 ; =a JM 


L 
But M.dx represents the area of B. M. diagram of length dx. Hence \ M.dx represents the 


area of B. M. diagram between A and B. 


1 
0= raid [Area of B. M. diagram between A and B] 
But 8 = slope at B= 6, 
Slope at B, 
0,= Area of B. M. diagram between A and B (12.15) 


EI 
If the slope at A is not zero then, we have 


“Total change of slope between B and A is equal to the erea of B. M. diagram between B 
and A divided by the flexural rigidity EI” 
Area of B.M. between A and B 


or 0,-9,= EI ...(12.16) 


Now the deflection, due to bending of the portion P,Q, is given by 
dy = x.d0 
Substituting the value of d0 from equation (ii), we get 
a ii) 
Since deflection at A is assumed to be zero, hence the total deflection at B is obtained by 
integrating the above equation between the limits zero and L. 


= [ “=- =I, Aas 


But x x M.dx represents the moment of area of the B.M. diagram of length dx about 


point B. 
aL 


dy=x. 


STRENGTH OF MATERIALS 


L 
Hence { xM.dx represents the moment of area of the B.M. diagram between B and A 


about B. This is equal to the total area of B.M. diagram between B and A multiplied by the 
distance of the C.G. of the B.M. diagram area from B. 


ti 
as 5 


where A=AreaofB.M. diagram between A and B 
x = Distance of C.G. of the area A from B. 


12.9. MOHR’S THEOREMS 


«(12,17) 


The results given by equation (12.15) for slope and (12.17) for deflection are known as 


Mohr’s theorems. They are state as : 


I. The change of slope between any two points is equal to the net area of the B.M. 


diagram between these points divided by EI. 


II. The total deflection between any two points is equal to the moment of the area of 
B.M. diagram between the two points about the last point (i.e., B) divided by EI. 


The Mohr’s theorems is conveniently used for following cases : 


1. Problems on cantilevers (zero slope at fixed end). 


2. Simply supported beams carrying symmetrical loading (zero slope at the centre). 


3. Beams fixed at both ends (zero slope at each end). 


The B.M. diagram is a parabola for uni- 
formly distributed loads. The following prop- ? , 
erties of area and centroids or parabola are 
given as: +X,>* G, 
Let BC=d Area A 
AB=b d 
In Fig. 12.18, ABC is a parabola and P x, \\ 
ABCD is a surrounding rectangle. ‘ 
Let A, = Area of ABC \\ \\ 
x, = Distance ofC.G. ofA, fromAD aA B 
A, = Area of ACD ¢ b > 
X 9 = Distance of C.G. of A, from AD Fig. 12.18 
G,=C.G. of area A, 
G, = C.G. of area Ag. 
Then A, = Area of parabola ABC 
2 
7 30d 


A, = Area ACD = Area ABCD - Area ABC 


ST ee ee 
ag 


— 65 
ers 
oe 
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12.10. SLOPE AND DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A 
POINT LOAD AT THE CENTRE BY MOHR’S THEOREM 

Fig. 12.19 (a) shows a simply supported AB of length L and carrying a point load W at the 


centre of the beam i.e., at point C. The B.M. diagram is shown in Fig. 12.19 (b). This is a case of 
symmetrical loading, hence slope is zero at the centre i.e., at point C. 


But the deflection is maximum at the centre. 


Cc 
— ext ——+| B.M. Diagram 


Fig. 12.19 
Now using Mohr’s theorem for slope, we get 


Slope at A= Area of B.M. can between Aand C 


But area of B.M. diagram between A and C 
= Area of triangle ACD 


WL? 
Sl tA or 0 = 
ope at A or 0, aT 
Now using Mohr’s theorem for deflection, we get from equation (12.17) as 
_ AX 
. ep 
where A=Area of B.M. Diagram between A and C 
_ WL? 
~ 16 
x = Distance of C.G. of area A from A 
2 LL 
=—xX—=— 
3 2 8 
WL? L 
y= 16" 3 _ WL 
EI 48EI © 
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12.11. SLOPE AND DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A 


UNIFORMLY DISTRIBUTED LOAD BY MOHR’S THEOREM 


Fig. 12.20 (a) shows a simply supported beam AB of length L and carrying a uniformly 
distributed load of w/unit length over the entire span. The B.M. diagram is shown in Fig. 12.20 
(b). This is a case of symmetrical loading, hence slope is zero at the centre i.e., at point C. 


\¢ L >| 


w/Unit length 


B.M. Diagram 


Fig. 12.20 


(i) Now using Mohr’s theorem for slope, we get 
Area of B.M. diagram between A and C 


Slope at A= 

But area of B.M. diagram between A and C 
= Area of parabola ACD 
= = x AC x CD 


2 £ wf web 
= x x = 
3°2 «8 24 


3 
Slope at Aa 
24KEI 
(ii) Now using Mohr’s theorem for deflection, we get from equation (12.17) as 
”* EI 
where A=AreaofB.M. diagram between A and C 
_w. ioe 
24 
and x = Distance of C.G. of area A from A 
~5 ace), b_ Sh 
8 8 2 16 
w.L? | 5L ; 
_ _ 24 16. 5 w.L 
EI 384 EI 
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HIGHLIGHTS 


i. 


The relation between curvature, slope, deflection etc. at a section is given by : 
Deflection = y 


Slope = — 
2 
BM. = Er 22 
dx 
a 
S.F. = ET o 2 
dx? 
4 
w = EI cad 
dx 


As deflection is very small, hence slope is also given by “. =tan0=6. 
x 


Slope at the supports of a simply supported beam carrying a point load at the centre is given by : 


2 
jes WL 
16EI 
where W = Point load at the centre, LZ = Length of beam 
E = Young’s modulus, IT=M.O.1. 
The deflection at the centre of a simply supported beam carrying a point load at the centre is 
L’ 

given by Yo=~ Gert - 


The slope and deflection of a simply supported beam, carrying a uniformly distributed load of 
w/unit length over the entire span, are given by, 

to. we " _ 5 WE 

4° °B™ S4EI %c* 384 ET 
Macaulay’s method is used in finding slopes and deflections at any point of a beam. In this 
method : 


(i) Brackets are to be integrated as a whole. 
(ii) Constants of integrations are written after the first term. 


(iii) The section, for which B.M. equation is to be written, should be taken in the last part of the 
beam. 


For maximum deflection, the slope - is zero. 
x 
The slope at point B if slope of A is zero by moment-area method is given by, 


Area of B.M. diagram between A and B 


0 = 
‘i EI 
The deflection by moment area method is given by 
_Ax 
eT 


where A = Area of B.M. diagram between A and B 


x = Distance of C.G. of area from B. 
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EXERCISE 


(A) Theoretical Questions 


Derive an expression for the slope and deflection of a beam subjected to uniform bending moment. 


2 
Prove that the relation that M = EI = 
Ix 


where M = Bending moment, EF = Young’s modulus, J = M.O.I. 


Find an expression for the slope at the supports of a simply supported beam, carrying a point load 
at the centre. 


Prove that the deflection at the centre of a simply supported beam, carrying a point load at the 
WL? 

48EI 

where W = Point load, L = Length of beam. 


Find an expression for the slope and deflection of a simply supported beam, carrying a point load 
W at a distance ‘a’ from left support and at a distance ‘b’ from right support where a > b. 


centre, is given by yy = 


Prove that the slope and deflection of a simply supported beam of length LZ and carrying a uni- 
formly distributed load of w per unit length over the entire length are given by 
2 

Slope at supports =-— Bice , and Deflection at centre = —s WL 

24EI 384 EI 
where W = Total load = w x L. 
What is a Macaulay’s method ? Where is it used ? Find an expression for deflection at any section 
of a simply supported beam with an eccentric point load, using Macaulay’s method. 
What is moment-area method ? Where is it conveniently used ? Find the slope and deflection of a 
simply supported beam carrying a (i) point load at the centre and (ii) uniformly distributed load 
over the entire length using moment-area method. 


(B) Numerical Problems 


A wooden beam 4m long, simply supported at its ends, is carrying a point load of 7.25 kN at 
its centre. The cross-section of the beam is 140 mm wide and 240 mm deep. If E for the beam = 
6 x 10° N/mm”, find the deflection at the centre. [Ans. 10 mm] 
A beam 5 m long, simply supported at its ends, carries a point load W at its centre. If the slope at 
the ends of the beam is not to exceed 1°, find the deflection at the centre of the beam. 


[Ans. 29.08 mm] 
Determine : (7) slope at the left support, (iz) deflection under the load and (iii) maximum deflection 
of a simply supported beam of length 10 m, which is carrying a point load of 10 KN at a distance 
6 m from the left end. 
Take E = 2 x 10° N/mm? and J = 1 x 108 mm‘. [Ans. 0.00028 rad., 0.96 mm and 0.985 mm] 


A beam of uniform rectangular section 100 mm wide and 240 mm deep is simply supported at its 
ends. It carries a uniformly distributed load of 9.125 kN/m run over the entire span of 4 m. Find 
the deflection at the centre if E = 1.1 x 104 N/mm?. [Ans. 6.01 mm] 
A beam of length 4.8 m and of uniform rectangular section is simply supported at its ends. It 
carries a uniformly distributed load of 9.375 kN/m run over the entire length. Calculate the 
width and depth of the beam if permissible bending stress is 7 N/mm? and maximum deflection 
is not to exceed 0.95 cm. 

Take E for beam material = 1.05 x 104 N/mm?. [Ans. b = 240 mm and d = 336.8 mm] 


Solve problem 3, using Macaulay’s method. 


10. 


i Ie 


12. 
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A beam of length 10 m is simply supported at its ends and carries two point loads of 100 KN and 
60 KN at a distance of 2 m and 5 m respectively from the left support. Calculate the deflections 
under each load. Find also the maximum deflection. 
Take J = 18 x 10° mm‘ and E = 2 x 10° N/mm?. 

[Ans, (7) — 4.35 mm (i) — 6.76 mm (ii) y,,_, = — 6.78 mm] 
A beam of length 20 m is simply supported at its ends and carries two point loads of 4 kN and 
10 KN at a distance of 8 m and 12 m from left end respectively. Calculate : (i) deflection under 
each load (ii) maximum deflection. 
Take FE = 2 x 106 N/mm? and I = 1 x 10° mm‘. 

[Ans. (i) 10.8 mm and 10.6 downwards, (ii) 11 mm] 

A beam of length 6 m is simply supported at its ends. It carries a uniformly distributed load of 10 
kN/m as shown in Fig. 12.21. Determine the deflection of the beam at its mid-point and also the 
position and the maximum deflection. 
Take EI = 4.5 x 108 N/mm2. [Ans. — 2.578 mm, x = 2.9m, y 


10 kN/m 


= — 2.582 mm] 


max 


1m». 3m —————_>—__ 2m 


6m 


Fig. 12.21 


A beam ABC of length 12 metre has one support at the left end and other support at a distance of 
8 m from the left end. The beam carries a point load of 12 kN at the right end as shown in 
Fig. 12.22. Find the slopes over each support and at the right end. Find also the deflection at the 
right end. 
Take E = 2 x 10° N/mm? and IJ = 5 x 10° mm‘. 

[Ans. 0, = 6.00364, 0, = — 0.00128, 0, = — 0.00224, y, = — 7.68 mm] 


12 kN 


8m 4m —>| 


Fig. 12.22 


An overhanging beam ABC is loaded as shown in Fig. 12.23. Determine the deflection of the beam 
at point C. 
Take FE = 2 x 10° N/mm? and J =5 x 108 mm‘. [Ans. y, = — 4.16 mm] 


8 kN 


2 kN/m 


4m 


Fig. 12.23 


A beam of span 8 m and of uniform flexural rigidity EI = 40 MN-m?, is simply supported at its 
ends. It carries a uniformly distributed load of 15 kN/m run over the entire span. It is also 
subjected to a clockwise moment of 160 kNm at a distance of 3 m from the left support. Calculate 
the slope of the beam at the point of application of the moment. [Ans. 0.0061 rad.] 


13.1. INTRODUCTION 


Cantilever is a beam whose one end is fixed and other end is free. In this chapter we 
shall discuss the methods of finding slope and deflection for the cantilevers when they are 
subjected to various types of loading. The important methods are (z) Double integration method 
(ii) Macaulay’s method and (iii) Moment-area-method. These methods have also been used for 
finding deflections and slope of the simply supported beams. 


13.2.DEFLECTION OF A CANTILEVER WITH A POINT LOAD AT THE FREE END 
BY DOUBLE INTEGRATION METHOD 


A cantilever AB of length L fixed at the point A and free at the point B and carrying a 
point load at the free end B is shown in Fig. 13.1. AB shows the position of cantilever before 
any load is applied whereas AB’ shows the position of the cantilever after loading. 


Consider a section X, at a distance x from the fixed end A. The B.M. at this section is 
given by, 
M,.=—- W(L-x) (Minus sign due to hogging) 
But B.M. at any section is also given by equation (12.3) as 
2 
M=EI¢% 
dx 
Equating the two values of B.M., we get 
2 
ay =-W(L-«)=- WL + Wx 
a 


Integrating the above equation, we get 
dy Wx? 


ET =~ Wix + 


HC, xO) 
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Integrating again, we get 
2 3 
Pye ype Oe 
2 2 3 


where C, and C, are constant of integrations. Their values are obtained from boundary condi- 


+C,x+C, . (ti) 


tions, which are : (i) at x = 0, y = 0 (ii) x = 0, a -0 
Xx 


[At the fixed end, deflection and slopes are zero] 
(i) By substituting x = 0, y = 0 in equation (ii), we get 


0=0+0+0+C, .. C,=0 
d 
(ii) By substituting x = 0, = = 0 in equation (i), we get 
0=0+0+C, . C,=0 
Substituting the value of C, in equation (7), we get 
d 2 
a se 
dx 2 
2 
x 
Se Lx ein ae eae 
w( 3 .. (Zit) 


Equation (iii) is known as slope equation. We can find the slope at any point on the 
cantilever by substituting the value of x. The slope and deflection are maximum at the free 
end. These can be determined by substituting x = L in these equations. 


Substituting the values of C, and C, in equation (ii), we get 


2 3 
W: 
Ely =- WL “+ - (- C,=0,C,=0) 
L 2 3 
--w(E = ...(iv) 
Equation (iv) is known as deflection equation. 
. (a 

Let 8, = slope at the free end B z.e., ae at B = 0, and 


Yp = Deflection at the free end B 


d 
(a) Substituting 0, for = and x = L in equation (iii), we get 


dx 
i L 
EL0,=—-W|L.L =-_W. 
9, -- WE (13.1) 
8 =~ omy (18. 


Negative sign shows that tangent at B makes an angle in the anti-clockwise direction 
with AB 


WL? 
= oT S14) 


Op 


DEFLECTION OF CANTILEVERS 


(6) Substituting y, for y and x = L in equation (iv), we get 


VL L3 L? L3 L3 

eg Spee ee eee eae 

EL yp w( 2 6 2 6 We 

WL’ 
= at132 
7B” BET ica 
(Negative sign shows that deflection is downwards) 
WL’ 

Downward deflection, y, = 3ET ...(13.2 A) 


13.3. DEFLECTION OF A CANTILEVER WITH A POINT LOAD AT A DISTANCE ‘a’ 
FROM THE FIXED END 


A cantilever AB of length L fixed at point A and free at point B and carrying a point load 
W at a distance ‘a’ from the fixed end A, is shown in Fig. 13.2. 


Fig. 13.2 


Let 9, = Slope at point C i.e., (=) at C 
ae 


Yc = Deflection at point C 
Yp = Deflection at point B 


The portion AC of the cantilever may be taken as similar to a cantilever in Art. 13.1 
(z.e., load at the free end). 


Wa? 
8o=+ oan [In equation (13.1 A) change L to a] 
Wa® : 
and Vo= SET [In equation (13.2 A) change L to a] 


The beam will bend only between A and C, but from C to B it will remain straight since 
B.M. between C and B is zero. 


Since the portion CB of the cantilever is straight, therefore 
Slope at C = slope at B 
Wa? 
or d.=0,= nT AA1S 3) 
Now from Fig. 13.2, we have 
Yep =Jc t+ OL - a) 


Wa? Wa? Wa? 
= ar Oc = 


+ (L - a) 
3EI 2EI 
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Problem 13.1. A cantilever of length 3 m is carrying a point load of 25 RN at the free 
end. If the moment of inertia of the beam = 108 mm? and value of E = 2.1 x 10° N/mm?, find 
(i) slope of the cantilever at the free end and (ii) deflection at the free end. 


Sol. Given : 

Length, L=3m= 3000 mm 
Point load, W = 25 kN = 25000 N 
M.O.L., I= 108 mm* 


Value of E = 2.1 x 10° N/mm? 
(z) Slope at the free end is given by equation (13.1 A). 


go VE 25000 x 30007 
BY 2EI ~ 2x2.1x 10° x10 


(ii) Deflection at the free end is given by equation (13.2 A), 


_ WL’ __ 25000 x 3000° 
"B~ BEI 3x2.1x 10° x 10° 


Problem 13.2. A cantilever of length 3 m is carrying a point load of 50 kN at a distance 
of 2 m from the fixed end. If I = 10° mm# and E = 2 x 10° N/mm2, find (i) slope at the free end 
and (ii) deflection at the free end. 


3 = 0.005357 rad. Ans. 


=10.71 mm. Ans. 


Sol. Given : 
Length, L=3m= 3000 mm 
Point load, W = 50 KN = 50000 N 


Distance between the load and the fixed end, 
a=2m= 2000 mm 
M.O.1., I= 108 mm?+ 
Value of E = 2 x 10° N/mm? 
(z) Slope at the free end is given by equation (13.3) as 


2 2 
p23 Ue Se Oe rad. awe, 
2EI 2x2x10° x10 
(ii) Deflection at the free end is given by equation (13.4) as 
_ Wa® a Wa? 
%B~ 3EI 2EI 
50000 x 2000? 50000 x 2000? 
= —+ =; (3000 — 2000) 
3x2x10° x10 2x2x10° x10 
= 6.67+5.0=11.67 mm. Ans. 


(L - a) 


13.4. DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 


A cantilever AB of length L fixed at the point A and free at the point B and carrying a 
uniformly distributed load of w per unit length over the whole length, is shown in Fig. 13.3. 
Consider a section X, at a distance x from the fixed end A. The B.M. at this section is 
given by, 
(L — x) 
2 


M,=-—w(L-x). (Minus sign due to hogging) 


tions, which are : (i) atx = 0, y = 0 and (ii) atx = 0, 
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L 
(L-x) 
ac W/Unit length 


A 
SS F 
ae YB 
Peas fi 
B’ 
Fig. 13.3 
But B.M. at any section is also given by equation (12.3) as 
2 
M = EI ay 
dx 
Equating the two values of B.M., we get 
d*y Ww 
EI =-—(L 2 
dx? 2 C= 


Integrating the above equation, we get 


dy w (Ls) 
UT ee CG, 


= L-wP +, 
Integrating again, we get 


(L—x)* 


Ely = =. -1+Cx+C, 


=- 57h - a+ Cyr +C, 


dy 
dx 


end A are zero). 


(i) By substituting x = 0, y = 0 in equation (ii), we get 


4 
a Oy py Oe 
0= ml (L—0)*+C,x0+C,= oA +C, 
L4 
C,=—— 
24 


d 
(ii) By substituting x =0 and a = 0 in equation (i), we get 


w wL? 
0= 2 L-0P+ C= +, 


wl? 


G=- 


sash) 


--(id) 


where C,, and C, are constant of integrations. Their values are obtained from boundary condi- 


= 0 (as the deflection and slope at fixed 
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Substituting the values of C, and C, in equations (7) and (ii), we get 


dy w wL} 
gr == (L-x- 9 Atti 
ae (ZL -— x) 5 (iii) 
3 4 
_ w 4 wl wl : 
and Ely = A (L — x) . x+ a ...(v) 


Equation (iii) is known as slope equation and equation (iv) as deflection equation. From 
these equations the slope and deflection can be obtained at any sections. To find the slope and 
deflection at point B, the value of x = L is substituted in these equations. 


Let 8, = Slope at the free end Bi.e., (2) at B 
hs 


Yp = Deflection at the free end B. 
From equation (iii), we get slope at B as 


Le : 
EL, = | @-1- 9 = 
wh? WL? 


(. W= Total load = w.L) ...(13.5) 


0, = = 
BY 6EI 6EI 
From equation (iv), we get the deflection at B as 


3 4 
Ely, =—- 5, L-L)*— ~ xL+ 
__ wl! wht _ 3 lta we 
6 24 24 8 
4 3 
Ya — pep =~ ee (. W=w.L) 
.. Downward deflection at B, 
wLlt WL 
YR = SEI SEI A136) 


Problem 13.3. A cantilever of length 2.5m carries a uniformly distributed load of 
16.4kN per metre length over the entire length. If the moment of inertia of the beam = 7.95 
x 10’ mm? and value of E = 2 x 10° N/mm2, determine the deflection at the free end. 


Sol. Given : 

Length, L=2.5 m = 2500 mm 

U.d.l., w = 16.4 kN/m 

. Total load, W=wxL=16.4x 2.5 =41 kN = 41000 N 
Value of I = 7.95 x 107 mm* 

Value of E = 2x 10° N/mm? 

Let Yp = Deflection at the free end, 

Using equation (13.6), we get 


WL? 41000 x 2500° 


"8 8EI ~ §x2x10°x7.95 x10! 
= 5.036 mm. Ans. 
Problem 13.4. A cantilever of length 3 m carries a uniformly distributed load over the 
entire length. If the deflection at the free end is 40 mm, find the slope at the free end. 
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Sol. Given : 
Length, L=3m = 3000 mm 
Deflection at free end, y, = 40 mm 
Let 8, = slope at the free end 
Using equation (13.6), we get 
WL’ 
%B~ gE 
re ieee WL? xL WL? x 3000 
8EI 8EI 
WL? 40x8 ; 
ee = ee 
EI 3000 


Slope at the free end is given by equation (13.5), 


9 - WE _ Wh 1 _ 40x81 
2B 6EI EI 6 ~~ 3000 6 


WL? 40x8 
EI 3000 


* From equation (Z), 


= 0.01777 rad. Ans. 


Problem 13.4 (A). A cantilever 120 mm wide and 200 mm deep is 2.5 m long. What is 
the uniformly distributed load which the beam can carry in order to produce a deflection of 
5 mm at the free end ? Take E = 200 GN/m?. 


Sol. Given : 
Width, b= 120 mm 
Depth, d = 200 mm 
Length, L=2.5 m= 2.5 x 1000 = 2500 mm 
Deflection at free end, y, = 5 mm 
Value of E = 200 GN/m? = 200 x 109 N/m? (. G= Giga = 109) 
9 
= coon an? [.- 1m? = (1000 mm)?] 
= 2x 10° N/mm? 
Moment of inertia, i bd" a 200" = 8x 10’ mm‘4 
12 12 
Let w = uniformly distributed load per m length in N 
W = Total load 
=wxL (Here L is in metre) 


=wx2.5=2.5xwWN 
Using equation (13.6), we get 
WL? 
Yp= SET 
_ 2.5 w x 2500° 
~ 8x2x10°x8x 107 


or 
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5x8x2x10°x8x10" 
or W= 3 
2.5 x 2500 
= 16.384 kN/m. Ans. 


= 16384 N/m 


13.5. DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 


FOR A DISTANCE ‘a’ FROM THE FIXED END 


A cantilever AB of length L fixed at the point A and free at the point B and carrying 
a uniformly distributed load of w/m length for a distance ‘a’ from the fixed end, is shown 
in Fig. 13.4. 


The beam will bend only between A and C, but from C to B it will remain straight since 
B.M. between C and B is zero. The deflected shape of the cantilever is shown by AC’B’ in which 
portion C’B’ is straight. 


dx 
¥c = Deflection at point C, and 


d 
Let 8, = Slope at C, ie., (2) at C 


¥p = Deflection at point B. 


L 


Fig. 13.4 


The portion AC of the cantilever may be taken as similar to a cantilever in Art. 13.4. 
3 


w.a . 
80= 6EI [In equation (13.5) put L =a] 
w.a* 
and Ves BEI [In equation (13.6) put L =a] 


Since the portion C’B’ of the cantilever is straight, therefore slope at C = slope at B 


wa® 


or 86 = On = GEL all37) 
Now from Fig. 13.4, we have 
Yp=J¥cot+ 8, (L-a) 
- +5 La) 13.8) 


13.6. DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 


FOR A DISTANCE ‘a’ FROM THE FREE END 


A cantilever AB of length L fixed at the point A and free at the point B and carrying 
a uniformly distributed load of w/m length for a distance ‘a’ from the free end is shown in 
Fig. 13.5 (a). 
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The slope and deflection at the point B is determined by considering : 


(z) the whole cantilever AB loaded with a uniformly distributed load of w per unit length 
as shown in Fig. 13.5 (0). 


(ii) a part of cantilever from A to C of length (Z — a) loaded with an upward uniformly 
distributed load of w per unit length as shown in Fig. 13.5 (c). 


a 

A y7 W/Unit Length 
ce ES B 

A 
cc B 
() (4 ee B 
— w/Unit Length 
Fig. 13.5 


Then slope at B = Slope due to downward uniform load over the whole length 
— slope due to upward uniform load from A to C 
and deflection at B_ = Deflection due to downward uniform load over the whole length 
— deflection due to upward uniform load from A to C. 
(a) Now slope at B due to downward uniformly distributed load over the whole length 
= wL? 
~ 6EI 
(b) Slope at B or at C due to upward uniformly distributed load over the length (L — a) 
wile)? 
6EI 
Hence net slope at B is given by, 
wk? w(L-a)? 
6EI 6EI 


The downward deflection of point B due to downward distributed load over the whole 
length AB 


0, = (13.9) 
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The upward deflection of point B due to upward uniformly distributed load acting on 
the portion AC = upward deflection of C + slope at C x CB 


w(L —a)* _w(L-a)" 


= — omy SET (. CB=a) 
*. Net downward deflection of the free end B is given by 
4 _y4 _y8 
| eg ..(13.10) 


YB BRT SEI 6EI 


Problem 13.5. Determine the slope and deflection of the free end of a cantilever of length 
3m which is carrying a uniformly distributed load of 10 RN/m over a length of 2 m from the 
fixed end. 


Take I = 108 mm# and E = 2 x 10° N/mm?. 


Sol. Given : 
Length, L=3m= 3000 mm 
10000 
U.d.l., w = 10 kN/m = 10000 N/m = 1000 N/mm = 10 N/mm 
Length of u.d.l. from fixed end, a = 2 m = 2000 mm. 
Value of I=108 mm‘4 
Value of E = 2x 10° N/mm? 
Let 8, = Slope of the free end and 


Yp = Deflection at the free end. 
(i) Using equation (13.7), we have 
wa® 10 x 2000° 
6EI  6x2x10°x10 
(ii) Using equation (13.8), we get 


Op = z = 0.00066. Ans. 


wa* WwW. 


= ——+ 
‘B~ SEI 6EI 
10 x 20004 10 x 2000° 
i . z+ . = x (3000 — 2000) 
8x2x10° x10 6x2x10° x10 
=1+067=1.67mm. Ans. 


Problem 13.6. A cantilever of length 3m carries a uniformly distributed load of 
10 kN/m over a length of 2 m from the free end. If I = 10° mm#4 and E = 2 x 10° N/mm? ; find 
: @ slope at the free end, and (ii) deflection at the free end. 


(L - a) 


Sol. Given : 
Length, L=3m= 3000 mm 
10000 
U.d.l., w = 10 kN/m = 10000 N/m = 1000 N/mm = 10 N/mm 
Length of u.d.l. from free end, a = 2 m = 2000 mm 
Value of I= 108 mm?* 
Value of E =2x 10° N/mm? 
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Let 0, = Slope at the free end z.e., (2) at B and 
he 


Yp = Deflection at the free end. 
(i) Using equation (13.9), we get 
wl? w(L-a)? 
6EI 6EI 
_ 10x 30008 10(3000 — 2000)? 
~ 6x2x10°x10® = 6x2x10° x 108 
= 0.00225 — 0.000083 = 0.002167 rad. Ans. 
(ii) Using equation (13.10), we get 
wL' et -a)* w(L-a)® | 
= + xa 
8EI 8EI 6EI 


_ 10x 30004 10(3000 — 2000)4 , 10(3000 — 2000)° 
8x2x10°x10® | 8x2x10°x10® 6x2x10°x10° 
= 5.0625 — [0.0625 + 0.1667] = 4.8333 mm. Ans. 


Problem 13.7. A cantilever of length 3 m carries two point loads of 2 kN at the free end 
and 4 kN at a distance of 1 m from the free end. Find the deflection at the free end. 


Take E =2 x 10° N/mm? and I = 108 mm‘. 

Sol. Given : 

Length, L=3m= 3000 mm 

Load at freeend, W,=2kN=2000N 

Load at a distance one m from free end, 
W, = 4kN = 4000 N 


YB 


x 2000 


Distance AC, a=2m= 2000 mm 
Value of E =2.x 10° N/mm? 
Value of I= 108 mm‘4 
Let y, = Deflection at the free end due to load 2 KN alone 
Yo = Deflection at the free end due to load 4 KN alone. 
4 kN 2 kN 
A Cc B 
je 1m 
3m 
Fig. 13.6 


Downward deflection due to load 2 KN alone at the free end is given by equation (13.2 A) 
as 
_ WL? 2000 x 3000° 
“1* 3EI ~ 3x2x10°x 10° 
Downward deflection at the free end due to load 4 kN (i.e., 4000 N) alone at a distance 


2 m from fixed end is given by (13.4) as 569 


= 0.9 mm. 
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Wa® Wa? 
Yo ger * pp &~® 
4000 x 20008 4000 x 2000? 
= 5 at 5 gz (38000 — 2000) 
3x2x10° x 10 2x2x10° x 10 
= 0.54 + 0.40 = 0.94 mm 
.. Total deflection at the free end 
=V1, +o 
=0.9+0.94=1.84mm. Ans. 
Problem 13.8. A cantilever of length 2 m carries a uniformly distributed load of 
2.5 kN/m run for a length of 1.25 m from the fixed end and a point load of 1 kN at the free 


end. Find the deflection at the free end if the section is rectangular 12 cm wide and 24 cm 
deep and E = 1 x 10* Nimm?. 


Sol. Given : 
Length, L=2m= 2000 mm 
U.d.l., w = 2.5 kN/m = 2.5 x 1000 N/m 

= aera N/mm = 2.5 N/mm 
Point load at free end, W = 1kN = 1000 N 
Distance AC, a=1.25m=1250 mm 
Width, 6=12cm 
Depth, d=24cm 

bd? 12243 

Value of I= 49° ~e 

= 13824 cm* = 13824 x 10 mm‘ = 1.3824 x 108 mm?4 
Value of E=1x 104 N/mm2 
Let y, = Deflection at the free end due to point load 1 KN alone 


y = Deflection at the free end due to u.d.l. on length AC. 


1.25 m 
J 2.5 kKN/m 


Fig. 13.7 


(z) Now the downward deflection at the free end due to point load of 1 KN (or 1000 N) at 
the free end is given by equation (13.2 A) as 
WL? —__:1000 x 2000° 
3EI 3x 10* x 13824 x 10° 


(ii) The downward deflection at the free end due to uniformly distributed load of 
2.5 N/mm on a length of 1.25 m (or 1250 mm) is given by equation (13.8) as 


wa‘ Ww. a? 
+ 


y= = 1.929 mm. 


(L - a) 
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2.5 x 12504 7 2.5 x 1250° 
~ 8x 104 x 13824108 6x 104 x 138241 
= 0.5519 + 0.4415 = 0.9934 
.. Total deflection at the free end due to point load and u.d.l. 
= 7, + = 1.929 + 0.9934 = 2.9224 mm. Ans. 


Problem 13.9. A cantilever of length 2 m carries a uniformly distributed load 2 kN/m 
over a length of 1 m from the free end, and a point load of 1 kN at the free end. Find the slope 
and deflection at the free end if E = 2.1 x 10° N/mm? and I = 6.667 x 10’ mm*. 


Sol. Given : (See Fig. 13.8) 


pe (2000 — 1250) 


Length, L=2m= 2000 mm 

U.d.l., w =2kN/m= es N/mm = 2 N/mm 
Length BC, a=1m=1000 mm 

Point load, W=1kN=1000N 

Value of E = 2.1 x 10° N/mm? 

Value of I = 6.667 x 107 mm‘. 


2m 


Fig. 13.8 
(i) Slope at the free end 
Let 8, = Slope at the free end due to point load of 1 KN 7.e., 1000 N 
8, = Slope at the free end due to u.d.l. on length BC. 
The slope at the free end due to a point load of 1000 N at B is given by equation (13.1 A) as 
WL? 
~ QEI 


0, (6, = 8, here) 


_ 1000 x 2000? 
2x 2.1x 10° x 6.667 x 107 


The slope at the free end due to u.d.l. of 2 kKN/m over a length of 1 m from the free end is 
given by equation (13.9) as 


= 0.0001428 rad. 


3 3 
a ae aa (Og = 8, here) 
2 x 20008 2 x (2000 — 1000)? 
6x 2.1x 10° x6.667x10" 6x2.1x 10° x 6.667 x 10’ 
= 0.0001904 — 0.000238 = 0.0001666 rad. 
.. Total slope at the free end 


= 0, + 8, = 0.0001428 + 0.0001666 = 0.0003094 rad. Ans. 
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(ii) Deflection at the free end 
Let y, = Deflection at the free end due to point load of 1000 N 
yo = Deflection at the free end due to u.d.l. on length BC. 
The deflection at the free end due to point load of 1000 N is given by equation (13.2 A) as 
3 
y= = (. Here y, = yz) 
_ 1000 x 2000° 
~ 3x 2.1x 10° x 6.667 x 10” 
The deflection at the free end due to u.d.l. of 2 N/mm over a length of 1 m from the free 
end is given by equation (13.10) as 


4 4 3 
wht |w(b-a)*  w(L-a) xa] 


= 0.1904 mm. 


%2* BRT SEI 6EI 


- 2x 20004 2(2000 — 1000)4 
~ 8x2.1x 10° x 6.667x 10" | 8x2.1x 10° x 6.667 x 107 


2(2000 — 1000)? x 1000 
* 6x 2.1x 10° x 6.667 x 107 
= 0.2857 — [0.01785 + 0.0238] = 0.244 mm 
Total deflection at the free end 
=, +¥o = 0.1904 + 0.244 = 0.4344 mm. Ans. 


13.7. DEFLECTION OF A CANTILEVER WITH A GRADUALLY VARYING LOAD 


A cantilever AB of length L fixed at the point A and free at the point B and carrying a 
gradually varying load from 0 at B to w per unit run at the fixed end A, is shown in Fig. 13.9. 


Fig. 13.9 


Consider a section X at a distance x from the fixed end A. 


The load at X will be . (L — x) per unit run. Hence vertical height XC = = (L - <x). 


Hence the B.M. at this section is given by 
Mx = — (Load on length Bx) x (Distance of C.G. of the load on BX from section X) 
= — (Area of ABXC) x (Distance of C.G. of area BXC from X) 


(Minus sign is due to hogging) 
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() (5 of length Bx | 


_@=s) w a ee 
5 z E- nx [20 »)--2 (L — x), 


But B.M. at any section is also given “ equation (12.3) as 


2 
mM =E 2 
dx 
Equating the two values of B.M., we get 
d*y Ww 5 
Integrating the above equation, we get 
dy w (L-<x)* 
aa ee 1 
aa ot 4 rons 
Se 4 : 
STF? (L-x)*+C, eal) 
Integrating again, we get 
w (L-x)° 
Ely = zal 5 (-1)+C,x+C, 
- 5 - 
= ETT (L-x)?+C.x+C, .-(it) 


where C,, and C, are constant of integrations. Their values are obtained from boundary condi- 
tions, which are : 


d 
(i) at x = 0, y = 0 and (ii) at x = 0, = 0. 
(i) By substituting x = 0 and y = 0 in equation (iz), we get 
4 
o 5 - wL 
0= FYE (L-0)°+C,x0+C, or C, 400” 
dy 
(ii) By substituting x = 0 and as = 0 in equation (i), we get 
mas 4 
0= oA 7 (L—0)* +C, 
C= wL' _ wL? 
1" 24~L 24 
Substituting the values of C, and C, in equations (7) and (ii), we get 
dy é wL? ce 
EI ao oa (L —x)*— oe ..-(Zit) 
3 4 
_ , wl wh . 
and Ely = SECT (L- x) — = aa aan 56 ..(iv) 


Equation (iii) is known as slope equation and equation (iv) as deflection equation. The 
slope and deflection at the free end (7.e., point B) can be obtained by substituting x = L in these 
equations. 


d 
Let 8, = Slope at the freeend B i.e., (2) at B and 
= Deflection at the free end B. 
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d 
(a) Substituting x = LZ and a 8, in equation (iii), we get 


dx 
3 3 
ee 4_ WL wl 
EI@,= 57, L) ae r 
3 
RB =O we radians. ...(138.11) 
24EI 
(b) Substituting x = L and y = yp in equation (iv), we get 
3 4 
_ Ww = oO wL wl 
Ely, = 20L (L-L) OA .L+ A050 
7 wht wit _ Swht+wl! __ wl! 
= 24 120 120 ~ 80 
=— wh! (Minus sign means downward deflection) 
"3 ~ 30EI e 
*. Downward deflection of B is given by 
ss (13.12) 
YB an 30EI ves i 


Problem 13.10. A cantilever of length 4 m carries a uniformly varying load of zero 
intensity at the free end, and 50 kN/m at the fixed end. 


If E = 2.0 x 10° Nimm? and I = 108 mm+, find the slope and deflection at the free end. 


Sol. Given : 
Length, L=4m=4000 mm 
50 x 1000 
Load at fixed end, w = 50 kN/m = tooo. = 50 N/mm 
Value of E =2~x 10° N/mm? 
Value of I= 108 mm* 
Let 8, = Slope at the free end and 


Yp = Deflection at the free end. 
(i) Using equation (13.11), we get 
wL 50 x (4000)* 
24EI 24x2x10° x 10 
(ii) Using equation (13.12), we get 
_ wl _ 50x(4000)* 
30EI 30x2x10°x10° 


Problem 13.11. A cantilever of length 2 m carries a uniformly varying load of 25 kN/m 
at the free end to 75 kN/m at the fixed end. If E = 1 x 10° N/mm? and I = 108 mm#, determine 
the slope and deflection of the cantilever at the free end. 


= 0.00667 rad. Ans. 


= 21.33 mm. Ans. 


YB 


Sol. Given : 
Length, L=2m=2000 mm 
25 x 1000 
Load at the free end = 25 kN/m = ae = 25 N/mm 


DEFLECTION OF CANTILEVERS 


Load at fixed end = 75 kN/m = 75 N/mm 
Value of E=1-x 10° N/mm? 
Value of T= 108 mm‘. 


The load acting on the cantilever is shown in Fig. 13.10. This load is equivalent to a 
uniformly distributed load of 25 kN/m (or 25 N/mm) over the entire length and a triangular load 
of zero intensity at free end and (75 — 25 = 50 KN/m or 50 N/mm) 50 N/mm at the fixed end. 


75 kN/m 
50 kN/m 


(i) Slope at the free end 
Let 0, = Slope at free end due to u.d.l. of 25 N/mm 
8, = Slope at free end due to triangular load of intensity 50 N/mm at fixed end. 


The slope at the free end due to u.d.l. of 25 N/mm (i.e., w = 25 N/mm) is given by equa- 
tion (13.5) as 
13 
” (Here 0, = 6,, and w = 25) 


25 x 2000° 
~ 6x1x10°x1 
The slope at the free end due to triangular load of intensity of 50 N/mm (i.e. w = 
50 N/mm) is given by equation (13.11) as 
wL? 
= 
24ET 
3 
= =e cae 5 (Here w = 50 N/mm) 
24x1x10° x 10 
= 0.00167 rad. 
Total slope at the free end 
= 0, + 9, = 0.0033 + 0.00167 = 0.00497. Ans. 
(ii) Deflection at the free end 
Let y, = Deflection at the free end due to u.d.l. of 25 N/mm 
Yo = Deflection at the free end due to triangular load. 
Using equation (13.11), we get deflection at the free end due to u.d.l. 
_wLl*t 25x 20004 
"1" BEI 8x1x10°x 10° 
Using equation (13.12), we get deflection at the free end to uniformly varying load of 
zero at the free end and 50 N/mm at the fixed end. 


4 4 
wl ___50x2000* gg 


%2* 30EI 30x 1x 10° x 10° oe 


ao 0.0033 rad. 


=5mm 
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Total deflection at the free end 
=, +¥,=5+2.67=7.67 mm. Ans. 


13.8. DEFLECTION AND SLOPE OF A CANTILEVER BY MOMENT AREA METHOD 


The moment area method is discussed in Art. 12.8, where this method was applied to a 
simply supported beam. Let us apply this method to a cantilever. According to this method the 
change of slope between any two points is equal to the net area of the B.M. diagram between 
these two points divided by EI. If one of the points is having zero slope, then we can obtain the 
slope at the other point. 

Similarly if the deflection at a point A is zero, then the deflection at the point B accord- 
ing to this method is given by 

Ax 
"EI 
where A = Area of B.M. diagram between A and B, and 
x = Distance of C.G. of the area A from B. 

13.8.1. Cantilever Carrying a Point Load at the Free end. Fig. 13.11 (a) shows a 

cantilever of length L fixed at end A and free at the end B. It carries a point load W at B. 


B.M. Diagram 


Fig. 13.11 


The B.M. will be zero at B and will be W.L at A. The variation of B.M. between A and B 
is linear as shown in Fig. 13.11 (0). 
At the fixed end A, the slope and deflection are zero. 


Let 8, = Slope at Bi.e., (=) at B and 
he 


YR = Deflection at B 
Then according to moment area method, 
Area of B.M. Diagram between A and B 
aE EI 


1s ABx AC 
2 eee (Area of triangle ABC) 


EI 
: Lxw.L 
a xW. _ WL? 


EI 2EI 
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AX 
and Ye= Br (2) 
W.L? 
where A = Area of B.M. diagram between A and B = 5 
2L 
x = Distance of C.G. of area of B.M. diagram from B = 3 
W.D? 2b 
2° 3 WL 
‘BETO 


13.8.2. Cantilever Carrying a Uniformly Distributed load. Fig. 13.12 (a) shows a 
cantilever of length L fixed at end A and free at the end B. It carries a uniformly distributed 
load of w/unit length over the entire length. 


— w/Unit Length 


ng B.M. Diagram 
Cc 
Fig. 13.12 
ie ba 


The B.M. will be zero at B and will be at A. The variation of B.M. between A and 


B is parabolic as shown in Fig. 13.12 (6). At the fixed end A, the slope and deflection are zero. 


1 i a? 
Area of B.M. diagram (ABC), A=%.L. ae; a 


and the distance of the C.G. of the B.M. diagram from B, 


_ _ 3b 
| 
Let 8, = Slope at B, z.e., (=) and at B 
x 


Yp = Deflection at B. 
Then according to moment area method, 
Area of B. M. diagram _ wL? 
~ EI ~ 6EI 
Ax w.L? 3b w.L* 
Ye ET ~ 6EI 4 ~ BEI. 
13.8.3. Cantilever Carrying a Uniformly Distributed Load upto a Length ‘a’ 


from the Fixed end. Fig. 18.13 (a) shows a cantilever of length L fixed at end A and free at 
the end B. It carries a uniformly distributed load of w/unit length over a length ‘a’ from the 


fixed end. 
8m 


Op 


and 
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- w/Unit length 


Fig. 13.13 


w.a” 


The B.M. will be zero at B and C. But B.M. at A will be . The variation of B.M. 


between C and A will be parabolic as shown in Fig. 13.13 (6). At the fixed end the slope and 
deflection are zero. 


1 2 3 
Area of B.M. diagram A= 370: 7 = a 
and the distance of the C.G. of B.M. diagram from B, 
3 
% =(L—a)+ a 

. dy 
Let 8, = Slope at B i.e., a at B and 

he 


Yp = Deflection at B. 
Then according to moment area method, 
3 


9 _A_w.a 
B” EI 6EI 
AX w.a® 3a w.a? w.a 
=o —4 reas + 
ane B= ET ~ GET (a oo, a eer * ger” 


Problem 13.12. A cantilever of length 2 m carries a point load of 20 RN at the free end 
and another load of 20 RN at its centre. If E = 10° N/mm? and I = 108 mm# for the cantilever 
then determine by moment area method, the slope and deflection of the cantilever at the free 
end. 


Sol. Given : 

Length, L=2m 

Load at free end, W, = 20 KN = 20000 N 

Load at centre, W, = 20 kN = 20000 N 

Value of E = 10° N/mm? 

Value of I= 108 mm‘4 

First draw the B.M. diagram, 

B.M. at B =0 

B.M. at C =-—20x 1=- 20 kNm =- 20 x 10? x 10? Nmm 
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B.M. at A =— 20 x 1-20 x 2 =— 60 kNm =- 60 x 10° x 10? Nmm 
B.M. diagram is shown in Fig. 13.14 (0). 
20kN 20kN 
@ oC : ° 
1m———+¢ —_— 1m ———9 
a c B 
Go >. 


B.M. Diagram 


Fig. 13.14 


To find the area of B.M. diagram, divide the Fig. 13.14 (b) into two triangles and one 
rectangle. 


1 1 
Now area A, = 5 x CD x BC= 5 x 20x 1 
= 10 kNm? = 10 x 10? x 106 Nmm2 (m2? = 106 mm?) 
= 10!° Nmm? 


Similarly area A, = CD x AC = 20 x 1 = 20 kNm? 


1 1 
and area A, = > x FD x EF = > x 1 x 40 = 20 kNm? 


Total area of B.M. diagram, 
A=A,+A, +A, = 10 + 20 + 20 = 50 kNm? 


= 50 x 10° x 10° Nmm? (3 om? = 10° mm?) 
Slope and deflection at the fixed end is zero. 
Let 8, = Slope at the free end B. 


Then according to the moment area method, 
_ Area of B.M. diagram 


8p EI 
50 x 10? x 108 
= nd» = 0.005 radians. Ans. 
10° x 10 
Let Yp = Deflection at the free end B. 
Then according to moment area method, 
Ax . 
YB — EL ..(L) 


Now let us find x or Ax. 
Then total moment of the bending moment diagram about B is given by 


A. xX =A,x,+A,X_ +A3%3 


= 10 x & 1 + 20 x (1+3] + 20 x (1+dx 1 
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20 100 
aa. + 30 + —~ = 70 kNm® 


= 70 x 10° x 10? Nmm? (.* m?= 109 mm?) 
= 7x 1013 Nmm? 
Substituting this value in equation (i), we get 


7x 10% 
10° x 108 =7Tmm. Ans. 


HIGHLIGHTS 


. : Sere 
1. The slope i.e., © or 6 of a cantilever at the free end is given by, 


Ja 


dx 
WL? ; 
0, = oT when the point load is at the free end 
2 
2 = OG We when the point load is at a distance of ‘a’ from the fixed end 
2EI 
w.L? ; : ‘ baud 
0, = 6EI when it carries a uniformly distributed load over the whole length. 
3 
6-9. = 2% when it carries a uniformly distributed load over a length 
Be GET ‘a@ from the fixed end. 
3 3 ; 
Gao LY _w.L-a when it carries a uniformly distributed load over a 
B™ 6EI 6EI distance ‘a’ from the free end 
3 
w.l when it carries a gradually varying load from zero at the free end to 


BY 24EI w/m run at fixed end. 
where W = Point load, 
w = Uniformly distributed load, 
L = Length of beam, 
I = Moment of inertia, and 
E = Young’s modulus. 
2. The deflection i.e., y of a cantilever of length L, at the free end is given by, 


WL? . 
3 = aa when the point load is at the free end 
Wa® Wa? when the point load is at a distance of ‘a’ from the 


YB 3EI °EI (L—a) fixed end 


i ae 
Y= ar when it carries a uniformly distributed load over the whole length 
wat w.a® when it carries a uniformly distributed load over a 


YB = oar * 6Er (L-a) length ‘a’ from the fixed end. 
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wie \wib=al-wih=a? when it carries a uniformly distributed 
YB gRT SEI 6EI load over a length ‘a’ from the free end 
wLl* when it carries a gradually varying load from zero at the free end to 


YB 30ET w/m run at the fixed end. 


For a cantilever, at the fixed end slope and deflections are zero. Hence moment area method can 
be easily applied for finding slope and deflections of cantilevers. The slope (@,) and deflection (yj) 
at the free end is given by, 


_ Area of B.M. diagram between free end and fixed end 


8s EI 


Ax 
‘BRT 
where A = Area of B.M. Diagram and 
x = Distance of C.G. of B.M. diagram from free end. 
Area of B.M. diagram sometimes is found easily by splitting the combined areas into triangles 
and rectangles. 


and 


EXERCISE 


as 


(A) Theoretical Questions 


What is a cantilever ? What are the different methods of finding of slope and deflection of a 
cantilever ? 

Derive an expression for the slope and deflection of a cantilever of length L, carrying a point load 
W at the free end by double integration method. 


Solve question 2, by moment area method. 
Prove that the slope and deflection of a cantilever carrying uniformly distributed load over the 
whole length are given by, 
wl} wL* 
0, = — d = — 
a” 6ET "° °8~ gnr 


where w = Uniformly distributed load and 

EI = Flexural rigidity. 
Find the expression for the slope and deflection of a cantilever of length ZL which carries a uni- 
formly distributed load over a length ‘a’ from the fixed end by 
(t) Double integration method and (ti) Moment area method. 
Prove that the slope and deflection of a cantilever length L, which carries a gradually varying 
load from zero at the free end to w/m run at the fixed end are given by : 


wh} wl 


“oaer °7¢ 28> Sony 
where EI = Flexural rigidity. 


Op 


(B) Numerical Problems 


A cantilever of length 2m carries a point load of 30 KN at the free end. If moment of inertia 
I = 108 mm‘ and value of E = 2 x 10° N/mm, then find : 


(i) slope of the cantilever at the free end and 
(ii) deflection at the free end. [Ans. (i) 0.003 rad., (ii) 4 mm] 
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2. 


10. 


11. 


A cantilever of length 3 m carries a point load of 60 KN at a distance of 2 m from the fixed end. If 
E=2.x 10° andJ= 108, find: 
(z) slope at the free end and (ii) deflection at the free end. 

[Ans. 0.006 rad., 14 mm] 
A cantilever of length 30 m carries a uniformly distributed load of 24 kN/m length over the entire 
length. If moment of inertia of the beam = 10° mm? and value of E = 2 x 10° N/mm?, determine 
the slope and deflection at the free end. [Ans. 0.0054 rad. ; 12.15 mm] 


A cantilever of length 3 m carries a uniformly distributed load over the entire length. If the slope 
at the free end is 0.01777 radians, find the deflection at the free end. [Ans. 39.99 mm] 
Determine the slope and deflection at the free end of a cantilever of length 4 m which is carrying 
a uniformly distributed load of 12 kKN/m over a length of 3 m from the fixed end. Take EI = 2 x 
10 N/mm?. [Ans. 0.0027 rad., 8.775 mm] 
A cantilever of length 3 m carries a uniformly distributed load of 15 kN/m over a length of 2 m 
from the free end. If J = 10° mm‘ and E = 2 x 10° N/mm, find : 
(i) slope at the free end and (ii) deflection at the free end. 

[Ans. 0.00326 rad., 7.25 mm] 
A cantilever of length 2m carries a load of 20 KN at the free end and 30 kN at a distance 1 m 
from the end. Find the slope and deflection at the free end. Take E = 2.0 x 10° N/mm? and 
I=1.5 x 10° mm‘. [Ans. 0.00183 rad., 2.6 mm] 
Determine the deflection at the free end of a cantilever which is 2 m long and carries a point load 
of 9 KN at the free end and a uniformly distributed load of 8 kN/m over a length of 1 m from the 
fixed end. 
Take J = 2.25 x 107 mm? and E = 2.2 x 10° N/mm?. [Ans. 6.54 mm] 
A cantilever of length 2 m carries a uniformly varying load of zero intensity at the free end, and 
45 kN/m at the fixed end. If E = 2 x 10° N/mm? and J = 10° mm, find the slope and deflection of 
the free end. [Ans. 0.00075 rad., ; 1.2 mm] 


A cantilever of length 2 m carries a point load of 30 KN at the free end and another load of 30 kN 
at its centre. If EI = 1013 N/mm? for the cantilever then determine by moment area method, the 
slope and deflection at the free end of cantilever. [Ans. 0.0075 rad. ; 10.50 mm] 


L 
A cantilever of length ‘L’ carries a U.D.L. of w per unit for a length of a from the fixed end. 


Determine the slope and deflection at the free end using area moment method. 


Hint. See Article 13.8.3 on page 577. Here a = — . Hence slope at free end, 


wx(E} 
w xa? _ 2 _wxD 


0, = : . 
BY 6EI GEI 48 
3 4 
and deflection at freeend, y,= aaa (=e) an 


3 L 4 
wx(5) ( z) wx($] CRE. > exe 
L + = x } 
SEI 48EI 2. 128EI 
_wxlt wit _wxit(1, 1 _ wl ( 443 
96EI  128EI EI \96 128) EI \128x3 
wi 7 7 wxL' 


= aT “384 > 384 EI 


14.1. INTRODUCTION 


The slopes and deflections of beams and cantilevers may be obtained from various meth- 
ods like double integration method, moment area method, Macaulay’s method, etc. But these 
methods become laborious, when applied to beams whose flexural rigidity (.e., the product of 
E and J is known as flexural rigidity) is not uniform throughout the length of the beam. The 
slopes and deflections of such beams can be easily obtained by conjugate beam method. 


14.2. CONJUGATE BEAM METHOD 


Before describing the conjugate beam method, let us first define conjugate beam. 
Conjugate beam is an imaginary beam of length equal to that of the original beam but 


for which the load diagram is the = diagram* (i.e., the load at any point on the conjugate 


beam is equal to B.M. at that point divided by ED). 

The slopes and deflection at any section of a beam by conjugate beam method is given 
by: 

1. The slope at any section of the given beam is equal to the shear force at the corre- 
sponding section of the conjugate beam. 

2. The deflection at any section for the given beam is equal to the bending moment at 
the corresponding section of the conjugate beam. 

Hence before applying the conjugate beam method, conjugate beam is constructed. The 
load on the conjugate beam at any point is equal to the B.M. at that point divided by EI. Hence 
the loading on the conjugate beam is known. Then the shear force at any point on the conju- 
gate beam gives the slope at the corresponding point of actual beam. And the B.M. at any 
point on the conjugate beam gives the deflection at the corresponding point of the actual beam. 


Fig. 14.1 (a) shows a simply supported beam AB of length L carrying a point load W at 
the centre C. The B.M. at A and B is zero and at the centre B.M. will be W. L/4. The B.M. 
varies according to straight line law. The B.M. diagram is shown in Fig. 14.1 (6). Now the 
conjugate beam AB can be constructed. The load on the conjugate beam will be obtained by 


*M/EI diagram is a diagram which shows the variation of M/EI over the length of the beam. 
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dividing the B.M. at that point by EI. The shape of the loading on the conjugate beam will be 
same as of B.M. diagram. The ordinate of loading on conjugate beam will be equal to 


W.L 
M_\ 4 )_WxL 


. . W.L eas 
EI EI ZEIT Hence ordinate at the centre will be 7 as shown in Fig. 14.1 (c). The 


load diagram for conjugate beam is shown in Fig. 14.1 (c). 


Ww 
A c B 

(2) U2 > 

_W _W 
Ra 3 L Rp 3 

D 

(0) 

Aza 


Fig. 14.1 


Let 


R, = Reaction at A for conjugate beam 
R,* = Reaction at B for conjugate beam 
Total load on the conjugate beam [See Fig. 14.1 (c)] 


= Area of the load diagram 
1 
= — x AB x C*D* = ay pers 
2 2 4EI 
_ WL 


~ 8EI 
Reaction at each support for the conjugate beam will be half of the total load 


2 2 
Ry* = R,* = 1 WL _ WL 
2 8EI 16EI 
8, = Slope at A for the given beam i.e., (2) at A 
x 


y, = deflection at C for the given beam. 
Then according to conjugate beam method, 


Let 


8, = Shear force at A for the conjugate beam 


CONJUGATE BEAM METHOD, PROPPED CANTILEVERS AND BEAMS 


=R,* (. S.F. at A for conjugate beam = R,*) 
_ WL? 
~ 16EI 

and Yo = B.M. at C for the conjugate beam [See Fig. 14.1 (c)] 


L 
=R,* a Load corresponding to AC*D* 
x Distance of C.G. of AC*D* from C 


We? L (3 £ we) (3 z) 
= - x x x x 
16EI'2 \2° 2° 4EI 3° 2 
_ WL? WL? 3WL?- WL’ 
~ 32EI 96EI 96EI 
_ WL’ 
~ ASETI © 


14.4. SIMPLY SUPPORTED BEAM CARRYING AN ECCENTRIC POINT LOAD 


Fig. 14.2 (a) shows a beam AB of length L, simply supported at A and B and carrying a 
point load of W at a distance ‘a’ from the end A. The reactions at A and B are given by 


R _W.b and Roe 
L L 


W.a.b 
The BM. will be zero atA and B. At C, the BM. will be Ry xa="™° xq="-?-4 . - , 


Now the B.M. diagram can be drawn as shown in Fig. 14.2 (0). 


Conjugate beam 


Fig. 14.2 
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Construct now the conjugate beam. The load at any point on the conjugate beam will be 
equal to B.M. at that point divided by EI. Fig. 14.2 (c) shows the conjugate beam with the 
M W.a.b_W.a.b 
EI LxEI- EI.L 


loads. The vertical load on conjugate beam at C* will be 


Let R.,,* = Reaction at A for conjugate beam 
R,* = Reaction at B for conjugate beam 
Taking moments about A of the conjugate beam, we get 
R,*.L = Load AC*D* x Distance of C.G., of AC*D* from A + Load BC*D* 
x Distance of C.G. of BC*D* from A 


: [5xac*xe+D*]x(2xae*)+(>.BC%.0*D*|x{ AC*+2 x BC*| 


(3 we (2 ) 1 W.a.b ( 2) 
=|—-xax x|—xal+}—xbx xlax— 
2 EIL 3 2 EI.L 3 
ee ee a 2) 
~ SKIL 2EIL 3 
_ War | Wa*b® | W.a.b* 
3EIL =. 2EIL 6EIL 


_Wa.b [202 + Bab + BI 
= “ger, (2% + 8ab + 
aOR ois Pc Gah 4 hs ah 
6EIL 
= Ss [(a +b)? +a(a +) 
ae [L?+a.L] (. a+b=L) 
6EIL 
Wa.(L—-a) Wa 
= So LL+a)=—— [L?-a? 
6EIL (L+a) SET | a?) 
W.a 
R * L2- 2 
aan eal 
Similarly the reaction at A can be obtained as 
Wb 
E eerie 2 2 H 
R, SEIL ( b*) (Substitute b for a) 


Let 6, = Slope at A for the given beam i.e., (2) at A 
x 


Yo = Deflection at C for the given beam. 
Then according to conjugate beam method, 
8, = Shear force at A for the conjugate beam 


=R,* (. S.F. at A for conjugate beam = R,*) 
= WF g2_ 42) 
6EIL 
and Yo = B.M. at C for conjugate beam [See Fig. 14.2 (c)] 


= R,* .a — Load AC*D* x Distance of C.G. of AC*D* from C* 
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a2 (L? — 6?) .a (5 xax Ms?) x( 2) 


6EIL EIL 3 
W.a.b (L? b2) W.a°b 
i 6EIL 
W.a. 
= D2 FD? 9) 
= “GEIL [L? — 6? — a2]. 


Problem 14.1. A simply supported beam of length 5 m carries a point load of 5 kN at a 
distance of 3 m from the left end. If E = 2 x 10° N/mm? and I = 108 mm+#, determine the slope at 
the left support and deflection under the point load using conjugate beam method. 


Sol. Given : 
Length, L=5m 
Point load, W=5kN 
Distance AC, a=3m 
Distance BC, 6=5-38=2m 
Value of E =2~x 10° N/mm? = 2 x 10° x 10° N/m? 
= 2x 10° x 10° kKN/m? = 2 x 108 kKN/m2 
Value of I =1x 108 mm‘ = 10~* m* 
Let R, = Reaction at A 
and R, = Reaction at B. 
Taking moments about A, we get 
Rp,x5=5x3 
: pe a oan 
and R, = Total load- RR, =5-3=2kN 
The B.M. at A =0 
B.M. at B=0 


B.M. atC=R,x3=2x3=6kNm. 
Now B.M. diagram is drawn as shown in Fig. 14.3 (6). 
Now construct the conjugate beam as shown in Fig. 14.3 (c). The vertical load at C* on 
conjugate beam 
_ B.M.atC 6kNm 


EI EI 
Now calculate the reaction at A* and B* for conjugate beam 
Let R,* = Reaction at A* for conjugate beam 


R,* = Reaction at B* for conjugate beam. 


Taking moments about A*, we get 
R,* x 5 = Load on A*C*D* x distance of C.G. of A*C*D* from A* 
+ Load on B*C*D* x Distance of C.G. of B*C*D* from A* 


Ler a x ae + Di gig x eae 
2 EI 3 2 EI 3 


18 6 = 11 8 22 = 40 
+—X—=—_+ = 

El EI 3 EI EI &EI 

pre O18 

EI 5 EI 
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5 kN 
A = B 
(a) 
(0) 
(c) 
R*, Conjugate Beam R*, 
Fig. 14.3 
R,* = Total load (7.e., load A*B*D*) — R,,* 
1 6 8 
= x5x 
2 EI) EI 
2 8 
- EI EI EI 
d 
Let 8, = Slope at A for the given beam i.e., (=) at A 


Yo = Deflection at C for the given beam 


Then according to conjugate beam method, 
8, = Shear force at A* for conjugate beam = R,* 


7 
: = = Sohco® (B= 2% 10° N/m? and I = 10+ m4) 
= 0.00035 radians. Ans. 


Yo = B.M. at C* for conjugate beam 
= R,* x 3— Load A*C*D* x Distance of C.G. of A*C*D* from C* 


= i x3 [5 x3x = ]x(3%3] 


EI 20° EI) \3 
21.9 #212 
~ EL EI EL 

12 6 6x 1000 


mm=0.6 mm. Ans. 


~9x108x10* 10! 10000 
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Problem 14.2. A simply supported beam of length 4 m carries a point load of 3 kN at a 
distance of 1 m from each end. If E = 2 x 10° N/mm? and I = 108 mm? for the beam, then using 
conjugate beam method determine : (i) slope at each end and under each load (ii)deflection 
under each load and at the centre. 


Sol. Given : 
Length, L=4m 
Value of E =2 x 10° N/mm? = 2 x 10° x 10° N/m? 
= 2x 10° x 102 kN/m? = 2 x 108 KN/m2 
Value of T= 10 mm‘ = 2°” m4 = 104m! 
alue o = mm*‘ = m‘4 = m4, 


10 12 


As the load on the beam is symmetrical as shown in Fig. 14.4 (a), the reactions R, and 
R, will be equal to 3 KN. 


Now B.M. at A and B are zero. 


(0) 


H* 
1m | 


Conjugate beam 


Fig. 14.4 


B.M. atC =R,x1=3x1=3kNm 
B.M. atD=R,x1=3x1=3kNm 
Now B.M. diagram can be drawn as shown in Fig. 14.4 (6). 


Now by dividing the B.M. at any section by EI, we can construct the conjugate beam as 
shown in Fig. 14.4 (c). The loading are shown on the conjugate beam. 


Let R,* = Reaction at A* for the conjugate beam and 
R,* = Reaction at B* for conjugate beam 
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The loading on the conjugate beam is symmetrical 
: R,* = R,* = Half of total load on conjugate beam 


1 
as [Area of trapezoidal A*B*F**] 


_ (se xE*C*| 
2 2 
|e . 3 - 4.5 
~ 2 2 EI| EI 
(i) Slope at each end and under each load 
Let 8, = Slope at A for the given beam i.e., (2) at A 


8, = Slope at B for the given beam 
8. = Slope at C for the given beam and 
8, = Slope at D for the given beam 
Then according to conjugate beam method, 
8, = Shear force at A* for conjugate beam = R ,* 
4.5 4.5 
~ EI 2x108x 10 


= = 0.000225 rad. Ans. 


0, =R,* = = = 0.000225 rad. Ans. 
8, = Shear force at C* for conjugate beam 
= R,* — Total load A*C*D* 
45 1 3 3 
7 x 1x = 
EI 2 EI EI 
= — = 0.00015 rad. Ans. 
2x 10° x 10 
Similarly, 8, = 0.00015 rad. Ans. (By symmetry) 
(ii) Deflection under each load 
Due to symmetry, the deflection under each load will be equal 
Let Yc = Deflection at C for the given beam and 
Yp = Deflection at D for the given beam. 
Now according to conjugate beam method, 
Yo = B.M. at C* for conjugate beam 


= R,* x 1.0 — (Load A*C*E*) x Distance of C.G. of A*C*E* from C* 
4.5 E 3 1 
— x1 x 1x x 


EI 2 EI) 3 
4.5 | 0.5 _ 4.0 
- EI EI EI 

4 4 x 1000 

= 8 4 m= 4 

2x 10° x10 2x10 
=0.2mm. Ans. 

Also Yp = 0.2 mm. 
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Deflection at the centre of the beam 
= B.M. at the centre of the conjugate beam 
= R,* x 2.0 — Load A*C*E* 
x Distance of C.G. of A*C*E* from the centre of beam 
— Load C*H*J*E* 
x Distance of C.G. of C*H*J*E* from the centre of beam 


£5 25. (Fxax = )x(1+ | (1% a x3 
EI 2 EI 3 EI) 2 


9 2 15 65 


EI EI El EI 
6.5 _ 6.5 x 1000 
~ 2x 108 x 104 2x108 
= 0.325 mm. Ans. 


Problem 14.3.A simply supported beam AB of span 4m carries a point of 100 kN 
at its centre C. The value of I for the left half is 1 x 10® mm? and for the right half portion I is 
2 x 10° mm*. Find the slopes at the two supports and deflection under the load. 


Take E = 200 GN/m?. 


Sol. Given : 
Length, L=4m 
Length AC = Length BC =2m 
Point load, W=100 kN 
Moment of inertia for AC 
IT=1x 108 4 = 10" 4-104 m4 
=l1~x mm‘ = 0” m4 = m 
Moment of inertia for BC 
= 2x 108 mm* 
=2x10*m‘*=2/ (. 10*=D 
Value of E = 200 GN/m? = 200 x 10° N/m? 


= 200 x 10° kN/m2. 
The reactions at A and B will be equal, as point load is acting at the centre. 
100 
R,=fp=—| = 50 kN 
Now B.M. at A and B are zero. 
B.M. at C =R,x2=50x2=100kNm 
Now B.M. can be drawn as shown in Fig. 14.5 (6). 


Now we can construct the conjugate beam by dividing B.M. at any section by the prod- 
uct of # and M.O.I. 


The conjugate beam is shown in Fig. 14.5 (c). The loading are shown on the conjugate 
beam. The loading on the length A*C* will be A*C*D* whereas the loading on length B*C* 
will be B*C*E*, 

B.M. at C _ 100 


The ordinate C*D* = = ———~~~__ =~ 
€ ordinate ExM.O.I.for AC EI 
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; B.M. at C 100 ‘50 
The ordinate C*E* = = = 

ey Product of E and M.O.L. forBC  Ex2Il EI 
Let R,* = Reaction at A* for conjugate beam 


R,* = Reaction at B* for conjugate beam 


100 KN 
Cc 


R*, 


Conjugate beam R*g 


Fig. 14.5 


First calculate R,* and R,* 
Taking moments of all forces about A*, we get 
R,* x 4 = Load A*C*D* x Distance of C.G. of A*C*D* from A 
+ Load B*C*E* x Distance of C.G. of B*C*E* from A* 


= Seg x 29 + Le eae x ogo 
2 EI 3 2 EI 3 


400 | 400 _ 800 
3EI 3EI 3EI 


200 
oR es 
Re" SEI 
and R,* = Total load on conjugate beam — R,* 


1 100 1 50 200 
= x2~x +—x2~x 
2 EI 2 EI 3kI 


_ 150 200 250 
- EI 3EI 3EI° 


CONJUGATE BEAM METHOD, PROPPED CANTILEVERS AND BEAMS 
(i) Slopes at the supports 


Let 8, = Slope at A i.e., (2) at A for the given beam 
X 


8, = Slope at B z.e., (2) at B for the given beam 
X 


Then according to the conjugate beam method, 
8, = Shear force at A* for conjugate beam = R,* 


_ 250 
~ 8EI 
- al S 7 = 0.004166 rad. Ans. 
3 x 200 x 10° x 10 
and 8, = Shear force at B* for conjugate beam = R,* 
200 200 


- Tier . Ans. 
3EI 3x200x 10° x 10+ 0.003333 rad s 


(ii) Deflection under the load 
Let Yc = Deflection at C for the given beam. 
Then according to the conjugate beam method, 
Yo = B.M. at point C* of the conjugate beam 
= R,* x 2—(Load A*C*D*) x Distance of C.G. of A*C*D* from C* 
208 x2 (5 x2% ar)*(3%2] 
3EI 2 EI 3 
500 200 100 
3EI 3EI EI 
100 
200x 10°x 104 
1 1 


= —m=—— x1000=5 mm. Ans. 
200 200 


Problem 14.4. A beam ABCD is simply supported at its ends A and D over a span of 
30 metres. It is made up of three portions AB, BC and CD each 10 m in length. The moments of 
inertia of the section of these portion are I, 3I and 2I respectively, where I = 2 x 101° mm?+. The 
beam carries a point load of 150 kN at B and a point load of 300 RN at C. Neglecting the weight 
of the beam calculate the slopes and deflections at A, B, C and D. Take E = 2 x 10? kN/mm?. 


Sol. Given : 

Length, L=30m 

Length AB = Length BC = Length CD = 10m 

M.O.I. of AB, IT=2.x 10! mm‘ = ar m‘* =2 x 10? m‘. 

M.O.I. of BC, 31 = 6 x 10-7 m4 

M.O.I. of CD, 21 =4 x 10-2 m4 

Point load at B=150 kN 

Point load at C = 300 kN 

Value of E =2 x 10? kN/mm? = 2 x 10? x 10® kN/m?= 2 x 108 KN/m? 
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10m 10m >| 10m 
Rg = 250 kN 


2500 kNm 


2000 kNm 


Conjugate beam 


Fig. 14.6 


To find reactions R, and Rp, take moments about A. 
; Ry x 30 = 150 x 10 + 300 x 20 = 7500 
Ry= IO 250 kN 
30 
R, = Total load —- Rp 
= (150 + 300) — 250 = 200 KN. 

Now draw B.M. diagram 

B.M. at A and D=0 

B.M. at B = R, x 10 = 200 x 10 = 2000 kNm 

B.M. at C = Rp x 10 = 250 x 10 = 2500 kNm 

B.M. diagram is shown in Fig. 14.6 (6). 

Now construct the conjugate beam as shown in Fig. 14.6 (c) by dividing B.M. at any 
section by their product of F and J. For the portion AB corresponding conjugate beam is A*B*C*, 
for the portion BC corresponding conjugate beam is B*C*H*K* and for the portion CD the 
corresponding conjugate beam is C*D*F*. The loading are shown in Fig. 14.6 (c). 


The ordinates B*H* = —_ B*K* = 2000 
EI 3HI 
2500 2500 
KA — — KEE OS 
= EI’ 3EI 
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2500 2000 500 


H*J* = 
3HI 3KI 3EI 
Let R,* = Reaction at A* for conjugate beam 


R,* = Reaction at D* for conjugate beam. 


To find R,* and Rp*, take the moments of all loads acting on the conjugate beam about 
A*, we get 


R,* x 30 = (4 x A*B* x B*EH*) x (2 x A*B*) + (B*C* x B*¥K*) 
x (10 + 42) + (g x K*J* x H*J*) x (10 + 10 x 2) 
+ (3 x C*F* x C*D*) x (20 + 10 x +) 
= & 10x | x(x 10) + [10% 4 x (15) 
2 EI 3 3EI 
+ anv ef x au + Ey) aig x a 
2 3kI 3 2 2EI 3 
200000 300000 125000 487500 


+ + + 
3EI 3EI 9EI 3EI 
600000 + 900000 + 125000 + 1312500 — 2937500 


9EI 9EI 
2937500 — 293750 


Ry" = ORT x30 27EI 
R,* = Total load on conjugate beam — R,* 
7 [5 «10. on £10 ene + SSi0s ou + yx 10x 2) 
2 EI 3EI 2 3EI 2 2EI 
293750 
27EI 


7 E= , 20000 , 2500 | $250) 293750 
~\ EI 3EI 3EI- EI 27EI 
7 (soe + 20000 + 2500 + 2) 293750 


3EI 27EI 
71250 293750 641250- 293750 _ 347500 
~ 83EI Q7EI 27EI ~ OTET 


(i) Slopes at A, B, Cand D 
According to conjugate beam method 
(a) Slope at A for the given beam 
= S.F. at A* for conjugate beam 
347500 _ 347500 
27EI = 27x2x108x2x10? 
= 0.003218 rad. Ans. 
(b) Slope at B for the given beam 


0,=R,* = 


=S.F. at B* for conjugate beam 
= R,* — Load A*B*E* 
347500 1 2000 
= x 10x 
27EI 2 EI 
347500 10000 347500 - 270000 


27EI EI 27EI | 595 
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77500 _ 77500 
~ Q7EI 27x2x108x2x107 
= 0.0007176 radians. Ans. 
(c) Slope at C for the given beam 


= S.F. at C* for conjugate beam 
= R,* — Load D*C*F* 

293750 1 2500 
= 10 x —— 


Q7EI 2 2QEI 

_ 293750 6250 293750-27x6250 _ 125000 

~ QTET EI Q7EI ~ 2TEI 
125000 


= - =z = 0.001157 rad. Ans. 
27x2x10° x2x10 


(d) Slope at D for the given beam 
= S.F. at D* for conjugate beam 
293750 
= Ro" = “ore 
_ 293750 
~ 27x2x108x 2x10 
(ii) Deflection at A, B, C and D 
(a) Deflection at A for the given beam 
= B.M. at A* for the conjugate beam 
=0. Ans. 
(6) Deflection at B for the given beam 
= B.M. at B* for the conjugate beam 
= R,* x 10—- Load A*B*E* x Distance of C.G. of A*B*E* from B* 
= eave x 10 [5 «10 x 
27EI 3 


=z = 0.00272 rad. Ans. 


2 EI 

_ 3475000 100000 

~ OTEI 3EI 
3475000 —- 900000 _ 2575000 


27EI 27EI 
2575000 
~ 27x2x108x2x1072 eet 
= 23.84 mm. Ans. 
(c) Deflection at C for the given beam 
= B.M. at C* for the conjugate beam 
= R,* x 10— Load D*C*F* x Distance of C.G. of D*C*F* from C* 
_ 293750 . 1 2500 10 


10 x 10 x x 
27EI 2 2EI 3 


_ 2987500 62500 2937500 — 62500 x 9 
27EI 3EI 27EI 
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2375000 2375000 
= —_—_= = 0.02199 
Q7EI | 27x2x10®x2x102 i 
= 21.99 mm. Ans. 
(d) Deflection of D for the given beam = 0. Ans. 


14.5. RELATION BETWEEN ACTUAL BEAM AND CONJUGATE BEAM 


The relations between an actual beam and the corresponding conjugate beam for differ- 
ent end conditions are given in Table 14.1. 


TABLE 14.1 
S. No. Actual beam Conjugate beam 
ie Simply supported or roller supported end | Simply supported end B.M. = 0 but S.F. exists 
(Deflection = 0 but slope exists) 
2 Free end (slope and deflection exist) Fixed end (S.F. and B.M. exist) 
3 Fixed end (slope and deflection are zero) | Free end (S.F. and B.M. are zero) 
4, Slope at any section S.F. at the corresponding section 
5 Deflection at any section B.M. at the corresponding section 
6 Given system of loading The loading diagram is M/EI diagram 
i B.M. diagram positive (sagging) MI/EI load diagram is positive (i.e., loading 
is downward) 
8. B.M. diagram negative (hogging) MI/ET load diagram is negative (i.e., loading is 
upward) 


14.6.DEFLECTION AND SLOPE OF A CANTILEVER WITH A POINT LOAD AT THE 
FREE END 


Fig. 14.7 (a) shows a cantilever AB of length L and carrying a point load W at the free 
end B. The B.M. is zero at the free end B and B.M. at A is equal to W.L. The B.M. diagram is 
shown in Fig. 14.7 (6). The conjugate beam can be drawn by dividing the B.M. at any section 
by EI. Fig. 14.7 (c) shows the conjugate beam A*B* (free at A* and fixed at B*). The loading on 
the conjugate beam will be negative (i.e., upwards) as B.M. for cantilever is negative. The 
loading on conjugate beam is shown in Fig. 14.7 (c). 


dx 
Yp = Deflection at B for the given cantilever. 
Then according to the conjugate beam method, 
8, =S.F. at B* for the conjugate beam 


d 
Let 0, = Slope at Bi.e., (2) at B for the given cantilever and 


= Load B*A*C* 
1 2 
= — x A*B* x A*C* = sey a _W.Ll 
2 2 EI 2EI 
and Yp = B.M. at B* for the conjugate beam 


= Load B*A*C* x Distance of C.G. of B*A*C* from B* 


3 
-($.0. 2 )x(2x2} _ WE 
2 EI 3 3EI 


597 
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L 
Given beam 


A B 


(6) 
B.M. Diagram 


> 
* 


B* 
Fixed end 


E> ES 


m 


Conjugate beam 


g 


Fig. 14.7 


Problem 14.5.A cantilever of length 3 m carries a point load of 10 RN at a distance of 
2 m from the fixed end. If E = 2 x 10° N/mm? and I = 10° mm+, find the slope and deflection at 
the free end using conjugate beam method. 


Sol. Given : 
Length, L=3m 
Point load, W=10kN 
Distance, AC=2m 
Value of E =2.x 10° N/mm? 
= 2x 10° x 108 N/m? = 2 x 108 kN/m? 
Value of I = 108 mm* 
= 108 x ai m* = 10* m4 
B.M. at B=0 
B.M. at C=0 


B.M. at A=-—10x2=—-20kNm 
Now B.M. can be drawn as shown in Fig. 14.8 (6). Now construct conjugate beam A*B* 
(free at A* and fixed at B*) by dividing the B.M. at any section by EI, as shown in Fig. 14.8 (c). 
The loading on the conjugate beam will be negative (i.e., acting upwards) as B.M. is negative. 
dy 


*) at B and 


Let 0, = Slope at the free end for the given cantilever i.e., ( 


Yp = Deflection at B for the given cantilever. 
Then according to the conjugate beam method, 
8, =S.F. at B* for conjugate beam 
= Load A*C*D* = 4 x A*C* x A*D* 


and 
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1 20 20 
=—x2x = 
2 EI EI 
-__— 70 __g.oo1 d. An 
= oxi Kies ee 
10 kN cin 
(a) 
3m 
Given beam ‘ 


B.M. Diagram 


Conjugate beam 


Fig. 14.8 


Yp = B.M. at B* for the conjugate beam 
= (Load A*C*D*) x Distance of C.G. of A*C*D* from B* 


20 7 20 7 
= — X —- = — x 
EI 3 2x10®x10* 3 
= 0.00233 m = 2.833 mm. Ans. 


Problem 14.6. A cantilever beam AB of length 2 m is carrying a point load 10 kN at B. 


The moment of inertia for the right half of the cantilever is 10° mm* whereas that for the left 
half is 2 x 10° mm#4. If E = 2 x 108 kN/m?, find the slope and deflection at the free end of the 


cantilever. 
Sol. Given : 
Length, L=2m 
Point load, W=10kN 
Length, AC =length BC=1m 
M.O.I. of length BC, I= 108 mm‘ = 10+ m4 
M.O.I. of length AC =2x 108 mm* = 2 x 104 m*=2/ 
Value of E = 2 x 108 kKN/m2 
B.M. at B=0 
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B.M. at C=—10x 1=-—10kNm 
B.M. at A =— 10 x 2=-— 20 kNm. 


20 _ 10 


() 2El El 
- Conjugate beam 


Fig. 14.9 


Now B.M. diagram can be drawn as shown in Fig. 14.9 (6). Now construct conjugate 
beam A*B* (free at A* and fixed at B*) by dividing the B.M. at any section by their EI factor. 
The loading diagram will be as shown in Fig. 14.9 (c) in which, 


A*E* = B.M. at A _ 20 — 10 
Ex(M.O.1.of AC) Ex2I EI 

C*E* = B.M. at C — 10 5 
Ex(M.O.1.of AC) Ex2I EI 

C#D* = B.M. at C _ 10 — 10 
Ex(M.O.Lof BC) ExI EI 

Let 8, = Slope at Bi.e., (2) at B for the given cantilever 
hs 


yp = Deflection at B for the given cantilever. 
Then according to conjugate beam method, 
0, =S.F. at B* for conjugate beam 
= Load A*C*F*E* + Load B*C*D* 
= $ (A*E* + C*F*) x A¥C* + $ B¥C* x C*D* 


1/10 5 1 10 
= + x1+—x1~x 
2\ EI EI 2 EI 
_ 15, 10 _ 2% 
- QEI 2EI 2EI 
25 
= 3 = = 0.000625 rad. Ans. 
2x2x10° x10 


CONJUGATE BEAM METHOD, PROPPED CANTILEVERS AND BEAMS 


and Y= B.M. at B* for the conjugate beam 
= Load A*C*F*H* x Distance of its C.G. from B* 
+ Load H*E*F* x Distance of its C.G. from B* 
+ Load A*C*D* x Distance of its C.G. from B* 


= (1x3) 15+(3% 1x2] x (+d 1)+(3x 1x xx 1) 
EI 2 EI 3 2 EI 
ae 25 % 10 45+25+ 20 
EI 6EI 3EI 6EI 
90 15 _ 15 
~6EI EI 2x108x107% ™ 
= 0.00075 m = 0.75 mm. Ans. 
Problem 14.7.A cantilever of length 3m carries a uniformly distributed load of 


80 kN/m over the entire length. If E = 2 x 10° kN/m? and I = 10° mm+4, find the slope and 
deflection at the free end using conjugate beam method. 


Sol. Given : 
Length, L=3m 
U.d.l., w = 80 kN/m 
Value of E =2 x 108 kN/m? 

8 fe, MO co ae 
Value of I= 10° mm* = 77m =10*m 

0 
B.M. at B=0 
L 3 

B.M. at Baha He = aay ENS 


The variation of B.M. between A and B is parabolic as shown in Fig. 14.10 (d). 


Now construct conjugate beam A*B* (free at A* and fixed at B*) by dividing the B.M. at 
any section by EI. The loading diagram will be as shown in Fig. 14.10 (c). 


Let 8, = Slope at B for the given cantilever and 
Yp = Deflection at B for the given cantilever. 
Then according to conjugate beam method, 
8, =S.F. at B* for conjugate beam 
= Load B*A*C* or Area of B*A*C* 


of the rectangle containing parabola 


3 
1 
= 5 x (A*B* x A*C*) 
1 360 
— x —— 
EI 
_ 360-360 
~ EI 2x10°x 104 
= 0.008 rad. Ans. 
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ae 80 KN/m 


(a) a 


> 


Parabolic 


(0) B.M. Diagram 


|«— 360 kNm —>} 


ie) 


| 
> 


B* 


Ve. Parabolic 


(c) 


wo 
: | 
i) 


k— 9 


Conjugate beam 


Cc 


Fig. 14.10 


and Yp = B.M. at B* for conjugate beam 
= Load A*C*B* x Distance of its C.G. from B* 
(= 3x Fx 2 360 . 3x3 810 
4 EI 4 EI 


3 ‘EL 
810 


=r: « =: 0.0405 m = 40.5 mm. Ans. 
2x 10° x 10 


14.7. PROPPED CANTILEVERS AND BEAMS 


When a cantilever or a beam carries some load, maximum deflection occurs at the free 
end in case of cantilever and at the middle point in case of simply supported beam. The deflection 
can be reduced by providing vertical support at these points or at any suitable point. Propped 
cantilevers means cantilevers supported on a vertical support at a suitable point. The vertical 
support is known as prop. The props which does not yield under the loads is known as rigid. 
The prop (or support) which is of the same height as the original position of the (unloaded) 
cantilever or beam, does not allow any deflection at the point of support (or prop) when the 
cantilever or beam is loaded. The prop exerts an upward force on the cantilever or beam. As 
the deflection at the point of prop is zero, hence the upward force of the prop is such a magnitude 
as to give an upward deflection at the point of prop equal to the deflection (at the point of prop) 
due to the load on the beam when there is no prop. 

Hence the reaction of the prop (or the upward force of the prop) is calculated by equat- 
ing the downward deflection due to load at the point of prop to the upward deflection due to 
prop reaction. 


CONJUGATE BEAM METHOD, PROPPED CANTILEVERS AND BEAMS 


14.8.8.F. AND B.M. DIAGRAMS FOR A PROPPED CANTILEVER CARRYING A 
POINT LOAD AT THE CENTRE AND PROPPED AT THE FREE END 


Fig. 14.11 (a) shows a cantilever AB of length L fixed at A and supported on a prop at B 
carrying a point load W at the centre. 


B.M. Diagram 


Fig. 14.11 


Let P = Reaction at the rigid prop. 

To find the reaction P at the prop*, the downward deflection due to W at the point of 
prop should be equal to the upward deflection due to prop reaction at B. 

Now we know that downward deflection at point B due to load W 


we WET 


(See equation 13.4 ) 


3EI 2EI 2 

_ WL’ , WL 

24EIT 16K 
_ 2WL? +3WL? _ 5WL’ _@ 

48EI 48EI 
The upward deflection at the point B due to prop reaction P alone 

PL? ss 

= ai .(ZL) 


*Never calculate P by equating the clockwise moment due to the load W to the anticlockwise 
moment due to P at the fixed end, as at the fixed end there exist a fixing moment. 
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Equating equations (i) and (ii), we get 


PL? 5WL? 
3EI  48EI 
5 
P= 16 WwW sfid 1} 
(i) S.F. Diagrams 
S.F. at B=-P (Minus sign due to right upwards) 
__ ow 
16 
: . 5W 
The S.F. will remain constant between B and C and equal to (—) 16 
S.F. at C= Oy Wak 
16 16 
‘ : 11W 
The S.F. will remain + between C and A. 


16 
The S.F. diagram is shown in Fig. 14.11 (6). 


(ii) B.M. Diagram 


B.M. at B=0 
5W L 5WL 
B.M. at C= 746 %o7 32 
B.M. at te ep 
16 2 
_ 5WL-8WL  3WL 
7 16 16 


The B.M. diagram is shown in Fig. 14.11 (c). As the B.M. is changing sign between C 
and A, hence there will be a point of contraflexure between C and A. To find its location, 
equate the B.M. between A and C to zero. 

The B.M. at any section between C and A at a distance x from B 


= BW 2 w(s 4 


16 2 
Equating the above B.M. to zero, we get 


OW w(x =| = 


16 
or oF ge 0 
16 2 

rel L 
or —-x=-— 

16 2 
. _ 16L _8L 
° “1x2 11 


Hence the point of contraflexure will be at a distance 8/11 from B or 3L/11 from A. 
14.9.8.F. AND B.M. DIAGRAMS FOR A PROPPED CANTILEVER CARRYING A 


UNIFORMLY DISTRIBUTED LOAD AND PROPPED AT THE FREE END 


Fig. 14.12 (a) shows a cantilever AB of length L fixed at A and propped at B, carrying a 
uniformly distributed load of w/unit length over its entire length. 


CONJUGATE BEAM METHOD, PROPPED CANTILEVERS AND BEAMS 


Pe cial Length 


S.F. Diagram 


dl. B.M. Diagram 


Fig. 14.12 


Let P = Reaction at the prop. 

To find the reaction P at the prop, the downward deflection due to uniformly distributed 
load at B should be equated to the upward deflection due to prop reaction at B. 

We know that downward deflection at point B due to u.d.l. 


4 
_ Whe ..(i) (See equation 13.6 ) 
8EI 
The upward deflection at point B due to prop reaction P alone 
PL? : 
= ...(Zi) 
Equating equations (7) and (ii), we get 
PLP wl 
3EI 8EI 
3 
=e w.L (14.2) 
(i) S.F. diagram 
S.F. at B=-P (Minus sign due to right upwards) 
=— : wl 
The S.F. at any section at a distance x from B is given by 
3 
F.=-—w.L+w.x (Zit) 


x 


The S.F. varies by a straight line law between A and B. S.F. at A is obtained by substi- 


tuting x = L in the above equation. 
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Fy,= 2 oh b= 2 L 
BS GULP Wheto Uh, 


To find the point, at which S.F. is zero, equation (iii) should be equated to zero. 


38wL 3L 
+wx or X= << 


0 =- 


Hence the S.F. is zero at a distance 3L/8 from B. The point of zero shear is shown by C. 
The S.F. diagram is shown in Fig. 14.12 (6). 

(i) B.M. diagram 

B.M. at B=0 

B.M. at any section at a distance x from B is given by, 


3 x . 
M,=gw.L.x-w.x > ...(iv) 


At A, x = L and hence B.M. at A is given by, 


3 L 
Moe ob he 
3 - 2 


ae fee 
8 2 
_8-4w.P wi. 
8 8 
BL 


The S.F. is zero at x = 3” hence B.M. at the point of zero shear is obtained by substitut- 


3L 
ing x = 3 in equation (iv). Hence B.M. at C is given by 


3 3L 38L 3L 
Ma= .L. : : 
BB 8 8x2 
_9wL? ow.’ 9 
64 128 128 
The B.M. diagram is shown in Fig. 14.12 (c). 


w.L? 


(iit) Point of contraflexure 
Putting M,, = 0 in equation (iv), we get 


iS ee, 
8 2 


3 
or OS 3 =. (Cancelling w.x) 
_ 38x2L 3h 
or an a a 


(iv) Deflection 
The B.M. at any section at a distance x from B is given by equation (iv). 


2 
But B.M. at any section is also equal to EJ a 
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EI ~—_ C 
dx 8x2 23° 
3 2 W 
= ag ee Bet, ...(U) 
Integrating again, we get 
3 4 
Hie it. So +C,2+C, 
16 38 6 4 
sate x4+C.x+C (vi) 
16 24 © y : - 


where C, and C, are constants of integration. At the fixed end the slope and deflection are 
zero. At the end B, deflection is zero. Hence at B, x = 0 andy = 0. 


Substituting x = 0 and y = 0 in equation (vi), we get 


0=C, 
Substituting x = L and y = 0 in equation (vi), we get 
3 
(Pe oa, 120 (- C,=0) 
16 2 
3 3 
wl wl +C, 
16 24 
wh? wl? 22wl? -3wL? wL? 
or C, = = = . 
24 16 48 48 


Substituting the values of C, and C, in equation (vi), we get 


3 3 
Ely = ia ae wat ee x ..(Uit) 
16 24 48 


The above equation gives the deflection at any section of the cantilever. 


L 
The deflection at the centre of the cantilever is obtained by substituting x = 2 in equa- 


tion (vii). If y, is the deflection at the centre then, we have 


3 4 3 
BI.yo= 2 x(Z] “(4 wl? L 


16 \2) 24\2 48 2 
_ wL* wL* wL* 
16x8 24x16 96 
_ Bwlt-wl*-4wLl* — 2wk* sw 
24x16 24x 16 192 
VozR ee (Negative sign means that deflection is downwards) 
Downward deflection, 
4 
ie a (14.8) 
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(v) Maximum deflection 


d 
Maximum deflection takes place where ZZ is zero. Differentiating equation (vii) w.r.t. 


x, we get 


EI 


dy 3wL 2 4w.x? wl? 


dx 16 24 48 
_ 3w.L 2 w.x? w.L? 
16 6 48 
Putting, dy = 0, we get 
dx 

3 3 
0 = ay ae ee - 

16 6 48 


The above equation is solved by trial and error. Hence we get 
x = 0.4221 wAI4.4) 
Substituting this value in equation (vii), we get maximum deflection. 


3 
Ely = @% (anon) & (0.4221)! - © x (0.4221) 

a 1G 24 48 
= — 0.005415wL4 
_ 0.005415w. L* 

ymax = EI 
Maximum downward deflection 
oe (14.5) 
EI 


Problem 14.8. A cantilever of length 6 m carries a point load of 48 RN at its centre. The 
cantilever is propped rigidly at the free end. Determine the reaction at the rigid prop. 


Sol. Given : 
Length, L=6m 
Point load, W=48kN 
Let P = Reaction at the rigid prop 
Using equation (14.1), we get 
= ca xW 
16 
5 
=e x48=15KN. Ans. 


Problem 14.9. A cantilever of length 4m carries a uniformly distributed load of 
1kN/m run over the whole length. The cantilever is propped rigidly at the free end. If the value 
of E = 2 x 10° N/mm? and I of the cantilever = 108 mm+#, then determine : 

(i) Reaction at the rigid prop, 

(ii) The deflection at the centre of the cantilever, 

(iit) Magnitude and position of maximum deflection. 

Sol. Given : 

Length, L=4m 
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U.d.l. w=1kN/mrun 
Value of E =2 x 10° N/mm? = 2 x 10° x 10° N/m? 
= 2x 10!! N/m? 
Value of f=10? mm*= 10° x 10° m* = 107 m4 
(i) Reaction at the rigid prop 
Let P = Reaction at the rigid prop 
Using equation (14.2), we get 
= : xw.L 
3 
=3 x1x4=1.5KN. Ans. 
(ii) The deflection at the centre of the cantilever 
Let Yc = Deflection at the centre of cantilever 
Using equation (14.3), we get 
= wL' 
"C* T99ET 


7 1000 x 44 
192x2x10"'x104 
256 2 1000 
= 4 m= x 4 
384 x 10 3° 10 
= 0.0667 mm. Ans. 


(. w=1kN= 1000 N) 


(iii) Magnitude and position of maximum deflection 
The position of the maximum deflection is given by equation (14.4). 
x=0.422xL 
= 0.422 x 4 = 1.688 m. 
Hence maximum deflection will be at a distance 1.688 m from the free end of the canti- 
lever. 
Maximum deflection is given by equation (14.5) 


_ 0.005415w . L* 
max EI 
4 
7 ee a : m (. w=1kN=1000N) 
2x10 x 10 
0.005415 x 1000 x 256 x 1000 
7 7 mm 
2x10 
= 0.0693 mm. Ans. 
Problem 14.10. A cantilever ABC is fixed at A and rigidly propped at C and is loaded 

as shown in Fig. 14.13. Find the reaction at C. 


Sol. Given : 

Length, L=6m 

U.d.l., w=1kN/m 

Loaded length, L,=4m 

Let P = Reaction at the prop C. 
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A gol kN/m 5 C 


Fig. 14.13 


To find the reaction P at the prop, the downward deflection due to uniformly distributed 
load on the AB at point C should be equated to the upward deflection due to prop reaction at C. 


We know that downward deflection at point C due to u.d.l. on length AB is given by, 


whe 4 wL,° 


a Pak 
SEI 6EI ( » 
4 3 
_ 1x4 ,ix4 6 Mies 64 
SEI GEI EI 3EI 
_ 96+64 160 @) 
~3EI  3EI 


The upward deflection at point C due to prop reaction P alone 


_ PO Px6 Tap Gi) 
- 3EI 3EI EI ” 


Since both the deflections given by equations (i) and (ii) should be equal. 


160 72P 
3EI EI 
60 
or P= 3x72 = 0.741 KN. Ans. 


14.10. S.F. AND B.M. DIAGRAMS FOR A SIMPLY SUPPORTED BEAM WITH A UNI- 
FORMLY DISTRIBUTED LOAD AND PROPPED AT THE CENTRE 


Fig. 14.14 (a) shows a simply supported beam AB of length L propped at its centre C 
and carrying a uniformly distributed load of w/unit length over its entire span. 

Let P = Reaction of the prop at C 

To find the reaction P at the prop, the downward deflection at C due to uniformly dis- 
tributed load should be equated to the upward deflection at C due to prop reaction. 

The downward deflection at the centre of a simply supported beam due to uniformly 
distributed load is given by, 


ps (i) 
%c* 384EI vs 
The upward deflection of the beam at C due to prop reaction P alone is given by, 
_ PL’ (ii) 
%e~ 48EI 
Equating equations (i) and (ii), we get 
PE bwi? 
48EI 384EI 


CONJUGATE BEAM METHOD, PROPPED CANTILEVERS AND BEAMS 


5wL*  48ETI 
x 


384EI 8 


re ee (. W=w.L) 


8 8 


or P= 


\¢— x w/Unit Length 
x 


B.M. Diagram 


Fig. 14.14 


Now reactions R, and R, can be calculated. Due to symmetry, the reactions R, and R, 
would be equal. 
But R, +R, + P = Total load on beam 
=w.L=W 


Ry+Ry+ 2 =W E Ry =R, and P=" 


or R, 


or R,=Rz=—7- 
(i) S.F. Diagram 


S.F. at A=R,=— 


- =" _wx sashd) 
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at C, x = — and hence S.F. at C will be, 


2 OMe (. W=w.L) 


3W 5W 
Hence for the span AC, the S.F. changes uniformly from + qe at A to — 6 at C. 


5W 
Similarly for the span CB, the S.F. will change uniformly from + ae at C to —- — at B. 
Let at a distance x from A in the span AC, the S.F. is zero. Equating S.F. as zero in 
equation (7), we get 


=—— -w.x (es Wew.k) 


3L 3L 
Hence S.F. is zero at a distance 6 from A. Also S.F. will be zero at a distance 16 from 


B due to symmetry. Now the S.F. diagram can be drawn as shown in Fig. 14.14 (0). 
(ii) B.M. Diagram 
B.M. at A is zero and also at B is zero. 
B.M. at any section X at a distance x from A is given by, 


x 
M,=R,.x-—w x. og 
3wL w.x 3W sw. L 
= _ R,=— .. (Lt 
i x 5 ( A= 6 16 (ii) 


L 
The B.M. at C will be obtained by substituting x = in the above equation. 


(3) 
_ 3wlh L Be 


M 
16 3 2 
_8w.L? w.L? 3wl? -4wL’ 
~ 32 8 32 
2 
__ wl (14.6) 
32 
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Now the B.M. will be maximum where S.F. is zero after changing its sign. But S.F. is 


3L 
zero after changing its sign at a distance x = 16 from A. 


3L 
Hence by substituting x = —~ in equation (ii), we get maximum B.M. 


16 

2 

Max. B.M. = Bl BE * (=) 
1i¢ "16 2 °\ 16 


owl? Qwl?__ 18wL? - 9wL? 
256 2x 256 2 x 256 
_ 9wl? 
«12 | 
To find the position of point of contraflexure, the B.M. must be equated to zero. Hence 
substituting M.,, = 0, in equation (ii), we get 


swL W 5 
= .xX-—.Xx 
16 2 
3L 
a > (Cancelling w . x from both sides) 
3L 3L 
or i + 2 =——— 
16 8 


Now the B.M. diagram can be drawn as shown in Fig. 14.14 (c). 

Problem 14.11. A uniform girder of length 8 m is subjected to a total load of 20 kN 
uniformly distributed over the entire length. The girder is freely supported at its ends. Calcu- 
late the B.M. and the deflection at the centre. 

If a prop is introduced at the centre of the beam so as to nullify this deflection, find the 
net B.M. at the centre. 


Sol. Given : 
Length, L=8m 
Total load, W=20kN 
Ud, ie =" RN. 
L 8 


(i) The deflection at the centre of a simply supported beam carrying a uniformly dis- 
tributed load is given by (without prop) 


BWLi _ 5x2.5x8* 400 
y = —___ = ——__— =-_., Ans. 
384EI 384 ET 3EI 
where EI = Stiffness of the girder. 
(ii) The B.M. at the centre of a simply supported beam due to uniformly distributed load 


only (i.e., without prop) is given by 

wl? 2.5x8? 
8 8 

(iit) Net B.M. at the centre when a prop is introduced at the centre 
Let M, = Net B.M. at centre when a prop is provided. 


Now using equation (14.6), we get 


2 2 
M,= i. eae =-5kNm. Ans. 


32 32 
61s 


=20kNm. Ans. 
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14.11. YIELDING OF A PROP 


In case of a rigid prop the downward deflection due to load is equal to the upward 
deflection due to prop reaction. But if the prop sinks down by some amount say 6, then down- 
ward deflection due to load is equal to the upward deflection due to prop reaction plus the 
amount by which the prop sinks down. 

If y, = Downward deflection of beam at the point of prop due to load, 

y. = Upward deflection of the beam due to prop reaction, and 

6 = Amount by which the prop sinks down 
Then ¥1,=¥_ +8 (14.7) 
Problem 14.12. A cantilever of length L carries a uniformly distributed load w per unit 


length over the whole length. The free end of the cantilever is supported on a prop. If the prop 
sinks by 6, find the prop reaction. 


Sol. Given : 

Length = 
U.d.1. = Ww 
Sinking of prop =6 


The downward deflection (y,) of the free end of cantilever due to uniformly distributed 


4 
load is equal to a, 
8EI 


3 
The upward deflection (y.) of the free end due to prop reaction P will be equal to — 


Now using equation (14.7), we get 


Yy=VQt 9) 
wL* PL? . 
SEI 3EI 
PL? wlt 
or ee 
3EI 8EI 
3EI ( wL* 
or P= eer} Ans. 


Problem 14.13. A simply supported beam of span 10 m carries a uniformly distributed 
load of 1152 N per unit length. The beam is propped at the middle of the span. Find the amount, 
by which the prop should yield, in order to make all the three reactions equal. 


Take E = 2 x 10° N/mm? and I for beam = 108 mm#. 


Sol. Given : 

Span, L=10m 

U.d.l., w = 1152 N/m 

Value of E = 2x 10° N/mm? = 2 x 10° x 10° N/m? 
=2x 10" N/m? 

Value of I = 108 mm* = 108 x 10-12 m4 = 10-* m4 


Total load on beam, W=w .L=1152 x 10=11520N 


If all the three reactions (i.e., R,, Rz and P) are equal, then each reaction will be one 
third of the total load on the beam. 
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1152 N/m 
A ¥ B 


fF 


Ra P Rp 
Fig. 14.15 
W_ 11520 
R,=Hp=P=]>= 3 = 3840 N. 


Let 6 = Amount by which the prop should yield if all the three reactions are equal. 
Now the downward deflection of the beam at the centre due to uniformly distributed 
load alone is given by, 


5wL4 5 1152 x 104 


— = x m 
1" 384ET 384 2x10"x107 
= 8 ee x 10? mm = 7.5 mm. 
10 10 
The upward deflection due to prop reaction at the point of prop is given by, 
PL? 3840 x 10° 


(-. P= 3840 N) 


%2" 48EI 48x2x10"x 10 


=—7, m= a mm =4mm 
10 10 
Now using equation (14.7), we get 
Yy=VQt ) 
or 6=y,-y¥,=7.5-4.0=3.5 mm. Ans. 


HIGHLIGHTS 


1. The conjugate beam method is used to find the slope and deflections of such beams whose flexural 
rigidity (i.e., ED is not uniform throughout of its length. 


2. Conjugate beam is an imaginary beam of length equal to that of original beam but for which load 
diagram is M/EI diagram. 


3. The load on conjugate beam at any point is equal to the B.M. at that point divided by EI. 


4. The slope at any section of the given beam = S.F. at the corresponding section of the conjugate 
beam. 


5. The deflection at any point of the given beam = B.M. at the corresponding point of the conjugate 
beam. 


6. Propped cantilevers means cantilevers supported on a vertical supported at a suitable point. 
7. The rigid prop does not allow any deflection at the point of prop. 


8. The reaction of the prop (or the upward force of the prop) is calculated by equating the downward 
deflection due to load at the point of prop to the upward deflection due to prop reaction. 


9. For a cantilever carrying a uniformly distributed load over the entire span and propped rigidly 
at the free end, we have 


3 
(i) Prop reaction, P= 8 w.L 
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Ws, 
(ii) B.M. at fixed end, M= = 
ee a 3L 
(iii) Point of contraflexure, x = 7. 
(iv) Deflection at the cent oa 
iv) Deflection at the centre, yo = Foo ny 
0.005415wL* 


M : fl 1 = 
(v) Maximum deflection, y,,., EI 


where  w = Uniformly distributed load, 
x = Distance from free end. 


10. For a simply supported beam, carrying a uniformly distributed load over the entire span and 
propped at the centre, we have 
5 
(i) Prop reaction, P= 8 WwW 
a . 3W 
(ii) Support reactions, R, = R,= 6 
wl? 
32 
3L 


(iv) Point of contraflexure, x = 3 


where W= Total load on beam 
=w.L 
w = Uniformly distributed load on beam 
x = Distance from the support. 


EXERCISE 


(A) Theoretical Questions 


(iii) B.M. at centre, M =— 


1. Define and explain the terms : Conjugate beam, conjugate beam method, flexural rigidity and 
propped beam. 


2. What is the use of conjugate beam method over other methods ? 


3. How will you use conjugate beam method for finding slope and deflection at any section of a 
given beam ? 


4. Find the slope and deflection of a simply supported beam carrying a point load at the centre, 
using conjugate beam method. 


5. A cantilever carries a point load at the free end. Determine the deflection at the free end, using 
conjugate beam method. 


6. What is the relation between an actual beam and the corresponding conjugate beam for different 
end conditions ? 


7. What do you mean by propped cantilevers and beams ? What is the use of propping the beam ? 
8. How will you find the reaction at the prop ? 


9. Acantilever of length L, carries a uniformly distributed load of w/m run over the entire length . 
It is rigidly propped at the free end. Prove that : 


3 
(i) Prop reaction = gv L and 
wi 
192EI © 


(ii) Deflection at the centre = 


10. 


10. 


CONJUGATE BEAM METHOD, PROPPED CANTILEVERS AND BEAMS 


A simply supported beam of length Z, carries a uniformly distributed load of w/m run over the 
entire span. The beam is rigidly propped at the centre. Determine : 
(i) Prop reactions, 
(ii) Support reactions, 
(iii) B.M. at the centre, and 
(iv) Point of contraflexure, if any. 
(B) Numerical Problems 


A beam 6 m long, simply supported at its ends, is carrying a point load at 50 kN at its centre. The 
moment of inertia of the beam is 76 x 10° mm*. If E = 2.1 x 10° N/mm2, determine the slope at the 
supports and deflection at the centre of the beam using conjugate beam method. 
[Ans. 3.935 and 13.736 mm] 
A simply supported beam of length 10 m, carries a point load of 10 KN at a distance 6 m from the 
left support. If E = 2 x 10° N/mm? and J = 1 x 10° mm‘, determine the slope at the left support and 
deflection under the point load using conjugate beam method. 
[Ans. 6.00028 rad. and 0.96 mm] 
A beam of length 6 m is simply supported at its ends and carries two point loads of 48 kN and 
40 kN at a distance of 1 m and 3 m respectively from the left support. Find the deflection under 
each load. Take E = 2 x 10° N/mm? and I = 85 x 10° mm‘. Use conjugate beam method. 
[Ans. 9.019 mm and 16.7 mm] 
A beam AB of span L is simply supported at A and B and carries a point load W at the centre C of 
the span. The moment of inertia of the beam section is J for the left half and 2/ for the right half. 
Calculate the slope at each end and deflection at the centre. 
5WL? WL? by 
OR = and yo = —— 
96EI 24EI 68EI 
A cantilever of length 3 m is carrying a point load of 25 kN at the free end. If = 10° mm‘ and 
E=2.1x 10° N/mm, then determine : (i) slope of the cantilever at the free end and (ii) deflection 
at the free end using conjugate beam method. [Ans. 0.005357 rad. and 10.71 mm] 
A cantilever of length 3 m is carrying a point load of 50 KN at a distance of 2 m from the fixed end. 
If J = 108 mm‘ and E = 2 x 10° N/mm”, find (z) slope at the free end, and (ii) deflection at the free 
end using conjugate beam method. [Ans. 0.005 rad. and 11.67 mm] 
A cantilever of length 5 m carries a point load of 24 kN at its centre. The cantilever is propped 
rigidly at the free end. Determine the reaction at the rigid prop. [Ans. 7.5 kN] 
A cantilever of length 4 m carries a uniformly distributed load of 2 KN/m run over the whole 
length. The cantilever is propped rigidly at the free end. If E = 1x 10°N/mm? and J=108 mm‘, 
then determine : 
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(i) reaction at the rigid prop 
(ii) the deflection at the centre of the cantilever, and 
(iii) magnitude and position of maximum deflection. 
[Ans. (z) 3 KN (i) 0.0667 mm (iii) x = 1. 688 m, y,,_, = 0.0693 mm] 
A simply supported beam of length 8 m carries a uniformly distributed load of 1 kKN/m run over 
the entire length. The beam is rigidly propped at the centre. Determine : (i) reaction at the prop 
(ii) reactions at the supports (iii) net B.M. at the centre and (iv) positions of points of contraflexures. 
[Ans. (i) 5 KN (ii) 1.5 KN (iii) — 2.0 kNm (iv) 3 m from each support] 
A cantilever of length 10 m carries a uniformly distributed load of 800 N/m length over the 
whole length. The free end of the cantilever is supported on a prop. The prop sinks by 5 mm. If 
E=3x10°N/mm? and [= 108 mm‘, then find the prop reaction. [Ans. 2750 N] 


15.1. INTRODUCTION 


A beam whose both ends are fixed is known as a fixed beam. Fixed beam is also called a 
built-in or encaster beam. In case of a fixed beam both its ends are rigidly fixed and the slope 
and deflection at the fixed ends are zero. But the fixed ends are subjected to end moments. 
Hence end moments are not zero in case of a fixed beam. 


Deflection curve 


Deflection curve 


Fig. 15.1 


In case of simply supported beam, the deflection is zero at the ends. But the slope is not 
zero at the ends as shown in Fig. 15.1 (a). 

In case of fixed beam, the deflection and slope are zero at the fixed ends as shown in 
Fig. 15.1 (b). The slope will be zero at the ends if the deflection curve is horizontal at the ends. 
To bring the slope back to zero (i.e., to make the deflection curve horizontal at the fixed ends), 
the end moments M, and M, will be acting in which M, will be acting anti-clockwise and M, 
will be acting clockwise as shown in Fig. 15.1 (0d). 

A beam which is supported on more than two supports is known as continuous beam. 
This chapter deals with the fixed beams and continuous beam. In case of fixed beams the B.M. 
diagram, slope and deflection for various types of loading such as point loads, uniformly dis- 
tributed load and combination of point load and u.d.l., are discussed. In case of continuous 
beam, Clapeyron’s equation of three moments and application of this equation to the continu- 
ous beam of simply supported ends and fixed ends are explained. 
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15.2. BENDING MOMENT DIAGRAM FOR FIXED BEAMS 
Fig. 15.1 (c) shows a fixed beam AB of length L subjected to two loads W and 2W at a 


L 
distance of ri from each ends. 


Fig. 15.1 (c) 


R, = Reaction at A 

FR, = Reaction at B 

M, = Fixed end moment at A 
M,, = Fixed end moment at B 


The above four quantities 7.e., R,, Rz,M, and M, are unknown. 
The values of R,, Rz, M, and M, are calculated by analysing the given beam in the 


Let 


following two stages : 
(i) A simply supported beam subjected to given vertical loads as shown in Fig. 15.2. 


Consider the beam AB as simply supported. 
Let R,* = Reaction at A due to vertical loads 
R,* = Reaction at B due to vertical loads. 


Taking moments about A, we get 


E 
(b) 
A Cc D B 
B.M. diagram considering beam as simply supported 
Fig. 15.2 
R,*xL=W e +2W a 
xL=Wx — x — 
a 4 4 
n,e= WoW _7W 
4 4 4 


and R,* = Total load —- R,* 


FIXED AND CONTINUOUS BEAMS 


-3w_ lw _ bw 
4 4 
B.M. at A = 0, B.M. at B = 0. 
Bi aCe eS Bw 
4 4 16 
ewan 
4 4 16 


Now B.M. diagram can be drawn as shown in Fig. 15.2 (6). In this case, B.M. at any 
point is a sagging (+ve) moment. 

(ii) A simply supported beam subjected to end moments only (without given loading) as 
shown in Fig. 15.3. 

Let M, = Fixed end moment at A 

M,, = Fixed end moment at B 
R = Reaction* at each end due to these moments. 

As the vertical loads acting on the beam are not symmetrical (they are W at distance 
L/4 from A and 2W at a distance L/4 from B), the fixed end moments will be different. 

Suppose M,, is more than M, and reaction R at B is acting upwards. Then reaction R at 
A will be acting downwards as there is no other load on the beam. (Fy = 0). Taking moments 
about A, we get clockwise moment at A = Anti-clockwise moment at A. 

M, =M,+ R.L 


= lA) 


(a) L 
R R 
A B 
kia cia 
(b) Ma 
4 Me 
H 


B.M. diagram due to end moments 
Fig. 15.3 


As M, has been assumed more than M,, the R.H.S. of equation (A) will be positive. This 
means the magnitude of reaction R at B is positive. This also means that the direction of 
reaction R at B is according to our assumption. Hence the reaction R will be upwards at B and 
downwards at A as shown in Fig. 15.3 (a). The B.M. diagram for this condition is shown in 
Fig. 15.3 (6). In this case, B.M. at any point is a hogging (-ve) moment. 

Since the directions of the two bending moments given by Fig. 15.2 (6) and Fig. 15.3 (6) 
are opposite to each other, therefore their resultant effect may be obtained by drawing the two 
moments on the same side of the base AB, as shown in Fig. 15.4. 


*The reaction at each end will be equal. There is no vertical load on the beam hence reaction at 


A + reaction at B = 0. Or reaction at A = — reaction at B. et 
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t 1 
as 
A Cc D B 
Resultant B.M. diagram 
Fig. 15.4 
Now the final reactions R, and R, are given by 
R,=R,*-R 
and Ry= Ry" +h 


In the above two equations, R,* and R,* are already calculated. They are : R,* = 5W/4 
and R,* = 7W/4. But the value of RF is in terms of M, and M,. It is given by R = (M, — M,)/L. 


Hence to find the value of R, we must calculate the value of M, and M, first. 
To find the values of M, and M, 
Let M = B.M. at any section at a distance x from A due to vertical loads 


M,,=8B.M. at any section at a distance x from A due to end moments. 
The resultant B.M. at any section at a distance x from A 


= M,,- M,’ (M,, is +ve but M,,’ is —ve) 


d2 
But B.M. at any section is also equal to EJ a 
X 


d2 
EIW =M,-M, 
dx 
Integrating the above equation for the entire length, we get 


dy|" ft £ 
El|—| =| M,dx-| M,’ 
eal ih aX { aX 


d 
But oe represents the slope. And slope at the fixed ends i.e., at A and B are zero. The 


above equation can be written as 
si|( at x=1)-(Lat =0)] 
L L 
= | M,.dx- | M,,’ dx 
0 0 
L L 
ET [0-0] =| M,.dx- | M,' dx 
0 0 


or 0= [ Mdx— fM,’ax 


L L 
Now [ M,..dx represents the area of B.M. diagram due to vertical loads and i M,,’.dx 


represents the area of B.M. diagram due to end moments. 


FIXED AND CONTINUOUS BEAMS 


Let a = Area of B.M. diagram due to vertical loads 
a’= Area of B.M. diagram due to end moments. 


L 
Then i; M,..dx =a 


é 
and [ M,,’.dx =a’ 


Substituting these values in equation (ii), we get 
0=a-a’ 
or a=a’ wtlSe) 
The above equation shows that area of B.M. diagram due to vertical loads is equal to the 
area of B.M. diagram due to end moments. 


Again consider the equation (z) 


2 
Ye 
dx 
Multiplying the above equation by x, we get 
d’y 


El.x.—; =xM,-*M,; 
dx 


Integrating for the whole length of the beam i.e., from 0 to L, we get 


[pete ax = [2Myax - [max 


L 2 L L 
Er| ee a = [ x.M,.dx - | x.M,,’.dx iii) 
0 dx? 0 0 


In the above equation, M,.dx represents the area of B.M. diagram due to vertical loads 
at a distance x from the end A. And the term (x.M,.dx) represents the moment of area of B.M. 


L 
diagram about the end A. Hence { x.M,,.dx represents the moment of the total area of B.M. 


diagram due to vertical loads about A, and it is equal to total area of B.M. diagram due to 
vertical loads multiplied by the distance of C.G. of area from A, 


L 
\ x.M,dx = ax 
where x = Distance of the C.G. of B.M. diagram due to vertical loads. 
L f =F 
Similarly, [ x.M,,’.dx = ax 


where x’ = Distance of the C.G. of B.M. diagram due to end moments. 
Substituting the above values in equation (iii), we get 


a Z <( dy _ )- d’y dy) dy_. d’y 
or x1 |x 2-9) = ax-a’x : ds xT yl= eae 7 a 
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or EI 


way 2 : ay) = 
CE ) Ge fl Pree aia 


or EI [(L9,-y,) — (0 x 0,-y,4) ] = aX — aX", 
Since slope and deflection at A and B are zero, hence 8,, 8,, y, and yp are zero. 
0 = ax-a’x’ 
or ax =a’ x’ oA bd:2) 
But from equation (15.1), we have 
a=a’ 
x =x’ (15.3) 


Hence the distance of C.G. of B.M. diagram due to vertical loads from A is equal to the 
distance of C.G. of B.M. diagram due to end moments from A. 


Now by using equations (15.1) and (15.3) the unknowns M, and M, can be calculated. 

This also means that M, and M, can be calculated by 

(i) equating the area of B.M. diagram due to vertical loads to the area of B.M. diagram 
due to end moments. 

(ii) equating the distance of C.G. of B.M. diagram due to vertical loads to the distance of 
C.G. of B.M. diagram due to end moments. The distance of C.G. must be taken from the same 
end in both cases. 


15.3. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING A POINT LOAD 
AT THE CENTRE 


Fig. 15.5 (a) shows a fixed beam AB of length L, carrying a point load W at the centre C 
of the beam. 


FIXED AND CONTINUOUS BEAMS 


Let M, = Fixed end moment at A 
M,, = Fixed end moment at B 
R, = Reaction at A 
R, = Reaction at B. 
The above four are unknown 7.e., R,, Rp, M, and M, are unknown. 


(i) B.M. Diagram 


Due to symmetry, the end moments M, and M, will be equal. Hence the B.M. diagram 
due to end moments will be a rectangle as shown in Fig. 15.5 (b) by AEFB. Here the magnitude 
of M, and M, are unknown. The bending moment diagram for a simply supported beam carrying 
a point load at the centre will be a triangle with the maximum B.M. at the centre equal to 


W.L 
a The B.M. diagram for this case is shown in Fig. 15.5 (6) by a triangle ADB in which 


W.L 
CD = a 


Now according to equation (15.1), area of B.M. diagram due to vertical loads should be 
equal to the area of B.M. diagram due to end moments. 


Equating the areas of the two bending moment diagrams, we get 
Area of triangle ADC = Area of rectangle AEFB 


1 
or 9 *ABx CD =ABx AE 
1 ‘ 
or 2 x Lx =LxM, 
W.L 
M,= 3. 
W.L 
Also M, =M, = a ...(15.4) 
Now the B.M. diagram can be drawn as shown in Fig. 15.5 (0). 
(ii) S.F. Diagram 
Equating the clockwise moments and anti-clockwise moments about A, we get 
R,xL+M,=M,+W. “ 
But M,=M, 
R,xL=W. Ze 
2 
WwW 
R,=— 
or 
W 
Due to symmetry, R,= 2 


Now the S.F. diagram can be drawn as shown in Fig. 15.5 (c). 


L 
There will be two points of contraflexure at a distance of — from the ends. 


4 
65 
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(iit) Slope and Deflection 


The B.M. at any section between AC at a distance x from A is given by, 


W.L 
8 


Ee 
> 


. M 
2 8 [ 7 
Integrating the above equation, we get 


d 2 
| eet Leo 
dx 2 2 8 
where C, is a constant of integration. 


At x =0, dy 


= 0. Hence C, = 0 
x 
Therefore, the above equation becomes as 
d 2 
er - Wx" W.L 
dx 4 8 


Equation (i) gives the slope of the beam at any point : 
Integrating equation (i) again, we get 


3 2 
L 
Hie 
4 3 8 2 
where C, is another constant of integration. At x = 0, y = 0. Hence C, = 0. 
Therefore, the above equation becomes as 


W.x? = W.Lx? 7 
Ely = = a 
ly 19 16 (ii) 


Equation (ii) gives the deflection of the beam at any point. The deflection is maximum 


L 
at the centre of the beam, where x = = Hence substituting x = — in equation (ii), we get 


7 (2) W.L (4) 
Ymax ~ 79\9 16 ‘\2 


_WL? WL?  2WL?-3WL? WL’ 
- 96 64 192 


192 
or 


Wie 


Ymax ~ 199 BI 


Minus sign means that the deflection is downwards. 


WL? 
Downward deflection, y,,_,. = 192 EI 


..(15.5) 
626 


FIXED AND CONTINUOUS BEAMS 


Note. The deflection at the centre of a simply supported beam carrying a point load W at the 


3 


. WL . : ; : : 
centre is 48ET Hence the deflection of the simply supported beam is four times the deflection of the 


fixed beam. 


Or in other words, the deflection of a fixed beam is one fourth times the deflection of the simply 
supported beam. Hence when fixed beams are used, the deflection will be less. 


Problem 15.1. A fixed beam AB, 6 m long, is carrying a point load of 50 kN at its centre. 
The moment of inertia of the beam is 78 x 10°mm# and value of E for beam material 
is 2.1 x 10° N/mm?. Determine : 

(i) Fixed end moments at A and B, and 

(ti) Deflection under the load. 

Sol. Given : 

Length, L =6m=6000 mm 

Point load, W =50 kN = 50000 N 


M.O.L., I = 78 x 10° mm‘4 
Value of  E=2.1 x 10° N/mm? 
Let M, = Fixed end moment at A, 


M,, = Fixed end moment at B, 


Ymax = Deflection under the central point load. 


Using equation (15.4), we get 
M,-My= BE 


= 20%S - aye Nm: Anam 


Using equation (15.5), we get 


WL? 
Ymax ~ 199 EI 
50000 x 60002 


= 5 7 =3.434mm. Ans. 
192 x 2.1x 10° x 78x 10 


Alternate Method 

Fig. 15.5A(b) shows the simply supported beam, which is having Max. B.M. at the cen- 
tre equal to R,* x 3 = 25 x 3 = 75 kNm. Fig. 15.5A (c) shows the B.M. diagram for simply 
supported beam. 

Fig. 15.5A(d) shows the fixed beam with end moments only. Due to symmetry end mo- 
ments are equal. Hence M, = M,. Fig. 15.5A (e) shows the B.M. diagram due to end moments 
only. This diagram is a rectangle. 
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50 kN 
(a) A B 
6m 
50 kN 
A B 
(b) 3m———> 
6m 
Ra* = 25 kN Rg* = 25 kN 
75 kNm 
(c) 
[| $$ 9 4 


B.M. diagram for simply supported beam 
Ma Mg 
(d) 


|&e 6 m—______-4 
Ma Mp 
(e) 


B.M. diagram due to end moments only 


Fig. 15.54 


Equating the areas of two B.M. diagrams, we get 
Area of B.M. diagram for simply supported beam 
= Area of B.M. diagram due to end moments. 


1.e., =M, x6 
5) A 
75 
or M, => = 87.5 kNm 
But M,=M, 


M,=M, = 37.5 kNm. Ans. 


15.4. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING AN ECCENTRIC 
POINT LOAD 


Fig. 15.6 (a) shows a fixed beam AB of length L, carrying a point load W at C ata 
distance of ‘a’ from A and at a distance of ‘b’ from B. The fixed end moments M, and M, and 
also reactions at A and Bi.e., R, and R, are shown in the same figure. 


FIXED AND CONTINUOUS BEAMS 


(1) B.M. Diagram 


As the load is not acting symmetrically, therefore M, and M, will be different. In this 
case M,, will be more than M, as the load is nearer to point B. The B.M. diagram due to end 
moments will be trapezium as shown in Fig. 15.6 (b) by AEFB. Here the length AE (7.e., M,) 


and BF (i.e., M,) are unknown. 


The B.M diagram for a simply supported beam carrying an eccentric point load will be 


W.a.b 
triangle with maximum B.M. under the point load equal to : 


case is shown in Fig. 15.6 (b) by a triangle ADB in which CD = nee. 


Fig. 15.6 


Equating the areas of the two bending moment diagrams, we get 
Area of trapezium AEFB = Area of triangle ADB 


= (AE + BF).AB = 5x ABx CD 


1 W.a.b 
Si, VM SRE 
3 Ma + Mz) ne 


2 
or M,+M,z= ee 
Now using equation (15.3), 
x =X’ 
or 
B.M. diagram due to end moments from A. 


- The B.M. diagram for this 


és(Z) 


Distance of C.G. of B.M. diagram due to vertical loads from A = Distance of C.G. of 
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od _ Ajxy i ApXo 


Now [See Fig. 15.7 (a)] 
(A, + Ay) 6 
| QL 
Mf SLM NX 
_S a ae ; (Mp A) 3 
7 1 
M,.L+>.L(Mp-M,) 
i i 
Mats te A GM SEAM OM 
Ma +5 (Mp -M,) 3(2M 4 + Mz -M,) 
_My.L+2MgL (My +2Mz).L 
3(M,+M,z)  3(M,+Mz,) 
and pe [See Fig. 15.7 (b)] 


(Ag + Ay) 
(5 xaxcD) x +5.b.cDx(a+2) 
2 3 2 3 


7 = -a.CD+=.b.CD 


2 
"c+ b(a+2) 
a 3 [Cancelling 2) 
a+b 2 
7 Qa? + 3ab +b? 7 Qa? +2ab+ab+b? 
3 (a+b) = 3 (a+b) 
_ 2a(at+b)+b(a+b) — (2a+b)(a+b) 
7 3 (a+b) ~  8(a+b) 


_2a+b _at(atd) ath 5 ahs 


630 ; an 


FIXED AND CONTINUOUS BEAMS 


But x’ =X 
(M,+2M,).L  a+L 
3(M,+M,) ~~ 
(a+ L)(M, + Mp) 
or M, + 2M, = L 
= (a+b) W.ab E M,+Mz= wag from equation o) 
L L L 
me es es ii) 
L 
Subtracting equation (i) from equation (ii), we get 
W.a.b W.a.b 
M, = (a + L) ZL 
_ W.a.b er 1 
~  -L L 
W.a.b (a) W.a’.b Pe 
7 = 5 ..(Ziz) 
L L L 


Substituting the value of M, in equation (7), we get 


W.a’.b  W.a.b 
Po UL 


M,+ 


(. L-a=b) 


...(iv) 
Now M, and M, are known and hence bending moment diagram can be drawn. From 
equations (zii) and (iv), it is clear that if a > 6 than M, > M,. 
(ii) S. F. Diagram 
Equating the clockwise moments and anticlockwise about A, 
RzxLl+M,=M,z+W.a 
(Mp -M,)+W.a 


ae 7 
M,-Mz)+W.b 
Similarly ee noe 


By substituting the values of M, and M, from equations (iii) and (iv), in the above 
equations, we shall get R, and Rp. Now S.F. can be drawn as shown in Fig. 15.6 (c). 


(iii) Slope and Deflection 
The B.M. at any section between AC at a distance x is given by 


d2 
- =R,xx-M, 


EI 
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Substituting the value of R, in the above equation, we get 


d?y [(M,-M,)+W.b 
a1 £3 -| A ce J+ M, 
AMD) oa WEDS aye 
ie cE 
W.b 


== vx-|Mq +My -My)=| 


Substituting the values of M, and M,, we get 


_ W028 W.a.b? W.a2.b W.a.b?)\x 
~*~ ibe be be £ 
_W.b.« W.a.b? Wie) 2 
~ L? oe “L 
W.b.x W.a.b x W.a.b? 
=> 2 (a b).- 3 
b .a.b? 
ieee 
L 
2 
= Or? a? agg 
E 


But a. a+b 
: =(a + 6)? =a? + b? + 2ab. 
Substituting the aie of L? in the above equation, we get 


4 W.b 2 
ay bP £85 Sh ee ii OO 


dx” ie L? 
2 
7 —- (b? + 3ab)x a z 
2 
ea 
Integrating the above equation, we get 
dy W.b” x? W.a.b 
ee L es a aa ee 
where C, is a constant of integration. 
dy 
Atx=0, 5° =0. Hence C, = 0. 
2 
ey - Mi (b+3a).227-W? 
dx 2L L 


..(U) 
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Integrating again, we get 


W.a.b? x? 
where C, is another constant of integration. At x = 0, y = 0. Hence C, = 0. 
W.b? 3 W.a.b? 2 . 
Ely = a (b + 38a)x” — or: 1x ...(UL) 


The deflection under the load is obtained by substituting x = a in the above equation. 
Let y, is the deflection under the load, then 


2 2 
3 (6 +8a).a2— SP g? 


W. 
Ely, = 6L 6 


sn a (b+3a—-3L) 


3 22 
- wa (3L — 3a - b) 


3 22 
= iin [SL -a) - 8] 


W.a°.b? 
=~ a3 (8b-0) (v L-a=8) 
W.a®.b? 
aL7 
W.a®.b? 
oe ...(15.6) 
me 3EIL? 


Maximum deflection 
Since a > b, hence maximum deflection will take place between A and C. For maximum 


dy d 
deflection should be zero. Hence substituting ic 0 in equation (uv), we get 


> dx 
W. am W.a.b? 
0= — aR x 
2 2 
— 2 x= ws (b + 8a) x? 
W.a.b? a 2aL 
x= x = w15.7) 


L? W.b2(b+3a)  (b+38a) 


Substituting this value of x in equation (vi), we get maximum deflection. If y,,_. repre- 
sents the maximum deflection, then 


W.b? QaL |? W.a.b? ( 2aL \ 
Ely, =" Gas 
Ynax = “gra | o( =) a \b+8a 
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2 2 
sy ME ee) | ie = Oe 
6L>) \b+3a (b + 3a) 


D) 2 
Wb fe ) al 


~ 623 ‘lb+3a 
__ We 4a°L* 2 Wa” 
6L? | (6+3a)2 3° (b+ 8a)? 
322 
Y mow = ape aie ..(15.8) 


3EI (b+ 3a)” 
Problem 15.2. A fixed beam AB of length 3 m carries a point load of 45 RN at a distance 
of 2m from A. If the flexural rigidity (i.e., EI) of the beam is 1 x 104 kNm?, determine : 
(i) Fixed end moments at A and B, 
(ii) Deflection under the load, 
(iii) Maximum deflection, and 
(iv) Position of maximum deflection. 


Sol. Given : 
Length, L=3m 
Point load, W=45 kN 


Flexural rigidity, EI = 1 x 10+ kNm? 
Distance of load from A, 


a=2m 
Distance of load from B, 
b=1m 


Let M, and M, = Fixed end moments, 
y, = Deflection under the load 
Ymax = Maximum deflection and 


x = Distance of maximum deflection from A. 
(i) The fixed end moments at A and B are given by 


W.a.b? 45x2x1? 


M,= 2 = 32 =10kNm. Ans. 
W.a?.b 45x2?x1 
and M; = = = 32 =20kNm. Ans. 
(ii) Deflection under load is given by equation (15.6) as 
3 23 3.43 
y,= eas _ 45 x2 ake ~ =~ 0.000444 m 
3EIL 3x1x10* x3 


=-0.444mm. Ans. 
—ve sign means the deflection is downwards. 
(iii) Maximum deflection is given by equation (15.8) as 
2 Wa?.b? 
‘~ 2 
3EI (6+38a) 


Y max = 


FIXED AND CONTINUOUS BEAMS 


2 45x2?x1 16x 45 


~ 3x1x104° (1+3x2)? 3x 104x 49 
=— 0.00049 m=-0.49m. Ans. 
(iv) The distance of maximum deflection from point A is given by equation (15.7) as 


2a.L 
** (6 +3a) 
2x2x3 12 
eso = 7 =1.714m. Ans. 


Alternate Method 


Fig. 15.7A (6) shows the simply supported beam with vertical load of 45 KN at a distance 
2m from A. 


The reactions R,* and R,* due to vertical load will be : 
3R,*=45x2 or R,* = 90/3 = 30 KN and R,* = 45 — 30 = 15 KN. 

Fig. 15.7A (c) shows the B.M. diagram with max. B.M.at C and equal to R,* x 2 = 15 x 
2 = 30 kNm. 

Fig. 15.7A (d) shows the fixed beam with end moments and reactions. As the vertical 
load is not acting symmetrically, therefore M, and M, will be different. In this case M, will be 
more than M,, as load is nearer to point B. The B.M. diagram is shown in Fig. 15.7A(e) 

(i) Fixed end moments at A and B. To find the value of M, and M,, equate the areas of 
two B.M. diagrams. 

Area of B.M. diagram due to vertical loads 


= Area of B.M. diagram due to end moments 


30 x2 30x1 
A,+A, =A, +A, where A, = = 30, A, = 5 =15 
ei hy = ES ee 
= 1.5 (M,-M,) 
or 30 + 15 = 3M, + 1.5M,-1.5 M, 
or 45 =1.5M, + 1.5M, 
45 

or 15 7MatMz or M,+M, =30 .(Z) 


Now equating the distance of C.G. of B.M. diagram due to vertical load to the distance 
of C.G. of B.M. diagram due to end moments from the some end (i.e., from end A) 


or x =X’ 


or Aix, + Agx_ _ Ag X%3 + Ayx X4 


A, +A, Ag + Ay 
30x 5+ 15x(2+ 2) 3M x 3415 (M —~M,)x2 
- 3 3 _ ia ee B A 
30+ 15 8M ,+15M, -15M, 
- 40+ 35 7 45M,+3M,-3M, _ 15M,+3M, 
45 15M, +15 Mp 15M, +15Mp, 
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- 75 _15(M,+2My) | 5 _Ma+2Mp 
45 15(M,+Mz) 3 


M,+M, 

or 5M, + 5M, = 3M, + 6M, 

or M,=M, (ii) 
Solving equations (7) and (ii), we get 


M,=10kNm and M, =20kNm. Ans. 


|" kN 
(a~) A 


(0) 


(c) 


LL PLEAD ELDIAPLLDABLLEA LOAD ALA DALAL DADA L 


Cc 
2m pie 1m 
3m 


B.M. diagram for simply supported beam with vertical loads 


B.M. diagram due to end moments only 


Fig. 15.74 


Let us now find the reaction R due to end moments only. As the end moments are different, 
hence there will be reaction at A and B. Both the reactions will be equal and opposite in direction, 


as there is no vertical load, when we consider end moments only. As M, is more, the reaction R 
will be upwards at B and downwards at A as shown in Fig. 15.7A (d). 


FIXED AND CONTINUOUS BEAMS 
Taking the moments about A for Fig. 15.7A(d), we get clockwise moment at A = Anti- 
clockwise moments at A 
M,=M,+Rx3 
Mz-M, _ 20-10 10 


R= — kN 
3 3 3 
Now the total reaction at A and B will be, 
R,=R,*-R= ip = Cue 
3 3 
and Ry= Rp + R= 30+ = 2 kN 


Now, consider the fixed beam as shown in Fig. 15.7B. 
The B.M. at any section between AC at a distance x from A is given by R, x x -M, 


M, = 10 kNm 


45 kN 


or 


Integrating, we get 


A 2 
Bee ye” ee 
dx 3 2 
at x=0 wy _9 . C,=0 
” dx - 
d 35 
EI = =x? - 10x iii) 
dx 
Integrating again, we get 
35 x? = 10x” 
EI xy = —x—- +C. 
my 3 2 2 
at x=0,y =0, C,=0 
EI xy = ox — 5x” (iv) 


(ii) Deflection under the load 
From equation (iv), we have 


y= ale 7 5x” | 
EI(18 
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To find the deflection under the load, substitute x = 2 m in the above equation. 


y= |S eh eye? 
ET| 18 
1 [35x8 
= sal 18 -20] (: EI=1x 104) 


=— 0.000444 m =-0.444mm. Ans. 
(— ve sign means the deflection is downwards). 
(iii) Maximum deflection 
Deflection (y) will be maximum when o =0. 
x 


Hence substituting the value of o = 0 in equation (iii), we get 


x 
35 9 
= — xX 10x 
0 6 
or 0 = 35x? — 60x 
or 0 =x (35x — 60) 


This means that either x=0 or 35x — 60 =0 for maximum deflection. 
But x cannot be zero, because when x = 0, y = 0. 


35x — 60 = 0 
xe 245s 
or = 95 7 =1. m 


Substituting x = 1.714 m in equation (iv), we get maximum deflection. 


EL) nox = 47 14) S071" 


1 [35 ‘ 5 
=) (1714)? — 5714 
or — rR ) ( ) 
- —+__ [9.79 - 14.69] 
1x10* * 


= 0.00049 m=0.49mm. Ans. 
(iv) Position of maximum deflection 
The maximum deflection will be at a distance of 1.714 m (i.e., x = 1.714 m) from end A. 
Ans. 


Problem 15.3. A fixed beam AB of length 6 m carries point loads of 160 kN and 120 kN 
at a distance of 2m and 4 m from the left end A. Find the fixed end moments and the reactions 
at the supports. Draw B.M. and S.F. diagrams. 


Sol. Given : 

Length =6m 
Load atC, W,=160kN 
Load at D, W,=120kN 
Distance AC=2m 
Distance AD=4m 


FIXED AND CONTINUOUS BEAMS 


For the sake of convenience, let us first calculate the fixed end moments due to loads at C 
and D and then add up the moments. 


(i) Fixed end moments due to load at C. 
For the load atC,a=2mandb=4m 


Wo.a.b? 
M4, = L2 
160 x 2x 4? 
= SS = 142.22 kNm 
2 2 
.a’.b = 160x2?x4 
Mp = “SS a 3 <* =71.11kNm 
(ii) Fixed end moments due to load at D. 
Similarly for the load at D,a=4mandb=2m 
W,.a.b? 
Ma, — 7 
120 x 4 x 2? 
— Oxex?' = 53.33 ENm 
6 
Wp.a”.b  160x4?x2 
and Mg, = =a = ~ ** = 106.66 kNm 


130.37 


Fig. 15.8 


Total fixing moment at A, 
M, — M4, + M4, = 142.22 + 53.33 
=195.55kNm. Ans. 
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and total fixing moment at B, 
Mz = Mg, + Mz,=71.11+ 106.66 
= 177.77 kNm. Ans. 
B.M. diagram due to vertical loads 
Consider the beam AB as simply supported. Let R,,* and R,* are the reactions at A and B 
due to simply supported beam. Taking moments about A, we get 
R,* x 6=160x 2+120x 4 
= 320 + 480 = 800 


800 
R,*= Se = 133.33 kN 


R,* = Total load — R,* = (160 + 120) — 133.33 
= 146.67 kN 

B.M. at A = 0 

B.M. at C = R,* x 2 = 146.67 x 2 = 293.34 kNm 

B.M. at D = R,* x 2 = 133.33 x 2 = 266.66 kNm 

B.M. at B = 0. 
Now the B.M. diagram due to vertical loads can be drawn as shown in Fig. 15.8 (0). 
In the same figure the B.M. diagram due to fixed end moments is also shown. 


S.F. Diagram 
Let R, = Resultant reaction at A due to fixed end moments and vertical loads 


R, = Resultant reaction at B. 
Equating the clockwise moments and anti-clockwise moments about A, we get 
R,x6+M,=160x2+120x4+M, 
R, x 6 + 195.55 = 320 + 480 + 177.77 
R< 800 + 177.77 — 195.55 _ 130.37 kN 


6 
and R, = Total load -R, 
= (160 + 120) — 130.37 = 149.63 kN 
S.F. at A = R, = 149.63 kN 
S.F. at C = 149.63 — 160 = - 10.837 kN 
S.F. at D =— 10.37 — 120 = — 1380.37 kN 
S.F. at B = — 130.37 kN 
Now S.F. diagram can be drawn as shown in Fig. 15.8 (c). 
Alternate Method 
Fig. 15.8A (6) shows the simply supported beam with vertical loads. 
Let R,,* and R,* are the reactions at A and B due to vertical loads. Taking moments about 


and 


or 


A, we get 
R,* x 6 = 160 x 2 + 120 x 4= 320 + 480 = 800 


R,*= > = 133.33 kN 
R,* = Total load — F,* 
= (160 + 120) — 133.33 = 146.67 kN 


B.M. at A = 0 
B.M. at C = ve x2 = 146.67 x 2 = 293.34 kNm 


B.M. at D=R,* x 2 = 133.33 x 2 = 266.66 kNm 


FIXED AND CONTINUOUS BEAMS 


Now the B.M. diagram due to vertical loads can be drawn as shown in Fig. 15.8A(c) 

Fig. 15.8A (d) shows the fixed beam with end moments only. As the load 160 KN is nearer 
toend A, hence M, will be more than M,. The B.M. diagram due to end moments is shown in Fig. 
15.8A(e). 

To find the values of M, and M,, equate the areas of two B.M. diagrams. 

Area of B.M. diagram due to vertical loads 
= Area of B.M. diagram due to end moments 


160 kN 120 kN M 
B 
A Ma | | 
1)/B 
(a) 2m—31 © me 
4m >| 
Ra 6m Rp 
160 120 
A B 


(0) 


(©) 


le 2m >i¢ 2m >i¢ 2m » 


B.M. diagram for simply supported beam with vertical loads 


B.M. diagram due to end moments only 


Fig. 15.8A 
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A,+A,+A,+A,=A,+Ag .(Z) 


Agee _ 2x — = 293.33 


A, = CD x DF = 2 x 266.67 = 533.34 
_GFXxGE _ 2x 26.66 
a a 
DBx DF _ 2x 26667 
4° 9g 
A, = M, x 6 = 6M, Ag = 


where A, = 


A = 66.66 


= 266.67 


6x(M, — Mz) 
2 
Substituting these values in equation (Z), we get 

293.33 + 533.34 + 66.66 + 266.67 = 6M, + 83M, —- 3M, 


=3(M,-M,) =3M,-3M, 


or 1119.98 = 3M, + 3M, =3(M,+M,) 
M,+M, = —_ = 373.33 di) 


To get the other equation between M, and M,, , equate the distance of C.G. of B.M. diagram 
due to vertical loads to the distance of C.G. of B.M. diagram due to end moments from end A. 


or x = x’ 


ae AyxX1 + Agxy + Ags + Agxy _ Ass + AgXe 


A, +A, +Ag + Ay A; + Ag 
293.33 x = + 533.34 x 3 + 26.66 x (2 + 2 + 266.66 x (4 + *) 
ee 3 3 3 
293.33 + 533.34 + 26.66 + 266.66 
6M, x3+3(M, -38Mp)x =x6 
7 6M, +3M, —3M, 
ae 3911+ 1600 + 70.91+ 1245.35  3(6Mg +2M, —-2Mz) 
1119.98 7 3(Mz+M,) 
4Mp,+2M, 
or 2.95 = M,+M, 
or 2.95M, + 2.95M, =4M, + 2M, 
or 2.95M,-2M,= 4M, -2.95M, 
or 0.95M, = 1.05M, 
1.05 be 
or M,= 095 Mp, =1.1M, (iii) 
Substituting this value of M, in equation (iz), we get 
M,, + 1.1 M, = 373.33 
or Mz = — =177.77kNm. Ans. 


From equation (iii), M, = 1.1 x 177.77 = 195.55 kNm. Ans. 


FIXED AND CONTINUOUS BEAMS 


Combined B.M. Diagram 

M, = 195.55 kNm and M, = 177.77 kNm. Now the combined B.M. diagram can be drawn 
as shown in Fig. 15.8 (b). 

To draw the S.F. diagram, let us first find the values of resultant reactions due to vertical 
loads and fixed end moments RK, and R,. Refer to Fig. 15.8A(a). Taking moments about A, we get 


clockwise moments at A = Anti-clockwise moments at A 
160 x2+120x4+M, =M,+R,x6 
or 320 + 480+ M,=M,+6R, 
or 800 + 177.77 = 195.55 + 6R, 
800 + 177.77 — 195.55 
R3= 6 = 130.37 kN 
and R, = Total load — R, = (160 + 120) — 130.37 = 149.63 kN 
S.F. Diagram 


S.F. at A =R, = 149.63 kN 

S.F. at C = 149.63 —- 160 =- 10.37 kN 

S.F. at D =— 10.37 — 120 = — 130.37 KN 

S.F. at B = — 1380.37 kN 

Now S.F. diagram can be drawn as shown in Fig. 15.8(c). 


Problem 15.4. A fixed beam of length 6 m carries two point loads of 30 RN each at a 
distance of 2 m from both ends. Determine the fixed end moments and draw the B.M. diagram. 


Sol. Given : 

Length, L=6m 

Point load at C, W,=30kN 

Point load at D, W, =30 kN 

Distance AC=2m 

Distance AD=4m 

The fixing moment at A due to loads at C and D is given by 


M, = Fixing moment due to load at C + Fixing moment due to load at D 


_ W,a,;" ‘ Wod,.by” 


LP L? 
9 2 
4x2 80 40 
_ a , 30x = _ + = 40 kNm. 
6 6 3 3 


Since the beam and loading is symmetrical, therefore fixing moments at A and B should be 
equal. 
M,=M,=40kNm. Ans. 


To draw the B.M. diagram due to vertical loads, consider the beam AB as simply sup- 
ported. The reactions at the simply supported beam will be equal to 30 KN each. 


B.M. at A and B=0 

B.M. at C = 30 x 2=60 kNm 

B.M. at D = 30 x 2=60 kNm. 

Now the B.M. diagram due to vertical loads and due to end moments can be drawn as 


shown in Fig. 15.9 (d). 
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15.5. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING A UNIFORMLY 
DISTRIBUTED LOAD OVER THE ENTIRE LENGTH 


Fig. 15.10 (a) shows a fixed beam of length L, carrying uniformly distributed load of 
w/unit length over the entire length. 
Let M, = Fixed end moment at A 
M, = Fixed end moment at B 
R, = Reaction at A 
R, = Reaction at B. 
(i) B.M. Diagram 
Since the loading on the beam is symmetrical, hence M, = M,. The B.M. diagram due to 
end moments will be a rectangle as shown in Fig. 15.10 (6) by AEFB. The magnitude of M, or 
M, is unknown. 


The B.M. diagram for a simply supported beam carrying a uniformly distributed load 
will be parabola whose central ordinate will be w.L?/8. The B.M. diagram for this case is 
wi? 

a 
Equating the areas of the two bending moment diagrams, we get 
Area of rectangle AEFB = Area of parabola ADB 


shown in Fig. 15.10 (6) by parabola ADB in which CD = 


2 
AB x AE = x IAB x CD] 


2 w.L? w.L? 
Sl) ae ca or M,= 13 
wide 
M,=M,= eh T5:9) 


Now the B.M. diagram can be drawn as shown in Fig. 15.10 (0). 


FIXED AND CONTINUOUS BEAMS 


w/unit length 


(a) 


A B.M. Diagram Cc 


S.F. Diagram 


Fig. 15.10 


(i) S.F. Diagram 


Equating the clockwise moments and anti-clockwise moments about A, we get 


RyxL+M,=wL.Z +M, 
But M,=M, 
L w.L 
AzxL=w.L.> or Rp=—7 
Due to symmetry, 
DL 


R,=Rg=—- 
n 


...(15.10) 


Now the S.F. diagram can be drawn as shown in Fig. 15.10 (c). 


(iii) Slope and deflection 


The B.M. at any section at a distance x from A is given by, 


d*y x 
a Na aan Wc 
_ wl , wl? wx? 

2°" 12 2 


_ wl.x wx? wl? 


2 2 12 
Integrating the above equation, we get 


where C, is a constant of integration. 
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d 
At x = 0, = = 0. Hence C, = 0. 
Therefore, the above equation becomes as 
2 
dy_w 1» W 3 wL 
dx 4 6 12 
Integrating the above equation, we get 


x 


wh x® w x* wl? x 


Ely = . . : +C 
7" 4°38 64 2 '2 7 
2 
2WE 7 xt we eae 
12 24 24 


where C, is another constant of integration. 
At x = 0,y = 0. Hence C, = 0. 
Therefore, the above equation becomes as 
2 
Ely = ee xii yA uh x? 
12 24 24 


(Zi) 


sel EtL) 


L 
The deflection at the centre is obtained by substituting x = 2 in the above equation. Let 


the deflection at the centre is y, 


wl (L\ w(L\ wi? (LY 
Ely = : 
ec 42°\2) 24\2 24 \2 


7 w.L* wlt we. wl 
~ 96 384 96 384 
a wl 

ye ~~ 384 KI 


Minus sign means that the deflection is downwards. 


sail 15.11) 


Note. The deflection at the centre of a simply supported beam carrying a uniformly distributed 
load over the entire length is 5/384, w+. This means that the central deflection for the fixed beam is 


one-fifth of the central deflection of the simply supported beam. 
(iv) Points of contraflexures 


For the points of contraflexures, B.M. given by equation (z) should be zero. Hence equat- 


ing equation (z) to zero, we get 


j< 
2 2 12 
2 2 
or 0 = wLx — wx? ih = Lx — x? a 
6 6 
2 
or P-Lx+ = =0 


Solving the above quadratic equation, we get 


x= 5 oe 


Axi? ‘Sy 
+,/272- L+J— 
+L+,/L 6 3 Es I 
arare 


FIXED AND CONTINUOUS BEAMS 


As L/2 represents the centre of the beam. Hence the two points of contraflexures occur 


at a distance of L/2,/3 from the centre of the beam. 


Problem 15.5. A fixed beam of length 5 m carries a uniformly distributed load 


of 9 kN/m run over the entire span. If I = 4.5 x 10 m* and E = 1 x 107 kN/m?, find the 
fixing moments at the ends and the deflection at the centre. 


Sol. Given : 
Length, L=5m 
U.d.l. w=9kN/m 
Value of I= 4.5 x 10+ m4 
Value of E=1x 107 kN/m?. 
(i) The fixing moments at the ends is given by equation (15.9) as 
2 2 
M,=M,= 24 =2*5 18.75 kNm. Ans. 
12 12 
(ii) The deflection at the centre is given by equation (15.11) as 
— wht 9x54 
Ye" 384EI  384x1x10"x4.5x 10% 


= 0.003254 m =- 3.254 mm. Ans. 
Problem 15.6. Find the fixing moments and support reactions of a fixed beam AB of 


length 6 m, carrying a uniformly distributed load of 4 kN/m over the left half of the span. 


Sol. Given : 
Length, L=6m 
U.d.l., w=4kN/m 
(i) B.M. diagram due to end moments 
Let M, = Fixing moment at A 
M, = Fixing moment at B. 
The value of M, will be more than M,, as load due u.d.l. is nearer to point A. 
The B.M. diagram due to end moments will be trapezium as shown in Fig. 15.11 (6) by 


AEFB. 


and 


The area of B.M. diagram due to end moments is given by, 
a’ = + (M, + M,) x 6 = 3(M, + M,) (i) 
(ii) B.M. diagram due to vertical loads 
Now draw the B.M. diagram due to u.d.l. for a simply supported beam. 
Let R,* = Reaction at A for a simply supported beam 
R,* = Reaction at B for a simply supported beam. 
Taking moments about A for a simply supported beam, we get 
R,*x6=4x3x1.5=18 
18 
R,* = ~° 3 kN 
R,* = Total load — R,* 
=4x3-3=9kN 
The B.M. at A and B are zero. 
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A B.M. diagram for fixing moments B 


(b) 


= 
Z 
s 
a 
= 
es 
= 
= 
i 
Z 
A 


ee ae 8 


(c) _ B.M. diagram for vertical loads 


Fig. 15.11 


B.M. at C=R,* x 3=3x3=9kNm. 


The B.M. diagram from A to C will be parabolic and from C to A the B.M. diagram will 
follow a straight line law as shown in Fig. 15.11 (c). 


The area of the B.M. due to vertical loads is given by 
a = Area of parabola ACD + Area of triangle BCD 
= Area of parabola ACD + + x9 x 3 asktd) 


To find the area of the parabola ACD, consider a strip of length ‘dx’ at a distance x from 
A in portion AC. 


The B.M. at a distance x from A is given by 
M,=R,*xx-4 xx. > = 9-22? Cr = 8) 
Area of B.M. diagram of length dx 
= M,,.dx = (9x — 2x?).dx 


Total area of parabola from A to C is obtained by integrating the above equation between 
the limits of 0 and 3. 


Area of parabola ACD 


. 2 
= { (9x — 2x*).dx 


= 40.5 — 18 = 22.5 


_[ox? 2x] 9x3? 2x3" 
‘ 3 


a. 3. 2 


Substituting this value in equation (iz), we get 


1 
a=22.5 4+ 3% 9x3 = 36.0 ..(iit) 


FIXED AND CONTINUOUS BEAMS 


Equating the two areas given by equations (z) and (iii), we get 
3(M, + M,) = 36.0 
or M, + M, = 12.0 ..(iv) 
Now moment of B.M. diagram due to vertical loads about A is given by 
3 
ax =( x.M,.dx + Area of triangle BCD 
0 


x Distance of C.G. of BCD from A 


3 ‘ 1 1 
=) x(9x —2x").dx+—x9x38x|!3+—x38 
0 2 3 


3 
7 { (9x? — 2x). dx +54 
0 


3 
a eee +54-[3x3°— 3x34] + 54 
4 |, 2 


= (81 — 40.5) + 54 = 94.5 .(U) 
Moment of B.M. diagram due to end moments about A is given by [see Fig. 15.11 (6)]. 
a’x’ = Area ABFH x Distance of C.G. of ABFH from A 
+ Area HFE x Distance of its C.G. from A 


L 1 
= (My xL)x > +5 x Lx (M,—M,) x =xL 


6 1 6 
=Mgx6x 5+, x6 x(M,-M;)x 3 
= 18M, + 6M, - 6M, 


= 6M, + 12M, = 6(M, + 2M,) .(Ut) 
But ax =a’x’ 
94.5 = 6(M, + 2M,) 
94.5 +3 
or M, + 2M, = rai 15.75 ...(vii) 


Subtracting equation (iv) from (vii), we get 

M, = 15.75 - 12.0 =3.75 kNm. Ans. 
Substituting this value in equation (iv), we get 

M, =12-3.75=8.25kNm. Ans. 


Support reactions 
Let R, = Resultant reaction at A 
R, = Resultant reaction at B. 
Equating the anti-clockwise moments and clockwise moments about A, 
R,x6+M,=4x3x15+M, 


or R, x 6+ 8.25 = 18 + 3.75 = 21.75 
ae an. 8.25 | =e 998 EN Ane 
and R, = Total load - R, 


=4x3-2.25=9.75 KN. Ans. 
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Second Method for Problem 15.6 


Macaulay’s method can be used and directly the fixing moments and end reactions can 
be calculated. This method is used where the areas of B.M. diagrams cannot be determined 


conveniently. 


dann | 
x 


6m 


Fig. 15.12 


For this method it is necessary that u.d.l. should be extended upto B and then compen- 


sated for upward u.d.l. for length BC as shown in Fig. 15.12. 
The B.M. at any section at a distance x from A is given by 
d*y 


EI —> 
dx? 


= R,.x —-M,-—w xxx 5 + w x (x3) x 


4xx? | Ale—3)? 
a. 2 


=Rh,x-M, 


= Ry.x-M4-2x? | +2%x-3)? 


Integrating, we get 


A 2 3 _ 38 
EIS = Ry ~My. * +O; —— = 
d 
when x = 0, a 0. 
dx 
Substituting this value in the above equation upto dotted line, we get 
C,=0. 
Therefore equation (i) becomes as 
2 3: _ ay3 
EI A M,.x 2x aoe 3) 
dx 2 3: 3 
Integrating again, we get 
3 2 4 4 
M,. - 
Hips CS ieee OY oft Peal 3} 
2 38 2 34 2 og oA 


whenx=0, y=0. 
Substituting this value upto dotted line, we get 
C,=0 
Therefore equation (iii) becomes as 


whenx=6, y=0. 


(x — 3) 
2 


(A) 


Pe) 


...(ti) 


.(Zit) 


...(iv) 
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Substituting this value in equation (iv) [Here complete equation is taken], we get 


3 2 
poe a te x eaey 
6 2 6 6 
= 36R, — 18M, — 216 + 13.5 
or 202.50 = 36R, — 18M, 
101.25 = 18R, -9M, .(U) 
dy 
Atx=6m, — = 
id dx 
Substituting these values in the complete equation (ii), we get 


2 
0=R, x <-M4x6 = x6" += (6-3) 
= 18R,-M,x6-144+ 18 
126 = 18R, — 6M, ...(Ut) 
Subtracting equation (v) from equation (vi), we get 
126 — 101.25 = 9M, - 6M, 
or 24.75 = 3M, 


24.75 
M,= ee 8.25 kNm. Ans. 


Substituting this value in equation (vi), we get 
126 = 18R, —6 x 8.25 
126 + 6 x 8.25 


Ry=——jg = 9.75 KN. Ans. 


Now R, = Total load — R, 
=4x3-9.75=2.25 kN. Ans. 


To find the value of M,, we must equate the clockwise moments and anti-clockwise 
moments about B. Hence 


Clockwise moments about B = Anti-clockwise moments about B. 
M,+R,x6=M,+4x3x (4.5) 
or M, + 9.75 x 6 = 8.25 + 54 (. R, = 9.75 and M, = 8.25) 
or M, + 58.50 = 62.25 
: M,, = 62.25 — 58.50 = 3.75 kNm. Ans. 


Seckien 15.7. A fixed beam of length 20 m, carries a uniformly distributed load of 
8 kN/m on the left hand half together with a 120 RN load at 15 m from the left hand end. 
Find the end reactions and fixing moments and magnitude and the position of the maximum 
deflection. Take E = 2 x 108 kN/m? and I = 4 x 108 mm+*. 


Sol. Given : 

Length, L=20m 

U.d.L., w=8 kN/m 

Point load, W= 120 kN 

Value of E =2~x 108 kN/m® 

Value of I=4 x 108 mm* = 4 x 10 m4 
Lengths, AC=10m, AD=15m 


Fig. 15.13 shows the loading on the fixed beam. 
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Fig. 15.13 


Let R, and R, = End reactions at A and B 
M, and M, = Fixing moments at A and B 
Let us apply Macaulay’s method for this case. Hence it is necessary that the u.d.l. should 
be extended upto B and then compensated for upward u.d.1. for length BC as shown in Fig. 15.14. 


The B.M. at any section at a distance x from A is given by, 
d*y 


EI —> 
dx? 


=R,.x-M,-wxx x (=) |= 120(x - 15) | + 


2 
x-10 
x (x= 10) x[ 3 


Di 2 : 2 
: ; = 

=R,xx-M,-8x = — 120(x - 15) | + —— 

= Ry.x —M,— 4x? :-120(« - 15) '+ 4(x - 10)? 
Integrating the above equation, we get 
dy x? ad © 120(%— 15)? | 
EI —=R,. M,.x-4.—+C,! 
ae ge ge 2 | 
= 3 
+ aes .{Z) 


3 


when x = 0, a = 0. Substituting this value in the above equation upto first dotted line, we get 


ng 
C, = 0. Therefore, equation (7) becomes as 


120 KN 


8 kKN/m 


Fig. 15.14 


4 3) Dd 
x7 — Myx ze 60(x 15)” + 3 @— 10) ..(ii) 
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Integrating again, we get 
_ Ry.x® My.x*® Ant 60(x — 15)? : , 2e 10)* 
6 2 3x4 3 i 38 4 
when x =0, y = 0. Substituting this value in the above equation upto first dotted line, we get 
C, = 0. Therefore equation (iii) becomes as 
Ry,.x® My.x? x4 
6 2 
when x = 20, y = 0. Substituting these values in complete equation (iv), we get 


Ely ii) 


+Cy) 


: 
Ely = 20(x — 15)* | + 3 10)4 ...(iv) 


3 2 4 1 
pe aE 50h 1 6-10 
6 2 3 3 
2 4 
ee Ra i ea (Dividing by 202) 
6 2 3 20 38 = 400 
_20 2 Ma 400 _ 12.5 , 25 
6 2 3 2 3 
_ 20R,- 3M, - 800 - 37.5 +50 
~ 6 
or 20K, — 3M, = 800 + 37.5 — 50 = 787.5 .(U) 
d 
At x = 20, - = 0. Substituting these values in complete equation (ii), we get 
R 4 
0 = = x 20%— M, x 20 - 3 * 20% — 60(20 — 15)? + ; (20 — 10)3 
4 x 400 4 1000 
= 10R, ~My ~~ - 8x 25+ 2x (Dividing by 20) 
= 10R,-M,- 15+ 
1600 200 1400 
or KM, Fb 8 
or 10R, — M, = 541.66 
or 20R, — 2M, = 1083.32 (Multiplying by 2 both sides) ...(vi) 


Subtracting equation (v) from equation (vi), we get 
M, = 1083.32 — 787.50 = 295.82 kNm. Ans. 
Substituting this values of M, in equation (vi), we get 
20R, — 2 x 295.82 = 1083.32 
1083.32 + 2 x 295.82 
AX 20 
= 83.748 KN. Ans. 
Now R, = Total load on beam — R, 
= (10 x 8 + 120) — 83.748 = 116.252 KN. Ans. 
Equating the clockwise moment and anti-clockwise moment about B, we get 
M, +R, x 20 =M,+120x5+8x 10x15 
or M,, + 83.748 x 20 = 295.82 + 600 + 1200 
or M,, = 2095.82 — 83.748 x 20 = 420.86 kNm. Ans. 
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Maximum deflection and position of maximum deflection 


Since the point load is more than the toal distributed load and acts at an equal distance 
from the nearest end, hence maximum deflection will be in the portion AD. For maximum 


d 
deflection, e should be zero. Substituting the value of Sees 0 in equation (ii) [the term 
x 


dx 
— 60(x — 15)? in equation (ii) should be ignored as this term is for the portion DB], we get 
2 
(ae i he a iO 
2 3 3 
_ 83.748 . 4x° | 4(x—10)° 


x? — 295.82x fp 
3 3 


4 4 
= 41.874x? — 295.82x — —x° + 3 [x3 — 1000 — 3x x 10(x — 10)] 


3 
4000 4 4 

= 41.874? — 295.82x — 3.3 x 8x x10xx+ 3 x 8x x 10 x 10 
4000 

= 41.874x2 — 295.82x — 3.7 40x? + 400x 


= 1.874x? + 104.18x — 1333.33 
This is a quadratic equation. Hence its solution is 


aes 104.18 + (104.18? +4x 1.874 x 1333.33 
2x 1.874 
— 104.81+ 144.387 ; 
= 2x 1874 (Neglecting —ve root) 
= 10.727 m. Ans. 
Hence maximum deflection occurs at a distance of 10.27 m from A. Maximum deflection 
is obtained by substituting x = 10.727 m in equation (iv) [neglecting the term — 20(« — 15)*] 


Ry.x? M 4.x” x4 1 


EL = + 10)4 
Ymax ~~ ¢ 2 sg 
3 2 4 1 
_ 83.748 x 10.727?  295.82x 10.727? 10.727" 1 ay ao7 ag) 
6 2 3 3 
= 17228.9 — 17019.8 — 4413.6 + 0.09 
= Ab O45 
42045 — 4204.5 


Ymax BF 9x 108x4x107 
= 0.05255 m = 52.56 mm. Ans. 


15.6. FXED END MOMENTS OF FIXED BEAM DUE TO SINKING OF A SUPPORT 


If the ends of a fixed beam are not at the same level, then the support which is at a 
lower level is known as sinking support. Fig. 15.15 (a) shows a fixed beam AB of length L 
whose ends A and B are fixed at different levels. The end A is at a higher level than the end B. 
The beam carries no load. Hence rate of loading on the beam is zero. 


Let 6 = Difference of level between the ends 


M, = Fixing moment at the end A 
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M,, = Fixing moment at the end B 
R, = Normal reaction at A and 
R, = Normal reaction at B. 


In this particular case, M, is a negative (hogging) and 


M, is a positive moment. 
Numerically M, and M, are equal. 


4 
We know that EI ate Rate of loading 
he 


=0 


Integrating, we get EI ey. =C) sos) 
x 


d? 
where C;, is a constant of integration. And EI a represents the shear force. At x = 0, S.F. is 
Ba 


d*y 
equal to R,. Hence EI —> Fs a (at x = 0) is Ry. 


td B.M. diagram 


Fig. 15.15 
Substituting this value in equation (7), we get 
Ry=C, 
Equation (z) becomes as 
d*y 
EI —~=R 
dx? - 
Integrating again, we get 
d*y 4 
EI —<=R,.x+C jek) 
dx? A 2 


: : ; ie : 
where C, is another constant of integration. And EI ao: represents the B.M. at x = 0, B.M. is 
x 


equal to — M,. 


Hence at x = 0, EI —= d"y =—M,. 
dx” 
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aD 


Substituting x = 0 and EJ —= me M, in equation (ii), we get 
x 


—-M,=R,x0+C, 


or C,=-M, 
Substituting C, in equation (ii), we get 
d*y 
| = R,.x-M, (A) 
Integrating the above ec again, we get 
gr & = Ry 5M, x+Cy 
dx 
dy 
where C, is another constant of integration. At x = 0, me = 0. 
Hence C, = 0. 
Therefore the above equation becomes as 
2 
pp Fa eg ...(iii) 
dx 2 
Integrating again, we get 
Ry x? x? 
Ely = : .-—+C 
ay 2° 3 At 9 4 


where C, is a constant of integration. At x = 0, y = 0. Hence C, = 0. Therefore the above 
equation becomes as 


R M 
Ely = ee = ga .(iv) 
At x =L,y =— 56. Hence the above equation becomes as 
E13 = fa Ma p 0) 
6 2 
dy 
At x = L, ie = 0. Substituting these values in equation (iii), we get 
Ra 
= “5 -M,.L 
2M 
or = = (Ui) 


Substituting the value of R, in equation (v), we get 
~ EL5 = awa Ma 7 


oF 
_M,.1? My. _2M,.1? -3M,.0? 
~—s 2 6 
1 
ae M,.L 
6EI6 
Ap L? 
Now the B.M. at any section at a distance x from A is given by equation (A) as 
yoy 
EI a = =R,.x-M, 


FIXED AND CONTINUOUS BEAMS 


2M 2M 
= SAn-My c R= Ma) 
2 GEIS GEIS GEIS 
an ale er (: My=" | 


12EI8 «GEIS 
~ pe 


2 2 
Atx=L, EI a represents B.M. at Bi.e., EI + = M,. Hence the above equation 
¢ Xx 
becomes as 
12EI6 6EI5 
Mz a L? s L ~ L? 


_12EI8 GEIS 6EIS 
nn Fe 5 L? 


EI 
Hence numerically M, = M, = This means that if the ends of a fixed beam are at 


different levels (or one end sinks down by an amount 6 with respect to other end), the fixing 
moment at each end is equal. At the higher end, this moment is a hogging moment and at the 
lower end this moment is a sagging moment. The B.M. diagram is shown in Fig. 15.15 (6). 

Problem 15.8. A fixed beam AB of length 3 m is having moment of inertia 
I = 3 x 10° mm+#. The support B sinks down by 3 mm. If E = 2 x 10° N/mm?, find the 
fixing moments. 

Sol. Given : 

Length, L=3m=3000 mm 

Value of I = 3 x 10° mm‘4 

Value of E = 2 x 10° N/mm? 

The amount by which the support B sinks down, 


6=3 mm. 
The fixing moments at the ends is given by, 
6EI8 
M, = Mz= L? 
_ 6x2x10°x3x10°x3 


30002 
=12x 10° Nmm = 12x 10?Nm=12kNm. Ans. 


The fixing moment at A will be a hogging moment whereas at B it will be a sagging 
moment. 


15.7. ADVANTAGES OF FIXED BEAMS 


The following are the advantages of a fixed beam over a simply supported beam : 
(i) For the same loading, the maximum deflection of a fixed beam is less than that of a 
simply supported beam. 
(ii) For the same loading, the fixed beam is subjected to a lesser maximum bending 
moment. 
(iii) The slope at both ends of a fixed beam is zero. 
(iv) The beam is more stable and stronger. 
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15.8. CONTINUOUS BEAMS 


Continuous beam is a beam which is supported on more than two supports. Fig. 15.16 
shows such a beam, which is subjected to some external loading (here a uniformly distributed 
load). The deflection curve for the beam is shown by dotted line. The deflection curve is having 
convexity upwards over the intermediate supports, and concavity upwards over the mid of the 
span. Hence there will be hogging moments (i.e., negative) over the intermediate supports and 
sagging moments (i.e., positive) over the mid of the span. The end supports of a simply sup- 
ported continuous beam will not be subjected to any bending moment. But the end support of 
fixed continuous beam will be subjected to fixing moments. If the moments over the interme- 
diate supports are known, then the B.M. diagram can be drawn. 


w/Unit length 


Fig. 15.16 


Fig. 15.16 shows a simply supported continuous beam. In this figure the end supports 
at A and E will not be subjected to any bending moment. Hence in this case M, = M, = 0. 

Fig. 15.16 (a) shows a continuous beam with fixed ends at A and E. Here the end supports 
at A and E will be subjected to fixing moments. Hence M, and M,, will not be zero. 


Fig. 15.16 (a) 


15.9. BENDING MOMENT DIAGRAM FOR CONTINUOUS BEAMS 


In Art. 15.8 it is mentioned that if the moments over the intermediate supports of a 
continuous beam are known, then the B.M. diagram can be drawn easily. The moments over 
the intermediate supports are determined by using Clapeyron’s theorem of three moments 
which states that : 

If BC and CD are any two consecutive span of a continuous beam subjected to an external 
loading, then the moments Mz, My and M, at the supports B, C and D are given by, 


6a,x1 + 6aXo 


of 1512) 
Ly Ly 


M,-L, + 2M AL, +L,)+M,.L, = 


where L, = Length of span BC 
L, = Length of span CD 
a, = Area of B.M. diagram due to vertical loads on span BC 
a, = Area of B.M. diagram due to vertical loads on span CD 
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x, = Distance of C.G. of the B.M. diagram due to vertical loads on BC from B 
x» = Distance of C.G. of the B.M. diagram due to vertical loads on CD from D. 


Equation (15.12) is known as the equation of three moments or Clapeyron’s equation. 


15.9.1. Derivation of Clapeyron’s Equation of three Moments. Fig. 15.17 shows the 
length BCD (two consecutive spans) of a continuous beam which is shown in Fig. 15.16. Let M,, 
M, and M, are the support moments at B, C and D respectively. 


(a) 


(b) 


B 
dx C 
kx Th B.M. diagram due to vertical loads | 


K 


dx (3 D 
x olde 
- B.M. diagram due to support moments 


Ee feat, 


(d) J Gt 
4h ia 


Cc 
Resultant B.M. Diagram 


Fig. 15.17 


Let L,= Length of span BC 
L, = Length of span CD 
a, = Area of B.M. diagram due to vertical loads on span BC 
a, = Area of B.M. diagram due to vertical loads on span CD 
a,’ = Area of B.M. diagram due to support moments M, and M, 
a,’ = Area of B.M. diagram due to support moments M, and M,, 
x, = Distance of C.G. of B.M. diagram due to vertical loads on BC 


x» = Distance of C.G. of B.M. diagram due to vertical loads on CD 
x,’ = Distance of C.G. of B.M. diagram due to support moments on BC 
X_’ = Distance of C.G. of B.M. diagram due to support moments on CD. 


STRENGTH OF MATERIALS 


Fig. 15.17 (6) and (c) show the B.M. diagrams due to vertical loads and due to supports 
moments respectively. 


(i) Consider the span BC 
Let M,,=B.M. due to vertical loads at a distance x from B (sagging) 
M,, = B.M. due to support moments at a distance x from B (hogging) 
Net B.M. at a distance x from B is given by, 


2 
er 2 -M-M! 
dx 
Multiplying by x to both sides, we get 
d*y 


El.x. —z = x.M,,—x.M’x 
dx 


Integrating from zero to L,, we get 


cL 2 L L 
i) ‘BI. x. 2% de = f ‘x M,.dx - [ 'y. M,’ dx 
0 dx 0 0 


dy)" 
or EI E ss y| = A,X, —a,/X,' (i) 
dx 0 


(. M,.dx = Area of B.M. diagram of length dx. And x.M,.dx 
= Moment of area of B.M. diagram of length dx about B. 


L, 
Hence } x.M,,.dx = a,x,. And so on) 
0 


Substituting the limits in L.H.S. of equation (i), we have 


(a($), 2} -[o-(2), 4] 


= 4X1 — ay’ Xj’ 


EI 


d 
or EI((L,.85—Ye) —(O-yp)] = a4, — ay’ xy’. E (= = | 
X JatC 
But deflection at B and C are zero. Hence y, = 0 and y= 0. Hence above equation becomes 
as 
[EL.L,.0, = 4X4 = a,’ xX,’ .. (ZL) 
But a,’ = Area of B.M. diagram due to supports moments 
= Area of trapezium BCKJ 
= +(M, +M,)xL, 
and x,’ = Distance of C.G. of area BCKJ from B 


ae | aL 
Mz.Ly. + 5% (My - Mg).L, x 1 


3 


1 
Mp-Ly + > (Mg ~ Mp)-Ly 


3M gL, + 2L,(Mc - Mg) 
6 


M,+(M,p—-M,)t 2M@e+Mc-Mz 
660 2 


Mp. + (My - Mg) x = 


FIXED AND CONTINUOUS BEAMS 


2. [3M + 2M, -2Mp] 


Mzt+2Mo hs 
Mp+Mc 


Mz+Meo 3 
Substituting the values of a, and x,’ in equation (ii), we get 

M,z+2Mc rs L, 
Mz+Meo 3 


ELL,.0¢ = ay%,- ; (Mz +Mc).Ly x 


L 2 
aX, — a (M, + 2M) 


6a4x1 


or 6EI.0, = — L,(M, + 2M) (Zit) 
1 
(ii) Consider the span CD 
Similarly considering the span CD and taking D as origin and x positive to the left, it can 
be shown that 


6a5X5 


6EI.(— 0,) = —L,(M, + 2M,) 
2 
[In the above case the slope at C (i.e., 8.) will have opposite sign than that given by 
equation (iii). The reason is that the direction of x from B for the span BC, and from D for span CD 
are in the opposite direction]. 
Hence the above equation becomes as 


_ 6EI0, = ©92*2 _ 11M, +2M,) ..(iv) 
2 
Adding equations (iii) and (iv), we get 


6a_X5 


o = S41 _ 71 (My +2M,) + —L,(My +2M,) 
1 2 
= Sart , Saat _7 uy, 21,M,-LyMy-2L.Mc 
Ly Ly 

or L My +LyMy + 2M, (Ly + Ly) = S21 4 Stake 
L, Ly 

or MyL, + 2M (L, +L,) + ML, = — : Saka 
1 2 


15.9.2. Application of Clapeyron’s equation of Three Moments to Continuous 
Beam with Simply Supported ends. The fixing moments on the ends of a simply supported 
beam is zero. The continuous beam with simply supported ends may carry uniformly distributed 
load or point loads as given in the following problems: 

Problem 15.9. A continuous beam ABC covers two consecutive span AB and BC of lengths 
4mand 6m, carrying uniformly distributed loads of 6 kN/m and 10 kN/m respectively. If the 
ends A and C are simply supported, find the support moments at A, B and C. Draw also B.M. 
and S.F. diagrams. 


Sol. Given : 
Length AB, L,=4m 
Length BC, L,=6m 
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U.d.l. on AB, w,=6kN/m 
U.d.l. on BC, w, = 10 KN/m 


Since the ends A and C are simply supported, the support moments at A and C will be zero. 


M,=M>=0 


To find the support moment at B (i.e., M,,), Clapeyron’s equation of three moments should 


be applied. Hence, we get 


M,.L, + 2M,(L, + Ly) + Mp.Ly = 221 4 SAa%2 


I, L, 
6a4X,  6aoX, 
or ee ar ea 
83a,x - : 
or 20M, = isa as ApXo (7) 
6 kN/m 10 kN/m 
A Cc 
(a) 4m 2 6m 
Ra Rp Ro 
" fe PN 
A B B.M. diagram Cc 


S.F. diagram 


Fig. 15.18 


The B.M. diagram on a simply supported beam carrying u.d.l. is a parabola having an 


2 2 
altitude of “£_. And area of B.M. diagram = 3% Span x Altitude. The distance of C.G. of this 
8 


area from one end = Bpan 
Now a, = Area of B.M. diagram due to u.d.l. on AB 
a2 KAR Aides = x AB yx Wily 
3 3 8 
ee Baa = 32 
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_hy_4_, 
t= 5 +5 52m 
a, = Area of B.M. diagram due to u.d.l. on BC 
2 2 
= 2 ROX Wale = 2 x6x =e = 180 
3 8 3 8 
LT, 6 
d ¥)=—-=— =3m. 
an t= 5 m 
Substituting these values in equation (z), we get 
20M, = “S22 5 180.x3 
= 96 + 540 = 636 
_ 636 


M, = 222 =31.8kNm. 
20 


Now B.M. diagram due to supports moments is drawn as shown in Fig. 15.18 (b) in which 
M,=0,M,=0 and M, = 31.8 kNm. 
The B.M. diagram due to vertical loads (here u.d.l.) on span AB and span BC are also 
shown by parabolas of altitudes 


2 2 2 2 
w,L, _ 6x4 a4aiN ond WoLy 2 10x6 
8 8 8 8 
respectively in Fig. 15.18 (6). 


=45kNm 


S.F. Diagram 


First calculate the reactions R,, R, and KR, at A, B and C respectively. For the span AB, 
taking moments about B, we get 


4 
Ryx4-6x4x>= Mz (The support B has moment M,) 
=-— 31.8 
(. MM, =31.8. Negative sign is taken as the moment at B is hogging) 
or 4R,—-48 =-31.8 
— 318+ 48 
or R,= a els 4.05 KN. 


Similarly for the span BC, taking moments about B, we get 
6 
Rox6-6x 10x > =M,=- 31.8 


2 
or 6R,— 180 =— 31.8 
: p= 180-318 _o4 7 un, 
Now R, = Total load on ABC — (R, + KR) 


=(6x 4+ 10x 6)—(4.05 + 24.7) = 55.25 KN. 
Now complete the S.F. diagram as shown in Fig. 15.18 (c). 


Problem 15.10. A continuous beam ABCD of length 15 m rests on four supports covering 
3 equal spans and carries a uniformly distributed load of 1.5 RN/m length. Calculate the moments 
and reactions at the supports. Draw the S.F. and B.M. diagrams also. 
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Sol. Given: 

Length AB, L,=5m 
Length BC, L,=5m 
Length CD, L,=5m 


U.d.l., W, = W,. = W, = 1.5 kN/m. 

Since ends A and D are simply supported, the support moments at A and D will be zero. 

+ M,=0and M,=0 

From symmetry M,z=Mo 

To find the support moments at B and D, Clapeyron’s equation of three moments is applied 
for ABC and for BCD. 


1.5 kN/m 


(b) 
B.M. diagram due to vertical loads 

(c) 

A B Cc D 

B.M. diagram due to support moments 
KX 
V7 

(d) 

Q 

A B Cc D 


| Resultant B.M. diagram 


(e) 


S.F. diagram 


Fig. 15.19 


FIXED AND CONTINUOUS BEAMS 
For ABC, we get 


WT 2 OME, Pee Tie 9g See. 


Ly Ly 
or 0x5 + 2M,(5 +5) +My x 5 = SL, Seat 
6) _ = 
or 20M, + 5M, = 5 (a1X1 + AoXo) ..(i) 
Now a, = Area of B.M. Diagram due to u.d.l. on AB when AB 
is considered as simply supported beam 
2 
=_ * AB x Altitude of parabola 
2 L 2 7 
= 455 Seb aS = 15.625 
DL, 5 
Xo = a = 9 = 2.5 m 
Due to symmetry a, =a,=15.625 and x,=%x,=2.5 
Substituting these values in equation (i), we get 
6 
20M, + 5M, = B (15.625 x 2.5 + 15.625 x 2.5) 
6 
aa x 2x 15.625 x 2.5 = 93.750 
or 20M, + 5M, = 93.750 (. M,=M;,due to symmetry) 
93.750 
or 7 


B= 95 = 3.75 kNm 
M, = M,=3.75 kNm. Ans. 


Now the B.M. diagram due to supports moments is drawn as shown in Fig. 15.19 (c), in 
which 


M, = 0, M, = 0, M, = M, = 3.75 kNm. 
The B.M. diagram due to vertical loads (here u.d.1.) on span AB, BC and CD (considering 
L.2 2 
each span as simply supported) are shown by parabolas of altitudes a 1 = ze7s8 
kNm each in Fig. 15.19 (6). Resultant B.M. diagram is shown in Fig. 15.19 (d). 
Support Reactions 


= 4.6875 


Let R,, Ry, Ro and R, are the support reactions at A, B, C and D respectively. 
Due to symmetry, R,=Rp 


Rp=Ro 
For the span AB, taking moments about B, we get 


5 
Mz=R,x5—-15x5x > 


or -—3.75 =R, x 5-18.75 (. M,=-3.75) 
or 5R, = 18.75 — 3.75 = 15 
15 
R aa =3.0 KN. Ans. 


STRENGTH OF MATERIALS 


Due tosymmetry, R,=R,=3.0KN. Ans. 
Now R,+R,+Ro+ Rp = Total load on ABCD 


or Ry,+Rgt+tRgt+R, =1.5x 15 Ce Hee Hy y= iy) 
or 2(R, +R.) = 22.5 

or Ry + Ry= =? = 11.25 

or R, = 11.25 —R, = 11.25 — 3.00 = 8.25 (. R,=3.0) 


a R,=Ro=8.25 KN. Ans. 
Now the S.F. diagram can be drawn as shown in Fig. 15.19 (e). 


Problem 15.11. A continuous beam ABCD, simply supported at A, B, C and D is loaded 
as shown in Fig. 15.20 (a). Find the moments over the beam and draw B.M. and S.F. diagrams. 


Sol. Given: 

Length AB, L,=6m 
Length BC, L,=5m 
Length CD, L,=4m 
Point load in BD, W,=9kN 
Point load in BC, W,=8kN 
U.d.l. on CD, w =3 kN/m. 


(i) B.M. diagram due to vertical loads taking each span as simply supported 
Consider beam AB as simply supported 
W,xaxb_ 9x2x4 

i; lH 
=12kNm 
Similarly B.M. at F, considering beam BC as simply supported 
_Wy.a.b  8x2x3 
a Se: 
= 9.6 kNm 
The B.M. at the centre of a simply supported beam CD, carrying u.d.l. 
_ WX Ls _ 38x 4? 
— 8 8 
Now the B.M. diagram due to vertical loads taking each span as simply supported can be 
drawn as shown in Fig. 15.20 (0). 
(ii) B.M. diagram due to support moments 
Let M,, M,, M, and M, are the supports moments at A, B, C and D respectively. But the 


end supports of a simply supported beam are not subjected to any bending moment. Hence the 
support moments at A and D will be zero. 
M,=90 and M,=0 
To find the support moments at B and C, Clapeyron’s equation of three moments is applied 
for ABC and for BCD. 


(a) For spans AB and BC from equation of three moments, we have 


B.M. at point load at E= (. Herea=2m,b=4m) 


(. Herea=2,6=3 andL, =5) 


=6kNm. 


M,.L, + 2M, (L, +L,) + Mo. L, = 8% 4 Stam 


iy De 
666 


or 


or 


Now 


FIXED AND CONTINUOUS BEAMS 


0+ 2M, (6+5)+M,x5= 6aj%X1 | Gayxy 
6 5 


~ 6 _ 
22M, + 5Mo = AX, + 5 ApX9 .(Z) 


B F 
B.M. diagram due to loads taking each span 
as simply supported | 


(e) 


S.F. diagram 


Fig. 15.20 


a,x, = Moment of area of B.M. diagram due to vertical load on AB 
when AB is considered as simply supported beam about point A. 


i 

== x2x12x 22 4 Fxdxdax(24 2x4) 
2 2 3 

=16+80=96 


Q@_X_9 = Moment of area of B.M. diagram due to vertical load on BC 
when BC is considered as simply supported beam about point C 


Es 
2 
= 28.8 + 35.2 = 64.0 


x38x9.6x Fx3+2x2x96x(342x2) 
3 2 3 


STRENGTH OF MATERIALS 

Substituting these values in equation (Zz), we get 

6 
22M, + 5M, = 96 + B x 64 
= 172.8 (ii) 

(b) For spans BC and CD from equation of three moments, we have 

6a9Xo 2 6a3X5 
Ly Ls 


6aoX5 i 6a3X5 


M,.L, + 2M(L, +L,) +My . Ls = 


or M,x5+2M(5+4)+0= 4 (. M)=0) 
6 _ 6 _ ti 

or 5M, + 18M, = Blake + pag%3 ves did) 

where a,X_ = Moment of area of B.M. diagram due to vertical load on BC when 


BC is considered as simply supported beam, about point B 


2 1 1 
x2x96x—x2+—x3x96x|24+—x3 
3 2 3 


Nile 


= 12.8 + 43.2 = 56.0 
and a3x3 = Moment of area of B.M. diagram due to u.d.l. on CD, when CD is 
considered as simply supported beam, about point D 
Base 


= (= x Base x Altitude x 


2 4 
=ig *2xOx = Se 


3 
Substituting these values in equation (iii), we get 
6 6 
5M, + 18M, = 5 56 + a” 32 = 115.2 ..(iv) 


Solving equations (ii) and (iv), we get 
M,=6.84kNm and M,=4.48kNm. 


Now the B.M. diagram due to supports moments is drawn as shown in Fig. 15.20 (c), in 
which 


M, = 0, M, = 6.84, M, = 4.48 and M, = 0. 

The B.M. diagram due to supports moments will be negative. Resultant B.M. diagram is 
shown in Fig. 15.20 (d). 

(iii) Support Reactions 

Let R,, Rp, Ro and Rp are the support reactions at A, B, C and D respectively, 

For the span AB, taking moments about B, we get 

M,=R,x6-9x4 

or — 6.84 = 6R, — 36 (. M,=—6.84) 


36 — 6.84 
or R3= ae 4.86 KN. Ans. 


For the span CD, taking moments about C, we get 


4 
Mc=Rpx4-3x4x > 


FIXED AND CONTINUOUS BEAMS 


or — 4.48 = 4R,,- 24 (2 Mp=-4.48) 


24 - 4.48 
p=——q = 488 KN. Ans. 


Now taking moments about C for ABC, we get 
Mo=R,x (64+5)-9(5+4)+R,x5-8x3 


or — 4.48 = 4.86 x 11-9x9+R,x 5-24 (. M,=- 4.48, R, = 4.86) 
: 5Rp = 81+ 24 — 4.86 x 11 — 4.48 = 47.06 
47.06 
3 =~ =9.41 KN. Ans. 
Now Ro = Total load on ABCD —-(R, + Rg + Rp) 
=(9+8+4+4x 3)—(4.86 + 9.41 + 4.88) 
= 9.85 KN. Ans. 


Now complete the S.F. diagram as shown in Fig. 15.20 (e). 

15.9.3. Clapeyron’s Equation of Three Moments Applied to Continuous Beam 
with Fixed end Supports. We have seen in Art. 15.9.2 that fixing moments on the ends of a 
simply supported continuous beam are zero. But in case of a continuous beam fixed at its one or 
both ends, there will be fixing moments at the ends, which are fixed. To analyse the continuous 
beam which is fixed at the ends by the equation of three moments an imaginary support of zero 
span is introduced. The fixing moment at this imaginary support is always equal to zero. 


(a) Continuous beam fixed at A (6) Continuous beam with zero span 


Fig. 15.21 


Ifthe beam is fixed at the left end A, than an imaginary zero span is introduced to the left 
of A as shown in Fig. 15.21 (6). But if the beam is fixed at the right end, then an imaginary zero 
span is introduced to the right end support. After this Clapeyron’s equation of three moments is 
applied. 

Problem 15.12. A continuous beam ABC of uniform section, with span AB and BC as 
4m each, is fixed at A and simply supported at B and C. The beam is carrying a uniformly 
distributed load of 6 kN/m run throughout its length. Find the support moments and the reac- 
tions. Also draw the bending moment and S.F. diagrams. 


Sol. Given : 

Length AB, L,=4m 
Length BC, L,=4m 
U.d.L, w = 6 kN/m. 

(i) B.M. diagram due to u.d.l. taking each span as simply supported 
Consider beam AB as simply supported. The B.M. at the centre of the span AB 
_w.L? 6x4 
— 8 8 


=12kNm 


STRENGTH OF MATERIALS 
Similarly B.M. at the centre of span BC, considering beam BC as simply supported 


2 2 
w.L 2 6x4 = 12kNm 


8 8 
The B.M. diagram due to u.d.l. taking each span as simply supported is drawn in 


Fig. 15.22 (c). 
(ii) B.M. diagram due to support moments 
As beam is fixed at A, therefore introduce an imaginary zero span AA, to the left of A as 


shown in Fig. 15.22 (6). The support moment at A, is zero. 
Let M,= Support moment at A, and is zero 
M, = Support moment at A 
M,, = Support moment at B 
M,.=Support moment at C. 
The extreme end C is simply supported hence M, = 0. To find M, and M, theorem of three 


moments is used. 


6 kN/m 


(a) 


6 kN/m 


Fig. 15.22 


Applying the theorem of three moments for the spans A,A and AB, we have 
6apXy ‘ 6a4X, 


M,x0+2M,(0+L,)+M,L,= . 
1 


0 


FIXED AND CONTINUOUS BEAMS 


6a4x1 
or 0+ 2M, (0 +4)+Mgx4=0+ 7 
3 
where a,x, = Moment of area of B.M. diagram due to u.d.l. on AB when AB is 


considered as simply supported beam about point B 


= (= x Base x Altitude x 4. 


me 4x12 4 64 
= eee a 


Substituting this value in equation (Z), we get 


3 
8M, + 4M, = 5 x 64= 96 


or 2M, + M, = 24 (ii) 
Now applying the theorem of three moments for the spans AB and BC, we get 


Vol 49M, ©, tei D2 22 4 Se 


Ly Ly 
6a4X1 6a9Xo 
or M, x 4+2M,(4 + 4)+0= 7+ 7 (. Me,=0) 
8 38 _ 553 
or 4M, + 16M, = git t 5 t2%s (iti) 
where a,x, = Moment of area of B.M. diagram due to u.d.l. on AB when 


AB is considered as simply supported beam about C 


ee 4x12 4 64 
=a eee Ay = 


AX = Moment of area of B.M. diagram due to u.d.l. on BC when 
BC is considered as simply supported beam about C 


= 4x12 = = 64 
= 3 x x x 2 = is 
Substituting these values in equation (iii), we get 


3 3 
4M, + 16M, = 5 x 64+ 5 x 64 = 192 


or M, + 4M, = 48 
Multiplying the above equation by 2, we get 
2M, + 8M, = 96 ..(iv) 


Subtracting equation (ii) from equation (iv), we get 
7M, = 96 — 24 = 72 
or Mp= 2 =10.28kNm. Ans. 
Substituting this value in equation (ii), we get 
2M, + 10.28 = 24 


_ 24x 10.28 


or M, = 6.86 kNm. Ans. 


STRENGTH OF MATERIALS 


Now B.M. diagram due to support moments is drawn as shown in Fig. 15.22 (c) in which 
M, = 6.86, M, = 10.28, and M,,=0. The B.M. due to supports moments will be negative. Resultant 
B.M. diagram is also shown in Fig. 15.22 (c). 


(iii) Support Reactions 
Let R,,R, and RK, are the support reactions at A, B and C respectively. 
For the span BC, taking moments about B, we get 


4 
M,=Rox4—-6x4x > 


or — 10.28 = 4R,,— 48 (. Mz is negative) 


48 — 10.28 
or Ro= ——_ 9.43kN. Ans. 


For the span AB, taking moments about B, we get 


4 
Mn=M,+Rh,x4-6x4x > 


or — 10.28 =— 6.86 + 4R, — 48 (. M,and M, are negative) 


48 + 6.86 — 10.28 
or AZ mn =11.14kKN. Ans. 


and R, = Total load —-(R, + R,) 
=6x 8-(11.144+ 9.43) = 27.43 kN. Ans. 
Now complete the S.F. diagram as shown in Fig. 15.22 (d). 


Problem 15.13. A continuous beam ABC of uniform section, with span AB and BC as 
6 m each, is fixed at A and C and supported at B as shown in Fig. 15.23 (a). Find the support 
moments and the reactions. Draw the S.F. and B.M. diagrams of the beam. 


Sol. Given: 

Length AB, L,=6m 
Length BC, L,=6m 
U.d.l. in AB, w =2kN/m 


Point load in BC, W=12 kN. 
(i) B.M. diagram due to vertical loads taking each span as simply supported 
Consider beam AB as simply supported. The B.M. at the centre of AB 
w L,” _ 2x 6? 
8 8 
Consider beam BC as simply supported. The B.M. at the centre of BC 
_ Wx, _ 12x6 


7 =18kNm 
4 4 


The B.M. diagram due to vertical loads is drawn as shown in Fig. 15.23 (c). 

(ii) B.M. diagram due to support moments 

As beam is fixed at A and C, therefore introduce an imaginary zero span AA, and CC, to the 
left of A and to the right of C respectively as shown in Fig. 15.23 (6). The support moments at A, 
and C,, are zero. 


=9kNm. 


Let M,)=Support moment at A, and C, and it is zero 
M, = Fixing moment at A 
M,, = Support moment at B 


or 


or 


where 


or 


FIXED AND CONTINUOUS BEAMS 


M; = Fixing moment at C. 
To find M,, M, and M,, theorem of three moments is used. 
(a) Applying the theorem of three moments for the spans A ,A and AB, we get 


6ayXo n 6a 1x1 
Ly Ly 


M,x0+2M, (0+L,)+ Mg. Lj= 


(a) 


(c) 


(d) 


S.F. diagram ze 
Fig. 15.23 
6a.x 
0+ 2M,(0 + 6) +Mpx6=0+ 2+ 
12M, + 6M, = a,x, onefb) 


a,x, = Moment of area of B.M. diagram due to u.d.l. on AB when it is 


considered as simply supported beam about B. 


2 B Altitud Zi 
3 * Base x Altitude x > 
2 


6 
x6x9x | = 108. 


(se) 


Substituting this value in equation (z), we get 


12M, + 6M, = 108 
2M, +M,=18 (ii) 


(b) Applying the theorem of three moments for the span AB and BC, we get 


6a4X, rn 6A_X5 


M,.L,+2M,(L, +L,)+M,L, = 
Ly Ly 


STRENGTH OF MATERIALS 


6ajX1 | Gagxy 
or M,x6+2M,(6 + 6)+M,x6= a 6 


_ 2 6 
where a4%1 = 9 X6x9x 5 = 108 


AX = Moment of area of B.M. diagram due to point load on BC when it is 
considered as simply supported beam about C 


1 
= 9 6x 18x3= 162 


Substituting these values in equation (iii), we get 
6M, + 24M, + 6M, = 108 + 162 = 270 
or M,+4M, +M,=45 ...(iv) 
(c) Now applying the theorem of three moments for the span BC and CC,, we get 


BayX_ Cay X; 
M,.L,, + 2M_(L, +0) + M, x 0 = —2-2 + S00 


L, Ly 
ee 
or M, x 6+2M,(6+0)+0=—22+0 
or 6M, + 12M, = ayx, oD) 


where a,x, = Moment of area of B.M. diagram due to point load on BC when it is considered 
as simply supported beam about B 


1 
Sgrexiped aise, 


Substituting this value in equation (v), we get 
6M, + 12M, = 162 (vi) 
or Mn+ 2M,= 27 
Solving equations (iz), (iv) and (vi), we get 
M, = 5.25 kNm, M, = 7.5 kNm 
and M, = 9.75 kNm. 
Now B.M. diagram due to support moments is drawn as shown in Fig. 15.23 (c). The B.M. 
due to support moments is negative. 
(iii) Support reactions 
Let R,,R, and R, are the support reactions at A, B and C respectively. 
For the span AB, taking moments about B, we get 
Mp=Ry,x6-6x2x3+M, 
or —7.5=R, x 6-36 —- 5.25 (.. M, and M, are negative) 
36 + 5.25 —-7.5 


or Ry= 4 = 5.625 KN. Ans. 


For the span BC, taking moments about B, we get 
M,=Rox6-12x3+Me, 
or —7.5 = Ro x 6 — 36 — 9.75 (.. M, and M; are negative) 


or Ro= 2 = 6.375 KN. Ans. 


FIXED AND CONTINUOUS BEAMS 


Now R, = Total load — (R, + Ro) 
= (6 x 2+ 12)—(5.625 + 6.375) =12kN. Ans. 
The S.F. is shown in Fig. 15.23 (d). 


HIGHLIGHTS 


: 


2. 


A beam whose both ends are fixed is known as fixed beam. And a beam which is supported on 
more than two supports is known as a continuous beam. 

In case of a fixed beam : 

Gi)a=a’ (ii)ax=a’x’ and x=x’ 

Or 
(i) The area of B.M. diagram due to vertical loads is equal to the area of B.M. diagram due to end 
moments. 
(ii) Distance of C.G. of B.M. diagram due to vertical loads is equal to the distance of C.G. of B.M. 
diagram due to end moments from the same point. 
The deflection at the centre of a fixed beam carrying a point load at the centre is given by 
_ we 
Ye * {92KT 
where W = Point load, 
L = Length of beam. 
The deflection at the centre of a fixed beam carrying a point load at the centre is one-fourth of the 
deflection of a simply supported beam. 
The deflection of a fixed beam with an eccentric load, under the point load is given by, 
7 Wap? 
~ Sere * 
(a) For a fixed beam carrying uniformly distributed load over the whole length : 
Wx LP? 
12 


Ve 


End moments = 


ep 
384EI 
(6) The deflection at the centre of a fixed beam carrying uniformly distributed load over the whole 
span is one-fifth of the deflection of a simply supported beam. 


Max. deflection = 


The end moments of a fixed beam due to sinking of a support is given by 


where 5= Sinking of one support with respect to the other. At the higher end this moment is —ve 
whereas at the lower end it is positive. 


Clapeyron’s theorem of three moments for a continuous beam ABC is given by, 
Ly Ly 
where a, = Area of B.M. diagram due to vertical loads on span AB 
a, = Area of B.M. diagram due to vertical loads on span BC 


M,.L, +2M,(L, +L) +MoxL= 


X, = Distance of C.G. of B.M. diagram due to vertical loads on AB from A 
Xo = Distance of C.G. of B.M. diagram due to vertical loads on BC from point C. 


STRENGTH OF MATERIALS 


9. 


To apply the theorem of three moments to a fixed continuous beam, an imaginary support of zero 
span is introduced. 


EXERCISE 


oe 


10. 


(A) Theoretical Questions 


What do you mean by a fixed beam and a continuous beam ? 
Prove that for a fixed beam : 


(i) Area of B.M. diagram due to vertical loads is equal to the area of B.M. diagram due to end 
moments. 


(ii) Distance of C.G. of B.M. diagram due to vertical loads is equal to the distance of C.G. of B.M. 
diagram due to end moment from the same point. 

Find an expression for the deflection for a fixed beam carrying a point load at the centre. Also 

obtain the value of maximum deflection. 

Prove that the deflection at the centre of a fixed beam is one-fourth the deflection of a simply 

supported beam of the same length, when they carry a point load W at the centre. 

Draw the S.F. and B.M. diagrams for a fixed beam, carrying an eccentric load. 

Prove that the deflection at the centre of a fixed beam, carrying a uniformly distributed load is 

given by 


wl 

Ye * 3841 
Determine the position of points of contraflexures also. 
Derive an expression for the fixing moments, when one of the supports of a fixed beam sinks down 
by 6 from its original position. 
What are advantages and disadvantages of a fixed beam over a simply supported beam ? 
What is the Clapeyron’s theorem of three moments ? Derive an expression for Clapeyron’s theo- 
rem of three moments. 


How will you apply Clapeyron’s theorem of three moments to a 
(i) continuous beam with simply supported ends 
(ii) continuous beam with fixed end supports ? 


(B) Numerical Problems 


A fixed beam AB, 5 m long, carries a point load of 48 KN at its centre. The moment of inertia of the 
beam is 5 x 10’ mm‘ and value of E for the beam material is 2 x 10° N/mm?. Determine : 

(i) Fixed end moments at A and B, and 
(ii) Deflection under the load. [Ans. (i) M, = M, = 30 kNm, (ii) 3.125 mm] 
A fixed beam of length 5 m carries a point load of 20 KN at a distance of 2 m from A. Determine the 
fixed end moments and deflection under the load, if the flexural rigidity of the beam is 
1x 10*kNm?. [Ans. M, = 14.4kNm, M, = 9.6 kNm, y,= 1.15 mm] 
A fixed beam of length 6 m carries point loads of 20 KN and 15 kN at distances 2 m and 4 m from 
the left end A. Find the fixed end moments and the reactions at the supports. Draw B.M. and S.F. 
diagrams. [Ans. M, = 24.44 kNm, M, = 22.22 kNm, Rf, = 18.70 KN, R, = 16.30 KN] 
A fixed beam of length 3 m carries two point loads of 30 kN each at a distance of 1 m from 
both the ends. Determine the fixing moments and draw the B.M. diagram. 

[Ans. M, = M, = 20 kNm] 


10. 


FIXED AND CONTINUOUS BEAMS 


A fixed beam AB of length 6 m carries a uniformly distributed load of 3 KN/m over the left half of 
the span together with a point load of 4 KN at a distance of 4.5 m from the left end. Determine the 
fixing end moments and the support reactions. 
[Ans. M, = 7.3 kNm, M, = 6.2 kNm, R, = 7.93 kN, Rp = 5.07 kN] 
A fixed beam AB of length 6 m is having moment of intertia J = 5 x 10° mm‘. The support B sinks 
down by 6 mm. If F = 2 x 10° N/mm? find the fixing moments. [Ans. M, = M, = 1000 Nm] 
A continuous beam ABC of length 10 m rests on three supports A, B and C at the same level in 
which span AB = 6m and span BC = 4m. In span AB ,, there is a point load of 3 KN at a distance 
of 2 m from the end A, whereas in the span BC, there is a uniformly distributed load of 1 kN/m run 
over the whole length. Determine the support moments and support reactions. Draw S.F. and 
B.M. diagrams also. [Ans. (1) M, = M, = 0, M, = 2.4kNm, 
(ii) R, = 1.6 kN, Rp = 4 KN, Ro = 1.4 kN] 
A continuous beam consists of three successive span of 8 m, 10 m and 6 m and carries loads of 
6 kN/m, 4 kN/m and 8 kN/m respectively on the spans. Determine the bending moments and 
reactions at the supports. [Ans. (i) M, = M, = 0, M, = 32.2 kNm, M, = 40.16 kN, 
(ii) R, = 18.98 kN, Rp = 49.82 kN, Ro = 48.57 kN, Rp = 18.63 kN] 
A continuous beam ABC consists of two consecutive spans AB and BC of length 8 m and6m 
respectively. The beam carries a uniformly distributed load of 1 kN/m throughout its length. The 
end A is fixed and the end C is simply supported. Find the support moments and the reactions. 
Also draw the S.F. and B.M. diagrams. [Ans. (7) M, = 5.75 kNm, M, = 4.5 kNm, M, = 0, 
(ii) R, = 4.15 kN, Rp = 7.6 KN, Ry = 2.25 kN] 
Draw the S.F. and B.M. diagram of a continuous beam ABC of length 10 m which is fixed at A and 
is supported on B and C. The beam carries a uniformly distributed load of 2 kN/m length over the 
entire length. The spans AB and BC are equal to 5 m each. 
[Ans. (i) M, = 3.57 kNm, M, = 5.357 kNm, M, = 0, 
(ii) Ry = 5.357 KN, Rp = 8.571 KN, Ry = 6.071 kN] 


16.1. INTRODUCTION 


A shaft is said to be in torsion, when equal and opposite torques are applied at the two 
ends of the shaft. The torque is equal to the product of the force applied (tangentially to the 
ends of a shaft) and radius of the shaft. Due to the application of the torques at the two ends, 
the shaft is subjected to a twisting moment. This causes the shear stresses and shear strains 
in the material of the shaft. 


16.2. DERIVATION OF SHEAR STRESS PRODUCED IN A CIRCULAR SHAFT 
SUBJECTED TO TORSION 


When a circular shaft is subjected to torsion, shear stresses are set up in the material of 
the shaft. To determine the magnitude of shear stress at any point on the shaft, consider a 
shaft fixed at one end AA and free at the end BB as shown in Fig. 16.1. Let CD is any line on 
the outer surface of the shaft. Now let the shaft is subjected to a torque T at the end BB as 
shown in Fig. 16.2. As a result of this torque 7, the shaft at the end BB will rotate clockwise 
and every cross-section of the shaft will be subjected to shear stresses. The point D will shift to 
D’ and hence line CD will be deflected to CD’ as shown in Fig. 16.2 (a). The line OD will be 
shifted to OD’ as shown in Fig. 16.2 (b). 


LN 
y 


Fig. 16.1. Shaft fixed at one end AA before torque T is applied. 


Let FR = Radius of shaft 
L = Length of shaft 
T = Torque applied at the end BB 
t = Shear stress induced at the surface of the shaft due to torque T 
C = Modulus of rigidity of the material of the shaft 
6 = ZDCD’ also equal to shear strain 
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8 = ZDOD’ and is also called angle of twist. 


A “BT 
“Tt 
Z| 
D’ 
o 
4 aol 
| # D 
Z| 
Z| 
Z| 
Z| 
Z| 
a TREY 
lt L P| 
(a) (b) 
Fig. 16.2. Shaft fixed at AA and subjected to torque T at BB. 


Now distortion at the outer surface due to torque T 
= DD’ 
Shear strain at outer surface 
= Distortion per unit length 
Distortion at the outer surface _ DD’ 


Length of shaft L 
DD’ 
= Gp =tane 
= (if @ is very small then tan =~ 0) 
Shear strain at outer surface, 
DD’ ; 
d= : (2) 


Now from Fig. 16.2 (6). 
Are DD’ = OD x 8 = RO (. OD = R = Radius of shaft) 
Substituting the value of DD’ in equation (i), we get 
Shear strain at outer surface 
Rx0 
ey 
Now the modulus of rigidity (C) of the material of the shaft is given as 


--(it) 


_ Shear stressinduced _ Shear stress at the outer surface 


~ Shear strain produced _ Shear strain at outer surface 
Tt 
RO 
(T) 
txL 
~ RO 
Ce 
ee 


t From equation (ii), shear strain = *) 


(16:4) 


TORSION OF SHAFTS AND SPRINGS 


_ RxCxe 
a 
Now for a given shaft subjected to a given torque (T), the values of C, 8 and L are 
constant. Hence shear stress produced is proportional to the radius R. 


tc R or 7 = constant (Zit) 
If qg is the shear stress induced at a radius 7’ from the centre of the shaft then 
Fo (16.2) 
But - = < from equation (16.1) 
e-Sat (16.3) 


From equation (ziz), it is clear that shear stress at any point in the shaft is proportional 
to the distance of the point from the axis of the shaft. Hence the shear stress is maximum at 
the outer surface and shear stress is zero at the axis of the shaft. 

16.2.1. Assumptions Made in the Derivation of Shear Stress Produced in a 
Circular Shaft Subjected to Torsion. The derivation of shear stress produced in a circular 
shaft subjected to torsion, is based on the following assumptions : 

1. The material of the shaft is uniform throughout. 

2. The twist along the shaft is uniform. 

3. The shaft is of uniform circular section throughout. 

4. Cross-sections of the shaft, which are plane before twist remain plain after twist. 

5. All radii which are straight before twist remain straight after twist. 


16.3. MAXIMUM TORQUE TRANSMITTED BY A CIRCULAR SOLID SHAFT 


The maximum torque transmitted by a circular solid shaft, is obtained from the maxi- 
mum shear stress induced at the outer surface of the solid shaft. Consider a shaft subjected to 
a torque T as shown in Fig. 16.3. 

Let | t=Maximum shear stress induced at the outer surface 

R = Radius of the shaft 
qg = Shear stress at a radius ‘7’ from the centre. 
Consider an elementary circular ring of thickness ‘dr’ at a distance ‘7’ from the centre as 


shown in Fig. 16.3. Then the area of the ring, 
dA = 2nrdr 
From equation (16.2), we have 
tT _q 
Ror 
Shear stress at the radius r, 
Tt r 
g= R r=T R 
Fig. 16.3 
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Turning force on the elementary circular ring 
= Shear stress acting on the ring x Area of ring 


=qxdA 
- (: =1x5) 
=x > x 2nrdr “ @ R 
T 2 
= — x 2nr“dr 
R 


Now turning moment due to the turning force on the elementary ring, 
aT = Turning force on the ring x Distance of the ring from the axis 


x 2nr2dr xr 


= x 2nuredr ...[16.3 (A)] 


The total turning moment (or total torque) is obtained by integrating the above 
equation between the limits 0 and R 


4 
=F x anx atx td xR 
3 
Tt D D 
_ Hu dl — Rat 
rx Bx (2) ( >| 
3 D 
mtx tx sstx teak 1D} (16.4) 


Problem 16.1. A solid shaft of 150 mm diameter is used to transmit torque. Find the 


maximum torque transmitted by the shaft if the maximum shear stress induced to the shaft is 
45 N/mm?. 


Sol. Given : 
Diameter of the shaft, D=150mm 
Maximum shear stress, 1t = 45 N/mm? 


Let T = Maximum torque transmitted by the shaft. 
: : eee ree 3 
Using equation (16.4), = 6 tD°= 16 x 45 x 150 


= 29820586 N-mm = 29820.586 N-m. Ans. 


Problem 16.2. The shearing stress of a solid shaft is not to exceed 40 N/mm? when the 
torque transmitted is 20000 N-m. Determine the minimum diameter of the shaft. 
Sol. Given : 


Maximum shear stress, 1 = 40 N/mm? 
Torque transmitted, T = 20000 N-m = 20000 x 10? N-mm 
Let D = Minimum diameter of the shaft in mm. 
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Using equation (16.4), 


T 
eo 3 
er ad 
16T "3 (16x 20000 x 108 
or D= (=) = = 136.2 mm. Ans. 
TT tx 40 


16.4. TORQUE TRANSMITTED BY A HOLLOW CIRCULAR SHAFT 


Torque transmitted by a hollow circular shaft is obtained in the same way as for a solid 
shaft. Consider a hollow shaft. Let it is subjected to a torque T as shown in Fig. 16.4. Take an 
elementary circular ring of thickness ‘dr’ at a distance r from the centre as shown in Fig. 16.4. 


Let R, = Outer radius of the shaft | 
R, = Inner radius of the shaft 


r = Radius of elementary circular ring aN 
dr = Thickness of the ring CRY 
we 


t = Maximum shear stress induced at outer 
surface of the shaft 


q = Shear stress induced on the elementary ring 
dA = Area of the elementary circular ring 


= 2ur x dr 
Shear stress at the elementary ring is obtained from Fig. 16.4. Hollow shaft. 
equation (16.2) as 
.8 ("Here outer radius R = Ry) 
Ryo or 
T 
= Ry xr 
Turning force on the ring = Stress x Area=q xdA 
: cas 
ae eid . 1 Ro 
ar 
= 20 pr dr 


0 
Turning moment (dT) on the ring, 
aT = Turning force x Distance of the ring from centre 


tT tT 
ce ea eee 
The total turning moment (or total torque T) is obtained by integrating the above equa- 
tion between the limits R, and R,. 
R R 
T= | ° dT =[ ° on — 3 dr 
R; R, Ro 
T Ro 3 
= 2x — d 
2n BR Ie rar 
(.- tand R, are constant and can be taken outside the integral) 
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4 7Ro 4 4 
pg ON eo 
Rol 4 Ip Ry 4 


4_p4 
2 Te (16.5) 
2 Ry 
Let D, = Outer diameter of the shaft 
D, = Inner diameter of the shaft. 
D 


D, ; 
Then R= and R,= =. 


Substituting the values of R, and R, in equation (16.5), 


(BY-2))_. [2-3 
Tt 2 2 Tt 16 16 


T=31 Dy arias Do 
D) 2 
fe | Dn SPE ge 
ee 16 Do 
r Dy‘ - D;! 
Stes i eG. 
et D, | (16.6) 


16.5. POWER TRANSMITTED BY SHAFTS 


Once the expression for torque (7) for a solid or a hollow shaft is obtained, power trans- 
mitted by the shafts can be determined. 
Let N =r.p.m. of the shaft 
T = Mean torque transmitted in N-m 
@ = Angular speed of shaft. 


2nNT * 
Then Power = - watts ...(16.7) 
i é 2nN 0) 
=r " “60 
=Txo ...[16.7 (A)] 


Problem 16.3. In a hollow circular shaft of outer and inner diameters of 20 cm and 
10 cm respectively, the shear stress is not to exceed 40 N/mm?. Find the maximum torque 
which the shaft can safely transmit. 

Sol. Given : 

Outer diameter, D, = 20 cm = 200 mm 

Inner diameter, D, = 10 cm = 100 mm 

Maximum shear stress, t= 40 N/mm? 

Let T= Maximum torque transmitted by the shaft. 


*The torque T obtained by this formula is the average (or mean) torque. 
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Using equation (16.6), 


p= ¢[ Do DA] _ © ,, 4o [2004 - 1004 
16 200 


T 16 x 10° —-1x 10° 
== AG 
16 200 


= §8904.86 N-m. Ans. 

Problem 16.4. Two shafts of the same material and of same lengths are subjected to the 
same torque, if the first shaft is of a solid circular section and the second shaft is of hollow 
circular section, whose internal diameter is 2/3 of the outside diameter and the maximum 
shear stress developed in each shaft is the same, compare the weights of the shafts. 


Sol. Given : 
Two shafts of the same material and same lengths (one is solid and other is hollow) 
transmit the same torque and develops the same maximum stress. 
Let T = Torque transmitted by each shaft 
t= Max. shear stress developed in each shaft 
D = Outer diameter of the solid shaft 
D, = Outer diameter of the hollow shaft 
D, = Inner diameter of the hollow shaft = 2D, 
W, = Weight of the solid shaft 
W,, = Weight of the hollow shaft 
L = Length of each shaft 
w = Weight density of the material of each shaft. 
Torque transmitted by the solid shaft is given by equation (16.4) 


| = 58904860 N-mm 


T 
T= a? AC) 
16 * (i) 
Torque transmitted by the hollow shaft is given by equation (16.6), 


pat {| Do Di | _ % | Dot - (2/3 Dy)" 
16 | Do 16 Do 
4 16,4 
alte Do ~ gi? | on x BEDo 
~ 16 Do ~ 16 81x Do 
T 65 Dy? : 
ago i .. (it) 
As torque transmitted by solid and hollow shafts are equal, hence equating equations 
(z) and (ii), 
EK ns_ 7 8 pa 
ig te" ei 
Cancelling 7 t from both sides 
65. 3 
3= —D, 
or D 81° 
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V/3 V3 
65 3 65 a 
D = = Do -($) Do = 0.929 Dy ...(LLL) 
Now weight of solid shaft, W, = Weight density x Volume of solid shaft 
= w x Area of cross-section x Length 
=w x ; D?xL ...(iv) 
Weight of hollow shaft, 
W,, =w ~x Area of cross-section of hollow shaft x Length 


=w x 7 (Dj? -D?| x L = w x + (Dg? = (2/3 D)?] x L 
T 2 4 2 1 5 
ie | Dy = se pe 
wx 4D, 9 0] xz wx 7X9 Dy x L (UV) 
Dividing equation (iv) by equation (v), 
NT n2 
caer ae xL _ 9D? 
2 
Wi, wx Ex 2D? xL 5Do 


W. 


Ses 


9 (0.929D,)? 
= — xX —————uW—_ 
Dy” 


5 
9 2 
? 0.9292 x Po_ _ 1.55 
5 D,2 


[.- D=0.929 Dy from equation (ziz)] 


Weight of solidshaft 1.55 
Weight of hollow shaft 1 
Problem 16.5. A solid circular shaft and a hollow circular shaft whose inside diameter 


Ans. 


. (3 : : : . 
is (3) of the outside diameter, are of the same material, of equal lengths and are required to 


transmit a given torque. Compare the weights of these two shafts if the maximum shear stress 
developed in the two shafts are equal. 


Sol. Given : 
3 
Dia. of hollow shaft, D, = Z Dia. at outside 


= “ D.= 0.15 Ds 
Let L = Length of both shaft (equal length), 
T = Torque transmitted by each shaft (equal torque), 
t = Maximum shear stress developed in each shaft (equal max. shear stress), 
D = Dia. of solid shaft, 
W, = Weight of solid shaft, and 
W,, = Weight of hollow shaft. 
Torque transmitted by a solid shaft is given by equation (16.4) as 


Pe xe (i) 
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Torque transmitted by a hollow shaft is given by equation (16.6) as 


Do = De D.(075.03 
re Extn |? A) = xen] < 0) 
0 


eels _ 4)_ 5 = 
aa tS Dp [1 (0.75)"] = Fg xt Do x [1 — 0.3164] 


T 
=ae x D,? x 0.6836 


But torque transmitted by solid shaft 
= Torque transmitted by hollow shaft. 
Hence equating equations (i) and (ii), we get 


(it) 


jg Xt XD = Fe x Tx Do? x 0.6836 or D* = 0.6836 D,? 


* D = (0.6836) x D, or D = 0.8809 D, ...(Zit) 
Now weight of solid shaft, 


W, =p xg x Volume of solid shaft 


=pxgx Ga xL) iv) 
Weight of hollow shaft, 
W, =p x g x Volume of hollow shaft 


Tl Tl 
=pxgx [Ec,? —D,?)x L =pxExT [D,? — (0.75D,)?] x L 
=pxgx 7 [D,” — 0.5625D,7] x L=p xg x a x D,2(1 — 0.5625) x L 


=pxgx ri x D,? x 0.4375 x L ..(U) 
Dividing equation (iv) by equation (v), 
Ww px gx 7 x D? x L D2 
Ss _ — 
7 2 
We pxgx i x Dy? X0.4375xL 9.4875 Do 


0.8809 Dy)” 
~ a [. From (iii), D = 0.8809 D,| 
. 0 
0.4375 Dy” 


Problem 16.6. A hollow circular shaft 20 mm thick transmits 300 RW power at 200 r.p.m. 


Determine the external diameter of the shaft if the shear strain due to torsion is not to exceed 
0.00086. Take modulus of rigidity = 0.8 x 10° N/mm?. 


= 1.7737. Ans. 


Sol. Given : 
Thickness, t= 20 mm 
Power transmitted, P = 300 kW = 300,000 W 


STRENGTH OF MATERIALS 


or 


or 


or 


Speed, N = 200 r.p.m. 
Shear strain, = 0.00086 
Modulus of rigidity, C = 0.8 x 10° N/mm? 
Let D, = External dia. of shaft and 
D, = Internal dia. of shaft 
Then D, =D, + 2t = D, + 2 x 20 
2 D,= D, — 40 ..(Z) 
Using equation (16.7), 
pu 2! “@eree) de 3000004 arene (or T x w) 
300000 x 60 
= a onur 14323.9 N-m 
= 14323.9 x 1000 N-mm = 14323900 N-mm. 
Aise qelenn: 7 Shear BWneHe 
Shear strain 
Shear stress 
0.8 x 10° = ———_—_ 


0.00086 
Shear stress (t) = 0.8 x 10° x 0.00086 = 68.8 N/mm2 


Now using equation (16.6), 


rt (Dy* - D,*) 
T= 16 xTx D, 
14323900 = —- x 68.8 (Dot - D;*) 
= —— X oT. ee 
16 D, 


14323900 x 16 x D 


TX 68.8 
1060334.6 D) = Dt = D4 = oF + DP) (D2 = a?) 


Substituting the value of D, from equation (i) into the above equation, we get 
1060334.6 D, = [D,? + (D, — 40)][D,? — (Dy — 40)? 
= [D,2 + D,2 + 1600 — 80D,][D,? — D,? — 1600 + 80D,] 
= (2D, + 1600 — 80D,)(80D, — 1600) 
= 2(D,? + 800 — 40D,)80(D, — 20) 
= 160(D,? — 40D, + 800)(D, — 20) 


0 _ Hee De 


1060334.6D 
Feo = Dr? - 40D, + 800), - 20) 


6627 D, = D,3 - 20D,2 - 40D,? + 800D, + 800D, — 16000 
= D,3 - 60D,? + 1600D, — 16000 
D,3 - 60D,2 + 1600D, - 6627D, — 16000 = 0 
D,? - 60D,? - 5027D, — 16000 = 0 di) 


Equation (iz) is solved by trial and error method. 
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(i) Let D) = 100 mm. 
Substituting this value of D, in the L.H.S. of equation (iz), we get 
L.H.S. = 100° — 60 x 100? — 5027 x 100 — 16000 
= 1000000 — 600000 — 502700 — 16000 = 1000000 — 1118700 = — 118700 
(ii) Let D,)=110 mm 
Substituting this value in the L.H.S. of equation (ii), we get 
L.H.S. = 110? — 60 x 110? — 5027 x 110 — 16000 
= 1331000 — 726000 — 552970 — 16000 = 1331000 — 1294970 = 36030 
When D, = 100 mm, the L.H.S. of equation (iz), is negative but when D, = 110 mm, 
the L.H.S. is positive. Hence the value of D, lies between 100 and 110 mm. The value of D, 
is more nearer to 110 mm as 36030 is less than 118700. 
(iii) Let D, = 108 mm. 
Substituting this value in the L.H.S. of equation (ii), we get 
L.H.S. = 108% — 60 x 108? — 5027 x 108 — 16000 
= 1259910 — 699840 — 542916 — 16000 = 1259910 — 1258716 = 1194 
The value of Dy will be slightly less than 108 mm, which may be taken as 107.5 mm. Ans. 
Problem 16.7. A hollow shaft of external diameter 120 mm transmits 300 kW power at 
200 r.p.m. Determine the maximum internal diameter if the maximum stress in the shaft is not 
to exceed 60 N/mm?. 


Sol. Given : 
External dia., D, = 120 mm 
Power, P = 300 kW = 300,000 W 
Speed, N = 200 r.p.m. 
Max. shear stress, 1 = 60 N/mm? 
Let D, = Internal dia. of shaft 
Using equation (16.7), 
Pe 2uNT or 300.000 = 2x x 200xT 
60 : 60 
300,000 x 60 
= aon) 14323.9 N-m 


= 14323.9 x 1000 Nmm = 14323900 N-mm 
Now using equation (16.6), 


4 4 
T= 7 xTxX Wo oa ) 
or 4235500 eh 
16 120 
14323900 x 16 x 120 
or ey, = 1204— D4 
145902000 = 207360000 — D,4 
or D4 = 207360000 — 145902000 = 61458000 


D, = (61458000)"4 = 88.5 mm. Ans. 689 
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Problem 16.8. Find the maximum shear stress induced in a solid circular shaft of 
diameter 15 cm when the shaft transmits 150 RW power at 180 r.p.m. 


Sol. Given : 

Diameter of shaft, D=15 cm = 150 mm 
Power transmitted, P = 150 kW = 150 x 10° W 
Speed of shaft, N = 180 r.p.m. 


Let t = Maximum shear stress induced in the shaft 
Power transmitted is given by equation (16.7) as 
2unNT 
P= 
60 
150 x 102 2n x 180x T 
x Sona 
60 
150 x 10° x 60 
= ————_ = 7957.7 Nm = 7957700 N. 
2n x 180 = ee 
Now using equation (16.4) as, 
1 
_~ — 23 
= 6 wW 
7957700 = — x t x 1508 
6 * 
16 x 7957700 
= ———___— = 12 N/mm”. Ans. 
mx 150 


Problem 16.9. A solid cylindrical shaft is to transmit 300 RW power at 100 r.p.m. 
(a) If the shear stress is not to exceed 80 N/mm?, find its diameter. 


(6) What percent saving in weight would be obtained if this shaft is replaced by a hollow 
one whose internal diameter equals to 0.6 of the external diameter, the length, the material and 
maximum shear stress being the same ? 


Sol. Given : 
Power, P = 300 kW = 300 x 10° W 
Speed, N = 100 
Max. shear stress, 1 = 80 N/mm? 
(a) Let D = Dia. of solid shaft 
Using equation (16.7), 
2nNT 
~ 60 
300 x 102 = 2eX100xT 
7 60 
3 
T= sea UES = 28647.8 N-m = 28647800 N-mm 
2n x 100 


Now using equation (16.4), 
sn, 3 ee 3 

T= 16 xtx D° or 28647800 = 16 x 80 x D 

ee 8 x 28647800 


mx 80 
= say 122.0mm. Ans. 


1/3 
= 121.8 mm 
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(b) Percent saving in weight 
Let D, = External dia. of hollow shaft 
D, = Internal dia. of hollow shaft 
=0.6x D,. (given) 

The length, material and maximum shear stress in solid and hollow shafts are given 
the same. Hence torque transmitted by solid shaft is equal to the torque transmitted by hollow 
shaft. But the torque transmitted by hollow shaft is given by equation (16.6). 

Using equation (16.6), 
fox Tx (Do" = Di) - Di") 
16 Do 
B59 5, Pot = (0.6 Do)*] je Boe 
~ 16 Dy : ore 
[Dy* — (0.6 Dy)*] 
Do 


=m x 50x 


But torque transmitted by solid shaft 
= 28647800 N-mm 
Equating the two torques, we get 


0.8704 Do* 
28647800 = rm x 50 x a; aa =m x 50 x 0.8704 DS? 


1/3 
Dy = ( 28647800 = 127.6 mm = say 128 mm 


mx 50 x 0.8704 
Internal dia. D, = 0.6 x Dy) = 0.6 x 128 = 76.8 mm 
Now let W, = Weight of solid shaft, 
and W,, = Weight of hollow shaft. 
Then W, = Weight density x Area of solid shaft x Length 
=W x ; Dx L (where w = weight density) 
Similarly W,, = Weight density x Area of hollow shaft x Length 


=wx 7 (De-D?IxL 
(* Both shafts are of same length and of same material) 
Now percent saving in weight 
W, — W,, 


W, x 100 


wx =D? xL-wx™[D,2 - D21x L 
ae, eee ee 
wx TD? xL 


D? AG (Do” = D;”) 
5) x 


100 [Cancelling wx=x 1 
D 4 
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122” — (1287 — 76,87) 14884 — (16384 — 5898) 
= 1292 x 100 = 14884 x 100 
14884 — 10486 


= 44884. x 100 = 29.55%. Ans. 


Problem 16.10.A solid steel shaft has to transmit 75 kW at 200 r.p.m. Taking allowable 
shear stress as 70 N/mm?, find suitable diameter for the shaft, if the maximum torque trans- 
mitted at each revolution exceeds the mean by 30%. 

Sol. Given : 

Power transmitted, P=75kW=75 x 10° W 

R.P.M. of the shaft, N = 200 


Shear stress, t= 70 N/mm? 
Let T = Mean torque transmitted 
T ,ax = Maximum torque transmitted = 1.3 T 


D = Suitable diameter of the shaft 
Power is given by the relation, 


_ 2nNT 


60 
2n x 200 x T 


60 
_ 75x 10° x 60 

2n x 200 
Trax = 1.3 T = 1.3 x 3580980 = 4655274 N-mm. 


max 


or 75 x 108 = 


= 3580.98 N-m = 3580980 N-mm 


Macinad torque transmitted by a solid shaft is given by equation (16.4) as, 


T 
ma 7g 


a 4655274 = <a x 70 x D3 


1/3 
eee) e597 naa Tenn, Ae 
tx 70 


Problem 16.11. A hollow shaft is to transmit 300 RW power at 80 r.p.m. If the shear 
stress is not to exceed 60 N/mm? and the internal diameter is 0.6 of the external diameter, find 
the external and internal diameters assuming that the maximum torque is 1.4 times the mean. 


Sol. Given : 
Power transmitted, P = 300 kW = 300 x 10° W 
Speed of the shaft, N = 80 r.p.m. 
Maximum shear stress, 1= 60 N/mm? 
Internal diameter, D, = 0.6 x External diameter = 0.6 D 
Maximum torque, T ,ax = 1-4 times the mean torque = 1.4 x T 
Power is given by the relation, 
2nNT 
~ 60 
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= 35809.8 N-m 


60xP  60x300x 10? 
or T= = 
2nN 2n x 80 
T wax = 1-4 T = 1.4 x 35809.8 N-m 
= 50133.7 N-m = 50133700 N-mm. 
Now maximum torque transmitted by a hollow shaft is given by equation (16.6) as, 


i oe Ds _ D,’ 
max 16 x TX Do 
50133700 = —- x 60 Do! ~ O6Dy)* 
or = 16 x x Dy 
Llc Dy* — .1296Dy* LIE. oa os ree GS 
=F6 * D, a5 i 
p, . (18%50138700 a sgaae 7 
0 | ax60x.8704) ~~ = Pee WON 
and D, = 0.6 x Dy = 0.6 x 170 = 102 mm. Ans. 


Problem 16.12. A hollow shaft, having an inside diameter 60% of its outer diameter, is 
to replace a solid shaft transmitting the same power at the same speed. Calculate the percent- 
age saving in material, if the material to be used is also the same. 

Sol. Given : 

Let D, = Outer diameter of the hollow shaft 

D, = Inside diameter of the hollow shaft = 60% of D, 
60 
meh Dy = 0.6 Dy 
D = Diameter of the solid shaft 
P = Power transmitted by hollow shaft or by solid shaft 


N = Speed of each shaft 
t = Maximum shear stress induced in each shaft. Since material of both shafts 


is same and hence shear stress will be same. 
Power by solid shaft or hollow shaft is given by 


= constant 
(.: P and WN are same for solid and hollow shafts) 


Torque transmitted by solid shaft is the same as the torque transmitted by hollow 
shaft. 
Torque transmitted by solid shaft is given by equation (16.4) as 
T 
— ead 3 i 
16 tD ale 
Torque transmitted by hollow shaft is given by equation (16.6) as 
Tl Dy* - D,* = Tl ‘i Dy‘ = (.6D))* 
~ 16 Do 
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D 4 _ 0.1296 D . 

T 0 0 T 

= TT = TW EI 8 wid 
ae “| Do | 1 t x 0.870 0 (ii) 


Since torque transmitted is the same and hence equating equations (i) and (ii) 


1 D3 = — + x 0.8704 D,°. 
is 


“ 
= nae D, = 0.9548 Dy. 
.. Area of solid shaft = D2 =— 7 0. 9548 D,)? = 0.716 D,” 
Area of hollow shaft = 4 [D,2- os = FD, - 0.6 DI 
wT 


1 Po’ - 0.36 D,°l = 7 x 0.64 D,? = 0.502 D,*. 


For the shafts of the same eer the weight a the shafts is proportional to the areas. 
Saving in material = Saving in area 
_ Area of solid shaft — Area of hollow shaft 


Area of solid shaft 
.716D,* — 0.502D,2 
zee ee oes. 
0.716Dy 


Percentage saving in material = 0.2988 x 100 = 29.88. Ans. 


16.6. EXPRESSION FOR TORQUE IN TERMS OF POLAR MOMENT OF INERTIA 


Polar moment of inertia of a plane area is defined as the moment of inertia of the area 
about an axis perpendicular to the plane of the figure and passing through the C.G. of the 
area. It is denoted by symbol J. 


The torque in terms of polar moment of inertia (J) is obtained from equation [16.3 (A)] 
of Art. 16.3. 


The moment (dT) on the circular ring is given by equation [16.3 (A)] as 


t T t 
aT = — 2nr°dr = = 2ur x r2dr = R r2 x Qnr x dr 


: R 
= a dA (.:. dA = 2nr dr see Fig. 16.3) 
aT = dA ny dA j 
Total torque, a - [s a — 7 Ae sel 
But r2 dA = Moment of inertia ie the elementary ring about an axis perpendicu- 
lar to the plane of Fig. 16.3 and passing through the centre of the 


circle. 


R 
[ r? dA = Moment of inertia of the circle about an axis perpendicular to the 


plane of the circle and passing through the centre of the circle 


= Polar moment of inertia (J) = a D4. 
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Hence equation (i) becomes as 


T ies Lf 2 
T=— xd (- J=| r aa 
T T 
== al L638 
TR ( ) 

But from equation (16.1), we have 
oe 
R L 
T t CO 
pcg acer ee wl 16. 
T° ROL (16.9) 


where C= Modulus of rigidity 
0 = Angle of twist in radiation 
L = Length of the shaft. 


16.7. POLAR MODULUS 


Polar modulus is defined as the ratio of the polar moment of inertia to the radius of the 
shaft. It is also called torsional section modulus. It is denoted by Z,. Mathematically, 


mi 
Z,=> 
(a) For a solid shaft, = a D* 
tpt 2 
32 32 Mac, 
= = = ..(16.10 
PR D2 ~«16 ( ) 
(b) For a hollow shaft, J = 9 (D,* - D3) (16.11) 
ayo =D] 
Z a [ae (Here R is the outer radius) 
(. ns) 
2 
Tl 
39 Po" HOE > Z 
“<—__.— = —— x [D,!- D1 ...(16.12) 


DjJ/2 ‘16D, 


16.8. STRENGTH OF A SHAFT AND TORSIONAL RIGIDITY 


The strength of a shaft means the maximum torque or maximum power the shaft can 
transmit. 


Torsional rigidity or stiffness of the shaft is defined as the product of modulus of rigidity 
(C) and polar moment of inertia of the shaft (J). Hence mathematically, the torsional rigidity 
is given as, 
Torsional rigidity = C x J. 
Torsional rigidity is also defined as the torque required to produce a twist of one radian 


per unit length of the shaft. 


STRENGTH OF MATERIALS 


Let a twisting moment T produces a twist of 6 radians in a shaft of length L. 
Using equation (16.9), we have 


T C6 TXxL 
a 7. or CxJ= 
But C x J = Torsional rigidity 
: sais TXxL 
Torsional rigidity = 9 


If£L =one metre and 6 = one radian 

Then torsional rigidity = Torque. 

Problem 16.13. Determine the diameter of a solid steel shaft which will transmit 90 kW 
at 160 r.p.m. Also determine the length of the shaft if the twist must not exceed 1° over the entire 
length. The maximum shear stress is limited to 60 N/mm?2. Take the value of modulus of rigid- 
ity = 8 x 104 N/mm?. 


Sol. Given : 
Power, P=90kW =90 x 10° W 
Speed, N= 160 r.p.m. 
: 8 : . qo lt . 
Angle of twist, 8=1° or 180 radian (: = 780 radian | 
Max. shear stress, t+ = 60 N/mm2 
Modulus of rigidity, C = 8 x 10+ N/mm? 
Let D = Diameter of the shaft and 


L = Length of the shaft. 
(t) Diameter of the shaft 
Using equation (16.7), 


_ 2nNT 
= 60 
90 x 18 = 2X 160xT 
r x == 
? 60 
3 
_ DURE X60 5571 AS Nan a7 1048 & 10° Nam 
2n x 160 
Now using equation (16.4), 
T 
eee 3 
‘a 16 tD 
or 5371.48 x 103 = a6 x 60 x D3 


_ 5871.48 x 10° x 16 
7 ™ x 60 

ae D = (455945)"8 = 76.8 mm. Ans. 
(ii) Length of the shaft 

Using equation (16.7), 


De? = 455945 


BL) 
RK L 
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60 _8x10*xn D 768 es 
= cay Lx 180 (: R=5=—5 mm, 0 =" radian | 
2 


_ 8x10* xxx 76.8 
~ 60x 180 x2 
Problem 16.14. Determine the diameter of a solid shaft which will transmit 300 kW at 
250 r.p.m. The maximum shear stress should not exceed 30 N/mm? and twist should not be 
more than 1° in a shaft length of 2 m. Take modulus of rigidity = 1 x 10° N/mm?. 
Sol. Given : 
Power transmitted, P = 300 kW = 300 x 10° W 
Speed of the shaft, N = 250 r.p.m. 
Maximum shear stress, t = 30 N/mm2 


or = 893.6 mm. Ans. 


Twist in shaft, @=1°= aah = 0.01745 radian 
Length of shaft, L=2m= 2000 mm 
Modulus of rigidity, C=1x 10° N/mm? 
Let D = Diameter of the shaft. 
Power is given by the relation, 
p- 2nNT 
60 
or a00 «108 
7 60 
3 
= Soe xee = 11459.1 N-m = 11459.1 x 10? N-mm 
2n x 250 
(i) Diameter of the shaft when maximum shear stress, 
t = 30 N/mm? 
Maximum torque transmitted by a solid shaft is given by equation (16.4) as 
T 
ao 3 
= 6 xtxD 
T 
eels 3 
11459100 = 16 * 30 x D 
V3 
pa ee se | 29d ee (i) 
m1 x 30 


(ti) Diameter of shaft when twist should not be more than 1°. 
Using equation (16.9), 


where J = Polar moment of inertia of solid shaft 
= as D4 
~ 82 
11459100 _ 10° x 0.01745 
T p4 2000 
32 
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_ 82x 2000 x 11459100 
~ 10° x 2x 0.01745 
D =(13377.81 x 104)"4 = 107.5 mm ...(di) 


The suitable diameter of the shaft is the greater* of the two values given by equations 
(i) and (ii). 


Diameter of the shaft = 124.5 mm say 125mm. Ans. 
*(If diameter is taken smaller of the two values say 107.5 mm, then from equation 


D* = 13377.81 x 104 


T= 7 t D®, the value of shear stress will be 


Tu 
11459100 = ie (107.5)8 


or 11459100 = 243920 + 
11459100 

_ See 2 

or = 943920. = 46.978 N/mm 


which is more than the given value of 30 N/mm). 


3 
Problem 16.15. A hollow shaft of diameter ratio g (internal dia. to outer dia.) is to 


transmit 375 kW power at 100 r.p.m. The maximum torque being 20% greater than the mean. 
The shear stress is not to exceed 60 N/mm? and twist in a length of 4 m not to exceed 2°. 
Calculate its external and internal diameters which would satisfy both the above conditions. 
Assume modulus of rigidity, C = 0.85 x 10° N/mm?. 


Sol. Given : 
8 
Diameter ratio, D; i 
Do 8 
3 
D,= S i, 
Power, P = 375 kW = 375000 W 
Speed, N= 100 r.p.m. 
Max. torque, Tg @ Me Ts 
Length, L=4m= 4000 mm 
Max. twist, 6@=2°=2x is radians = 0.0349 radians 
Modulus of rigidity, C = 0.85 x 105 N/mm? 
2nNT 
Power is given by, P= ue Here torque is 7) on 
ae T= Px60 __ 375000 x 60 — 35810 N-m 
2nN 2n x 100 
or T nean = 80810 N-m 
T nay = 1.2 x Tan = 1.2 x 35810 


= 42972 N-m = 42972 x 1000 N-mm. 


TORSION OF SHAFTS AND SPRINGS 
(i) Diameters of the shaft when shear stress is not to exceed 60 N/mm?. 
For the hollow shaft, the torque transmitted is given by 


rt (Dy* — D;*) 
re 16 xTx D, 


(2 


T 
or 42972 x 1000 = 16 x 60 x D, 
42972000 x16 Do* ( 181 ) , 4015 

pe nx 60 Dp 4096) ~ “9 “4096 

, _ 42972000 x 16 x 4096 
or Dy = 

tx 60 x 4015 
_ (42972000 x 16 x 4096)" _ hes = 
o= nx 60 x 4015 aera a te 


3 3 
3 Po= 3 x 155 ~ 58.1 mm. 


(ii) Diameters of the shaft when the twist is not to exceed 2 degrees. 
Using equation (16.9) in terms of torque and 0, we get 


D, = 


T _Cx® 
Jt ob 
on 42972000 _ (0.85 x 10°) x 0.0349 
pe _ D;*) 4000 
32 
42972000 x 4000 x 32 a a 81 
-D4—-D4=D,4-|=D,| =D,4———~ D,4 
- mx 0.85x 10° x0.0349.9 ft 9 (5 | 0 ~ 4096 ~° 
aa [a 81 ]_ 4015 
ee) 4096 | 4096°°° 
4 42972000 x 4000 x 32 x 4096 
° ~ tx 0.85 x 10° x 0.0349 x 4015 
D, = 156.65 mm say 157 mm 
3 
and D,= > x 156.65 = 58.74 mm say 59 mm. 


8 

The diameters of the shaft, which would satisfy both the conditions are the greater of the 
two values. 

Externaldia., D)=157mm. Ans. 
Internaldia., D,=59mm. Ans. 

Problem 16.16. A solid circular shaft transmits 75 kW power at 200 r.p.m. Calculate the 
shaft diameter, if the twist in the shaft is not to exceed 1° in 2 metres length of shaft, and shear 
stress is limited to 50 N/mm?. Take C = 1 x 10° N/mm?. 

Sol. Given : 

Power transmitted, P=75kW =75 x 102? W 
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Speed of the shaft, N = 200 
Twist in the shaft, 6=1° 
= aaa radians = 0.01745 rad. 
Length of the shaft, L=2m = 2000 mm 
Maximum shear stress, 1 = 50 N/mm? 
Modulus of rigidity, C =1x 105 N/mm? 
Pp 2uNT 3. 20x 200xT 
= 69. oF 75 x 10 a 
t= 75x 10° x 60 = 3580.98 N-m = 3580980 N-mm. 
2n x 200 


(i) Diameter of the shaft when maximum shear stress is limited to 50 N/mm?. 
Using equation (16.4), 


_ 2 ns meei 3 
T= 16 tD° or 3580980 = 16 x 50 x D?’. 


Ve 16 x 3580980 
tx 50 
(ii) Diameter of the shaft when the twist in the shaft is not to exceed 1°. 


Using equation (16.9), 


1/3 
) = 71.3 mm .(Z) 


Tce 
IE 
rm 3580980 _ 10° x 0.01745 eles 
aes 2000 32 
32 
32 x 2000 x 3580980 )” a ss 
~ tx 10° x 0.01745 rier te 


The suitable diameter of the shaft is the greater value of the two diameters given by 
equations (i) and (iz) i.e., 80.4mm say 81mm. Ans. 

Problem 16.17. A hollow shaft, having an internal diameter 40% of its external 
diameter, transmits 562.5 kW power at 100 r.p.m. Determine the external diameter of the 
shaft if the shear stress is not to exceed 60 N/mm? and the twist in a length of 2.5 m 
should not exceed 1.3 degrees. Assume maximum torque = 1.25 mean torque and modulus 
of rigidity = 9 x 104 N/mm?. 


Sol. Given : 

Internal diameter, D, = 40% of external diameter, (D)) = 0.40 Dy 
Power transmitted, P = 562.5 kW = 562.5 x 10° W 

Speed of the shaft, N = 100 r.p.m. 

Maximum shear stress, 1 = 60 N/mm? 

Twist in the shaft, 6 = 1.38°=1.3 x or radians = 0.02269 rad 
Length of shaft, DL = 2.5 m = 2500 mm 
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Maximum torque, T= 1.25 x Toon 
Modulus of rigidity, _C =9x 10+ N/mm? 
The horse power transmitted is given by 


onNT 
~ 60 
on x 100xT 
or 562.5 x 10° = —~ 50. tat (Here T=T,,,.) 
2.5 x 103 
a fi, = CURRED IN opa7d 7 Noa Sado Naan 
mean Qn x 100 
T =1.25xT_ =1.25 x 58714700 = 67143375 N-mm. 


(i) Diameter of the hollow shaft when maximum shear stress is 60 N/mm. 


Using equation (16.6) for torque in case of hollow shaft 


pe Poy Dy De 
16 Dp 


where T=T,,,, = 67143375 and D, = 0.4 Dy, t= 60 N/émm? 


nt —(0.4D,)* 
67143375 = 55 x 60/ 


Fees D,* — 0.0256D,* 
. D, 


= x 
16 
ace x 60 x 0.9744D, 3=11, 479D, 3 
_ — 
0 \ 11479 
(it) Diameter of the shaft when the twist in the hollow shaft is not to exceed 1.3°. 


Using equation (16.9), we have 


1/3 
= 179.6 mm ..(Z) 


T C0 
7 ae ..(IL) 
where T= can = 67143375, 6 = 1.3° = 0.02269 rad., L = 2500 mm, C = 9 x 104 N/mm? 
and J = Polar moment of inertia for hollow shaft 
= a9 [D,‘ - D;4) (see equation 16.11) 
= 2 [D,*- 0.4.D,)4I (: D,=04D,) 


a5 x 0.9744 D,* = 0.09566 D,’. 


Substituting these values in equation (ii), we get 
67143375 — 9x 10* x 0.02269 


0.09566 D,* 2500 
2500 x 67143375 
hon 7 = 85928.215 x 104 
0.09566 x 9 x 10* x 0.02269 
D, = 85928.215 x 104 = 171.2 mm ..(iii) 
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The external diameter of the shaft should be 179.6 mm say 180 mm (i.e., greater of the two 
values given by equations (7) and (iiz)). Ams. 


16.9. FLANGED COUPLING 


A flange coupling is used to connect two shafts. Fig. 16.5 shows such a coupling. 


Je P.C.D. 
\ 
x =a as 
Shaft 
D* — 
Hub 
Ye 


Fig. 16.5 


The flanges of the two shafts are joined together by bolts and nuts (or rivets) and torque is 
then transferred from one shaft to another through the bolts. Connection between each shaft and 
coupling is provided by the key. The bolts are arranged along a circle called the pitch circle. The 
bolts are subjected to shear stress when torque is transmitted from one shaft to another. 


Let t= Shear stress in the shaft 
q = Shear stress in the bolt 
d = Diameter of bolt 
D = Diameter of shaft 
D* = Diameter of bolt pitch circle 
n = Number of bolts 
Maximum load that can be resisted by one bolt 


tT 
= Stress in bolt x Area of one bolt = q x i a 
Torque resisted by one bolt = Load resisted by one bolt x Radius of pitch circle 


D ok 
=gx GPx > 
.. Total torque resisted by n bolts 
D * 2 * 
=nxqx = dix =nxqx XP" — vei) 
But the torque transmitted by the shaft, 
T= x7%D wlth) 


16 
Since the torque resisted by the bolts should be equal to the torque transmitted by the 
shafts, therefore equating (i) and (ii), we get 
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2 
epee EE oe ae 
8 16 

From the above equation the unknown value of any parameter (say number of bolts or 
diameter of bolt) can be calculated. 

Problem 16.18. Two shafts are connected end to end by means of a flanged coupling in 
which there are 12 bolts, the pitch circle diameter being 25 cm. The maximum shear stress is 
limited to 55 N/mm? in the shafts and 20 N/mm? in the bolts. If one shaft is solid of 5 cm 
diameter and the other is hollow of 10 cm external diameter, calculate the internal diameter of 
the hollow shaft and the bolt diameter so that both shafts and the coupling are all equally strong 
in torsion. 

Sol. Given : 

Number of bolts, n=12 

Pitch circle diameter = 25 cm = 250mm 


Maximum shear stress in the shaft, 


+ = 55 N/mm? 
Maximum shear stress in the bolts, 
q = 20 N/mm? 


Dia. of solid shaft, D=5cm=50mm 
External dia. of hollow shaft, 
D, = 10 cm = 100 mm 
Let D,= Internal dia. of hollow shaft 
d = Dia. of the bolt in mm. 


In case of a coupling, the torque from one shaft to other shaft is transmitted through bolts. 
As the shafts and coupling are all equally strong in torsion, the torque transmitted by the solid 
shaft must be equal to the torque transmitted by the bolts which must be equal to the torque 
transmitted by hollow shaft. 


The torque transmitted by solid shaft is given by equation (16.4). 


.. Using equation (16.4), 
re Coen 3_ ; 
T= 16 tx De= 16 x 55 x 50° = 1349900 N-mm ..(Z) 
Area of one bolt = ; d? (-: Dia. of bolt = d) 
Area of 12 bolts =12 x i d? 


Shear forcein12 bolts =Shear stress in bolts x Area of 12 bolts 


= 20 x 12x 7 d? = 60 nd? N 
Torque transmitted by the bolts 


Pitch circle dia. 

= Shear force in bolts x = as —_ 
250 
= 60 nd? x a N-mm = 7500 nd? N-mm (id) 


Equating equations (i) and (iz), we get 
1349900 = 7500 nd? 
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1349900 
=V57.3 = : : 
7500 xi =7.57mm. Ans 


Torque transmitted by the hollow shaft is given by equation (16.6). 
Using equation (16.6), 


16 Dy 

1 100* — D,* 
= jg * 55x 400. (. 1=55, Dy = 100) 
= 0.10799 x (10° — D,*) ..(tit) 


Equating equations (i) and (iii), 
1349900 = 0.10799 (108 — D*) 


1349900 
A ape | 4_ 4 
or D, = 10 0.10799 10° — 1250 x 10* = 8750 x 10 
= (8750 x 104)14 = 96.72 mm. Ans. 


Probleni 16.19.A shaft is to fitted with a flanged coupling having 8 bolts on a circle of 
diameter 150 mm. The shaft may be subjected to either a direct tensile load of 400 RN or a 
twisting moment of 18 kNm. If the maximum direct and shearing stresses permissible in the 
bolt material are 125 N/mm? and 55 N/mm? respectively, find the minimum diameter of the bolt 
required. Assume that each bolt takes an equal share of the load or torque. 


Sol. Given : 
Number of bolts, n=8 
Pitch circle diameter, D* = 150 mm 


150 
Radius of pitch circle= —— = 75 mm 


2 
Direct tensile load, W = 400 kN = 400 x 10° N 
Twisting moment, T =18 kNm = 18 x 10° N-m 
= 18 x 10° x 10? N-mm = 18 x 10° N-mm 
Maximum direct stress, p = 125 N/mm? 
Maximum shear stress, + = 55 N/mm? 
Let d = Diameter of bolt in mm 
Area of one bolt = 7 d? 
Area of 8 bolts =8x— Zo 2 nd? mm?. 
First consider the strength of the bolt vata from shearing effect. 
Max. shear force in 8 bolts = Max. shear stress in bolts x Area of 8 bolts 
= 55 x 2 nd2N. 
Torque transmitted by the bolts = Shear force in bolts x Radius of pitch circle 
= 55 x 2 nd? x 75 (.: Radius = 75 mm) 


= 110 x 75 x nd? N-mm 
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But torque transmitted = Twisting moment T = 18 x 10° N-mm 
Equating the two values of the torque, 
110 * 75 x 1d@7= 18 « 10° 


q2= 18% 10° 


= ——""______ = 694.4 
110x 75x 1m 
= /694.4 = 26.35 mm ..(Z) 
oe consider the strength of . bolt material from direct tensile load. 
Max. tensile load in 8 bolts = Max. tensile stress x Area of 8 bolts 
= 125 x 2nd?N 
But direct tensile load, W = 400 x 10°N 
Equating the two values of direct tensile load 
125 x 2 nd? = 400000 
2». 400000 _ 
or d*= for casey 509.3 
= 509.3 = 22.56 mm (it) 


Cenpaeats the results of (z) a (ii), the minimum diameter of the bolt required is the 
maximum of the two values. 


Minimum diameter should be 26.835mm. Ans. 


16.10. STRENGTH OF A SHAFT OF VARYING SECTIONS 


When a shaft is made up of different lengths and of different diameters, the torque 
transmitted by individual sections should be calculated first. The strength of such a shaft is the 
minimum value of these torques. 

Problem 16.20. A shaft ABC of 500 mm length and 40 mm external diameter is bored, 
for a part of its length AB, to a 20 mm diameter and for the remaining length BC to a 30 mm 
diameter bore. If the shear stress is not to exceed 80 N/mm?, find the maximum power, the shaft 
can transmit at a speed of 200 r.p.m. 

If the angle of twist in the length of 20 mm diameter bore is equal to that in the 30 mm 
diameter bore, find the length of the shaft that has been bored to 20 mm and 30 mm diameter. 

Sol. Given : 

Total length, LE =500 mm 


External dia., D=40 mm 


Let L, = Length of shaft AB 
d, = Internal dia. of AB 
= 20 mm 


L, = Length of shaft BC 
d, = Internal dia. of BC 

= 30 mm 

t = Maximum shear stress 

= 80 N/mm? 
N = Speed = 200 r.p.m. 
T, = Torque transmitted by shaft AB 
T, = Torque transmitted by shaft BC. 
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y N 
40 
mm 
A 5 co = 
Ie Ly pi¢ L >| 
}¢—______—. 500 mm ——________> 
Fig. 16.6 


The torque transmitted by a hollow shaft is given by equation (16.6) as 


og | De =O 
16 Dp 


Hence the torque transmitted by hollow shaft AB is given by, 


T1= 767: Dp (. Here D, =D, D,=4d,) 
1 40* — 204 


= 76 *8 x 40. N-mm 


= 942500 N-mm = 942.500 N-m. 
Similarly torque transmitted by hollow shaft BC is given by, 
4 4 4 a4 
Ma apt (Poe | ae «80 x | Oe a | 
= 687200 N-mm = 687.2 N-m. 
According to Art. 16.10, the safe torque transmitted by the complete shaft is the minimum 
of the above two torques. 
Safe torque (T) transmitted by the shaft is 687.2 N-m 
T = 687.2 N-m. 
The power transmitted (P) is given by equation (16.7) as 
_2nNT 2m x 200 x 687.2 


= $0 W= 60 = 14390 W 


=14.39kW. Ans. 
Now from equation (16.9), we have 
T Cxé T.L 
7 = L or 0= Cua 


The safe torque T and shear modulus (C) are same for the given shaft. 


Hence angle of twistin shaft AB= Vedy 
C.J, 
sag T . Ls 
and angle of twist in shaft BC = C 


2 
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But angle of twist in shaft AB = Angle of twist in shaft BC 
T.L, T.L, 
Cid, Cals 
L, ky ; 
or ‘ae .(Z) 


where J is the polar moment of inertia. From equation (16.11), its value for a hollow shaft is given 
by 
_~"™ h4_pn4 
J= 35 WD,*- ;'l 
J, = Polar moment of inertia for the shaft AB 


1 


- 4 904 
a5 [404 — 204] 
J, = Polar moment of inertia for the shaft BC 
_— 7 rans _ 904 
= 39 [404 — 304] 
Substituting these values in equation (z), we get 
Ly 7 Ly 
{404 - 204] — [404 — 304] 
32 32 


L, _(40* - 20*) 
Ly. 40? =307) 
or L, = 1.37 x L,= 1.37 (500 -L,) 
(2 L,+L,= 500 -. L, =500-L,) 
= 1.37 x 500-1.37L, 
or L,+1.87L,=1.37x 500 or 2.37 L, = 1.37 x 500 


1.87 x 500 
i= 937 =289mm. Ans. 
and L, = 500 -289=211mm. Ans. 
Problem 16.21. A steel shaft ABCD having a total length of 2.4 m consists of three 
lengths having different sections as follows : 
AB is hollow having outside and inside diameters of 80 mm and 50 mm respectively and 
BCand CD are solid, BC having a diameter of 80 mm and CD a diameter of 70 mm. If the angle 
of twist is the same for each section, determine the length of each section and the total angle 


of twist if the maximum shear stress in the hollow portion is 50 N/mm?. Take 
C = 8.2 x 104 Nimm?. 


or 1.37 


Sol. Given : 
Total length of shaft, L=2.4m = 2400 mm 
Shaft AB: Length = L, 


Outer dia., D, = 80 mm 

Inner dia., d, = 50 mm 
Shaft BC: Length = L, 

Diameter, D, = 80 mm 
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Shaft CD: 


Length = L, 


Diameter, D, = 70 mm 
Angle of twist is same for each section. 


Hence 


0, = 0, = 0, 


Max. shear stress in hollow portion, 


Value of C 


tT, = 50 N/mm? 
= 8.2 x 104 N/mm? 


Polar moment of inertia of each shaft is given as: 


Fig. 16.7 
T 
For shaft AB, J,= 32 
T 
For shaft BC, J,= 39 P2 = 39 
T 
For shaft CD, J,= 39 Ps = 39 
Now using equation, 
T _Cx® T.L 


Hence 


But 


or 


or 


or 


A B 


Cc 


I< L, pt L5 


Lg 


>| 


rie 


2.4m ———— 


7° 2. J.C 
9 _Txtl, 9 _Txt, 
EO ado 


0, = 6, =9, 
Tt, Tbs Tei, 
Fie Ue dace 


L,_l, Lb 
J, dg ds 
Ly Ly Ls 


Ly Ly Ls 


340.9 402.4 235.8 


340.9 
1= gggg Es = 144L, 
402.4 
L, = s-~ L,=1.71L 
2- 935g “8 Ths 


and @,= 


340.9x10' 402.4x10% 235.8x 102 


D,4 = — x 804 = 402.4 x 104 mm! 


D.4 = — x 704 = 235.8 x 104 mm4 


(D,4—d,4) = 5 (80-50%) = 840.9 x 104 mm4 


T x Ls 
JI,xC 


[Torque T and C are same for each portion] 


veel) 


..-(iz) 
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But L,+L,+L,= 2.4m = 2400 mm 
or 1442,+1.71L,+L,=2400 or 4.15 L, = 2400 
2400 
L, = 715 = 578.35 mm. 


Substituting the value of L, in equations (7) and (i), we get 
L, = 1.44 x 578.3 = 832.75 mm 
L, = 1.71 x 578.3 = 988.80 mm 


As the shear stress is given in shaft AB. The angle of twist of shaft AB can be obtained by 
using equation 


tT CxO 
RL 
For shaft AB, 
tT, CxO, 
D,) Ly 
(2) 
@, = tT xL, — 50x 832.75 


(F)x0 (F]x82x:10! 
2 2 


= 0.01269 radians = 0.7273° 
Total angle of twist of the whole shaft 
= 0, + 6, + 0, = 0.7273 x 3 = 2.1819°. Ans. 
Problem 16.22.A hollow shaft is 1m long and has external diameter 50 mm. It has 

20 mm internal diameter for a part of the length and 30 mm internal diameter for the rest of the 
length. If the maximum shear stress in it is not to exceed 80 N/mm?, determine the maximum 
power transmitted by it at a speed of 300 r.p.m. If the twists produced in the two portions of the 
shafts are equal, find the lengths of the two portions. 


Sol. Given : 
Total length, L=1m=1000mm 
Externaldia., D,=50mm 
Let L, = Length of the portion of the shaft whose internal dia. is 20 mm. 
L, = Length of the portion of the shaft whose internal dia. is 30 mm. 
= (1000 -L,)mm 


Maximum shear stress, TTT, TTT 
t = 80 N/mm? | IL 
Speed, N = 300 r.p.m. ' 
Twists produced in the two portions of the 22+ 20mmDIA 30 mm DIA 
shaft are given equal. 
Using equation (16.9), we get | 
i mete 
J oR 1¢ — L,mm —>1¢— (1000 - L,)mm ——>} 
T ¢————. 1000 mm ———_____» 
t= — *A. 
J Fig. 16.8 


For a hollow shaft, R is the outer radius of 
the shaft. As the outer radius of the hollow shaft is 
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same for both portions of the shaft, the shear stress will be maximum for the portion for which 
polar moment of inertia (i.e., J) is less. Polar moment of inertia for a hollow shaft is given by 
equation (16.11) as 
™ 
J= 39 
Polar moment of inertia of the portion having 20 mm internal diameter, 


1D = dD? 


ae 5 [504 — 204] mm4 (- D,=50 mm, D, = 20 mm) 


= as [6250000 — 160000] = 597884 mm‘. 


Similarly polar moment of inertia of the portion having 30 mm internal diameter, 
~ = feos _ ant 4 
J,= 32 [50* — 304] mm 


T 
= 30 [6250000 — 810000] = 534070 mm‘. 

As the polar moment of inertia of the portion having 30 mm internal diameter is less, the 
maximum shear stress will develop in the portion of 30 mm internal diameter. Also maximum 
torque transmitted will be given by the portion of 30 mm internal diameter. 

Now using equation (16.9), 


es 
J R 
Maximum torque, 
t 80 Dy 
aes ai wv R=—=25mm 
fh R x J 25 x 5384070 ( 3 


= 1709024 N-mm = 1709.024 N-m (.- 1000 mm = 1m) 
Maximum power is given by equation (16.7) as 


2mNT 2m x 300 x 1709.024 


a= 60 
= 53688 W = 53.688 kW. Ans. 
Lengths of the two portions 
Using equation (16.9), we have 
T CO : 
aa isl) 


For the two portions the shear modulus (C), the twist (8) and torque T transmitted are 
equal. 


For the portion having internal diameter 20 mm, 
Polar moment of inertia, J, = 597884 mm‘, L, = Length. 
Substituting these values in equation (z), 
ee di 
J, Ly 
For the portion having internal diameter 30 mm. 
Polar moment of inertia, 
J, = 534070 mm4 
Length, L, = (1000 — L,) mm. 
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Substituting these values in equation (Zz), we get 


T Ce 7 
Jy 7: i (Zit) 
Dividing equation (ii) by (iii), 
534070  1000- Ly oe ee 
597884 a m= i ha 
1 -L 
or 0.8932 = ens i Lor 0.8932 L,=1000-L, 
1 
or 0.8932 L, +L, = 1000 or 1.8932 L,=1000 
1000 


or 1= [8932 = 528.2 mm. Ans. 


and L, = 1000 — L, = 1000 — 528.2 
=471.8mm. Ans. 


Problem 16.23. Two solid shafts AB and BC of aluminium and steel respectively are 
rigidly fastened together at B and attached to two rigid supports at A and C. Shaft AB is 7.5 cm 
in diameter and 2 m in length. Shaft BC is 5.5 cm in diameter and 1 m in length. A torque of 
20000 N-cm is applied at the junction B. Compute the maximum shearing stresses in each 
material. What is the angle of twist at the junction ? Take modulus of rigidity of the materials as 
C4) = 0.3 x 10° Nimm? and Cg, = 0.9 x 10° Nimm?. 


Sol. Given : 
Solid Shaft AB Solid Shaft BC 
Material = Aluminium Material = Steel 
Length, L,=2m-=2000 mm Length, L,=1m=1000 mm 
Dia., d, =7.cm = 75 mm Dia., d,=5.5 cm = 55 mm 
Modulus of rigidity, Modulus of rigidity, 

C, = 0.3 x 10° N/mm? C, = 0.9 x 10° N/mm? 
Torque at junction B, T = 20000 N-cm 


= 200000 N-mm. 
The torque is applied at junction B, hence angle of twist in shaft AB and in shaft BC 


will be same (i.e., 8, = 8, = 8) 
where 6, = Angle of twist in shaft AB, and T= 20000 N-cm 
8, = Angle of twist in shaft BC. Z| 
Let T, = Torque transmitted to shaft AB, and dn B 
T, = Torque transmitted to shaft BC d, =75 mm Cc 
T, + T, = 20000 N-mm ult) eeosnm 
Using equation a ae ee 
oe L l¢—— L, = 2000 mm —-» 
For the shaft AB, the above equation becomes as T= nso hen 
T, C,x®, 
dy = 7, Fig. 16.8 (a) 
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T, x Ly T 1, = " 

7 eG, a9) ao 

T, x 2000 Z T, x 2000 x 32 
mx 75* x0.3x 10° 


where J, = 


= x 754 x 0.3 x 10° 
32 
For the shaft BC, the value of 8, is given by, 
T, X Ly T 
dg BC, 32 
T, x 1000 T, x 1000 x 32 


x 554 


where J, = as da = 


= x55! x09x108 =x 55* x 0.9x 10° 
But 0, = 9, 
T, x 2000x32 _ T,x1000x32 
nx754x03x10° 72x554x0.9x 10° 
oT, 
75x03 554 x09 


_ 75° x08 
«BBY x 0.9x2 
Substituting this value in equation (i), 
0.576 T, + T,, = 200000 
or 1.576 T, = 200000 
_ 200000 


2°" 1.576 
But T, + T, = 200000 


T, = 200000 — T,, = 200000 — 126900 = 73100 N-mm. 


or 


or T, T, = 0.576 T,. 


= 126900 N-mm 


T 
From equation (16.9) — 


...(it) 


(ZL) 


JI R 
T, 1% 
For shaft AB a, = R, 
c, = DX Bi _ 78100 x3875 E # a = 6 = 315 
Jy ie 754 
32 
73100 x 37.5 x 32 
= z = 0.882 N/mm2. Ans. 
ux 75 
Tz _ % 
For shaft BC a: = Ry 
c= TeX Re _ 126900 x275 (- ee a 7 27.5 
Jy 7% 554 
32 
126900 x 27.5 x 32 
= i = 3.884 N/mm2. Ans. 
Tx 55 
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16.11. COMPOSITE SHAFT 


A shaft made up of two or more different materials, and behaving as a single shaft is 


known as composite shaft. Hence in a composite shaft one type of shaft is rigidly seelved over 
another type of shaft. The total torque transmitted by a composite shaft is the sum of the torques 
transmitted by each individual shaft. But the angle of twist in each shaft will be equal. 


Problem 16.24. A composite shaft consists of a steel rod 60 mm diameter surrounded 


by a closely fitting tube of brass. Find the outside diameter of the tube so that when a torque of 
1000 N-m is applied to the composite shaft, it will be shared equally by the two materials. Take 
C for steel = 8.4 x 10* N/mm? and C for brass = 4.2 x 104 N/mm?. 


Find also the maximum shear stress in each material and common angle of twist in a 


length of 4 m. 


and 


Sol. Given : 

Dia. of steel rod, d=60 mm 

Torque, T = 1000 N-m = 1000 x 10? N-mm 
Value of C for steel, C,= 8.4 x 104 N/mm? 

Value of C for brass, C= 4.2 x 10+ N/mm? 


Length of composite shaft, L = 4m = 4000 mm 
Let D = Outside dia. of brass tube in mm 

Tt, = Shear stress in steel 

tT, = Shear stress in brass 
The inner dia. of brass tube will be equal to dia. of steel rod. 

Inner dia. of brass tube, 
d=60mm 
Polar moment of inertia for steel rod is given by, 
J,= = d= ae x 604 mm+ 

Polar moment of inertia for brass tube is given by, 


J.,= So D4 — 604] mm4 


Fig. 16.9 


Let T,= Torque transmitted by steel rod, and 
T,, = Torque transmitted by brass tube. 


But total torque, 
T=T,+T,=T,+T, (- T.=T, given) 
3 
T= oe N-mm = 500 x 10? N-mm 


T,, = T, = 500 x 10° N-mm 13 
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Using equation (16.9), we have 


ae = Cxé0 Te CxOxd 
= {> | 
For steel rod, we have 
C, x9, XJ. 
T= a ae 7 ...{Z) 
For brass tube, we have 
C, x0, x J 
T,=—2 ss L, o .. (il) 
But T,=T, 


Hence equating equations (i) and (iz), we get 
C,x0,xJ,  C, x0, xdy 
L, Lh 
But L,=L,=L 
Hence above equation becomes as 
C,x0,xJ,=C,x0,xd, 
But in a composite shaft, the angle of twist in each shaft is same. 
a 8, = 8, 
Now the above equation becomes as 
C,xJ,=C, xd, 


aL 4 4. 7 ps en 
or 8.4 x 10 * a5 * 60 =4.2~x 10 x 35D 604] 


8.4 
or 43 * 604 = (D4 — 604) or 2 x 604 = D4 — 604 
or "3 x 604 = D4 or (3)¥4 x 60 =D 
or D=%78.98 mm ~ 79mm. Ans. 


(t) Shear stresses in each material 
Using the equation, 


(a) For a steel rod, we have 


: (2) 
= = 11.79 N/mm2. Ans. 


ar a 604 
32 
(6) For a brass tube, we have 


T, x @ 500 x 10° x @ 
2) _ 2 


J, ™ (p* —60*) 
32 


= 
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_ 500 x 10° x 39.5 


= 7.76 N/mm2. Ans. 


= 1794 — 604] 
32 
(ii) Common angle of twist 
Using equation (i), we get 
C, x0, xd, 
T, = L, 
Tx L : 
or eg aa CL, =L = 4000) 
C, xd, 


8.4x 104 x x 604 
32 
= 0.01871 radians 


180 
= 0.01871 x as degrees = 1.072°. 


But angle of twist in each shaft will be equal. The common angle of twist will be equal to 
the angle of twist in any shaft. 


Common angle of twist = 1.072°. Ans. 


Problem 16.25. A composite shaft consists of copper rod of 30 mm diameter enclosed in 
a steel tube of external diameter 50 mm and 10 mm thick. The shaft is required to transmit a 
torque of 1000 N-m. Determine the shear stresses developed in copper and steel, if both the 
shafts have equal lengths and welded to a plate at each end, so that their twists are equal. Take 
modulus of rigidity for steel as twice that of copper. 


Sol. Given : 
Dia. of copper rod, d=30mm 
External dia. of steel, D, = 50 mm 


Internal dia. (D;) of steel shaft = D,-— 2 x Thickness 
=50-2x10=30mm 

af D,= 30 mm 
Total torque, T = 1000 N-m = 1000 x 10°? N-mm 
Let +, = Shear stress in steel shaft 

t, = Shear stress in copper 

C, = Modulus of rigidity of steel 

C= Modulus of rigidity of copper 

L = Common length 

8 = Common angle of twist = 0, = 8, 


J, = Polar moment of inertia of copper rod 


Mg Bie. 4a 
30 xd = 65 x 30* mm 


J, = Polar moment of inertia of steel shaft 


Tt 

32 
T 

32 


4_ 74) — rea _ 204 4 
[Dy D,') = 35 150 304] mm 


[625 x 104— 81 x 104] = a x 544 x 104 mm! 
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T, = Torque transmitted by copper rod 
T= Torque transmitted by steel shaft. 
Now for a composite shaft, 
Total torque, 


T=T,+T, 
or T, + T, = 1000 x 10° (es T=1000x10) .@) 
Using the relation, 
T Cxé0 TXxL 
7 @ Fc 
T, x L, 
For copper rod, 6.= re. 
i, © L, 
For steel shaft, 0, = Ze 
But 6, = 9, (Angle of twist are same) 
say ore ee Oe 
J.xC, J,.C, 
But Lab = 
Hence the above equation becomes as 
T, ja i 
JI.xC, J,.C, 
7 y 3n4 
or a is xe yp Ce C,=2C) 
PI, Ce By saaxiot 20. * as 
32 
81 1 81 


Substituting the value of T, in equation (7), we get 


=a, + T, = 1000,000 
or Sasha aeas = 1000,000 
1088 : 
or 1169 T, = 1000,000 x 1088 
T = 1000,000 x 1088 _ 930710 N-mm 
7 1169 


Substituting this value in (Z), we get 
T,, + 930710 = 1000,000 


T, = 1000,000 — 930710 = 69290 N-mm 
Now using the relation, 
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TXxR 
J 


T= 


For a copper rod, we have 


£ J. 2 
30 
69290 x “> 69290 x 15x32 : 
= = 7 = 13.076 N/mm*. Ans. 
TT x 304 TX 30 
32 


And for a steel shaft, we have 


T. pt 7 ae, 
s x ( 9 930710 x 


: J, 7 544x104 
32 
930710 x 25 x 32 
: Kee Xe = 43.588 Nimm?. Ans. 
tx 544x 10 


16.12. COMBINED BENDING AND TORSION 


When a shaft is transmitting torque or power, it is subjected to shear stresses. At the 
same time the shaft is also subjected to bending moments due to gravity or inertia loads. Due 
to bending moment, bending stresses are also set up in the shaft. Hence each particle in a 
shaft is subjected to shear stress and bending stress. For design purposes it is necessary to 
find the principal stresses, maximum shear stress and strain energy. The principal stresses 
and maximum shear stress when a shaft is subjected to bending and torsion, are obtained as: 


Consider any point on the cross-section of a shaft. 
Let T = Torque at the section 

D = Diameter of the shaft 

M = B.M. at the section. 


The torque T will produce shear stress at the point whereas the B.M. will produce bend- 
ing stress. 


Let q = Shear stress at the point produced by torque T and 
o = Bending stress at the point produced by B.M. (M) 
The shear stress at any point due to torque (T) is given by 


or q=7—xr 


The bending stress at any point due to bending moment (M) is given by 
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From Art. 3.4.4, we know that the angle 6 made by the plane of maximum shear with 
the normal cross-section is given by, 


2T 
tan 20 = a 
The bending stress and shear stress is maximum at a point on the surface of the shaft, 
D 
where r= ar and Va, 
Let 6, = Maximum bending stress i.e., on the surface of the shaft 
M D M D 32M 
=—x—= i oe 2 — 3 
[ 2 & ps4 mD 
64 
t = Maximum shear stress i.e., on the surface of the shaft 
T T D 16T 
= a a Fe x 9 = 3 
T pt aD 
32 
. 16T 
Qt 2t, nD? _T 
tan 20 = SG, 32MM ...(16.13) 
nD® 
Major principal stress 
0 o) 0 o 
Ss (<) ee | 
2 2 2 2 
32M 32M)" (280) 
- 3 3} t 3 
2x nD 2x nD mD 
- = (M+ /M?+T”) ...(16.14) 
nD 
and minor principal stress = =i (M-/M?+T") ...(16.15) 
1 
. Major principal stress — Minor principal stress 
Maximum shear stress = 5 
= sl (JM? +T") ...(16.16) 
mD 
For a hollow shaft 
— 16D) 2, m2 
Major principal stress = ——7——,- (M+ yM"°+T") JA16.17) 
m[Dy) — D;*) 
: _ 16Do 2 m2 
Minor principal stress = rl 7; M-\M"+T*) ...(16.18) 
mt[Dy — D;") 
16Do ly. P2 
Maximum shear stress = mD,* - D+] | M*+T~) ...(16.19) 
Tig — Li; 


Problem 16.26.A solid shaft of diameter 80 mm is subjected to a twisting moment of 
8 MN-mm and a bending moment of 5 MN-mm at a point. Determine : (i) Principal stresses 
and (ii) Position of the plane on which they act. 
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Sol. Given : 

Diameter of shaft, D=80mm 

Twisting moment, T = 8 MN-mm = 8 x 10° N-mm 
Bending moment, M =5 MN-mm =5 x 10° N-mm. 


The major principal stress is given by equation (16.14), as 


Major principal stress = — (M+ /M* +7") 
1. 


: aR (5x 10% + (6x 10%? + (6x 10%) | 
Tl X 
6 
= are +./25+64) = 143.57 N/mm?. Ans. 
x 


Minor principal stress is given by equation (16.15). 
Minor principal stress 


(M =)M? +77) 


ru 
a (5 x 108 - (5 x 10°)? + (8 x 10°)? | 
Tt 
16 x 10° 
= B0F ——_,- (5 - 25 + 64) = — 44.1 N/mm? 


= 44,1 N/mm? (tensile). Ans. 
Position of plane is given by equation (16.13), as 


T  8x10° 
tan 20 = ae 5x10° = 1.6 
= 20 = tan“! 1.6 = 57° 59.68’, or 237° 59.68’ 
or @ = 28° 59.84’ or 118° 59.84’. Ans. 


Problem 16.27. The maximum allowable shear stress in a hollow shaft of external 
diameter equal to twice the internal diameter, is 80 N/mm?. Determine the diameter of the 
shaft if it is subjected to a torque of 4 x 10° N-mm and a bending moment of 3 x 10° N-mm. 


Sol. Given : 

Maximum shear stress = 80 N/mm? 
Torque, T =4x10°N-mm 
Bending moment, M =3x 10®N-mm 


Let D, = External diameter of shaft 
D, = Internal diameter of shaft 
Then D,=2D, 
Using equation (16.19) for a hollow shaft, we get 


Maximum shear stress = ron lM 477) 
Mig — 1% 


or 80 = 2605 ; L/(3 x 10°)? +(4 x 10%)? ] 


fe) 
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16D, x 10°[J9+16] 16x 10° x5 


4 _ Ml. D, 3 x 15 
en [1 isl aes 
Hae 16 x 10° x5 x16 
mx 15 x 80 
Dy = (0.3395 x 105)!8 = 0.33958 x 10? = 69.78 mm. Ans. 


D, : 
and D,= 3 = = = 34.89 mm. Ans. 


16.13. EXPRESSION FOR STRAIN ENERGY STORED IN A BODY DUE TO TORSION 


Consider a solid shaft which is in torsion. Take an elementary ring of width dr at a 
radius r as shown in Fig. 16.10. 
Let D = Diameter of shaft 
1 = Length of shaft 


= 0.3395 x 106 


D 
R = Radius of shaft = re 


t = Shear stress on the surface of the shaft i.e., at 
radius R 
C = Shear modulus or modulus of rigidity 


U = Total shear strain energy in the shaft. 


Then shear stress due to torsion at a radius r from the Fig. 16.10 
centre is given by ~ 


v 7% r 
oe = R or T= R xT 

Area of elementary ring, dA = 2ar.dr 
Volume of ring, V=dA_l = 2mr x dr x1 


The shear strain energy is given by equation (4.9) as, 


_ (Shear stress)” 
7 2C 

.. Shear strain energy in the ring of radius r 

[e*) 
2 
= oa x 2nr.drl = nee x r2 x Qur dr. 

Total shear strain energy stored in the shaft is obtained by integrating the above equa- 

tion between limits 0 to R. 


Shear strain energy x Volume 


.. Total strain energy stored in the shaft, 


R 2 
=| _ r2. nr dr = — ef r? . Qnur dr 
0 
2 R 
Pam | r2 . dA. (.: dA = 2nr.dr) 
2CR? Jo 
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2 
Gil R . 
- Ff a 2 = ..(Z) 
re E [vr dA r| 
where J = Polar moment of inertia of the shaft 


we 4 : 
S55 x D* for a solid shaft. 


Total strain energy in the shaft due to torsion, 


_ <4 : AY cs 
~ 2CR? © 32 
2 
ek T ; - 
= Scr? * 3g * 2%) (Dean 
2 2 
= a x a x 16R4 — ntkr2.] 
2 
- ra ou (.- Volume, V = mR2.1) ...(16.20) 


Total strain energy in the hollow shaft due to torsion 
Let D = Outer dia. of shaft 
d = Inner dia. of shaft 
J = Polar moment of inertia of hollow shaft 


Substituting the value of J in equation (i), we get 
Total strain energy in the hollow shaft due to torsion, 


re pat de 
U= rE Bias [D+ — d+] 
2 
See 5 ae [D? + d?][D? - d?] E R-2 
D 2 
2c( 2] 
2 
2 
= TES ™ ps PD? - aI 
2C.D 32 
_ v (pt a) 10? a? 
ica? x 7 x ( ).L(D? + d?) 
2 
= Tey x V x (D? + d?) E v-20-d*).1] 
2 
an 5 (D?2 + d2)x V ...(16.21) 
4CD 


Problem 16.28. Determine the maximum strain energy stored in a solid shaft of 
diameter 10 cm and of length 1.25 m, if the maximum allowable shear stress is 50 N/mm?. 
Take C = 8 x 10* Nimm?. 


Sol. Given : 
Dia. of shaft, D=10cm 
Area of shaft, = = % 10? 278.64 em? = 7854 mam? 


, m1 
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Length of shaft, 1=1.25m=125cm 
Volume of shaft, V=A x1 = 78.54 x 125 = 9817.5 cm® = 9817.5 x 103 mm? 
Maximum allowable shear stress, 
t = 50 N/mm? 
(shear stress is maximum on the surface of the shaft) 
Modulus of rigidity, C = 8 x 10+ N/mm? 
Let U = Shear strain energy stored in the shaft. 
Using equation (16.20), we get 
a 507 : 
Us 4C xV= 4x 8x104 x 9817.5 x 10 
= 76699 N-mm. Ans. 


Problem 16.29. The external and internal diameters of a hollow shaft are 40 cm and 
20 cm. Determine the maximum strain energy stored in the hollow shaft if the maximum 
allowable shear stress is 50 N/mm? and length of the shaft is 5 m. Take C = 8 x 104 N/mm?. 


Sol. Given : 
External dia, D=40cm=400 mm 
Internal dia., d = 20 cm = 200 mm 


Area of cross-section, A = ; (402 — 202) = 942.47 cm? = 94247 mm? 


Maximum allowable shear stress (i.e., shear stress on the surface of the shaft), 
t = 50 N/mm? 
Length of shaft, l=5m=500cm 
Volume of hollow shaft, 
V=A x1 = 942.47 x 500 = 471235 cm? = 471235 x 102 mm? 
Modulus of rigidity, C= 8 x 10+ N/mm? 
Let U =Strain energy stored 
Using equation (16.21), we have 


2 


U= 
ACD? 


(D? +d?)x V 


50° 2 2 3 
= Teese (4007 + 2007) x 4712385 x 10 
= 4601900 N-mm = 4601.9 N-m. Ans. 

Problem 16.30. Calculate the diameters of a hollow shaft of the same length and same 
cross-sectional area as a solid shaft of 15 cm diameter if the strain energy in the hollow shaft is 
25% greater than that of solid shaft transmitting the same torque at the same maximum shear 
stress. 


Sol. Given : 
Dia. of solid shaft, D=15cm 
Area of solid shaft, A = : x 152 = 56.25 nm cm? 


Area of solid shaft = Area of hollow shaft 
Length of solid shaft = Length of hollow shaft 
.. Volume of solid shaft = Volume of hollow shaft 


or 


or 


or 


or 
or 
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Strain energy in hollow shaft = 1.25 of strain energy in solid shaft 
Maximum shear stress in solid shaft 
= Maximum shear stress in hollow shaft 
Let D, = External dia. of hollow shaft 
D, = Internal dia. of hollow shaft 
Cross-sectional area of hollow shaft 


T 
= 71D? -D,21. 


But cross-sectional area of hollow shaft 
= Area of solid shaft (given) 


(D2 - D,2) = 56.25 
“ D,2-D,? = 56.25 x 4 = 225 (i) 
Let t= Max. shear stress in solid as well as in hollow shafts, 
U, = Strain energy of solid shaft, and 
U,, = Strain energy of hollow shaft. 
Using equation (16.20) for the strain energy in solid shaft, we get 


2 
U_= a x Volume of solid shaft. 
5 AC 


Using equation (16.21) for the strain energy in hollow shaft, 


U, = 5 (D,? + D,”) x Volume of hollow shaft 
4CD, 
(- External dia. = D,, Internal dia. = D,) 
But : = 1.25 x U, 
Tae > D, 2 + D,?) x Volume of hollow shaft 


2 
= 1.25 x 7 x Volume of solid shaft 


12 


2 
Re coca 


(«| Volume of hollow shaft = Volume of solid shaft) 


2 
05 [Canceling 7a from both sides 


D2 + D,? = 1.25 D,? 
D2 = 1.25 D,2— DP=025 D- 


D, = 0.25D,? =0.5D, tip 


Substituting this value of D, in equation (7), we get 
D, 2 — 0.25 D, 2— _ 995 or 0.75 D, 2= 295 


= /300 =17.32 ecm. Ans. 
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Substituting this value of D, in equation (ii), we get 
D, = 0.5 x 17.32 = 8.66 em. Ans. 
Problem 16.31. A solid circular shaft of 10 cm diameter of length 4 m is transmitting 


112.5 kW power at 150 r.p.m. Determine : (i) the maximum shear stress induced in the shaft 
and (ii) Strain energy stored in the shaft. Take C = 8 x 10* N/mm?. 


Sol. Given : 

Dia. of shaft, D=10cm=100 mm 

Length of shaft, 1=4m= 4000 mm 

Power, P = 112.5 kW = 112.5 x 10° W 
Speed of shaft, N = 150 r.p.m. 


Modulus of rigidity, C =8 x 104 N/mm? 
Let t= Maximum shear stress induced in the shaft and 
U = Strain energy stored in the shaft. 


2nNT 
k P= 
We know 60 
2nx150xT 
or 112.5 x 103 = ————— 
60 
oe 7159 N 7159000 N 
Qn x 150 7 pore = 
But we know, Te = ae x t x D3 
T 
or 7159000 = 16 x tx 1003 
7159000 x 16 ig 
= ——5 = 36.5 N/mm 
tx 10 


Using equation (16.20) for strain energy, 


2 
U= 2 x Volume of shaft 
4C 


2 
= at x Volume of shaft 
x8~x 
36.57 1 Tn 
a ea ia 2 Vol =—xD* xl 
= ie aa x 7 * 100 + 4000 ( cored 


= 130793 N-mm. Ans. 


Problem 16.32. A hollow shaft of internal diameter 10 cm, is subjected to pure torque 
and attains a maximum shear stress q on the outer surface of the shaft. If the strain energy 


2 
stored in the hollow shaft is given by a x V, determine the external diameter of the shaft. 


Sol. Given : 
Internal dia., d=10cm 
Maximum shear stress =F 


*Please see equation 16.4 on page 682. Here q = T. 


or 


or 
or 


or 
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Strain energy stored, Us a xV where V = Volume 
Let D = External diameter of the hollow shaft. 
Using equation (16.21) for the strain energy in hollow shaft 

U= Tae (D? + d?)x V 


Equating the two values of strain energy, we get 
2 


2 
zope (P? +4) x V= aa xV 


2 2 2 
Di+d™ = Es Cancelling * XV from both sides 
AD? 3 C 
3D? + 38d? = 4D? 
3d? = 4D? — 3D? = D? 
D? D 
—— 2a OE a 3 = 1.732 
D = 1.732 x d = 1.732 x 10 =17.32 cm. Ans. 


16. 13.1. Torsion of Tapering Shafts. Fig. 16.10 (a) shows a shaft which tapers 


uniformly from radius R, to radius R, and the shaft is subjected to a twisting moment T. Due 
to the twisting moment, "the shear streal will be developed in the shaft. The shear stress is 
directly proportional to radius. Hence shear stress will be different at the surface of the two 


ends of the shaft (as the two ends are having 
different radius). 


or 


Let 1, = Shear stress on the surface of the 
shaft at left end where radius is 
R, 

T, = Shear stress on the surface of the 
shaft at right end where radius 
is R, 

t, = Shear stress on the surface of the 
shaft which is at a distance of x 
from the left end 

L = Length of the shaft 

D, = Dia. of shaft at left end = 2R, 
D, = Dia. of shaft at right end = 2R, 
D,, = Dia. of shaft at a distance x from the left end = 2R,, where R, is the radius at 
that section. 
The radius R, at a distance x from left end is given by, 


no 


Fig. 16.10 (a) 


R,-R 
R,=R, {2 -*) x x 
diameter D, at a distance x from left end is given by 
Dy - Dy, ; 
D,.=D,+ L xx okt) 
We know that, T=tx - D?, 
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The shaft is subjected to a constant torque T. 


or 


3_ 3_ 3 
t,x D,’ = t,x Dj’ =1,x D, 


T 
ek 3 
D, 


T 1 
P=1,x 75 DP=%* Fg =4,% an De 


(i) 


Let us find the total angle of twist for this tapering shaft of length ‘L’. 
Consider a small length dx of this shaft. 
Let d6@ = Angle of twist of small length dx 

6 = Total angle of twist of total length ‘L’ 


T 
Using equation, = 


_ 60 
2 


For a small length dx, the angle of twist is d0. Hence the above equation becomes as 


T 


T_Cxd@ 
J 


dx 


where J = Polar moment of inertia corresponding to diameter D,. 


= 4 
a2" 


or 


or 


D, -D 
ie 
dé = 


Let 


Then 


d0 = 


d0= 


T xdx _ Txdx — 32Txdx 
TxC B® ptye nC x D,.* 
32 
32T dx 


Z 
nxCx[D, += Pt x2] 


Dy, - 


E D, =D,+ 1 x x from equation ) 


1 — k (some constant) 


32T dx 


nx C x ([D, + kx]* 


The total angle of twist for the total length of the shaft is obtained by integrating the 


above equation as given by 


0= 


J ae 


zt 
| 32 T dx : (-: x varies from 0 to L) 
0 txCx([D, + kx] 

32T dx 


nxCJo [D, + kx]4 (-- Tis constant) 
1 x 


30 5 [(D, + kx)? ] 
aah [D, + kx] 0 


mxC (—3)xk 
“920 
Sparta —[(D, + kx” al 
32T 1 
ae ee D, + kL)? -(D,)3 
a) na, Cite oy 
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(4 B21 1 1 
mxC 38k|(D,+kL)? DP 
Dz - D, 
As ——— =khenceD,=Lk+D, or D,=D,+kL 


L 
Now above equation becomes as 


.[16.21(A)] 


Problem 16.32(A). Determine the angle of twist and maximum shear stress developed 
in a shaft which tapers uniformly from a diameter of 160 mm to a diameter of 240 mm. The 
length of shaft is 2m and transmits a torque of 48 kNm. Take the value of modulus of rigidity 
for shaft material as = 80 GN/m?. 

Sol. Given : 

D, = 160 mm = 0.16 m; D, = 240 mm = 0.24 m, L = 2m, T= 48 kNm = 48 x 10° N-m, and 
C = 80 GN/m? = 80 x 109 N/m? 

Find : (z) Angle of twist 0 and 

(ii) Maximum shear stress developed. 

(i) Angle of twist, 0 

The angle of twist, 0 is given by equation 16.21(A), as 


mC 3k|D,° Dy 
Do 7 dD, 
where k= a 
_ 0.240 0.160 _ 0.08 _ oi 
2 2 
_ 82x48x10° 1 it it 
mx80x10° 8x0.0410.16? 0.24? 


[. T=48x10®3N-m and C= 80x 10° N/m?] 
= 0.00005093 [244.14 — 72.34] 


180 
= 0.00875 radians = .00875 x — 0.501. Ans. 


(ii) Maximum shear stress developed 


T 
_ ae. 3 
We know T=tx75 xD 


For a given torque, the shear stress on the surface of the shaft will be maximum where 
diameter is minimum. Hence at smaller diameter, the shear stress will be maximum. 


T 


T = Trax * 16 x De where D, = smaller diameter = 0.16 m 
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or AS RAO Se. ee 0.16! 
max 16 . 
48 x 10° x 16 
or ie = eegags = 59683103 N/m? = 59.683103 MN/m?. Ans. 
T R 


16.14. SPRINGS 


Springs are the elastic bodies which absorb energy due to resilience. The absorbed en- 
ergy may be released as and when required. A spring which is capable of absorbing the great- 
est amount of energy for the given stress, without getting permanently distorted, is known as 
the best spring. The two important types of springs are : 


1. Laminated or leaf springs and 
2. Helical springs. 


16.14.1. Laminated or Leaf Spring. The laminated springs are used to absorb shocks 
in railway wagons, coaches and road vehicles (such as cars, lorries etc.). 


Fig. 16.11 shows a laminated spring which consists of a number of parallel strips of a 
metal having different lengths and same width, 
placed one over the other. Initially all the plates are 
bent to the same radius and are free to slide one over 
the other. Fig. 16.11 shows the initial position of the 
spring, which is having some central deflection 6. 
The spring rests on the axis of the vehicle and its top 
plate is pinned at the ends to the chassis of the 
vehicle. 


When the spring is loaded to the designed load 
W, all the plates become flat and the central deflec- 
tion (5) disappears. 

Let 6 = Width of each plate 


n = Number of plates 


1 = Span of spring 

o = Maximum bending stress developed in the plates 
t = Thickness of each plate 

W = Point load acting at the centre of the spring and 
6 = Original deflection of the top spring. 


Expression for maximum bending stress developed in the plate. The load W 
acting at the centre of the lowermost plate, will be shared equally on the two ends of the top 
plate as shown in Fig. 16.11. 


l 
B.M. at the centre = Load at one end x 3 


= Ww i = Wil (z) 
or Hig Bee a wld 
The moment of inertia of each plate, 
bt? 
I= 
12 
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But the relation among bending stress (co), bending moment (M) and moment of inertia 
(I) is given by 


M 
evs [Here y= 4 
Iy 2 
ex as 
or M=" «I= 12 _9.b¢ 
y t 6 
2 
Total resisting moment by n plates 
2 
=nxM= ava .. (it) 


As the maximum B.M. due to load is equal to the total resisting moment, therefore 
equating (z) and (iz), 


W.l_no.bt? 
4 6 
6w.l _ 3Wi 


Thad SRB (16.22) 


Equation (16.22) gives the maximum stress developed in the plate of the spring. 


Expression for central deflection of the leaf 
spring 
Now R = Radius of the plate to which they are bent. 
From triangle ACO of Fig. 16.12, we have 
AO? = AC? + CO? 


1\2 
or R?= (5) + (R - 8)? 
1? 
= a + R? + 82 = 2R5 
2 Fig. 16.12 
= — + R?- 2R8 
4 
(Neglecting 5% which is a small quantity) 
[? 
2R6 = — 
\s ‘a 
é= =— . (tii 
4x2R 8R ve) 


But the relation between bending stress, modulus of elasticity and radius of curvature 
(R) is given by 


2 xy _Ext [Here y=) 
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Substituting this value of R in equation (iii), we get 
. Pete oh 
8xExt 4EHt 
Equation (16.23) gives the central deflection of the spring. 


Problem 16.33. A leaf spring carries a central load of 3000 N. The leaf spring is to be 
made of 10 steel plates 5 cm wide and 6 mm thick. If the bending stress is limited to 150 N/ 
mm? determine : 


(i) Length of the spring and 
(ii) Deflection at the centre of the spring. 
Take E = 2 x 10° N/mm?. 


...(16.23) 


Sol. Given : 

Central load, W =3000N 

No. of plates, n=10 

Width of each plate, b6=5cm=50 mm 
Thickness, t=6mm 

Bending stress, o = 150 N/mm? 
Modulus of elasticity, HE =2~x 10° N/mm”. 
Let l = Length of spring 


5 = Deflection at the centre of spring. 
Using equation (16.22), 


_ 3Wi 
2Qnbt? 
3 x 3000 x1 
a SU = SEA AD 
2x10x50x6 
2 
j = 160x2%x 10 x50 x6 =600mm. Ans. 


3 x 3000 
Using equation (16.23) for deflection, 
ol? 150x600 
4Et 4x2x10°x6 


Problem 16.34. A laminated spring 1m long is made up of plates each 5 cm wide and 
1 cm thick. If the bending stress in the plate is limited to 100 N/mm?, how many plates would 
be required to enable the spring to carry a central point load of 2 kN ? If E = 2.1 x 10° N/mm?, 
what is the deflection under the load ? 


Sol. Given : 

Length of spring, l=1m=1000 mm 
Width of each plate, b6=5cm=50mm 
Thickness of each plate, t= 1cm=10mm 


6 = 


=11.25 mm. Ans. 


Bending stress, o = 100 N/mm? 
Central load on spring, W = 2 KN = 2000 N 
Young’s modulus, E = 2.1 x 10° N/mm? 


Let n= Number of plates and 
5 = Deflection under the load. 
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Using the equation (16.22), 


3Wl 3 x 2000 x 1000 
O= or 100= 5 
2xnx50x 10 


7 Qnbt? 


3 x 2000 x 1000 


or n= 
100 x 2x50x 100 


=6. Ans. 


Deflection under load 
Using equation (16.23), 
oxl? 100 x 1000? 


b= = : =11.9mm. Ans. 
4Ext 4x2.1x10° x10 


16.14.2. Helical Springs. Helical springs are the thick spring wires coiled into a helix. 
They are of two types : 


1. Close-coiled helical springs and 


2. Open-coiled helical springs. 

Close-coiled helical springs. Close-coiled helical springs 
are the springs in which helix angle is very small or in other words 
the pitch between two adjacent turns is small. A close-coiled helical 
spring carrying an axial load is shown in Fig. 16.13. As the helix 
angle in case of close-coiled helical springs are small, hence the 
bending effect on the spring is ignored and we assume that the 
coils of a close-coiled helical springs are to stand purely torsional 
stresses. 

Expression for max. shear stress induced in wire. 
Fig. 16.13 shows a close-coiled helical spring subjected to an axial 
load. 

Let d= Diameter of spring wire 

p = Pitch of the helical spring 
n = Number of coils 
R = Mean radius of spring coil 
W = Axial load on spring 
C = Modulus of rigidity 
t = Max. shear stress induced in the wire 
6 = Angle of twist in spring wire, and 
5 = Deflection of spring due to axial load 
1 = Length of wire. 
Now twisting moment on the wire, 


T = W x R ..(Z) 
But twisting moment is also given by 
™ 
= SE eS - 
= 6 td . (UL) 


Equating equations (i) and (ii), we get 


WxR=— 1d? or t= Tae (16.24) 


Equation (16.24) gives the max. shear stress induced in the wire. 
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Expression for deflection of spring 
Now length of one coil = xD or 2nR 
Total length of the wire = Length of one coil x No. of coils or /=2nR xn. 
As the every section of the wire is subjected to torsion, hence the strain energy stored by 
the spring due to torsion is given by equation (16.20). 
Strain energy stored by the spring, 


7? 7 
U = — . Volume = — . Volume 
4C 4C 


2 
(=e) x = «(Ea x 2nR.n | 
T 


t t= — and Volume = av x Total length of wie 
Tt 
32W*R? 32W?R® .n 
= ——_— Rn = ——,— a(l625 
cat Cd4 oe 
Work done on the spring = Average load x Deflection 
7 3W x 6 ("Deflection = 8) 
Equating the work done on spring to the energy stored, we get 
2w2R? 
wee ; = - 
64WR®n 
= ——_— ...(16.26 
Ca ( ) 
Expression for stiffness of spring 
The stiffness of spring, 
s = Load per unit deflection 
4 
se (16.27) 
56 64.WR’.n 64.R°.n 
Cd* 


Note. The solid length of the spring means the distance between the coils when the coils are 
touching each other. There is no gap between the coils. The solid length is given by 

Solid length = Number of coils x Dia. of wire = n x d ...(16.28) 

Problem 16.35. A closely coiled helical spring is to carry a load of 500 N. Its mean 

coil diameter is to be 10 times that of the wire diameter. Calculate these diameters if the 
maximum shear stress in the material of the spring is to be 80 N/mm?. 


Sol. Given : 
Load on spring, W = 500 N 
Max. shear stress, t = 80 N/mm? 
Let d = Diameter of wire 
D = Mean diameter of coil 
D=10d. 
_ 16WR 


Using equation (16.24), t= 


nd° 
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16 x 500 x @ 
_ 2 ae gee 
or 80 = nd é 2 
8000 x (=| 
3 (.. D= 10d) 
md 
or 80 x md? = 8000 x 5d 
8000 x 5 
d? = ——— = 159.25 
or 80 x 1 


d = ¥159.15 = 12.6 mm=1.26em. Ans. 

ee D=10xd=10x1.26=12.6cm. Ans. 

Problem 16.36. In problem 16.35, if the stiffness of the spring is 20 N per mm deflection 
and modulus of rigidity = 8.4 x 104 N/mm?, find the number of coils in the closely coiled helical 
spring. 

Sol. Given : 

Stiffness, s = 20 N/mm 

Modulus of rigidity, C = 8.4 x 104 N/mm? 

From problem 16.35, 

W=500N, t = 80 N/mm? 
d = 12.6 mm and D = 126 mm 

is R = D/2 = 1126/2 = 63 mm 

Let n = Number of coils in the spring 
_ Load 


We know, stiffness 


or 20 = 


Using equation (16.26), 


64 x 500 x (63)? x n 
or 25 = q q 
8.4 x 104 x 12.6 


n= BOX 8.4 x 108 x 12.64 
64 x 500 x (63)° 
or n=%7%. Ans. 


Problem 16.37. A closely coiled helical spring of round steel wire 10 mm in diameter 
having 10 complete turns with a mean diameter of 12 cm is subjected to an axial load of 200 N. 
Determine : (i) the deflection of the spring (ii) maximum shear stress in the wire, (iii) stiffness of 
the spring. Take C = 8 x 104 N/mm?. 

Sol. Given : 


Dia. of wire, d=10mm 


(.. R=63 mm) 


= 6.6 say 7.0 


STRENGTH OF MATERIALS 


No. of turns, n=10 

Mean dia. of coil, D=12cm=120mm 

.. Radius of coil, R=D/2=60 mm 

Axial load, W=200N 

Modulus of rigidity, C=8x 104 N/mm? 

Let 5 = Deflection of the spring 


t = Max. shear stress in the wire 
s = Stiffness of the spring. 
(i) Using equation (16.26), 


AWR? 64 x 200 x 60° x 10 
= SEW Ee = =34.5 mm. Ans. 


. Cd4 8x 10* x 104 


(ii) Using equation (16.24), 
_ 16WR _ 16x 200x 60 


= 61.1 N/mm2. Ans. 


gd? sx 10° 
(iii) Stiffness of the spring, 
W 200 
s= § 345 =5.8 N/mm. Ans. 


Problem 16.38. A close coiled helical spring of 10 cm mean diameter is made up of 1 cm 
diameter rod and has 20 turns. The spring carries an axial load of 200 N. Determine the shear- 
ing stress. Taking the value of modulus of rigidity = 8.4 x 104 N/mm?, determine the deflection 
when carrying this load. Also calculate the stiffness of the spring and the frequency of free 
vibration for a mass hanging from it. 


Sol. Given : 

Mean diameter of coil, D=10cm=100 mm 

.. Mean radius of coil, R=5cm=50mm 

Diameter of rod, d=1cm=10mm 

Number of turns, n = 20 

Axial load, W=200N 

Modulus of rigidity, C = 8.4 x 104 N/mm? 

Let t = Shear stress in the material of the spring 


6 = Deflection of the spring due to axial load 
s = Stiffness of spring 
t= Frequency of free vibration. 
Using equation (16.24), 
16WR 16x 20050 


= = = 50.93 Nimm2. Ans. 
vend? nx 10° eee ne 


Deflection of the spring 
Using equation (16.26), 
_ 64WR* xn _ 64x 200x 50° x 20 


= 38.095 mm. Ans. 
Cd* 8.4 x 104 x 104 


) 
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Stiffness of the spring 
Load on spring 200 


Stiffness = Deflection of spring ~ 38,095 
Frequency of free vibration 


=5.25 N/mm. Ans. 


5 = 38.095 mm = 3.8095 cm 


1 g 1 981 
i he relati = = = 2. 1 . Ans. 
Using the relation, T ms On V 3.8095 55 cycles/sec s 


Problem 16.39. A closely coiled helical spring of mean diameter 20 cm is made of 3 cm 
diameter rod and has 16 turns. A weight of 3 RN is dropped on this spring. Find the height by 
which the weight should be dropped before striking the spring so that the spring may be com- 
pressed by 18 cm. Take C = 8 x 104 N/mm?. 

Sol. Given : 

Mean dia. of coil, D = 20 cm = 200 mm 


200 
Mean radius of coil, R = si. 100 mm 


Dia. of spring rod, d=3cm=30 mm 
Number of turns, n=16 
Weight dropped, W =3 KN = 3000 N 
Compression of the spring, 6 = 18cm = 180 mm 
Modulus of rigidity, C = 8 x 104 N/mm? 
Let h = Height through which the weight W is dropped 
W = Gradually applied load which produces the compression of spring equal to 
180 mm. 
Now using equation (16.26), 
a 64W.R*.n 
~ Cd" 
64 x Wx 100? x 16 
8 x 104 x 30* 
_ 180x8x 104 x30* 
~ 64x 100° x 16 
Work done by the falling weight on spring 
= Weight falling (h + 5) = 3000 (A + 180) N-mm 
Energy stored in the spring = 4 Wx 5 
= > x 11390 x 180 = 1025100 N-mm. 


Equating the work done by the falling weight on the spring to the energy stored in the 
spring, we get 


or 180 = 


or = 11390 N 


3000(A + 180) = 1025100 


ieee hay 
or =—~3000. = 7mm 


h = 341.7-180=161.7 mm. Ans. 


Problem 16.40. The stiffness of a close-coiled helical spring is 1.5 N/mm of compression 
under a maximum load of 60 N. The maximum shearing stress produced in the wire of the 
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spring is 125 N/mm?. The solid length of the spring (when the coils are touching) is given as 5 
cm. Find : (i) diameter of wire, (ti) mean diameter of the coils and (tii) number of coils required. 
Take C = 4.5 x 104 Nimm?. 


or 


or 


Sol. Given : 
Stiffness of spring, s= 1.5 N/mm 
Load on spring, W=60N 
Maximum shear stress, t= 125 N/mm? 
Solid length of spring, =5cm=50 mm 
Modulus of rigidity, C = 4.5 x 104 N/mm?. 
Let d = Diameter of wire, 
D = Mean dia. of coil, and 
D 
R = Mean radius of coil = 2 
n = Number of coils. 
Using equation (16.27), 
4 4. 94 
s= _Cde or 15= oo 
64.R°.n 64x R? xn 


_ 1.5x64x R?xn 


d+ Z = 0.002133R?2 x n 
4.5 x 10 
Using equation (16.24), 
a ESS ie AOR rabsllaS 
md nd 
125 x nd® 
Shee te Oe 3 
ahaa = 0.40906d 


Substituting the value of R in equation (i), we get 
d* = 0.002133 x (0.40906d?3)? x n 


wld) 


-..(it) 


= 0.002133 x (0.40906%) x d® x n = 0.00014599 x d® xn 


a TM 1 ad n= 1 
d* — 0.00014599 " 0.00014599 
Now using equation (16.28), 
Solid length =nxdor50=nxd 
50 

ud 
Substituting this value of n in equation (iii), we get 

50 1 

@° x “7 = 000014599 
F 1 1 
= 1386.99 


= x 
0.00014599 50 
d = (136.99)!4 = 3.42 mm. Ans. 


Substituting this value in equation (iv) 


50 ~=50 
= a9 = 14.62 say 15. Ans. 


.-(Tit) 


...(iv) 
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Also from equation (ii), 
R = 0.40906 d? = 0.40906 x (3.42)? = 16.36 mm 
1.e., Mean dia. of coil, D=2R =2 x 16.36 = 32.72 mm. Ans. 
Problem 16.41. A close-coiled helical spring has a stiffness of 10 N/mm. Its length when 
fully compressed, with adjacent coils touching each other is 40 cm. The modulus of rigidity of 
the material of the spring is 0.8 x 10° N/mm?. 


1 
(i) Determine the wire diameter and mean coil diameter if their ratio is To ° 


(ii) If the gap between any two adjacent coil is 0.2 cm, what maximum load can be applied 
before the spring becomes solid, i.e., adjacent coils touch ? 
(iii) What is the corresponding maximum shear stress in the spring ? 
Sol. Given : 
Stiffness of spring, s=10N/mm 
Length of spring when fully compressed i.e., solid length 
= 40 cm = 400 mm 
Modulus of rigidity, C= 0.8 x 10° N/mm? 
Let d = Diameter of wire of spring 
D = Mean coil diameter 
n = Number of turns 
W = Maximum load applied when spring becomes solid 
t = Maximum shear stress induced in the wire. 
d 1 
Now D = 10 
Gap between any two adjacent coil = 0.2 cm = 2.0 mm 
Total gap in coils = Gap between two adjacent coil x Number of turns 
=2xnmm. 
When spring is fully compressed, there is no gap in the coils and hence maximum 
compression of the coil will be equal to the total gap in the coil. 
Maximum compression, 6 = 2 xn mm 
Now using equation (16.27), 


Cd4 0.8 x 10° x d* 
= 3 or 10= 3 
64.R°.n 64.R°.n 
3 
gi = MOXOAXR xn az] Rx n Ai) 
0.8 x 10 10 


But from equation (16.28), 
Solid length =n xd or 400 =n x d. 


400 
a (it) 
Substituting the value of n in equation (i), 
4 3 
a= (=, eee agony 
10 d d 
or a =32 6 Rh. 
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But mean coil radius, 


ee) 
~ Q 
3 3 
a= 3.2x(2) es = 0.4 D8 
2 
5 3 
or <= 04 or <= 04 
3 
1 d 1 
= 2 _ eee 
or (=. .d*=0.4 ( D a 


d?= 0.4.x 107 = 400 


d= ¥400 =20 mm=2cm. Ans. 
d 1 

But D = 10 

= D=10xd=10x2=20.0cm. Ans. 

Let us find first number of turns. 

From equation (iz), we have 

400 400 

a ap 0 (. d=20) 

= 6=2xn=2x20=40 mm 

We know, stiffness of spring is given by 


n= 


Wo wy ™ 
ae or = 40 


* W=10x40=400N. Ans. 
Using equation (16.24), we have 


ee) 
_ 16x 400x100 fs Re 2 saga 100 mm 
mx 20° 2 2 


= 25.465 N/mm?. Ans. 

Problem 16.42. Two close-coiled concentric helical springs of the same length, are 
wound out of the same wire, circular in cross-section and supports a compressive load ‘P’. The 
inner spring consists of 20 turns of mean diameter 16 cm and the outer spring has 18 turns of 
mean diameter 20 cm. Calculate the maximum stress produced in each spring if the diameter of 
wire = 1cm and P = 1000 N. 

Sol. Given : 

Total load supported, P = 1000 N 

Both the springs are of the same length of the same material and having same dia. of wire. 
Hence values of L, C and ‘d’ will be same. 

For inner spring 
No. of turns, n, = 20 


160 
Mean dia., D.=16cm=160mm .. R,= ote 80 mm 


i 
Dia. of wire, d,=1cm=10mm 
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For outer spring 


No. of turns, n,=18 
‘ 200 
Mean dia., D, = 20 cm = 200 mm R= = was 100 mm 
Dia. of wire, d,=1cm=10mm 
Let W, = Load carried by inner spring 


W, = Load carried by outer spring 
t, = Max. shear stress produced in inner spring 
T) = Max. shear stress produced in outer spring. 
Now W, + W, = Total load carried = 1000 uate) 


Since there are two close-coiled concentric helical springs, hence deflection of both the 
springs will be same. 


5) = 6, where 5) = Deflection of outer spring 
6, = Deflection of inner spring. 
The deflection of close-coiled spring is given by equation (16.26) as 
64W x R? xn 
Cxd* 
Hence for outer spring, we have 
64W, x Ry’ xny  64W, x 100? x 18 
ue Cx dy‘ 7 C x 104 
Similarly for inner spring, we have 


_ 64W; xR; xn;  64W,; x 80° x 20 


(Rj = 100, d, = 10) 


5. 


an Cxd;* 7 C x 10* 
(Material of wires is same. Hence value of C will be same.) 
But o,= 3; 
64W, x 100° x18 64W, x 80° x 20 
Cx 104 Cx 104 
or W, x 100° x 18 = W, x 80°x 20 
3 
. 2 
or Woe cee, 
100° x 18 


Substituting the value of W, in equation (Z), we get 
W,+0.569W,=1000 or 1.569 W, = 1000 
1000 
i” 1.569 
But from equation (7), W, + W, = 1000 
; W, = 1000 — W, = 1000 — 637.3 = 362.7 N. 
The maximum shear stress produced is given by equation (16.24) as 
fe 16 wh 
nd 


= 637.3 N. 
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For outer spring, the maximum shear stress produced is given by, 


16W, xR,  16x362.7x 100 
T, = 


dy" ~ nx 10° 
= 184.72 N/mm2. Ans. 
Similarly for inner spring, the maximum shear stress produced is given by, 


_ 16xW, xR; 16x 637.3 x 80 
- nxd,° 7 mx 10° 
= 259.66 N/mm2. Ans. 

Problem 16.43. A closely coiled helical spring made of 10 mm diameter steel wire has 

15 coils of 100 mm mean diameter. The spring is subjected to an axial load of 100 N. Calculate : 
(i) The maximum shear stress induced, 

(ii) The deflection, and 

(iii) Stiffness of the spring. 

Take modulus of rigidity, C = 8.16 x 10¢ N/mm?. 


Sol. Given : 

Dia. of wire, d=10mm 
Number of coils, n=15 
Mean dia. of coil, D=100 mm 


1 
Mean radius of coil, R = 5 50 mm 


Axial load, W=100N 

Modulus of rigidity, | C = 8.16 x 104 N/mm”. 

(t) Maximum shear stress induced 

16WR_ 16x 100x50 
nd? nx 10° 


Using equation (16.24), t = = 24.46 N/mm2. Ans. 


(ii) The deflection (5) 
Using equation (16.26), 


64Wx R?xn 6410050 x 15 
o= Cxa? > 816x10"x 104 
=14.7mm. Ans. 
(iii) Stiffness of the spring 


Load on spring 


Stiff = 
ree Deflection of spring 
100 
= — =6.802 N . Ans. 
147 6.802 N/mm Ss 
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HIGHLIGHTS 


1. A shaft is in torsion, when equal and opposite torques are applied at the two ends of a shaft. 
2. The relation of maximum shear stress induced in a shaft subjected to twisting moment is given by 


© Oe 
R L 
where t = Maximum shear stress, 


R = Radius of shaft, 
C = Modulus of rigidity, 
6 = Angle of twist in radian, and 
L = Length of the shaft. 
3. When a circular shaft is subjected to torsion, the shear stress at any point varies linearly from the 
axis to the surface i.e., 


ee 
Ror 
where t = Maximum shear stress on the surface of the shaft 


R = Radius of surface 
q = Shear stress at a point which is at a radius 7’. 
4. The shear stress is maximum on the surface of the shaft and is zero at the axis of the shaft. 
5. The torque transmitted by a solid shaft is given by 
n 3 
= 16 tD 
where D = Dia. of solid shaft and 
t = Max. shear stress. 
6. The torque transmitted by a hollow circular shaft is given by 


ad Dot - D# 
= te * Do 


where D, = External diameter, and 
D, = Internal diameter. 
7. Relation between torque, polar moment of inertia and shear stress is given as 


pet eee 
J R L 
where I = Polar moment of inertia 
els D4 .. For a solid shaft 
32 
ae [D,*-D,‘] ... For a hollow shaft. 
32 


8. The ratio of the polar moment of inertia to the radius of the shaft is known as polar modulus or 
torsional section modulus. It is denoted by Z,- 


ee 
> R 
Ba 5 F lid shaft 
= 6 ... For a solid shaft 
Tt 
= —— [D4-D4 veo holl haft. 
16D, | i Fea or a hollow shaft 
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9. 
10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Strength of a shaft means the maximum torque or maximum power the 


shaft can transmit. 


The product of modulus of rigidity and polar moment of inertia of a shaft is known as torsional 


rigidity or stiffness of the shaft. Mathematically, 
Torsional rigidity =C x J 
TxL eae: 
= Tif L = 1 metre and 0 = one radian. 


The power transmitted by a shaft is given by 


2nNT 
~ 60 

The strain energy stored in a shaft due to torsion is given by, 

me 

U= 4C xV 
= _, (D?+a%)xV 

4C .D 

where D = External diameter of shaft, 


d = Internal diameter of shaft, 

T = Modulus of rigidity, and 

t = Shear stress on the surface of the shaft. 
Polar moment of inertia (J) is given by 


T 
J = — Dt 
32 


T 
= = (pt_d! 
30 | d*) 


CxJ= 


co Txt) 
oO 


... For a solid shaft 


.. For a hollow shaft 


... For a solid shaft 


.. For a hollow shaft. 


Springs are the elastic bodies which absorb energy due to resilience. Two important types of 


springs are: 
1. Laminated or leaf springs and 
2. Helical springs. 
The maximum stress developed in the plates of a leaf spring is given by, 
_ 8.Wil 
~ On.b.t? 
where W = Point load acting at the centre of leaf spring, 
1 = Span of leaf spring or length of leaf spring, 
n = Number of plates, 
b = Width of each plate, and 
t = Thickness of each plate. 
The central deflection (5) of the laminated spring is given by, 
_ oO. hs 
AE Lt 
where o = Maximum stress developed in the plates, 
E = Modulus of elasticity, 
L = Length of leaf spring, and 
T = Thickness of each plate. 
Helical springs are the thick spring wires coiled into a helix. They are of 


1. Close-coiled helical spring and 
2. Open-coiled helical spring. 


two types : 
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18. The maximum shear stress induced in the wire of a close-coiled helical spring which carries an 
axial load is given by, 
16.W.R 
= 
md 
where W= Axial load on the spring, 
R = Mean radius of spring coil, and 
d = Diameter of spring wire. 
19. For a close-coiled helical spring which carries an axial load, we have 
(i) Strain energy stored, 
7. 82: W? FP on 
7 Cd* 
(ii) The deflection of the spring at the centre due to axial load is given as 
5 O4W. R? .n 


= Cat and 
(iii) The stiffness of the spring, 
Cd* 
s= ~ pd. 
64.R°.n 


where W = Axial load on the spring, 
n = Number of coils, 
C = Modulus of rigidity, and 
R = Mean radius of spring coil. 


EXERCISE 


(A) Theoretical Problems 
1. Define the terms : Torsion, torsional rigidity and polar moment of inertia. 


2. Derive an expression for the shear stress produced in a circular shaft which is subjected to torsion. 
What are the assumptions made in the derivation ? 


3. Prove that the torque transmitted by a solid shaft when subjected to torsion is given by 


T 
p= _—pi 
16° 


where D = Dia. of solid shaft and t = Max. shear stress. 


4. When a circular shaft is subjected to torsion show that the shear stress varies linearly from the 
axis to the surface. 


5. Derive the relation for a circular shaft when subjected to torsion as given below 
T t_ CO 
a ROD, 
where T = Torque transmitted, 
J = Polar moment of inertia, 
t = Max. shear stress, 
R = Radius of the shaft, 
C = Modulus of rigidity, 
6 = Angle of twist, and 
L = Length of the shaft. 
6. Find an expression for the torque transmitted by a hollow circular shaft of external diameter 


= D, and internal diameter = D.. 
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7. Define the term ‘Polar modulus’. Find the expressions for polar modulus for a solid shaft and for 
a hollow shaft. 
8. What do you mean by ‘strength of a shaft’ ? 
9. Define torsional rigidity of a shaft. Prove that the torsional rigidity is the torque required to 
produce a twist of one radian in a unit length of the shaft. 
10. Prove that the strain energy stored in a body due to shear stress is given by, 
2 


Tv 
=ca"* 


where t = Shear stress, 
C = Modulus of rigidity, and 
V = Volume of the body. 
11. Find an expression for strain energy stored in a body of due to torsion 
or 
Prove that the strain energy stored in a body due to torsion is given by, 
2 


1 
U = 4C xV 
where t = Shear stress on the surface of the shaft, 


C = Modulus of rigidity, and V = Volume of the body. 
12. A hollow shaft of external diameter D and internal diameter d is subjected to torsion, prove that 
the strain energy stored is given by, 


2 


CD? 
where V = Volume of the hollow shaft and 
t = Shear stress on the surface of the shaft. 
13. What is a spring ? Name the two important types of spring. 
14. Prove that the maximum stress developed in the plates of a leaf spring is given by 
_ 8Wwil 
2n.b.t” 
where W = Point load acting at the centre of leaf spring, 
l = Span of leaf spring or length of the leaf spring, 
n = Number of plates, 
b = Width of each plate, and 
t = Thickness of each plate. 
15. Prove that the central deflection of the laminated spring (or leaf spring) is given by 


(D? +d?)xV 


Us 
4 


_ OX rc 
~ 4Et 
where o = Maximum stress developed in plates, 
E = Modulus of elasticity, 
1 = Length of leaf spring, and 
t = Thickness of each plate. 
16. Define helical springs. Name the two important types of helical springs. 
17. Prove that the maximum shear stress induced in the wire of a close-coiled helical spring is given by 


16.W.R 
[=——_, — 
nd® 
where t = Maximum shear stress induced in the wire, 


W = Axial load on spring, 
R = Mean radius of spring coil, and d = Diameter of spring wire. 


18. 


19. 


10. 


11. 
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Find an expression for the strain energy stored by the close-coiled helical spring when subjected to 
axial load W. 


Prove that the deflection of a close-coiled helical spring at the centre due to axial load W is given 
by 
_ 64.W. Ron 
Cd* 
where #& = Mean radius of spring coil, 


fC) 


n = Number of coils, 
C = Modulus of rigidity, and 
d = Diameter of spring wire. 


(B) Numerical Problems 
A solid shaft of 20 cm diameter is used to transmit torque. Find the maximum torque transmit- 
ted by the shaft if the maximum shear stress induced in the shaft is 50 N/mm?. 
[Ans. 78539.8 N-m] 
The shearing stress in a solid shaft is not to exceed 45 N/mm? when the torque transmitted is 


40000 N-m. Determine the minimum diameter of the shaft. [Ans. 16.49 mm] 
Find the maximum torque transmitted by a hollow circular shaft of external diameter 30 cm and 
internal diameter 15 cm if the shear stress is not to exceed 40 N/mm?. [Ans. 198.8 kN] 


Two shafts of the same material and of same lengths are subjected to the same torque, if the first 
shaft is of a solid circular section and the second shaft is of hollow circular section, whose internal 
diameter is 0.7 times the outside diameter and the maximum shear stress developed in each 


shaft is the same, compare the weights of the shafts. Asie 1633 

_. at 
Find the maximum shear stress induced in a solid circular shaft of diameter 20 cm when the shaft 
transmit 187.5 kW at 200 r.p.m. [Ans. 5.7 N/mm2] 


A solid circular shaft is to transmit 375 kW at 150 r.p.m. 

(i) Find the diameter of the shaft if the shear stress is not to exceed 65 N/mm?. 

(ii) What percent saving in weight would be obtained if this shaft is replaced by a hollow shaft 
whose internal diameter equal to 2/3rd of its external diameter, the length, the material and 
maximum shear stress being the same ? [Ans. (i) 12.29 cm (zi) 35.71%] 

A solid shaft has to transmit 112.5 kW at 250 r.p.m. Taking allowable shear stress as 70 N/mm/?, 

find suitable diameter for the shaft, if the maximum torque transmitted at each revolution 

exceeds the mean by 20%. [Ans. 7.20 cm] 

A hollow shaft is to transmit 337.5 kW at 100 r.p.m. If the shear stress is not to exceed 65 N/mm? 

and the internal diameter is 0.6 of the external diameter, find the external and internal diam- 

eters assuming that the maximum torque is 1.3 times the mean. [Ans. 15.52 cm, 9.312 cm] 


Determine the diameter of a solid steel shaft which will transmit 112.5 kW at 200 r.p.m. Also 
determine the length of the shaft if the twist must not exceed 1.5° over the entire length. 
The maximum shear stress is limited to 55 N/mm?. Take the value of modulus of rigidity 
= 8x 104 N/mm’. [Ans. 7.9 cm, 150.4 cm] 
Determine the diameter of a solid shaft which will transmit 337.5 kW at 300 r.p.m. The maximum 
shear stress should not exceed 35 N/mm? and twist should not be more than 1° in a shaft length 
of 2.5 m. Take modulus of rigidity = 9 x 10* N/mm?. [Ans. 11.57 cm] 
Ahollow shaft, having an internal diameter 50% of its external diameter transmits 600 kW at 
150 r.p.m. Determine the external diameter of the shaft if the shear stress is not to exceed 
65 N/mm? and the twist in a length of 3 m should not exceed 1.4 degrees. Assume maximum 
torque = 1.20 mean torque and modulus of rigidity = 1 x 10° N/mm?. [Ans. 15.70 cm] 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Two shafts are connected end to end by means of a flanged coupling in which there are 12 bolts, the 
pitch circle diameter being 30 cm. The maximum shear stress is limited to 60 N/mm? in the shafts 
and 25 N/mm? in the bolts. If one shaft is solid of 6 cm diameter and the other is hollow of 12 cm 
external diameter, calculate the internal diameter of the hollow shaft and the bolt diameter so 
that both shafts and the coupling are all equally strong in torsion. 


[Ans. 11.6 cm, 0.848 cm] 


A hollow shaft of 1.5 m long has external diameter 60 mm. It has 30 mm internal diameter for a 
part of the length and 40 mm internal diameter for the rest of the length. If the maximum shear 
stress in it is not to exceed 85 N/mm/?, determine the maximum horse power transmitted by it at 
a speed of 350 r.p.m. If the twists produced in the two portions of the shafts are equal find the 
lengths of the two portions. [Ans. 141.37, 808.23 mm, 691.77 mm] 


A leaf spring carries a central load of 2.5 kN. The leaf spring is to be made of 10 steel plate 6 cm 
wide and 5 mm thick. If the bending stress is limited to 100 N/mm? determine : (i) length of the 
spring and deflection at the centre of the spring. Take E = 2 x 10° N/mm?. [Ans. 40 cm, 0.4 cm] 


A laminated spring 0.9 m long is made up of plates each 5 cm wide and 1 em thick. If the bending 
stress in the plate is limited to 120 N/mm?, how many plates would be required to enable the 
spring to carry a central point load of 2.65 kN ? If E = 2.0 x 10° N/mm?, what is the deflection under 
the load ? [Ans. 6 plates, 1.215 cm] 


A closely-coiled helical spring is to carry a load of 1 KN. Its mean coil diameter is to be 10 times 
that of wire diameter. Calculate these diameters if the maximum shear stress in the material of 
the spring is to be 90 N/mm?. [Ans. 16.82 cm and 1.68 cm] 


In question 16, if the stiffness of the spring is 20 N/mm deflection and modulus of rigidity = 
8.4 x 104 N/mm, find the number of coils in the closely-coiled helical spring. [Ans. 9] 


A closely-coiled helical spring of round steel wire 8 mm in diameter having 10 complete turns with 
a mean diameter of 10 cm is subjected to an axial load of 250 N. Determine : (i) the deflection of 
the spring, (ii) maximum shear stress in the wire and (iii) stiffness of the spring. Take C = 8 x 104 
N/mm?. [Ans. (i) 6.1 cm, (ii) 124.34 N/mm_2, (iii) 4.1 N/mm?] 


A close-coiled helical spring of 10 cm mean diameter is made up of 1.0 cm diameter rod and has 
20 turns. The spring carried an axial load of 300 N. Determine the shearing stress. Taking the 
value of modulus of rigidity = 8.2 x 10 N/mm/?, determine the deflection when carrying this load. 
Also calculate the stiffness of the spring and frequency of free vibration for a mass hanging from 
it. [Ans. 76.4 N/mm?2, 5.71 cm, 5.25 N/mm and 2.08 cycles/sec] 


17.1. INTRODUCTION 


The vessels such as boilers, compressed air receivers etc., are of cylindrical and spherical 
forms. These vessels are generally used for storing fluids (liquid or gas) under pressure. The walls 
of such vessels are thin as compared to their diameters. If the thickness of the wall of the cylindrical 


vessel is less than = to = of its internal diameter, the cylindrical vessel is known as a thin 


cylinder. In case of thin cylinders, the stress distribution is assumed uniform over the thickness 
of the wall. 


17.2. THIN CYLINDRICAL VESSEL SUBJECTED TO INTERNAL PRESSURE 


Fig. 17.1 shows a thin cylindrical vessel in which a fluid under pressure is stored. 


Let d = Internal diameter of the thin cylinder 
t = Thickness of the wall of the cylinder 
p = Internal pressure of the fluid 
L = Length of the cylinder. 


On account of the internal pressure p, the cylindrical vessel may fail by splitting up in any 
one of the two ways as shown in Fig. 17.2 (a) and 17.2 (6). 


The forces, due to pressure of the fluid acting vertically upwards and downwards on the 
thin cylinder, tend to burst the cylinder as shown in Fig. 17.2 (a). 


The forces, due to pressure of the fluid, acting at the ends of the thin cylinder, tend to burst 
the thin cylinder as shown in Fig. 17.2 (6). 
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(a) 


Cross-section perpendicular 
ae to the axis of vessel 


17.3. STRESSES IN A THIN CYLINDRICAL VESSEL SUBJECTED TO INTERNAL 
PRESSURE 


When a thin cylindrical vessel is subjected to internal fluid pressure, the stresses in the 
wall of the cylinder on the cross-section along the axis and on the cross-section perpendicular to 
the axis are set up. These stresses are tensile and are known as: 


1. Circumferential stress (or hoop stress) and 
2. Longitudinal stress. 


The name of the stress is given according to the direction in which the stress is acting. The 
stress acting along the circumference of the cylinder is called circumferential stress whereas the 
stress acting along the length of the cylinder (i.e., in the longitudinal direction) is known as 
longitudinal stress. The circumferential stress is also known as hoop stress. The stress set up in 
Fig. 17.2 (a) is circumferential stress whereas the stress set up in Fig. 17.2 (0) is longitudinal 
stress. 


17.4. EXPRESSION FOR CIRCUMFERENTIAL STRESS (OR HOOP STRESS) 


Consider a thin cylindrical vessel subjected to an internal fluid pressure. The circumferen- 
tial stress will be set up in the material of the cylinder, if the bursting of the cylinder takes place 
as shown in Fig. 17.3 (a). 


The expression for hoop stress or circumferential stress (6,) is obtained as given below. 
Let p = Internal pressure of fluid 
d = Internal diameter of the cylinder 
t = Thickness of the wall of the cylinder 
6, = Circumferential or hoop stress in the material. 
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(a) 


Fig. 17.3 


The bursting will take place if the force due to fluid pressure is more than the resisting 
force due to circumferential stress set up in the material. In the limiting case, the two forces 
should be equal. 


Force due to fluid pressure = p x Area on which p is acting 
=px(dxL) .(Z) 
("pis acting on projected area d x L) 
Force due to circumferential stress 
= 06, x Area on which o, is acting 
=0,x(@xt+Lxt) 
= 6, x 2Lt=20,xLxt ».-(it) 
Equating (z) and (zi), we get 
pxdxL=20,xLxt 


d 
0,= a (cancelling L) asthe) 


This stress is tensile as shown in Fig. 17.3 (6). 


17.5. EXPRESSION FOR LONGITUDINAL STRESS 


Consider a thin cylindrical vessel subjected to internal fluid pressure. The longitudinal 
stress will be set up in the material of the cylinder, if the bursting of the cylinder takes place 
along the section AB of Fig. 17.4 (a). 

The longitudinal stress (o,,) developed in the material is obtained as : 

Let p= Internal pressure of fluid stored in thin cylinder 

d = Internal diameter of cylinder 
t = Thickness of the cylinder 
6, = Longitudinal stress in the material. 


The bursting will take place if the force due to fluid pressure acting on the ends of the 
cylinder is more than the resisting force due to longitudinal stress (o,) developed in the material 
as shown in Fig. 17.4 (0). In the limiting case, both the forces should be equal. 


Force due to fluid pressure = p x Area on which p is acting 


T 
=px— d? 
PAT 
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(@) (0) 
Longitudinal stress (6,) 
develop 


Fig. 17.4 


Resisting force = 6, x Area on which o, is acting 
=0, x 1d xt 
Hence in the limiting case 
Force due to fluid pressure = Resisting force 


1 
px 7 d’=0,x 1d xt 


NT 32 
—d 
Beg? _ pid 


“aie (E72) 


O54 = 


The stress 6, is also tensile. 
Equation (17.2) can be written as 


C2 oxa% 2 2t 
or Longitudinal stress = Half of circumferential stress. 

This also means that circumferential stress (0 ,) is two times the longitudinal stress (0,). 
Hence in the material of the cylinder the permissible stress should be less than the circumferen- 
tial stress. Or in other words, the circumferential stress should not be greater than the permissible 
stress. 

Maximum shear stress. At any point in the material of the cylindrical shell, there are 


ous ; DO oa as 
two principal stresses, namely a circumferential stress of magnitude o, = OE acting circumfer- 


d 
entially and a longitudinal stress of magnitude o, = “ acting parallel to the axis of the shell. 
These two stresses are tensile and perpendicular to each other. 


pd __ pd 
0;-O, 2 At _ pd 
Maximum shear stress Tange 1 5 Zul 5 At = .. [17.2 (A)] 
Note. (i) If the thickness of the thin cylinder is to be determined then equation (17.1) should be 


used. 


(ii) If maximum permissible stress in the material is given. This stress should be taken circumfer- 
ential stress (6,). 
(iii) While using equations (17.1) and (17.2), the units ofp, o, and o, should be same. They should be 
expressed either in N/mm? or N/m?. Also the units of d and ¢ should be same. They may be in metre (m) or 
millimetre (mm). 
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Problem 17.1. A cylindrical pipe of diameter 1.5 m and thickness 1.5 cm is subjected to 
an internal fluid pressure of 1.2 N/mm?. Determine : 


(i) Longitudinal stress developed in the pipe, and 
(ii) Circumferential stress developed in the pipe. 


Sol. Given : 
Dia. of pipe, d=15m 
Thickness, t=15cem=1.5x10?m 


Internal fluid pressure, p = 1.2 N/mm? 


2 
As the ratio Be Oe 
d 1.5 100 


cylinder. 


1 
, which is less than 20° hence this is a case of thin 


Here unit of pressure (p) is in N/mm”. Hence the unit of o, and o, will also be in N/mm?. 
(i) The longitudinal stress (6,) is given by equation (17.2) as, 
pxd 
2 At 
1.2x1.5 > 
aS eT eae 30 N/mm*, Ans. 

(i) The circumferential stress (o,) is given by equation (17.1) as 
pd 
Ot 
_ 1.21.5 
~ 2x15x107 


Problem 17.2. A cylinder of internal diameter 2.5 m and of thickness 5 cm contains a 
gas. If the tensile stress in the material is not to exceed 80 N/mm?, determine the internal 
pressure of the gas. 


0,= 


= 60 N/mm2. Ans. 


Sol. Given : 

Internal dia. of cylinder, d=25m 

Thickness of cylinder, #=5em=5x10?m 
Maximum permissible stress = 80 N/mm? 


As maximum permissible stress is given. Hence this should be equal to circumferential 
stress (6). 

We know that the circumferential stress should not be greater than the maximum permis- 
sible stress. Hence take circumferential stress equal to maximum permissible stress. 

bs o, = 80 N/mm? 

Let p=lInternal pressure of the gas 

Using equation (17.1), 


_ pa 
O1 “oF 
2 
Be a= Een3 a ca (Here unit of 6, is in N/mm?, 


hence unit of p will also be in N/mm?) 
= 3.2 N/mm2. Ans. 
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Problem 17.3. A cylinder of internal diameter 0.50 m contains air at a pressure of 7 N/mm? 
(gauge). If the maximum permissible stress induced in the material is 80 N/mm?, find the 
thickness of the cylinder. 

Sol. Given : 

Internal dia. of cylinder, d=0.50m 

Internal pressure of air, p=7 N/mm? 

Maximum permissible stress in the material means the circumferential stress (0,). 

As stated earlier that the circumferential stress should not be greater than the maximum 
permissible stress. Hence take circumferential stress equal to maximum permissible stress. 

Circumferential stress, 6, = 80 N/mm? 
Let t = Thickness of the cylinder 
Using equation (17.1), 
pd 
0, = “OL 
pd 7x 0.50 
aa 2x0, ~ 2x80 
(Here p and o, are in N/mm?, d is in m hence ¢ will be in m) 
= 2.188 cm. Ans. 

If the value of t is taken 2.1875 cm, the stress induced will be 80 N/mm”. If the value of t 
is less than 2.1875 cm, the stress induced will be more than 80 N/mm?. But the stress induced 
should not be more than 80 N/mm. If the value of ¢t is taken more than 2.1875 cm (say t = 
2.188 cm), the stress induced will be less than 80 N/mm. 

Hence take ¢ = 2.188 cm or say 2.2cm. Ans. 

Problem 17.4. A thin cylinder of internal diameter 1.25 m contains a fluid at an internal 
pressure of 2 N/mm?. Determine the maximum thickness of the cylinder if : 

(i) The longitudinal stress is not to exceed 30 N/mm?. 

(ii) The circumferential stress is not to exceed 45 N/mm?. 

Sol. Given : 

Internal dia. ofcylinder, d=1.25m 

Internal pressure of fluid, p= 2 N/mm? 


= 0.021875 m 


Longitudinal stress, 6, = 30 N/mm? 
Circumferential stress, 6, =45 N/mm2 
Using equation (17.1), 
pd 
1 ot 


= 2.77 cm. .(Z) 
Using equation (17.2), 


= 2.08 cm. .. (it) 
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The longitudinal or circumferential stresses induced in the material are inversely propor- 
tional to the thickness (¢) of the cylinder. Hence the stress induced will be less if the value of ?’ is 
more. Hence take the maximum value of ‘?’ calculated in equations (i) and (iz) 

From equations (i) and (ii) it is clear that t should not be less than 2.77 cm. 

Take ¢=2.80cm. Ans. 

Problem 17.5.A water main 80cm diameter contains water at a pressure head of 
100 m. If the weight density of water is 9810 N/m’, find the thickness of the metal required for 
the water main. Given the permissible stress as 20 N/mm?. 


Sol. Given : 

Dia. of main, d=80cm 

Pressure head of water, h=100m 

Weight density of water, w =p x g = 1,000 x 9.81 = 9810 N/m? 


Permissible stress = 20 N/mm? 
Permissible stress is equal to circumferential stress (6) 
or 6, = 20 N/mm? 


Pressure of water inside the water main, 
p=pxgxh=wh =9810 x 100 N/m? 


Here o, isin N/mm”, hence pressure (p) should also be N/mm?. The value of p in N/mm? is 
given as 


9810 x 100 
P= 40002 mm N/mm? (. 1m=1000 mm) 
= 0.981 N/mm? 
Let ¢ = Thickness of the metal required. 
Using equation (17.1), 


xd 
0,= : gE (Here ‘d’ is in cm hence “%’ will also be in cm) 
pxd _ 0.981~x 80 
t= 98x, 2x 20 = 2 cm. Ans. 


17.6. EFFICIENCY OF A JOINT 


The cylindrical shells such as boilers are having two types of joints namely longitudinal 
joint and circumferential joint. In case of a joint, holes are made in the material of the shell for 
the rivets. Due to the holes, the area offering resistance decreases. Due to the decrease in area, 
the stress (which is equal to the force divided by the area) developed in the material of the shell 
will be more. 

Hence in case of rivetted shell the circumferential and longitudinal stresses are greater 
than what are given by equations (17.1) and (17.2). If the efficiency of a longitudinal joint and 
circumferential joint are given then the circumferential and longitudinal stresses are obtained as : 

Let 1, = Efficiency of a longitudinal joint, and 

n, = Efficiency of the circumferential joint. 
Then the circumferential stress (o,) is given as 
pxd 
°1= Bexn, (17.3) 
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and the longitudinal stress (6,) is given as 
pxd 
93 AP x 1, 
Note. (z) In longitudinal joint, the circumferential stress is developed whereas in circumferential 
joint, the longitudinal stress is developed. 


..(17.4) 


(ii) Efficiency of a joint means the efficiency of a longitudinal joint. 


(iii) If efficiencies of a joint are given, the thickness of the thin shell is determined from equation 
(17.3). 

Problem 17.6. A boiler is subjected to an internal steam pressure of 2 N/mm?. The 
thickness of boiler plate is 2.0 cm and permissible tensile stress is 120 N/mm?. Find out the 
maximum diameter, when efficiency of longitudinal joint is 90% and that of circumferential 
joint is 40%. 


Sol. Given : 

Internal steam pressure, p =2 N/mm? 
Thickness of boiler plate, t =2.0cm 
Permissible tensile stress = 120 N/mm? 


In case of a joint, the permissible stress may be circumferential stress or longitudinal 
stress. 


Efficiency of longitudinal joint, Nn, = 90% = 0.90 

Efficiency of circumferential joint, n, = 40% = 0.40. 

Max. diameter for circumferential stress is given by equation (17.3). 
Using equation (17.3), 


xd 
6, = oe eke 
2xn, xt 
where o, = Given permissible stress = 120 N/mm? 
2 
120 = — (Here p and o, are in same units. 
Thickness is in cm hence ‘d’ will 
be in cm) 
Fs “ RU p16 0 chi: Ai) 
Max. diameter for longitudinal stress is given by equation (17.4). 
.. Using equation (17.4), 
an Oe 
°2 > 4xn, xt 
where 6, = Given permissible stress 
= 120 N/mm”. 
120 =- _ 2xd 
4x0.4 x 2.0 
Frcs i mee 99 cn: ii) 


The longitudinal or circumferential stresses induced in the material are directly propor- 
tional to diameter (d). Hence the stress induced will be less if the value of ‘d’ is less. Hence take 
the minimum value of ‘d’ calculated from equations (z) and (zi). 
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Maximum diameter of the boiler is equal to the minimum* value of diameter given by 
equations (i) and (iz). 

Hence maximum diameter,d=192em. Ans. 

(*Please note that if d is taken as equal to 216.0 cm, the longitudinal stress (o,) will be 
more than the given permissible value as shown below : 

—pxd 2x26 : 
OF ina ee oa 

Problem 17.7.A boiler shell is to be made of 15 mm thick plate having a limiting tensile 
stress of 120 N/mm?. If the efficiencies of the longitudinal and circumferential joints are 70% 
and 30% respectively determine : 

(i) The maximum permissible diameter of the shell for an internal pressure of 2 N/mm?, 


and 
(ii) Permissible intensity of internal pressure when the shell diameter is 1.5 m. 


Sol. Given : 
Thickness of boiler shell, ¢ = 15 mm 
Limiting tensile stress = 120 N/mm? 


Limiting tensile stress may be circumferential stress or langitudinal stress. 

Efficiency of longitudinal joint, n, = 70% = 0.70 

Efficiency of circumferential joint, n, = 30% = 0.30. 

(i) Maximum Permissible diameter for an internal pressure, 

p =2N/mm?. 

The boiler shell should be designed for the limiting tensile stress of 120 N/mm?. First 
consider the limiting tensile stress as circumferential stress and then as longitudinal stress. The 
minimum diameter of the two case will satisfy the condition. 

(a) Taking limiting tensile stress = Circumferential stress 

6, = 120 N/mm’. 

ra 6, = 120 N/mm? 

But 6, is also given by equation (17.3) as 


pxd 
oe 2xn, xt 
2xd ais pias : 
120 = 2x0.7x15 (Here ¢ is in mm hence “d’ will be in mm) 
120x2x0.7x 15 . 
d= 9 = 1260 mm .{) 


(6) Taking limiting tensile stress = Longitudinal stress 
(o,) = 120 N/mm?. 

x 6, = 120 N/mm? 
Using equation (17.4), 


pxd 
2 ate 
2xd 
a 120 52050015 
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120x4x0.3x 15 i 
d= 5 = 1080 mm ..{it) 
Thus the maximum diameter of the shell, in order both the conditions may be satisfied = 


1080 mm. Ans. 
(ii) Permissible intensity of internal pressure when the shell diameter is 1.5 m. 


or d=1.5 m= 1500 mm. 
(a) Taking limiting tensile stress = Circumferential stress (0) 
= 120 N/mm? 
Using equation (17.3), 
pxd 
*1> 8xn (xt 
or 120 = PTET ee (Here o, is in N/mm? hence ‘p’ will be in N/mm?) 
120x2x0.7x 15 é . 
p= 1500 = 1.68 N/mm .(Z) 
(6) Taking limiting tensile stress = Longitudinal stress (0,) 
= 120 N/mm? 
Using equation (17.4), 
pxd 
2 4x nN. xt 
px 1500 
120 = 70.80 x 15 
= —-* <9 21.44 Nim? ii) 


Hence in order both the conditions may be satisfied the maximum permissible internal 

pressure is equal to the minimum” value of pressure given by (z) and (iz). 
Maximum permissible internal pressure = 1.44 N/mm? 
(*If p is taken equal to 1.68 N/mm?, then longitudinal stress (o,) will be, 
é.< pxd__ 1.681500 _ 140 N/mm?2.) 
4xn,xt 4x0.30x15 

This value is more than the given limiting tensile stress. 

Problem 17.8. A cylinder of thickness 1.5 cm, has to withstand maximum internal pres- 
sure of 1.5 N/mm?. If the ultimate tensile stress in the material of the cylinder is 300 N/mm?, 
factor of safety 3.0 and joint efficiency 80%, determine the diameter of the cylinder. 


Sol. Given : 

Thickness ofcylinder, ¢=1.5cm 

Internal pressure, p = 1.5 N/mm? 

Ultimate tensile stress = 300 N/mm? 

Factor of safety = 3.0 

a Werkins sivbae. o, = Ultimate tensile stress _ 300 _ 100 Nimm?2 
Factor of safety 3 

Joint efficiency, 1 = 80% = 0.80 
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Joint efficiency means the efficiency of longitudinal joint (or n,), 
Be nN, = 0.80. 
The stress corresponding to longitudinal joint is given by equation (17.3). 
Using equation (17.3), 
pxd 
OL Dem, et 
15xd 
100 = 5 x0.80x 15 
100 x 2 x 0.80 x 1.5 
7 1.5 


17.7. EFFECT OF INTERNAL PRESSURE ON THE DIMENSIONS OF A THIN 
CYLINDRICAL SHELL 


When a fluid having internal pressure (p) is stored in a thin cylindrical shell, due to 

internal pressure of the fluid the stresses set up at any point of the material of the shell are: 
(i) Hoop or circumferential stress (o,), acting on longitudinal section. 

(i) Longitudinal stress (o,) acting on the circumferential section. 

These stresses are principal stresses, as they are acting on principal planes. The stress in 
the third principal plane is zero as the thickness (¢) of the cylinder is very small. Actually the 
stress in the third principal plane is radial stress which is very small for thin cylinders and can 
be neglected. 

Let p = Internal pressure of fluid 

L = Length of cylindrical shell 
d = Diameter of the cylindrical shell 
t = Thickness of the cylindrical shell 
E = Modulus of Elasticity for the material of the shell 
6, = Hoop stress in the material 
0, = Longitudinal stress in the material 
u = Poisson’s ratio 
éd = Change in diameter due to stresses set up in the material 
éL = Change in length 
dV = Change in volume. 
The values of 6, and o, are given by equations (17.1) and (17.2) as 


= 160 cm = 1.6 m. Ans. 


pd 
1 oF 
pxd 
02 ag 
Let e, = Circumferential strain, 


e, = Longitudinal strain. 
Then circumferential strain, 
o1_ Pea (17.5) 
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_ pd _ pd (: o; = M2 and o, = 22 
pd mu 

| 

~ mal A vl VT G) 

and longitudinal strain, 
o o 
eo oo AV) 

_ pd _ \pd a 

= GE NR (substituting values of o, and o,) 
2 (5- 

= Ela © (17.8) 


But circumferential strain is also given as, 
Change in circumference due to pressure 
= Original circumference 
Final circumference — Original circumference 


Original circumference 


m(d + dd) — nd 
~ md 
td+ndd—-nd  ndd 
~ md md 
= dd 2 Change in diameter) (179) 
d Original diameter 
Equating the two values of e, given by equations (17.6) and (17.9), we get 
Peli] (17.10) 
Change in diameter, 
pd? (, wu 
dd = ee (1-4) oA LAT) 
Similarly longitudinal strain is also given as, 
Change in length due to pressure 
“2 = Original length 
é 
= 17.12) 
Equating the two values of e, given by equations (17.8) and (17.12). 
6L pd/(l 
m= Fe (su) (17.18) 
Change in length, 
pxdxL(1 
ob = oR (5- sAI7TA4) 
Volumetric strains. It is defined as change in volume divided by original volume. 
' . 6V 
Volumetricstrain = Vv 


THIN CYLINDERS AND SPHERES 


But change in volume (6V) = Final volume — Original volume 
Original volume (V) = Area of cylindrical shell x Length 
= ; d?xL 
Final volume = (Final area of cross-section) x Final length 
=F ld + 8d)? x (2 + 82) 
= Fld? +(8d)? + 2d 8d] x IL + 80) 
— a [d? L + (5d)? L + 2d Léd + Ld? + 8L (5d)? + 2d &d8L] 
Neglecting the smaller quantities such as (5d)?L, 5L(5d)? and 2d 8d8L, we get 
Final volume = Fd? L + 2d Lod + 81 aI 
Change in volume (8V) 
= 5 lL +2 dL8d + 8La"]- 7 ax L 
= 7 [2d Léd + 8Ld"| 
sy, [2d L&d + 8Ld”] 
Volumetric strains = =4 f 
Vv =o XL 
4 
_ 2dd dL (17.15) 
maar ZL oe 
od éL 
=2e,+e, é we =e =e ...(17.16) 


pd uw} pd (1 
. 1 
-2x 2] t+ (5 7 


(Substituting the values of e, and e,) 
age Z (2 ah + K) 


2Et 2 2 
pd 1 
= 2+ 
2Et ( a 
pd (5 
fy ieee Bae 
Ot E M) wl L717) 
Also change in volume (8V) = V (2e, + e,). ...(17.18) 


Problem 17.9. Calculate : (i) the change in diameter, (ii) change in length and 
(tii) change in volume of a thin cylindrical shell 100 cm diameter, 1 cm thick and 5 m long when 
subjected to internal pressure of 3 N/mm?. Take the value of E = 2 x 10° N/mm? and Poisson’s 
ratio, U = 0.3. 

Sol. Given: 

Diameter of shell, d=100 cm 

Thickness of shell, t=1cm 
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Length of shell, L=5m=5 x 100 = 500 cm 
Internal pressure, p=3 N/mm? 
Young’s modulus, E =2 x 10° N/mm? 
Poisson’s ratio, u = 0.30 
(i) Change in diameter (6d) is given by equation (17.11) as 
2 
pd iu 
éd = ——~]1-= 
ree 
2 
ae | 
2x1x2x10 2 


= 70 [1 — 0.15] = 0.06375 cm. Ans. 


(ii) Change in length (SL) is given by equation (17.14) as 


pdL [- 
L = OR H 


_ 3x pola [5-030] 
2x1x2x10 
15 


Page 0.075 cm. Ans. 


(iii) Change in volume (SV) is given by equation (17.18) as 
6V=V [2e, +e,] 
-v|2e a (: = Ze -%) 
d L d L 
Substituting the values of dd, 6L, d and L, we get 


sviV [2 . 0.06375 oo | 


+ 
100 500 
= V [0.001275 + 0.00015] = 0.001425 V. 


But V = Original volume = i a’ L 


Tt 
=a 100? x 500 cm? = 3926990.817 cm? 


5V = 0.001425 x 3926990.817 = 5595.96 em®. Ans. 
en 17.10. A cylindrical thin drum 80 cm in diameter and 8 m long has a shell 
thickness of 1 cm. If the drum is subjected to an internal pressure of 2.5 N/mm?, determine 
(i) change in diameter, (ii) change in length and (tii) change in volume. 
Take E = 2 x 10° N/mm? : Poisson’s ratio = 0.25. 


Sol. Given : 

Diameter of drum, d=80cm 

Length of drum, L=3m=38 x 100=300cm 
Thickness of drum, t=1cm 

Internal pressure, p= 2.5 N/mm? 

Young’s modulus, E =2 x 10° N/mm? 
Poisson’s ratio, u = 0.25 
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(i) Change in diameter (6d) is given by equation (17.11) as 


~ 2x1x2x 105 
= 0.04 [1- 0.125] = 0.035 cm. Ans. 
(ii) Change in length (SL) is given by equation (17.14) as 
_ pa | 1 _ 
OL = OE E . 


ea 
~ 2x1x2x 105 


2 
20) E +x 025) 


1 
7 0.25| = 0.0375 cm. Ans. 


(iii) Using equation (17.15) for volumetric strain (7), we have 


éV dd 8b 
a Sey 
V d L 
2 0.035 0.0375 _, 6d =0.035, 6L=0.03875 
= “X39 * 300 *  d=80, L=300 
= 0.000875 + 0.000125 = 0.001 
dV = 0.001 x V 


T T 
where volume V = ri d?xL= 4% 802 x 300 = 1507964.473 cm? 


Change in volume, SV = 0.001 x 1507964.473 = 1507.96 cm’, Ans. 

Problem 17.11.A cylindrical shell 90 cm long 20 cm internal diameter having thickness 
of metal as 8 mm is filled with fluid at atmospheric pressure. If an additional 20 cm? of fluid is 
pumped into the cylinder, find (i) the pressure exerted by the fluid on the cylinder and (ii) the 
hoop stress induced. Take E = 2 x 10° N/mm? and u = 0.3. 


Sol. Given : 

Length of cylinder, L=90 cm 

Diameter of cylinder, d=20cm 

Thickness of cylinder, t=8mm=0.8cm 

Volume of additional fluid = 20 cm? 

Volume of cylinder, V= ; d?xL= ; x 20? x 90 
= 28274.33 cm? 

Increase in volume, dV = Volume of additional fluid 
= 20 cm? 


(i) Let p= Pressure exerted by fluid on the cylinder 
E =2.x 10° N/mm? 
u= 0.3. 
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Now using equation (17.16), volumetric strain is given as 


6V 
vy =2e,+e, 
20 -9 (i) 
or 28274.33 72°17 & weak 


Bute, and e, are circumferential and longitudinal strains and are given by equation (17.6) 
and (17.8) respectively as 


d(l 
= w= B4(1n) 
Substituting these values in equation (Z), we get 
20 ~ eet te ap 


2827433 2Et| 2 °|* Elo 
= ee BBD 2) 2 208 
2x2x10° x0.8 2 0.8x2x10° | 2 
Dp v2) 1.05p 
: = —— x 0.85 + x 0.20 = 
7 SET =" 500 8000 8000 
0.000707 x 8000 
= 1.05 = 5.386 N/mm?2. Ans. 
(i) Hoop stress (6 ,) is given by equation (17.1) as 
pd _ 5.386 x 20 


x = _ 2 
01 = 9 2x08 = 67.33 N/mm*. Ans. 


Problem 17.12. A cylindrical vessel whose ends are closed by means of rigid flange 
plates, is made of steel plate 3 mm thick. The length and the internal diameter of the vessel are 
50 cm and 25 cm respectively. Determine the longitudinal and hoop stresses in the cylindrical 


shell due to an internal fluid pressure of 3 N/mm?. Also calculate the increase in length, diam- 
eter and volume of the vessel. Take E = 2 x 10° N/mm? and u = 0.3. 


Sol. Given : 

Thickness, t=3mm= 0.3 cm 
Length of the cylindrical vessel, Z = 50 cm 

Internal diameter, d=25 cm 

Internal fluid pressure, p =3 N/mm? 
Young’s modulus, E =2.x 10° N/mm? 
Poisson’s ratio, u=0.3 


Let o, = Hoop stress and 
6, = Longitudinal stress. 
Using equation (17.1) for hoop stress, 
px d 3x25 
O11 oF 2x08 
Using equation (17.2) for longitudinal stress, 


=125 N/mm2. Ans. 


=" 4 “as05 62.5 N/mm2. Ans. 
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Using equation (17.5) for circumferential strain, 


0, UXO» 
a= aR 
1 
=F [o, -ux o,] 
= 2x10° [125 = 62.5 x 0.3] (. u = 0.38, on = 125 and Oy — 62.5) 
1 106.25 
= 9x 10° (125 — 18.75) = 108 
= 53.125 x 10>. 
But circumferential strain is also given by equation (17.9) as 
dd 
a= 


Equating the two values of circumferential strain e,, we get 


bd 
re 53.125 x 10° 
éd = 53.125 x 10° x d = 53.125 x 10% x 25 = 0.0133 cm 
Increase in diameter, 6d = 0.0133 cm. Ans. 
Longitudinal strain is given by equation (17.7) as 
6L 0g UXO, 
“L E  -£E 


€5 


=F lo, -— x 04] 


1 
5 [62.5 — 125 x 0.3] = ———= [62.5 — 37.5] 
2x10 2x10 


2.5 
= ———~ = 12.5 x 10% 
2x10 


.. Increase in length, 6L = 12.5 x 10°x L 
= 12.5 x 10° x 50 = 0.00625 cm. Ans. 
Volumetric strain is given by equation (17.16), as 
bV dd al 
—_—_ = 2 —— ft 
V d 1 
= 2e, +e,= 2 x 53.125 x 10° + 12.5 x 10° 
= 106.25 x 10° + 12.5 x 10° = 118.75 x 10% 
Increase in volume, 
6V =118.75x 10°xV 


Tl 
= 118.75 x 10> x 1 x 252 x 50 c volume = ri d*” x L| 
= 29.13 cm?. Ans. 


Problem 17.13. A cylindrical vessel is 1.5 m diameter and 4 m long is closed at ends by 
rigid plates. It is subjected to an internal pressure of 3 N/mm?. If the maximum principal stress 
is not to exceed 150 N/mm?, find the thickness of the shell. Assume E = 2 x 10° N/mm? and 
Poisson’s ratio = 0.25. Find the changes in diameter, length and volume of the shell. 
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Sol. Given : 

Dia., d=1.5m=1500 mm 
Length, L=4m= 4000 mm 
Internal pressure, p=3 N/mm? 

Max. principal stress = 150 N/mm? 


Max. principal stress means the circumferential stress 


Circumferential stress, 6, = 150 N/mm2 
Value of E = 2 x 10° N/mm. 
Poisson’s ratio, w=0.25 
Let t= thickness of the shell, 
éd = change in diameter, 
éL = change in length, and 
dV = change in volume. 
(i) Using equation (17.1), 
2t 
pxd __3x1500 
~ 2x0, 2x 150 


=15mm. Ans. 
(ii) Using equation (17.11), 


_ _pd 
ba = Pe (1 3xn) 


3 x 15007 


~ 2x15x2x 10° 
(iii) Using equation (17.14), 


2tx EK 
_ 3x 1500 x 4000 


ae 
es ie. " 
| 


~ 2x15x2x 10° 
=0.75 mm. Ans. 
(iv) Using equation (17.17), 


V 2Ext 
3 x 1500 


5V pxd E 2x1] 


~ 2x 2% 10° x 15 


3 3 
5V = V= 


x 
2000 2000 
3 
~ 2000 


(Here p and o, are in same units, ‘d’ 


is in mm hence ‘“’ will be in mm) 


1 x 0.25) =0.984mm. Ans. 


—0. 25) 


[5-20.25] _ 3x 1500 x 2 


«(Exa? xz) 
4 


x (4 x 1500? x 4000 | = 10602875 mm?, Ans. 


4x 10° x15 
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Problem 17.14. A closed cylindrical vessel made of steel plates 4 mm thick with plane 
ends, carries fluid under a pressure of 3.N/mm?. The dia. of cylinder is 25 cm and length is 
75 cm, calculate the longitudinal and hoop stresses in the cylinder wall and determine the 
change in diameter, length and volume of the cylinder. Take E = 2.1 x 10° N/mm? and u = 0.286. 


Sol. Given: 

Thickness, t=4mm 

Fluid pressure, p=3N/mm2 
Diameter, d = 25 cm = 250 mm 
Length, L=75 cm = 750 mm 
Value of E = 2.1 x 10° N/mm? 
Poisson’s ratio, u = 0.286 


Let 0, = Hoopstress, 
6, = Longitudinal stress, 
éd = Change in diameter, 
éL = Change in length, and 
dV = Change in volume. 
(i) Longitudinal stress is given by equation (17.2) as 
pxd 
2 axe 
_ 3x 250 
~ ax4 
(ii) Hoop stress is given by equation (17.1) as 
pxd 
1 Ox 
_ 3% 260 _ 99.75 Ninm?, Ans. 
2x4 
(iii) The change in diameter is given by equation (17.11) as 


= 46.875 N/mm2. Ans. 


_ 8x 250? 
2x4x2.1x10° 
(iv) The change in length is given by equation (17.14) as 


xdxL (1 
pee 


3 x 250 x 750 ( 


(1 : x 0.286 | = 0.0956 mm. Ans. 


~ 2x 2.1«10° x 42 
(v) The change in volume is given by equation (17.17) as 


6V pxd E 2x11] 


- 0.286 = 0.0716 mm. Ans. 


Vo 2txek 
ee [5 -2x0.286 
2x4x2.1x 10° \2 
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750 750 x 1.928 
= ———_> (2.5 — 0.572) = ———_ 
16.8 x 10 
750 x 1.928 
~ 16.8x 10° 
7 750 x — : (3 aes 760) 
16.8 x 10 4 


16.8 x 10° 


E v= E a? xL=2x250? x750] 


= 31680 mm?. Ans. 


Problem 17.15. A cylindrical shell 3 metres long which is closed as the ends has an 
internal diameter of 1 m and a wall thickness of 15 mm. Calculate the circumferential and 
longitudinal stresses induced and also changes in the dimensions of the shell, if it is subjected to 


an internal pressure of 1.5 N/mm?. Take E = 2 x 10° N/mm? and u = 0.3. 


Sol. Given : 

Length of shell, L=3m=300cm 
Internal diameter, d=1m=100cm 
Wall thickness, t=15mm=1.5cm 
Internal pressure, p= 1.5 N/mm? 
Young’s modulus, EF =2 x 10° N/mm? 
Poisson’s ratio, u=0.3 


Let o, = Circumferential (or Hoop) stress, and 
6, = Longitudinal stress. 
Using equation (17.1) for hoop stress, 


1.5 x 100 
~ 2x15 
Using equation (17.2) for longitudinal stress, 
pxd 
On at 
1.5 x 100 
= 4415 


=50N/mm?2. Ans. 


= 25 N/mm2, Ans. 


Changes in the dimensions 
Using equation (17.11) for the change in diameter (6d), 


a 1 
pa = BE (1-3 x1] 


2 
___15x100 (1 5x03] 
2x15x2x10 2 


1 orm -08 
4x10 4x10 


= 0.2125 x10%em. Ans. 


u=0.3) 
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Using equation (17.14) for change in length, we get 
pxdxL (= _ 
oL= "oe (2 
1.5 x 100 x 300 (5-0 3| 


2x1.5x2x 10° 


= a —— x0.2= ous =0.015cem. Ans. 
4x10 4 


Using equation (17.17) for volumetric strain, we get 
6V pxd/5 2 
Vi 2Kt 


15100 oo vos ee 
“5410 i : ee 


= 0.25 x 10-8 x [2.5 — 0.6] 
= 0.25 x 10° x 1.9 = 0.475 x 10° 
.. Change in volume, 5V = 0.475 x 10° x V 
where V = Original volume 


= d’?xL= 4% 100? x 300 = 2356194.49 cm?. 


: 5V = 0.475 x 1078 x 2356194.49 = 1119.19 em®. Ans. 

peshiens 17.16. A thin cylindrical shell with following dimensions is filled with a liquid at 
atmospheric pressure : Length = 1.2 m, external diameter = 20 cm, thickness of metal = 8 mm. 

Find the value of the pressure exerted by the liquid on the walls of the cylinder and the 
hoop stress induced if an additional volume of 25 cm? of liquid is pumped into the cylinder. Take 
E = 2.1 x 10° N/mm? and Poisson’s ratio = 0.33. 


Sol. Given: 

Length, L=1.2m=1200 mm 

External dia. D = 20 cm = 200 mm 

Thickness, t=8mm 

.. Internal dia., d=D-2xt=200—-2x8=184mm 
Additional volume, 65V = 25cm? = 25 x 10? mm? = 25000 mm? 
Value of E = 2.1 x 10° N/mm? 

Poisson’s ratio, u= 0.33 


Let p= Pressure exerted, and 
6, = hoop stress produced. 
Volume of liquid or inside volume of cylinder, 


Veo gas 


x 184? x 1200 = 31908528 mm? 


(i) Using equation (17.17), 


Se 24 
V 2Ext 
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pe ce [5-20.33] 
31908528 ~ 2x2.1x10°x8\2 
_ 25000 x 2x 2.1 10° x8 
P = 31908528 x 184 x (2.5 — 0.66) 


or 


= 7.77 N/mm2, Ans. 


(ii) Using equation (17.1), 
pxd_7.77x 184 
O1> OF 2x8 
Problem 17.17.A hollow cylindrical drum 600 mm in diameter and 3 m long, has a shell 
thickness of 10 mm. If the drum is subjected to an internal air pressure of 3 N/mm?, determine 
the increase in its volume. Take E = 2 x 10° N/mm? and Poisson’s ratio = 0.3 for the material. 


= 89.42 N/mm2, Ans. 


Sol. Given : 

External diameter, D=600mm 

Length of drum, L=3 m= 3000 mm 

Thickness of drum, t=10mm 

Internal pressure, p=3 N/mm? 

Young’s modulus, FE =2~x 10° N/mm? 

Poisson’s ratio, u=0.3 

Internal dia., d=D-2xt=600-2x10=580 mm 


Using equation (17.17), 
6V pxd(5 mm 
V 2Ext\2 
3 x 580 «10(3 


~ 2x2x 105 2 
SV = 0.0008265 x V 


15 15 
= 0.0008265 x (< xd” x L| = 0.0008265 x (= x 580? x 3000) 
= 792623000 mm’. Ans. 


17.8. ATHIN CYLINDRICAL VESSEL SUBJECTED TO INTERNAL FLUID PRES- 
SURE AND A TORQUE 


When a thin cylindrical vessel is subjected to internal fluid pressure (p), the stresses set up 
in the material of the vessel are circumferential stress 6, and longitudinal stress o,. These two 
stresses are tensile and are acting perpendicular to each other. Ifthe cylindrical vessel is subjected 
to a torque, shear stresses will also be set up in the material of the vessel. 

Hence at any point in the material of the cylindrical vessel, there will be two tensile 
stresses mutually perpendicular to each other accompanied by a shear stress. The major princi- 
pal stress, the minor principal stress and maximum shear stress will be obtained as given in Art. 
3.4.4 on page 106 and 108. 

Let o, = Circumferential stress (tensile) 

6, = Longitudinal stress (tensile) 
t = Shear stress due to torque. 


-—2x 03] = 0.000435 x 1.9 = 0.0008265 
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2 
0,+0 0,-90 
The major principal stress =-— 5 2+ ( 1 +7” wll ¥ 19) 
0,+0 ej-o ) 
Minor principal stress =— 5 2 [ I 5 2 +0 »( 27-20) 
and maximum shear stress = 5 [Major principal stress — Minor principal stress] 
21) 


Problem 17.18. A thin cylindrical tube 80 mm internal diameter and 5 mm thick, is 
closed at the ends and is subjected to an internal pressure of 6 N/mm?. A torque of 2009600 Nmm 
is also applied to the tube. Find the hoop stress, longitudinal stress, maximum and minimum 


principal stresses and the maximum shear stress. 


Sol. Given: 
Internal diameter, d=80mm 
Thickness of tube, t=5mm 
Internal pressure, p=6 N/mm? 
Torque applied, T = 2009600 Nmm 
Let o,= Hoop stress and 

6, = Longitudinal stress. 
Using equation (17.1) for hoop stress, 


c= pxd 979) = 48 N/mm”. Ans. 
2t 2x5 
Using equation (17.2) for longitudinal stress, 
bee 2 
Gy = ip dae =24N/mm?’. Ans. 


Maximum and minimum principal stresses 


The stresses 6, and o, are tensile stresses. But the cylindrical tube is also subjected to 
torque. Due to torque, shear stress will be produced in the tube. As the thickness of the wall of the 


tube is small, the shear stress is assumed to be uniform throughout the thickness. 
Let t= Shear stress in the wall of the tube 
Shear force = Shear stress x Area 


=tx(md xt) (.« Area = Circumference x Thickness = md x ¢) 


=Txmx80x5 


= 400nt 
d d 
and torque, T = Shear force x ie 400n x tT x 2 
80 
= 400n x T x 9 = 16000n x t Nmm 
But torque applied = 2009600 Nmm (given) 


Equating the two values of the torque, we get 
16000x x t = 2009600 
_ 2009600 


_ 2 
= F6000n = 40 N/mm’. 


STRENGTH OF MATERIALS 
Hence the material of the tube is subjected to two tensile stresses (i.e., 6, = 48 N/mm? and 
6, = 24 N/mm?) accompanied by a shear stress (t = 40 N/mm’). 
Maximum principal stress* is given by equation (17.19) as 


2 
0,+0 0,-0 
Max. principal stress 1 5 24 i 1 5 2) ata? 


2 
2 48 +24 (#54) +402 
2 2 


= 36+ 12? + 1600 
= 36 + 41.76 = 77.7 N/mm? (tensile). Ans. 
Minimum principal stress is given by equation (17.20) as 


2 
; fore 0,+0 0,-90 2 
Min. principal stress 1-2 ( 1-2 +T 


2 2 


2 
_ 48424 (48-4) sag 
2 2 


= 36 — 41.76 
= — 5.76 N/mm? (compressive). Ans. 
(—ve sign shows compressive stress) 
Max. shear stress is given by equation (17.21) as 


. Max. principal stress — Min. principal stress 
Maximum shear stress 7 5 


_ 77.76-(—5.76) _ 77.76 +5.76 _ 83.52 
~ ~ 2 2 


2 
= 41.76 N/mm2. Ans. 


Problem 17.19. A copper cylinder, 90 cm long, 40 cm external diameter and wall thickness 
6 mm has its both ends closed by rigid blank flanges. It is initially full of oil at atmospheric 


pressure. Calculate the additional volume of oil which must be pumped into it in order to raise 


the oil pressure to 5 N/mm? above atmospheric pressure. For copper assume E = 1.0 x 10° N/mm? 


and Poisson’s ratio = 1/3. Take bulk modulus of oil as 2.6 x 10° N/mm?. 
Sol. Given : 
Length of cylinder, 2=90cm 
External diameter, D=40cm 
Wall thickness, t=6 mm = 0.6 cm. 
.. Internal diameter, d = External dia. — 2 x Wall thickness 
= 40 —2 x 0.6 = 38.8 cm. 
Initial volume of oil, V = Internal volume of cylinder 


ake xl 


*See equation 3.15 on page 106. 
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T 
at 38.8 x 90 = 106413 cm? 


Increase in oil pressure, p=5 N/mm’. 

Young’s modulus for copper, E = 1.0 x 10° N/mm? 
1 

Poisson’s ratio, M= 3. 

*Bulk modulus of oil, k = 2.6 x 10° N/mm? 


Due to internal pressure of fluid inside the cylinder, there will be a change in the dimen- 
sions of the cylinder. Due to this, there will be a increase in the volume of the cylinder. Let us first 
calculate this increase in volume of the cylinder. 


Let 6V, = Increase in volume of cylinder. 
ov, 
Then volumetricstrain = ae 


But volumetric strain due to fluid pressure is given by equation (17.17), as 


me = ase (3 - 24 (Here oV, = Increase of volume instead of 5V) 
V 2Et\2 1 
_ ones (3 -2x2} t u=3) 
2x1.0x 10° x 0.6 \2 3 3 
5 x 38.8 
= ox10°x06 (2.5 — 0.667) = 0.00296. 
5V, = 0.00296 x V 
= 0.00296 x 106413 (. V= 106413 cm?) 
= 314.98 cm?. 


As bulk modulus of oil is given, then due to increase of fluid pressure on the oil, the original 
volume of oil will decrease. Let us find this decrease in volume of the oil. 


Let 8V, = Decrease in volume of oil due to increase of pressure. 
Bulk modulus is given as 


_ Increase in pressure of oil pp 
Decrease in volume of oil & 
Original volume of oil V 
pxV 
dV_ 
5V, Dp 
Vek 
or 6V, = = xV 
5 3 
=———, x 106413 = 204.64 cm”. 
2.6 x 10 
* Bulk modulus, # = Increase of pressure _ dp 
ae ia [ Pestesse in seme (#) 
Volume 4 
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Resultant additional space created in the cylinder 
= Increase in volume of cylinder + Decrease in volume of oil 
= 6V, + 6V, 
= 314.98 + 204.64 = 519.62 cm?. 
Additional quantity of oil which must be pumped in order to raise the oil pressure to 
5 N/mm? 
=519.62cm%, Ans. 


17.9. WIRE WINDING OF THIN CYLINDERS 


We have seen in previous articles that hoop stress (or circumferential stress) is two times 
the longitudinal stress in a thin cylinder, when the cylinder is subjected to internal fluid pressure. 
Hence the failure of a thin cylinder will be due to hoop stress. Also the hoop stress which is tensile 
in nature (for a given internal diameter and thickness of a pipe) is directly proportional to the 
fluid pressure inside the cylinder. Hence the maximum fluid pressure inside the cylinder is 
limited corresponding to the condition that the hoop stress reaches the permissible value. In case 
of cylinders which have to carry high internal fluid pressures, some methods of reducing the hoop 
stresses have to be devised. 


Wire wound 
round a pipe 


Unit |g 


length 
o,, = Winding stress in wire (tensile) 


6, = Compressive stress exerted by wire on cylinder 
Fig. 17.5 


One method is to wind strong steel wire under tension on the walls of the cylinders. The 
effect of the wire is to put the cylinder wall under an initial compressive stress. If now this 
cylinder is subjected to internal fluid pressure, the walls of the cylinder will be subjected to hoop 
tensile stress. The net effect of the initial compressive stress due to wire winding and those due to 
internal fluid pressure is to make resultant stress less. The resultant stress in the material of the 
cylinder will be the hoop (tensile) stress due to internal fluid pressure minus the initial compressive 
stress. Whereas the stress (tensile) in the wire will be equal to the sum of the tensile stress due to 
internal pressure in the cylinder and initial tensile winding stress. 

If 6 ,,= Initial winding stress in wire (tensile) 

6, = Compressive circumferential stress exerted by wire on cylinder 

The relation between o,, and o, is obtained by considering a length ‘L’ of cylinder [Refer to 

Fig. 17.6 (a) and (6)]. 
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2nd turn 
of wire 


1st turn 
of wire 


Initial tensile stress in wire = 0 


Initial tensile force in wire for length ‘L’ = n x (2 sgt au X Oy 


where n = No. of turns in length L 


Fig. 17.6 (a) 


Initial compressive stress in cylinder = 6, 


Initial compressive force in cylinder for length L = 2L xt x o, 
Fig. 17.6 (6) 


Initial tensile force in wire for length L of cylinder 


™ 
=nx [2x du?) x0, 
where n = No. of turns of wire in length L 


dw = Dia. of wire 
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=Lx 5 x dw x O,, 
Compressive force exerted by wire on cylinder for length L = 2x Lxtxo, 
For equilibrium 
Initial tensile force in wire = Compressive force on cylinder 


or Lx 5x dw x6, =2xLxtx6, 
xd 
a 9, = =F Xo, ...[17.21 (A)] 


o,* = Circumferential stress developed in the cylinder due to fluid pressure only (tensile) 


o,,* = Stress developed in the wire due to fluid pressure only (tensile) 

Then resultant stress in the cylinder =(6,*-6,) 
and resultant stress in wire =(6,,+6,,*) 

Hence wire-winding of thin cylinder is used : 

(i) to increase the pressure-carrying capacity of the cylinder, and 

(ii) to reduce the chances of bursting of the cylinder in longitudinal direction. 

The hoop stress (or circumferential stress) will be set up in the material of the cylinder if 
the bursting of the cylinder takes place in logitudinal direction. In wire winding of thin cylinders, 
the bursting of the cylinder should be considered only in longitudinal direction. 

In such cases the bursting force (due to internal pressure) per cm length will be resisted by 
the pipe as well as the wires, offering tensile stresses. 

The bursting force due to fluid along longitudinal section per cm length = p x d x L (Here 
p, d and L should be in consistant units i.e., if p is in N/mm?, d and L should be in mm. Hence L 
= 1cm=10 mm.) 

Resisting force of cylinder along longitudinal section per cm length 

=0,* x 2L xt 
where o,* = circumferential stress in cylinder due to fluid pressure. 
(Here ZL and ¢t are in mm. L = 1 cm = 10 mm) 

Resisting force of wire per cm length 

= No. of turns of wire x (2 x Area of cross-section of wire) 
x Stress in wire due to fluid pressure 


=nx2x - dw? xo. * [where n= and dw =Dia. of wire] 
4 w dw 


L Tl Tl 
a ey ho 2 ey ee * 
= x x dw x0, =x x dw x 0 


w 
Bursting force due to fluid pressure 
= Resisting force of cylinder + resisting force of wire 


Tt 
pxdxL=o,¥x2bxt+Lx > xdwto,* 


or pxd=0, x 2+ > xdw xo," [17.21 (B)] 


The circumferential strain in the pipe is also equal to the strain in the steel wire. 

Since the wire and cylinder remain in contact, the circumferential strain in the cylinder 
should be equal to the strain in the steel wire. Due to fluid pressure, the stresses set up in the 
cylinder are circumferential stress and longitudinal stress. But in the wire, there is only one 
stress. 
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Circumferential strain in cylinder = Strain in wire 
O,* Uxo,*)_ o,* 
E E. E 
where £ = Young’s modulus for cylinder 


Cc WwW 


E_, = Young’s modulus for wire 
o,* = Circumferential stress in cylinder due to fluid pressure 
o,* = Longitudinal stress in cylinder due to fluid pressure 
pxd 
~ ae 
Oo," = Stress developed in wire due to fluid pressure. 

Problem 17.20. A cast iron pipe of 200 mm internal diameter and 12 mm thick is wound 
closely with a single layer of circular steel wire of 5 mm diameter, under a tension of 60 N/imm?. 
Find the initial compressive stess in the pipe section. Also find the stresses set up in the pipe and 
steel wire, when water under a pressure of 3.5 N/mm? is admitted into the pipe. Take E for cast 
iron as 1 x 10° N/mm? and for steel as 2 x 10° N/mm?. Poisson’s ratio is given as 0.3. 


Sol. Given : 

Internal diameter of pipe, d=200 mm 

Pipe thickness, t=12mm 

Diameter of wire =5mm 

Tension in wire = 60 N/mm? 

Water pressure, p = 3.5 N/mm? 

E for C.L., E,=1x 10° N/mm? _ 

E for steel, E, = 2 x 10° N/mm? 

Poisson’s ratio, u=0.3 

(i) Before the fluid under pressure is admitted in Fig. 17.7 


the cylinder 
Let ,,= Winding stress in wire 
= 60 N/mm? 
P= Compressive force exerted by wire on cylinder 
6, = Compressive stress exerted by wire on cylinder. 
Consider one cm length of the pipe. Number of turns of the wire of 1 cm pipe length 
Length of pipe — lcm 


~ Diameter of wire 0.5cm 
The compressive force exerted by one turn of the wire on the cylinder (see Fig. 17.7) 
= 2 x Area of cross-section of wire x o,, 
=2x 7 x 5? x 60 N 
Total compressive force exerted by the wire on the cylinder per cm length of the pipe 
= No. of turns x Force exerted by one turn 


= 2x (2x 2x5" x60) =4712N 


Sectional area of the cylinder which takes this compressive force 
=2xIlxt 
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=2x 10x 12mm? 
(. Herel =1cm= 10mm andt = 12 mm) 
Initial compressive stress in the material of the cylinder due to wire winding, 


_ Total compressive force on the cylinder 
= 


Sectional area of cylinder 


402  _ 19.63 N/ 2, An 
-9x10x12. see ais = 


Hence before the water is admitted into the pipe, stresses in the pipe and wire are: 
In the pipe = 19.63 N/mm? (compressive) 
In the wire = 60 N/mm? (tensile) 
(ii) Stresses due to fluid pressure alone 
Let 6,* = Stress in the pipe due to fluid pressure 3.5 N/mm? alone 
o,,* = Stress in the wires due to pressure 3.5 N/mm? alone. 
Consider 1 cm length of the pipe. 
The force of fluid which tends to burst the cylinder along longitudinal section 
= p.d.l = 3.5 x 200 x 10 (. 2=1cem=10mm) 
= 7000 N ...(Z) 
This bursting force is resisted by the cylinder as well as wire. 
Resisting force of cylinder 
= Stress in the cylinder x Area of cylinder resisting 
=0,*x 2lxt=o,*x2x10x 12 
= 240 6,* 


Resisting force of wire = No. of turns x (2 x ; x 5°) 


x Stress in wire due to fluid pressure 


=2x [2x%x5") x 6,,* = 78.54 .6,,* 


Total resisting force 
= 240 o,* + 78.54 o,,* ...(Zi) 
Equating the resisting force to the bursting force given by equations () and (ii), we get 
= 240 0,* + 78.54.6,,* = 7000 (tit) 


Now we know that circumferential strain in cylinder is equal to the strain in wire. 
But circumferential strain in cylinder 
_ Circumferential stress _ Longitudinal stress x 


E E 
= (PEE (For pipe, E = £.) 
: fo. i = x 03| 
2 > (o,* — 4.375) iv) 
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Strain in wire = (. ForwireE=E,)  ...v) 


Equating equations (iv) and (v), we get 


= (6.* — 4.375) = 22 
E, o,* — 4. ago 
E, 
or 0," = ion (o,* — 4.375) 
2x 10° : 
= ao? (o,* — 4.375) = 2(0,* — 4.375) (UL) 


Substituting the above value in equation (iii), we get 
240 o,* + 78.54 x [2(6,* — 4.375)] = 7000 


or 397.086,* = 7687.225 
7687.225 
ge LOR ee 2 : 
0," = 39708 ~ 19.36 N/mm (tensile) 


Substituting the value of o,* in equation (vi), we get 
6,,* = 2(19.36 — 4.375) = 29.97 N/mm? (tensile). 
(iii) Resultant stresses in pipe and wire 
Resultant stress in pipe 

= Initial stress in pipe + Stress due to fluid pressure alone 
= 19.63 (compressive) + 19.36 (tensile) 
= 0.27 N/mm? (compressive). Ans. 

Resultant stress in wire 
= Initial stress in wire + Stress due to fluid pressure alone 
= 60 (tensile) + 29.97 (tensile) 
= 89.97 N/mm? (tensile). Ans. 


17.10. THIN SPHERICAL SHELLS 


Fig. 17.8 shows a thin spherical shell of internal diam- 
eter ‘d’ and thickness “ and subjected to an internal fluid pres- 
sure ‘p’. The fluid inside the shell has a tendency to split the 
shell into two hemispheres along x-x axis. 


The force (P) which has a tendency to split the shell 


T 
=px—d? 
The area resisting this force = 1.d.t 


.. Hoop or circumferential stress (o,) induced in the 
material of the shell is given by, 


Force P 
~ Area resisting the force P Fig. 17.8 


oO; 


Tl 32 
—d 
eri _ p.d 
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The stress 6, is tensile in nature. 
The fluid inside the shell is also having tendency to split the shell into two hemispheres 


ad 
along y-y axis. Then it can be shown that the tensile hoop stress will also be equal to a Let 


this stress is 65. 
pxd 
At 
The stress 6, will be at right angles to 6,. 


O5= 


Problem 17.21. A vessel in the shape of a spherical shell of 1.20 m internal diameter and 
12 mm shell thickness is subjected to pressure of 1.6 N/mm2. Determine the stress induced in 
the material of the vessel. 


Sol. Given : 

Internal diameter, d=1.2m=1.2x10?mm 
Shell thickness, t=12mm 

Fluid pressure, p = 1.66 N/mm? 


The stress induced in the material of spherical shell is given by, 


p.d_16x1.2x10° 
~ 4 4x12 
Problem 17.22. A spherical vessel 1.5 m diameter is subjected to an internal pressure of 
2 N/mm7?. Find the thickness of the plate required if maximum stress is not to exceed 150 N/mm? 
and joint efficiency is 75%. 


=40N/mm2. Ans. 


Sol. Given : 
Diameter of shell, d=1.5m=1.5x10?mm 
Fluid pressure, p = 2 N/mm? 
Stress in material, o, = 150 N/mm? 
Joint efficiency, 1 = 75% or 0.75 
Let t = thickness of the plate. 
The stress induced is given by, 
p.d 
6, = aE 


pd — 2x15x10° 
~ 4.74.0, 4x0.75x 150 


or t =6.67 mm. Ans. 


17.11. CHANGE IN DIMENSIONS OF A THIN SPHERICAL SHELL DUE TO AN 
INTERNAL PRESSURE 


In previous article, we have seen that the stresses 6, and o, at any point are equal (each 
equal to p.d/4t) and like. There is no shear stress at any point in the shell. 
0,-O02 pxd pxd 

At At 


[Maximum shear stress = = 0}, The stresses 6, and o, are acting at right 


angles to each other. 
Strain in any one direction is given by, 


O, UXO, 
e= -— 


8 a= 
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- 2x0) 


O, MXoy [¥ 91 
2 01 =0% 
At 


—= (1—p) seed) 


Vv 
The ratio of change of volume to the original volume is known as volumetric strain. If 


(av 
Volumetric strain | —— 


dV 
V = original volume and dV = change in volume. Then —— = volumetric strain. 


4 
Let V = Original volume 


aU (: Rorasphers Va -2a*) 
6 3 6 
Taking the differential of the above equation, we get 
dV = & x 3d? x d(d) 


1 2 
ave x 3d° x d(d) 
Hence = a 
V oy ad 
6 
d(d) 
= 3 — iL 
7d ..{it) 


But from equation (7), we have 


dd d(d)_ pxd (1—u) 

dad” d 4k." 
Substituting this value in equation (ii), we get 

dV 3xpxd 
= 1 

.. ae 
Problem 17.23. A spherical shell of internal diameter 0.9 m and of thickness 10 mm is 
subjected to an internal pressure of 1.4 N/mm?. Determine the increase in diameter and increase 


1 
in volume. Take E = 2 x 10° N/mm? and u = rt 


Sol. Given: 
Internal diameter, d=0.9m=0.9x 10° mm 
Thickness of shell, t=10mm 
Fluid pressure, p = 1.4 N/mm? 
Value of E = 2 x 10° N/mm? 


1 
Value of u = 3 
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Using the relation, 
6d 
d 


Increase in diameter, 


od 


Now, volumetric strain 


6V 


V 


Increase in volume, 


oV 


or 


_ pxd 
Atk 


(1-1) 


1.4 x (0.9 x 10°) 
~ 4x10x2x10° 


il 
(1 4 =106 + 10-° 


= 105 x 10° x 0.9 x 10° 
= 94.5 x 10° mm = 0.0945 mm. 
dd 


=3 x — 


d 
=8~x 105 x 10° =315 x 10° 


Ans. 


=316 x 10° 


=315 * 10*x V 


= 315 x 10% x (= a° | c V =a for a sphere | 


= 315 x 10-6 x - x (0.9 x 103) 


= 12028.5 mm®, 


Ans. 


17.12. ROTATIONAL STRESSES IN THIN CYLINDERS 


Fig. 17.9 shows a thin cylinder rotating at an angular velocity about its axis. 


Fig. 17.9 
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Let r=mean radius of the cylinder 
t = thickness of the cylinder 
@ = angular speed of the cylinder 
p = density of the material of cylinder 

Due to rotation of cylinder, centrifugal force will be acting on the walls of the cylinder. This 
centrifugal force will produce a circumferential (or hoop) stress o. For a thin cylinder, this hoop 
stress o may be assumed constant. 

Consider a small element ABCD of the rotating cylinder. Let this element makes an angle 
60 at the centre as shown in Fig. 17.9 (a). Consider unit length of this element perpendicular to 
the plane of paper. 

The forces acting on the element are : 


2 


(i) Centrifugal force [aw or mtr] acting radially outwards. Here m is the mass of the 
element per unit length. 
: m = mass of element 
=p x volume of element 
=p x (area of element) x unit length 
=p x [(r x 66) x ¢] x 1 
=pxrxd0xt 
Centrifugalforce = =mw*r = (pré0t) wr 
=pr* x wo x 60 x7 
(i) Tensile force due to hoop stress (o) on the face AB. This force is equal to (o x ¢ x1) and 
acts perpendicular to face AB. 
(wii) Tensile force due to hoop stress (o) on the face CD. This force is equal to (o x t x 1) and 
acts perpendicular to face CD. 


60 
The horizontal component o x ¢ x cos 3 on the face AB and CD are equal and opposite. The 


50 
radial components o x ¢ x sin are acting towards centre and they will be added. 


Resolving the forces radially for equilibrium, we get 


56 56 
Centrifugal force = ot x sin ot ot x sin = 
Fel _ 66 
or pr? x @ x80xt=2x oxi x sin > 
56 66 68 
=2xoxtx — As 80 is very small, hence sin ©2 ~ © | 
2 2 2 
or pr? x @2=6 (Cancelling 50 x ¢ from both sides) 
or O=pr xo sit E22) 


Equation (17.22) gives the expression for hoop stress produced in a thin cylinder due to 
rotation. The above equation can also be used approximately for rim-type flywheels. 

Problem 17.24. A rim-type flywheel is rotating at a speed of 2400 r.p.m. If the mean 
diameter of the flywheel is 750 mm and density of the material of the wheel is 8000 kg/m®, then 
find the hoop stress produced in the rim due to rotation. 
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Sol. Given : 
2nN 2n x 2400 
Speed, N= 2400r.p.m. »-. = 60 60 = 80 rad/s 
: 750 
Mean dia,d=750mm .. r= 5 375 mm = 0.3875 m 


Density, p = 8000 kg/m? 
Let o = hoop stress produced. 
Using equation (17.22), we get 
O=pxr?x wo? 

= 8000 x 0.375? x (802)? N/m? 

= 71.0485 x 10° N/m? = 71.0485 MN/m?. Ans. 
Problem 17.25. If in problem 17.24 E = 200 GN/m? then what will be the change in 

diameter of the flywheel due to rotation. 

Sol. Given : 
From problem 17.24, 
Original dia, d = 750 mm, o = 71.0485 MN/m? = 71.0485 x 10° N/m? 
E = 200 GN/m?2 = 200 x 109 N/m? 


0 
Due to hoop stress, circumferential strain = E 


71.0485 x 10° 


= 3 
200x102. = 0.3552 x 10 
; : foes dd 
But circumferential strain is also equal to 7 
where dd = change in diameter 
od 
Pe 0.3552 x 10-3 
or dd = 0.3552 x 10 x d = 0.8552 x 10 x 750 


= 0.2664 mm. Ans. 


Problem 17.26. Find the speed of rotation of a wheel of diameter 750 mm, if the hoop 
stress is not to exceed 120 MN/m?. The wheel has a thin rim and density of the wheel 
is 7200 kg/m’. 

Sol. Given : 


; 750 
Dia,d=750mm .. r= ie 375 mm = 0.375 m 


Max. hoop stress, 6 = 120 MN/m? = 120 x 106 N/m? 
Density, p = 7200 kg/m?. 
Using equation (17.22), we get 
O=pxr?x wo? 
or 120 x 10° = 7200 x 0.375? x w? 


_ = 17200 x 0.3752 Tams 
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But : 2nN 
" ~~ 60 
60 x 60 x 344.26 
N= o= = 3287.4r.p.m. Ans. 
2 21 


HIGHLIGHTS 


1, 


Oe She 


10. 


11. 


12. 


13. 


If the thickness of the wall of the cylindrical vessel is less than 1/20 of its internal diameter, the 
t 
cylindrical vessel is known as a thin cylinder. Or if 7 < 20° the cylinder is a thin cylinder. 


In case of thin cylinders, the stress distribution is assumed uniform over the thickness of wall. 
When a thin cylindrical vessel is subjected to internal fluid pressure, the stresses set up in the 
material of a thin cylinder are : 
(i) Circumferential or hoop stress and 
(ii) Longitudinal stress. 
The circumferential stress (o,) is given by 
pxd 
O1 > OF 
where p = Internal fluid pressure, 
d = Internal diameter of the thin cylinder, and 
t = Thickness of the wall of the cylinder. 
The longitudinal stress (o,) is given by 
pxd 
y= i 
The circumferential and longitudinal stresses are tensile stresses. 


The circumferential stress is twice the longitudinal stress. 
If the thickness of the thin cylinder is to be determined then circumferential stress is used. 
Maximum shear stress at any point in a thin cylinder, subjected to internal fluid pressure is given 
by, 
01-02 _ pd 

a a 
If, = Efficiency of longitudinal joint, and 


Max. shear stress = 


n, = Efficiency of a circumferential joint 

then the circumferential stress (o,) and longitudinal stress (o,) are given by 
pxd pxd 

~ Ot x Ty 25 


me ~ AEX.” 


In longitudinal joint, the circumferential stress is developed whereas in circumferential joint the 
longitudinal stress is developed. 
The circumferential strain (e,) and longitudinal strain (e,) are given by 


pd 1 pd (1 
RE Nga aye 
e,= 2e( $xu] and a= 2(5 ey 


The circumferential strain (e,) and longitudinal strain (e,) are also equal to 


bd 6L 
aS and C=: 
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14. The change in diameter, of a cylindrical shell subjected to internal fluid pressure p, is given by 


2 
ba = PE (1-3 xu] 
iE \ 2 


where it = Poisson’s ratio. 
15. The change in length, of a cylindrical shell subjected to internal fluid pressure p, is given by 


Pie ded ea (= - 
~ 2tE 2 : 
16. The change in volume, of a cylindrical shell subjected to internal fluid pressure p, is given by 
pd (5 
= —|—-2~x 
bV= QEt (3 4] x volume. 


17. When a thin cylindrical shell is subjected to internal fluid pressure p and a torque, then the 
principal stresses are given by 


: ee 0,+6 01-0 
Major principal stress = a + we +07 
0,+0 01-6,)\ 
Minor principal stress =—1 5) 2 [ 1 5) 2) +77 and 
Maximum shear stress = 2 [Major principal stress — Minor principal stress] 
where 6, = Circumferential stress, 


6, = Longitudinal stress, and 
t = Shear stress due to torque. 
18. The hoop stress in the thin spherical shell is given by 
pxd 
1 4xt’ 
19. Wire-winding of thin cylinder is necessary for 


(i) increasing the pressure-carrying capacity of the cylinder and 

(ii) reducing the chances of bursting of the cylinder in longitudinal direction. 
20. For wire-winding of thin cylinders the equations used are : 

(<) Before fluid is admitted into the cylinder 


1 
nx [2x2 du?) x6, =2L x0) xo, 


where n = =— 
dw 


(ii) After fluid is admitted 


1 
(a) pxdxL=2L xtxo,e4nx (2x2 du?) x9," 


(6) circumferential strain in cylinder = Strain in wire. 


EXERCISE 


(A) Theoretical Problems 


1. Define thin cylinders. Name the stresses set up in a thin cylinder subjected to internal fluid 
pressure. 


THIN CYLINDERS AND SPHERES 


2. (a) Prove that the circumference stress (o,) and longitudinal stress (o,) are given by, 


pxd 
°1- "OF 
pxd 
92= "At 


where p = Internal fluid pressure 
d = Internal diameter of thin cylinder 
t = Thickness of wall of the thin cylinder. 
(6) Derive an expression for circumferential stress and longitudinal stress for a thin shell sub- 
jected to an internal pressure. 

3. (a) Derive the expressions for hoop stress and longitudinal stress in a thin cylinder with ends 
closed by rigid flanges and subjected to an internal fluid pressure p. Take the internal diam- 
eter and shell thickness of the cylinder to be ‘d’ and ‘’ respectively. 

(6) Derive from the first principles the expressions for circumferential and longitudinal stresses 
in a thin cylinder closed at both ends and subjected to internal fluid pressure. 

4, Show that in thin cylinder shells subjected to internal fluid pressure, the circumferential stress is 

twice the longitudinal stress. 

5. While resigning a cylindrical vessel, which stress should be used for calculating the thickness of 

the cylindrical vessel ? 

6. Prove that maximum shear stress at any point in a thin cylinder, subjected to internal fluid 

pressure is given by, 
xd 
8t 
where p = Internal fluid pressure, 


Max. shear stress = 


d = Internal dia. of thin cylinder, and 
t = Wall thickness of cylinder. 
7. Find the expression for circumferential stress and longitudinal stress for a longitudinal joint and 
circumferential joint. 
8. Prove that the circumferential strain (e,) and longitudinal strain (e,), produced in a thin cylinder 
when subjected to internal fluid pressure (p), are given by 


d 1 
a, = PE (1-3xu] and 


where p = Internal fluid pressure, 
d = Internal dia. of thin cylinder, 
t = Thickness of wall of thin cylinder, and 
uu = Poisson’s ratio. 
9. Acylindrical shell is subjected to internal fluid pressure, find an expression for change in diam- 
eter and change in length of the cylinder. 
10. (a) Prove that volumetric strain in case of a thin cylinder, subjected to internal fluid pressure is 
equal to two times the circumferential strain plus longitudinal strain. 


(6) Show that when a thin walled cylindrical vessel of dia. D, length L and thickness t is subjected 
to an internal pressure p, the change in volume is given by 
™X pX D?xL 
16tE 


(5-4x yp). 
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11. Find an expression for the change in volume of a thin cylindrical shell subjected to internal fluid 
pressure. 

12. Write down the expression for major principal stress, minor principal stress and maximum shear 
stress when a thin cylindrical shell is subjected to internal fluid pressure and a torque. 

13. Show that when a thin walled spherical vessel of dia. ‘d’ and thickness ‘’ is subjected to internal 
fluid pressure ‘p’, the increase in volume equal to 


where E = Elastic modulus and 
u = Poisson’s ratio. 


(B) Numerical Problems 


1. A cylindrical pipe of diameter 2.0 m and thickness 2.0 cm is subjected to an internal fluid pres- 
sure of 1.5 N/mm?. Determine : 
(i) Longitudinal stress, and 
(ii) Circumferential stress developed in the pipe material. [Ans. 37.5 N/mm?, 75 N/mm?] 
2. Acylinder of internal diameter 3.0 m and of thickness 6 cm contains a gas. If the tensile stress in 
the material is not to exceed 70 N/mm?, determine the internal pressure of the gas. 
[Ans. 2.8 N/mm?] 


3. A cylinder of internal diameter 0.60 m contains air at a pressure of 7.5 N/mm? (gauge). If the 
maximum permissible stress induced in the material is 75 N/mm?, find the thickness of the 
cylinder. [Ans. 3 cm] 

4. A thin cylinder of internal diameter 2.0 m contains a fluid at an internal pressure of 3 N/mm?. 
Determine the maximum thickness of the cylinder if (i) the longitudinal stress is not to exceed 
30 N/mm? and (ii) the circumferential stress is not to exceed 40 N/mm?. [Ans. 7.5 cm] 

5. Awater main 90 cm diameter contains water at a pressure head of 110 m. If the weight density of 
water is 9810 N/mm’, find the thickness of the metal required for the water main. Given the 
permissible stress as 22 N/mm?2. [Ans. 2.25 cm] 


6. A boiler is subjected to an internal steam pressure of 3 N/mm?. The thickness of the boiler plate 
is 2.5 cm and the permissible tensile stress is 125 N/mm?. Find out the maximum diameter, when 
efficiency of longitudinal joint is 90% and that of circumferential joint is 35%. 

[Ans. 145.83 cm] 


7. Aboiler shell is to be made of 20 mm thick plate having a limiting tensile stress of 125 N/mm/?. If 
the efficiencies of the longitudinal and circumferential joints are 80% and 30% respectively, 
determine : 

(i) The maximum permissible diameter of the shell for an internal pressure of 2.5 N/mm?, and 
(ii) Permissible intensity of internal pressure when the shell diameter is 1.6 m. 
[Ans. (i) 120 cm, (ii) 1.875 N/mm?] 

8. A cylinder of thickness 2.0 cm has to withstand maximum internal pressure of 2 N/mm?. If the 
ultimate tensile stress in the material of the cylinder is 292 N/mm/?, factor of safety 4 and joint 
efficiency 80%, determine the diameter of the cylinder. [Ans. 116.8 cm] 

9. A thin cylindrical shell of 120 cm diameter, 1.5 cm thick and 6 m long is subjected to internal fluid 
pressure of 2.5 N/mm?. If the value of E = 2 x 10° N/mm? and Poisson’s ratio = 0.8, calculate : (i) 
change in diameter, (ii) change in length, and (iii) change in volume. 

[Ans. (z) 0.051 m (ii) 0.06 cm (iii) 6449.7 cm?®] 

10. A cylindrical shell 100 cm long 20 cm internal diameter having thickness of metal as 10 mm is 
filled with fluid at atmospheric pressure. If an additional 20 cm? of fluid is pumped into cylinder 

find (i) the pressure exerted by the fluid on the cylinder and (ii) the hoop stress induced. Take 
E=2.x 10° N/mm? and up = 0.3. [Ans. 10.05 N/mm?, 100.52 N/mm?] 


11. 


12. 


13. 


14. 


15. 


16. 
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A cylindrical vessel whose ends are closed by means of rigid flange plates, is made of steel plate 
4 mm thick. The length and the internal diameter of the vessel are 100 cm and 30 cm respectively. 
Determine the longitudinal and hoop stresses in the cylindrical shell due to an internal fluid 
pressure of 2 N/mm?. Also calculate the increase in length, diameter and volume of the vessel. 
Take E = 2 x 10° N/mm? and p = 0.3. 
[Ans. 37.5 N/mm?2, 75 N/mm2, 0.075 cm, 0.0095 cm, 50.36 cm?] 
A thin cylindrical tube 100 mm internal diameter and 5 mm thick is closed at the ends and is 
subjected to an internal pressure of 5 N/mm2. A torque of 22000 Nm is also applied to the tube. 
Find the hoop stress, longitudinal stress, maximum and minimum principal stresses and the 
maximum shear stress. 
[Ans. 50 N/mm2, 25 N/mm2?, 28 N/mm2, 68.16 N/mm, 6.84 N/mm2, 30.66 N/mm] 


A copper cylinder, 100 cm long, 50 cm external diameter and wall thickness 5 mm has its both 
ends closed by rigid blank flanges. It is initially full of oil at atmospheric pressure. Calculate the 
additional volume of oil which must be pumped into it in order to raise the oil pressure to 4 N/mm? 
above atmospheric pressure. For copper assume, E = 1.0 x 10° N/mm? and Poisson’s ratio = 0.3. 
Take bulk modulus of oil as 2.5 x 10? N/mm?. [Ans. 486.3 cm?*] 
A vessel in the shape of a spherical shell of 1.4 m internal diameter and 4.5 mm thickness is 
subjected to a pressure of 1.8 N/mm2. Determine the stress induced in the material of the vessel. 


[Ans. 140 N/mm2] 


A thin spherical shell of 1.20 m internal diameter is subjected to an internal pressure of 1.6 N/ 
mm2. If the permissible stress in the plate material is 80 N/mm? and joint efficiency is 75%, find 
the minimum thickness. [Ans. 8 mm] 
A thin spherical shell of internal diameter 1.5 m and of thickness 8 mm is subjected to an internal 
pressure of 1.5 N/mm2?. Determine the increase in diameter and increase in volume. Take E = 
2 x 105 N/mm? and u = 0.3. [Ans. 0.369 mm, 1304 x 10°? mm?] 


18.1. INTRODUCTION 


In the last chapter, we have mentioned that if the ratio of thickness to internal diameter of 
a cylindrical shell is less than about 1/20, the cylindrical shell is known as thin cylinders. For 
them it may be assumed with reasonable accuracy that the hoop and longitudinal stresses are 
constant over the thickness and the radial stress is small and can be neglected. If the ratio of 
thickness to internal diameter is more than 1/20, then cylindrical shell is known as thick cylinders. 

The hoop stress in case of a thick cylinder will not be uniform across the thickness. Actually 
the hoop stress will vary from a maximum value at the inner circumference to a minimum value 
at the outer circumference. 


18.2. STRESSES IN A THICK CYLINDRICAL SHELL 


Fig. 18.1 (a) shows a thick cylinder subjected to an internal fluid pressure. 


Let r, = External radius of the cylinder, 
r, = Internal radius of the cylinder, and 
L =Length of cylinder. 


Consider an elementary ring of the cylinder of radius x and 
thickness dx as shown in Figs. 18.1 (6) and 18.2. 


Let p,,= Radial pressure on the inner surface of the ring 
Pp, + dp,, = Radial pressure on the outer surface of the ring 
6, = Hoop stress induced in the ring. 
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Take a longitudinal section x-x and consider the equilibrium of half of the ring of 
Fig. 18.2 as shown in Fig. 18.2 (a) or in Fig. 18.2 (6). 


(p, + dp,) 


Fig. 18.2 (a) Fig. 18.2 (6) 


Bursting force 
= p,, (2xL) — (p, + dp,) x 2(x + dx). L 
=2L[p,.x-(p,.x+p,.dx+x.dp,+dp, .dx)] 


= 2L [-p,,.dx—x .dp,] (Neglecting dp, . dx which is a small quantity) 
=— 2L (p,dx +x .dp,) .{) 
Resisting force = Hoop stress x Area on which it acts = 6, x 2dx. L (it) 


Equating the resisting force to the bursting force, we get 
6, x 2dx.L=-2L (p,.dx+x.dp,) 
or 0,=-p,-x 7 3) 
dx 
The longitudinal strain at any point in the section is constant and is independent of the 
radius. This means that cross-sections remain plane after straining and this is true for sections, 
remote from any end fixing. As longitudinal strain is constant, hence longitudinal stress will also 
be constant. 
Let 6, = Longitudinal stress. 
Hence at any point at a distance x from the centre, three principal stresses are acting : 
They are: 
(i) the radial compressive stress, p,. 
(i) the hoop (or circumferential) tensile stress, 6, 
(ai) the longitudinal tensile stress o,. 
The longitudinal strain (e,) at this point is given by, 


Sz WOx , MPs 
E EE 


But longitudinal strain is constant. 
G2, UO n 4 MPs 
E E E 
But ©, is also constant, and for the material of the cylinder E and u are constant. 


0, — Pp, = constant 


Cy = 


= constant 


= 2a where a is constant 
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Ee 6, =P, + 2a ..(iv) 
Equating the two values of o, given by equations (ziz) and (iv), we get 
dp 
+ 2a =-p,-x — 
Ps Px dx 
dp 
or x.—t= 2a =-2 2a 
de Py Px Dy. 
dp, 2p, 2a -—2p, +a) 
or 
dx x x x 
dp, —_ 2dx 
or - 
(p, +a) x 
Integrating the above equation, we get 
log, (p, + a) =— 2 log, x + log, b 
where log, 6 is a constant of integration. 
The above equation can also be written as 
log, (p, + a) =— log, x” + log, b 
b 
= log, ex 
b 
+a=—5 
Py a x2 
b 
or a me Ee) 


Substituting the values ofp, in equation (iv), we get 


x 


b b 
0,=—y -at+2a=—> +a uA18.2) 
x x 


Equation (18.1) gives the radial pressure p, and equation (18.2) gives the hoop stress at any 
radius x. These two equations are called Lame’s equations. The constants ‘a’ and ‘b’ are obtained 
from boundary conditions, which are : 


(i) at x =r, Pp, = Py or the pressure of fluid inside the cylinder, and 
(i) at x =r, p, = 0 or atmosphere pressure. 
After knowing the values of ‘a’ and ‘b’, the hoop stress can be calculated at any radius. 


18.2.1. Alternate Method for finding stresses in a thick-cylinder. In case of thick- 
cylinders, due to internal fluid pressure, the three principal stresses acting at a point are: 


(i) radial pressure (p) which is compressive, 
(w) circumferential stress or hoop stress (6,) which is tensile, and 
(ai) longitudinal stress (o,), which is also tensile. 
Let e, = circumferential strain, 
e, = longitudinal strain, and 
e,, = radial strain. 
In case of thick-cylinder, it may be assumed that longitudinal strain (e,) is constant, 
which means that cross-section remain plane after straining. 
Consider a circular ring of radius r and thickness ‘dr’. Due to internal fluid pressure, let 
the radius r increases to (r + uw) and increase in the thickness dr be du. 
TOL 
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Initial radius = r whereas final radius = (r + w) 
Final circumference — Original circumference 


Now circumferential strain = as ; 
Original circumference 


2nr+u)-2nr_ 2nu uw 
2ur 2mr r 
ica 


or a= 
lr 


Now original thickness of ring = dr 
Final thickness of ring =dr+du 


("Circumferential strain = e,) .(Z) 


Final thickness of ring — Original thickness 


Radial strain = 


Original thickness 
_ (dr+du)—dr _ du 
~ dr dr 
du : . fe 
or e.= (.- radial strain =e) .. (it) 
"dr r 


The circumferential strain, longitudinal strain and radial strain in terms of stresses and 
Poisson’s ratio are also given by, 


é,= = oe (=) 7 = = 2 (-. pis compressive) (dit) 
Op HO; Up : 
= 3-244 = 
e= F E E (iv) 
a —~P HO; We Gi 
r_ E E E eae 


Equate the two values of circumferential strain (e,) given by equations (7) and (iii). Also 
equating the two values of radial strain (e,) given by equations (ii) and (v), we get 


‘ ~ = oe + = [Equations (i) = (Gii)] avi) 
du _—P_ MO, _ WO, 
r E E 
Let us first eliminate ‘w’ from equations (vi) and (vii). 


From equation (vi), 


[Equations (iz) = (v)] ..(Uit) 


E E &£E 
Differentiating the above equation with respect tor, we get 
a(S US +B) es (= Udo» +) 
dr E E E E\ dr dr dr 
(" 6,, 6, and p are functions ofr) 


..(UiiL) 


Equating the two values of = given by equations (vii) and (viii), 
r 


—Pp WO, Wop (1 He WP), 2 (So pion We) 
E E E \E EE) E\dr dr adr 
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do, do» 2) 


dr B dr ve 


(Cancelling EF from both sides) 


or ~p=H6, -116, =0, 10, + Wp + r[ 


or O=p+uo,+HoO,+0,-HOo,+uUp+r oOi aS 4 
=p + Uo, + WO, 4 HO, + Up das de aes 
_ do, do» dp 
=p +w) +o +w)+r(S Wu ir ae 
do do dp i 
=p roasw+r( m 2 +p BP (EX) 


To find the value of.o, in terms ofp, the value of Se must be substituted in equation (ix). 
r 


Longitudinal strain (e,) is given by equation (iv) as 


2. Voi, We 
e 2 — + 
E EF &E 
Since longitudinal strain (e,) is assumed constant. Its differentiation with respect tor will 


be zero. Differentiating the above equation with respect to ‘7’, we get 
A fdas do, ue) ( dey 
= a ——_ = (0) 
O-F ( a cde ae dr 

do» u do, 4 dp 
dr dr dr 

do» = do, dp 
- dr" dr ' dr 
doy 
dr 


or 0O= 


Substituting the value of in equation (ix), we get 


do, <P) dp 
dr dr 


0=(p+06,)(1 +p) + | u(u 
dr 


O94 64 24 2? Gap) 


=(proiew+r| Se ap 


do dp 
= 2) “fF 
=(p+o0,)(1 +p) +r1—-p*) dr + ur(1 + u) dr 


do d, 
=(p+06,)(1+p)+r(1+wd1-p) a tard +h : 


do d 
=(1+u) oro +ra u) 7 +ur | [. (1+u)#0] 
do dp 
or 0=(@+6,)+r(1—p) > tur .(X) 


For the equilibrium of the element, resolving the forces acting on the element in the radial 
direction we get [Refer to Fig. 18.2 (c)], 


60 
(p + dp\ir + dr) 80 —p xr x 80 + 26, x dr x sin > = 0 


66 60 
As 60 is small, hence sin 329" Now the above equation becomes 
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(o, x 6r x 1) 


50 


Fig. 18.2 (c) 


50 
(p + dp)(r + dr) 60 — prs@ + 20, x dr x 7 =0 


or (p +dp\r + dr)—pr+o6,xdr=0 [Cancelling 60 from both sides] 
pr +pdr+rdp +dp x dr—pr+o,xdr=0 
or pdr +rdp +6,dr=0 
[dp x dr is the product of two small quantities and can be neglected] 
dp dp ; 
or p+ra +o,=0 or pto,=—ra --.(xt) 
Substituting the value of (p + 6,) in equation (x), we get 
dp do, dp 
=-r— —u) —— + ur 
a ar 
dp do, 
= Tor Toot) dr 
dp do, 
=-— + ~ 
or a ae [Cancelling r(1 — 1) from both sides] 
do, dp _ 0 
7 dr dr 
Integrating, we get 
0, —p =constant 
= 2a (let the constant =2a) _ ...(xii) 


In equations (xii) and (xi), the two unknown are o, and p. Let us find the value of 6, from 


equation (xii) and substitute this value in equation (xz). 
From equation (xii),o, =2a+p 
Substituting this value of 6, in equation (xi), we get 


d 
p+ (a+ p)=-r 
d d 
or 2p + 2a =— 7 or op ep 2588 
dr dr 
1 d(pr”) d 
or = =—2a or — (pr*) == 2ar 
rar dr ? 
Integrating, we get 
9 = 2ar” ' 
PS + 6 where 6 is another constant. 
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ae = + b or =—-a (xiii) 
p= rz rz p= re eee 
The above equation gives the radial pressure at radius ‘r’. This equation is same as equation 
(18.1). To find the value of 6, at any radius, substitute this value ofp in equation (xii). 


o,-(4-a]=20 or 6-2 +a=2a 
r r 


b : 
ae 6,=—+2a-a=—+a (xiv) 
r r 


The above equation gives the circumferential stress (or hoop stress) at any radius r. This 
equation is same as equation (18.2). 

Problem 18.1. Determine the maximum and minimum hoop stress across the section of 
a pipe of 400 mm internal diameter and 100 mm thick, when the pipe contains a fluid at a 
pressure of 8 N/mm?. Also sketch the radial pressure distribution and hoop stress distribution 
across the section. 


Sol. Given: 
Internal dia. = 400 mm 
400 
Internal radius, Sir a 200 mm 
Thickness = 100 mm 
External dia. = 400 + 2 x 100 = 600 mm 
. 600 
External radius, ae Bae 300 mm 
Fluid pressure, Po = 8 N/mm? 
or at x =1,, DP, = Py = 8 N/mm? 
The radial pressure (p,,) is given by equation (18.1) as 
b 
sa eae ..() 
P, x2 


Now apply the boundary conditions to the above equation. The boundary conditions are: 
1. At x =r, = 200 mm, p, = 8 N/mm? 

2. Atx =r, = 300 mm, p, = 0 

Substituting these boundary conditions in equation (i), we get 


oe. a= au a (ii) 
2007 40000 = 
b b 


“ ~ 3002 90000 — ...iti) 


Subtracting equation (iii) from equation (ii), we get 


3.2 b 9b-4b_ Bb 
40000 90000 — 360000 360000 
360000 x 8 

b = —— = 576000 
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Substituting this value in equation (iii), we get 


576000 576000 
= -a or a= = 
90000 90000 


The values of ‘a’ and ‘b’ are substituted in the hoop stress. 
Now hoop stress at any radius x is given by equation (18.2) as 


eee 
* x x 
576000 
At x = 200 mm, O99 = poz t 6.4 = 14.4+6.4= 20.8 N/mm?. Ans. 
576000 
At x = 300 mm, 63, = age +64 =6.4+64=12.8N/mm2, Ans. 


Fig. 18.3 shows the radial pressure distribution and hoop stress distribution across the 
section. AB is taken a horizontal line. AC = 8 N/mm?. The variation between B and C is parabolic. 
The curve BC shows the variation of radial pressure across AB. 


c Radial 
pressure (p,) 


20.8 N/mm? 


Hoop 
stress (o,) 


Fig. 18.3 


The curve DE which is also parabolic, shows the variation of hoop stress across AB. Values 
BD = 12.8 N/mm? and AE = 20.8 N/mm. The radial pressure is compressive whereas the hoop 
stress is tensile. 


Problem 18.2. Find the thickness of metal necessary for a cylindrical shell of internal 
diameter 160 mm to withstand an internal pressure of 8 N/mm?. The maximum hoop stress in 
the section is not to exceed 35 N/mm?. 


Sol. Given : 
Internal dia. = 160 mm 
. 160 
Internal radius, r= ee 80 mm 
Internal pressure = 8 N/mm? 
This means at x = 80 mm, p, = 8 N/mm? 
Maximum hoop stress, 6, = 35 N/mm? 
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The maximum hoop stress is at the inner radius of the shell. 


Let r. = External radius. 
The radial pressure and hoop stress at any radius x are given by equations (18.1) and (18.2) 
as 
a a (i) 
P,= 72 wd 
b 7 
and = 2 ta ..(it) 
Let us now apply the boundary conditions. The boundary conditions are : 
at x = 80 mm, p, = 8 N/mm? and o, = 35 N/mm? 
Substituting x = 80 mm and p, = 8 N/mm? in equation (i), we get 
8= 2 -a= -a (iti 
302 6400 (tit) 
Substituting x = 80 mm and o, = 35 N/mm? in equation (ii), we get 
b b 
35 = +a= + j 
30? +7 e400 2 ...(iv) 
Subtracting equation (iii) from equation (iv), we get 
27 
27 = 2a or e=—, = 188 
Substituting the value of a in equation (iii), we get 
8= oe 13.5 
6400 
or b =(8 + 13.5) x 6400 = 21.5 x 6400 
Substituting the values of ‘a’ and ‘0’ in equation (z), 
pe 21.5 = 13.5 
x 


But at the outer surface, the pressure is zero. Hence at x = r,, p, = 0. Substituting these 
values in the above equation, we get 


21.5 x 6400 
arr Ss 


T 


21.5 x 6400 [21.5 x 6400 
ee ah | Sree ot 
or i = ee a oe 100.96 mm 


Thickness of the shell, ¢ =r, —r, 
= 100.96 — 80 = 20.96 mm. Ans. 


18.3. STRESSES IN COMPOUND THICK CYLINDERS 


From problem 18.1, we find that the hoop stress is maximum at the inner radius and it 
decreases towards the outer radius. The hoop stress is tensile in nature and it is caused by the 
internal fluid pressure inside the cylinder. This maximum hoop stress at the inner radius is 
always greater than the internal fluid pressure. Hence the maximum fluid pressure inside the 
cylinder is limited corresponding to the condition that the hoop stress at the inner radius reaches 
the permissible value. In case of cylinders which have to carry high internal fluid pressures, some 
methods of reducing the hoop stress have to be devised. 


— 13.5 
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One method is to wind* strong steel wire under tension on the cylinder. The effect of the 
wire is to put the cylinder wall under an initial compressive stress. 

Another method is to shrink one cylinder over the other. Due to this, the inner cylinder 
will be put into initial compression whereas the outer cylinder will be put into initial tension. If 
now the compound cylinder is subjected to internal fluid pressure, both the inner and outer 
cylinders will be subjected to hoop tensile stress. The net effect of the initial stresses due to 
shrinking and those due to internal fluid pressure is to make the resultant stresses more or less 
uniform. 


Fig. 18.4 shows a compound thick cylinder made up 
of two cylinders. 
Let r,= Outer radius of compound cylinder 
r, = Inner radius of compound cylinder 
r* = Radius at the junction of the two cylinders 
(i.e., outer radius of inner cylinder or inner radius of outer 
cylinder) 
p* = Radial pressure at the junction of the two 


cylinders. 

Let us now apply Lame’s equation i.e., equations 
(18.1) and (18.2) for the initial conditions (i.e., after shrink- 
ing the outer cylinder over the inner cylinder and fluid un- 
der pressure is not admitted into the inner cylinder). 

(i) For outer cylinder 
The Lame’s equations at a radius x for outer cylinder are given by 
b 


1 ; 1 3 
ae a ay .{Z) =F +a, (Ut) 


where a,, 6, are constants for outer cylinder. 

At x =r,, p, = 0. And at x =r*, p, = p*™ 

Substituting these conditions in equation (i), we get 

j= at ~ ay (aii) pt=—5-% (iv) 
Ty ree eee 

From equations (ii) and (iv), the constants a, and b, can be determined. These values are 
substituted in equation (ii). And then hoop stresses in the outer cylinder due to shrinking can be 
obtained. 

(ii) For inner cylinder 

The Lame’s equations for inner cylinder at a radius x are given by 


where a,, 6, are constants for inner cylinder. 
Atx=r,,p,=0 as fluid under pressure is not admitted into the inner cylinder. And 
atx =r*, p, = p*. 
Substituting these values in the above value of p,, we get 
by by 
0=—>;-a 4s and p*=—;-a (vi 
met (v) pea 8 (vi) 


* This method has already been explained in chapter 17 on page 772. 
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From equations (v) and (vz), the constants a, and b, can be determined. These values are 
substituted in o,. And then hoop stresses are obtained. 

Hoop stresses in compound cylinder due to internal fluid pressure alone 

When the fluid under pressure is admitted into the compound cylinder, the hoop stresses 
are set in the compound cylinder. To find these stresses, the inner cylinder and outer cylinder will 
together be considered as one thick shell, Let p = internal fluid pressure. Now the Lame’s equations 
are applied, which are given by 


B B 
P,=—-A (vii) and oA ..-(Viit) 
x x 
where A and B are constants for single thick shell due to internal fluid pressure. 
At X=, p,= 0. 
Substituting these values in equation (vii), we get 
B 
Ge 74 ulti) 
r9 
At x =T,, PD, =D. 
Substituting these values in equation (vii), we get 
B 
p=—z-A (2) 
ry 


From equations (ix) and (x), the constants A and B can be determined. These values are 
substituted in equation (viii). And then hoop stresses across the section can be obtained. 

The resultant hoop stresses will be the algebraic sum of the hoop stresses caused due to 
shrinking and those due to internal fluid pressure. 

Problem 18.3. A compound cylinder is made by shrinking a cylinder of external diam- 
eter 300 mm and internal diameter of 250 mm over another cylinder of external diameter 
250 mm and internal diameter 200 mm. The radial pressure at the junction after shrinking is 
8 Nimm?. Find the final stresses set up across the section, when the compound cylinder is 
subjected to an internal fluid pressure of 84.5 N/mm?. 

Sol. Given : 

For outer cylinder : 

External diameter = 300 mm 

External radius, 


300 
i) = oe = 150 mm 


Internal diameter = 250 mm 
Radius at the junction, 
250 


re = on 125 mm. 


For inner cylinder : 
Internal diameter = 200 mm 
Internal radius 


200 
r= 2. = 100 mm 


Radial pressure due to shrinking at the junction, 
p* = 8 N/mm? 
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Fluid pressure in the compound cylinder, 


p = 84.5 N/mm?. 
(i) Stresses due to shrinking in the outer and inner cylinders before the fluid pressure is 


admitted. 
(a) Lame’s equations for outer cylinders are: 
DP, = a — ay, ---(2) and 0, = a +a, ...(Zi) 
x 
At x = 150 mm, p, = 0. 
Substituting these values in equation (z), 
0 b; _ a _ by = (i . i) 
= 4502 “1 22500 (Lit 
At x =r* = 125 mm, p, = p* = 8 N/mm”. 
Substituting these values in equation (Z), we get 
b b 
. oe a1 (iv) 


8 = = ay = = 
125? 15625 
Subtracting equation (iii) from equation (iv), we get 
by b; (— 15625 + 22500) b, 
8 = + = 
22500 15625 22500 x 15625 
Fics 8 x 22500 x 15625 _ ee 
1” (— 15625 + 22500) ~ 


Substituting the value of 6, in equation (ii), we get 
_ 409090.9 | io _ 409090.9 | i848 
~~ 99500 + & “1 99500 ~ 
Substituting the values ofa, and 6, in equation (iz), we get 
_ 409090.9 +18.18 


6, = 5) 
x 
The above equation gives the hoop stress in the outer cylinder due to shrinking. The hoop 


stress at the outer and inner surface of the outer cylinder is obtained by substituting x = 150 


mm and x = 125 mm respectively in the above equation. 
409090.9 
= + 18.18 = 36.36 N/mm? (tensile) 


150 = 7592 
and (se Te + 18.18 = 44.36 N/mm? (tensile). 
(6) Lame’s equations for the inner cylinder are : 
0.= ba + dg ...(UL) 


P,= 7-4 ..(v) and 
x 
At x =r, = 100 mn, p, = 0 (There is no fluid under pressure.) 


Substituting these values in equation (v), we get 
.(UIL) 


i 

~ 1002 7 10000 * 

At x =r* = 125 mm, p, = p* = 8 N/mm’. Substituting these values in equation (v), we get 

by wee 

Logs _ ...(U1it) 
“215625.” 
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Subtracting equation (vii) from equation (viii), we get 
9. by ib 
15625 10000 
6,(10000—- 15625) —5625b, 
15625 x 10000 15625 x 10000 


8 x 15625 x 10000 


b, =- 5625 = — 222222.2 
Substituting the value of 6, in equation (vii), we get 
222222.2 
10000 
or a, = — 22.22 
Substituting the values of a, and 6, in equation (vz), we get 
eae a _ 99.99 
* x 


Hence the hoop stress for the inner cylinder is obtained by substituting x = 125 mm 
respectively in the above equation. 


222222.2 
C105 = 4952 — 22.22 
= — 14,22 — 22.22 =— 36.44 N/mm? (compressive) 
222222.2 
and 9100 = 4002 — 22.22 


= — 22.22 — 22.22 =— 44.44 N/mm? (compressive) 
(ii) Stresses due to fluid pressure alone 


When the fluid under pressure is admitted inside the compound cylinder, the two cylinders 
together will be considered as one single unit. The hoop stresses are calculated by Lame’s equations, 
which are 


B B 
D,= = (ix) and 0, = a w(x) 
where A and B are constants. 
At x = 100 mn, p, =p = 84.5 N/mm?. Substituting the values in equation (ix), we get 
B B 


y~A= 
100 10000 
At x = 150 mn, p, = 0. Substituting these values in equation (ix), we get 


B B 


A = 
150° 22500 
Subtracting equation (xii) from equation (xi), we get 
B B 


84.5 = -A (XL) 


je A vii) 


84.5 = F000 22500 
B(22500 — 10000) 12500 x B 
~ 10000 x 22500 ~ 10000 x 22500 
84.5 x 10000 x 22500 
B- = 1521000 


12500 
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Substituting this value in equation (xii), we get 


_ 1521000 _A _ 1521000 _ 67.6 
~ 22500 o ~ 22500 
Substituting the values of A and B in equation (x), we get 
ye ae +676 
" x 
Hence the hoop stresses due to internal fluid pressure alone are given by, 
1521000 
S100 = 7 + 67.6 = 219.7 N/mm? (tensile) 
1521000 
C195 = — 29 — t 67.6 = 97.344 + 67.6 
125 
= 164.94 N/mm? 
1521000 
C159 = 77, ae + 67.6 = 67.6 + 67.6 = 135.2 N/mm?. 


The resultant stresses will be the algebraic sum of the initial stresses due to shrinking and 
those due to internal fluid pressure. 


Inner cylinder 
F j9 = F199 due to shrinkage + 6.) due to internal fluid pressure 
=— 44.44 + 219.7 = 175.26 N/mm? (tensile). Ans. 
F yo5 = 9195 due to shrinkage + 6,,, due to internal fluid pressure 
= — 36.44 + 164.94 = 128.5 N/mm? (tensile). Ans. 
Outer cylinder 
F jo5 = 919, due to shrinkage + 6,,, due to internal fluid pressure 
= 44.36 + 164.94 = 209.3 N/mm? (tensile). Ans. 
F j59 = 9459 due to shrinkage + 6,,, due to internal fluid pressure 
= 36.36 + 135.2 = 171.56 N/mm? (tensile). Ans. 


18.4. INITIAL DIFFERENCE IN RADII AT THE JUNCTION OF A COMPOUND 
CYLINDER FOR SHRINKAGE 


By shrinking the outer cylinder over the inner cylinder, some compressive stresses are 
produced in the inner cylinder. In order to shrink the outer cylinder over the inner cylinder, the 
inner diameter of the outer cylinder should be slightly less than the outer diameter of the inner 
cylinder. Now the outer cylinder is heated and inner cylinder is inserted into it. After cooling, the 
outer cylinder shrinks over the inner cylinder. Thus inner cylinder is put into compression and 
outer cylinder is put into tension. After shrinking, the outer radius of inner cylinder decreases 
whereas the inner radius of outer cylinder increases from the initial values. 

Let r, = Outer radius of the outer cylinder 

r, = Inner radius of the inner cylinder 
r* = Radius of junction after shrinking or it is common radius after shrinking 
p* = Radial pressure at the junction after shrinking. 


Before shrinking, the outer radius of the inner cylinder is slightly more than r* and inner 
radius of the outer cylinder is slightly less than r*. 
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For the outer and inner cylinder Lame’s equations are used. These equations are 
b b 
P,= ge and O, = oF +a 


The values of constants a and 6 will be different for each cylinder. 

Let the constants for inner cylinder be a,, 6, and for outer cylinder a,, b,. 

The radial pressure at the junction (i.e., p*) is same for outer cylinder and inner cylinder. 
At the junction, x = r* and p, = p*. Hence radial pressure at the junction. 


*O com = Re A 
poe a= ge es (A) 
by ~ by 
or ar (a, —a,) ..(B) 
or (6, —6,) =r*? (a, —a,) 
Now the hoop strain (or circumferential strain) in the cylinders at any point 
oO, Px 
= ey Px wlC 
E mE ) 
But circumferential strain 
Increase in circumference 
Original circumference 
2n(r+dr)-—2nr_ dr 
7 = ..(D) 


2ur r 
= Radial strain 
Hence equating the two values of circumferential strain given by equations (C) and (D), we 
get 
dr _Ox | Px 
Se ty tee 
r E mE @ 
On shrinking, at the junction there is extension in the inner radius of the outer cylinder 
and compression in the outer radius of the inner cylinder. 


At the junction where x = r*, increase in the inner radius of outer cylinder 


Oo Pp - 
=r*¥)—*~ 4-4 
if & 2 =e 


But for outer cylinder at the junction, we have 


b 
2) eds, a 
0, = ov) +a, and D,= 


where a, and b, are constants for outer cylinders. 
Substituting the values of o,, and p, in equation (iz), we get 
Increase in the inner radius of outer cylinder 


-r|Z(o, +2) = r* £(S+a}+ (25-0 
E m E\r* mE \ r* 


Similarly, decrease in the outer radius of the inner cylinder is obtained from equation (Z) as 


o 
=—r* [Ss + fe (— ve sign is due to decrease) _ ...(iii) 


E mE 
808 


But for inner cylinder at the junction, we have 


STRENGTH OF MATERIALS 


b 
2 22. ee 
0,.= =) +@) and D,= 


Substituting these values in equation (iii), we get 
Decrease in the outer radius of inner cylinder 


1/ b 1 (6b 
3( A+ e)+ 3 (2-a0) ...(iv) 


But the original difference in the outer radius of the inner cylinder and inner radius of the 
outer cylinder. 


= r® 


= Increase in inner radius of outer cylinder 
+ Decrease in outer radius of the inner cylinder 


1/6 1 b 1/6 1 {6b 
= r*} |] 1 * 2 ena (tate eee 
=r E & ay | mE [* a E (2 a+ ae & | 
r* b; by r* b; by 
~E [2 +a (2, +a] mE + = re? “a 
But from equation (A), 
by by 
pe ars ree a2, 


Hence second part of the above equation is zero. Hence above equation becomes as 
Original difference of radii at the junction 


r* b; be 
~ EB |\ p#? ane re? ie 
r* | (6, — by) 
- . b, —b 
= a [(a, -a,) + (a, -a,)] |: peg ieee = a 
2r* 
ae as w&18.3) 


The values of a, and a, are obtained from the given conditions. The value of a, is for outer 
cylinder whereas of a, is for inner cylinder. 


Problem 18.4. A steel cylinder of 300 mm external diameter is to be shrunk to another 
steel cylinder of 150 mm internal diameter. After shrinking, the diameter at the junction is 
250 mm and radial pressure at the common junction is 28 N/mm2. Find the original difference 
in radii at the junction. Take E = 2 x 10° N/mm?. 


Sol. Given : 

External dia. of outer cylinder = 300 mm 
Radius, r, = 150mm 

Internal dia. of inner cylinder = 150 mm 
Radius, r,=75mm 
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Diameter at the junction = 250 mm 

Radius, r* = 125 mm 
Radial pressure at the junction, p* = 28 N/mm? 
Value of E = 2 x 10° N/mm? 
Using equation (18.3), we get 
Original difference of radii at the junction 

2r* . 
= ae fa - %) ..(Z) 
First find the values of a, and a, from the given conditions. These are the constants for 
outer cylinder and inner cylinder respectively. They are obtained by using Lame’s equations. 


For outer cylinder 


(i) At junction, x = r* = 125 mm and p, = p* = 28 N/mm? 
(i) At x = 150 mm, p, = 0. 
Substituting these two conditions in the above equation, we get 


23 = 21 i Gi) 

1252 1= 75695 (Li 

by by; eee 

and 0=—7z- a ... (tit) 


Solving equations (ii) and (iii), we get 
6b, =1432000 and a,=63.6. 
For inner cylinder 
Dp, = “4 are 
() At junction, x = r* = 125 mm and p, = p* = 28 N/mm? 
@i) At x = 75 mm, p, = 0. 
Substituting these two conditions in the above equation, we get 


by by ; 
28 = jos? = T5695 7? ...(iv) 
by by 
and = 752 a, = 5625 — apg (VU) 
Solving equations (iv) and (v), we get 
b, = — 246100 
and a, = — 43.75 


Now substituting the values of a, and a, in equation (z), we get 
Difference of radii at the junction 
2x 125 


= 2x10" 163.6 — (— 43.75)] 


5 
= F098 * 107.35 =0.13 mm. Ans. 


Problem 18.5. A steel tube of 200 mm external diameter is to be shrunk onto another 
steel tube of 60 mm internal diameter. The diameter at the junction after shrinking is 120 mm. 


STRENGTH OF MATERIALS 


Before shrinking on, the difference of diameters at the junction is 0.08 mm. Calculate the radial 
pressure at the junction and the hoop stresses developed in the two tubes after shrinking on. 
Take E as 2 x 10° N/mm?. 


or 


or 


Sol. Given : 

External dia. of outer tube = 200 mm 
Radius, r, = 100 mm 

Internal dia. of inner tube = 60 mm 
Radius, 7, = 30 mm 


The diameter at the junction after shrinking = 120 mm 


Radius, r* = 60 mm 


Before shrinking on, the difference of dia. at the junction = 0.08 mm 


Difference of original radii = 0.04 mm 
Value of E = 2 x 10° N/mm? 
Let p* = Radial pressure at the junction 
Using equation (18.3), 
Original difference of radii at junction 


2r* 
= om (a; = ay) 
2x 
0.04 = as 5 ( 1 ao) or 
200 
(a,-a,) = 3) 
Now using Lame’s equation for outer tube 
by be 
age aac ...(ti) and 


At x = 100 mm, p, = 0. 
Substituting these values in equation (iz), 
by by 
= D) = ay = = 
100 10000 
At x = 60 mm, p, = p*. 


0 ay 


Substituting these values in equation (iz), 
by by 


= m) = ay, = = ay 
60 3600 
Now applying Lame’s equation for inner tube 


p* 


...(UL) 


2 
=—5 a 

Px x2 2 
At x = 30 mm, p, = 0. 
Substituting these values in equation (vi), 

b b 
0= ry) — dy =— > — ay 

At x = 60 mm, p, = p*. 


0.04x2x10° 


2x60 


and oO 


= (a, —-4a,) 


vosht) 


...(Zit) 


...(iv) 


.(V) 


..(UiL) 


..(UIiL) 
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Substituting these values in equation (vi), 
by by 
* —-Ay = -a 
Pp’ 602? 3600” 
Equating the two values of p*, given by equations (v) and (ix), we get 


...(1x) 


by by 
ag = ay 
3600 3600 
by — by 
or 3600 | =d,—a, A(X) 


But from equation (iv), b, = 10000 a, 
and, from equation (viii), 6b, =900a, 
Substituting these values in equation (x), we get 
900 a, — 10000 a, 


3600 ~ 4a 
or 900 a, — 10000 a, = 3600 a, — 3600 a, 
or 900 a, — 3600 a, = — 3600 a, + 10000 a, 
or — 2700 a, = 6400 a, 
2700 27 ; 
on ag eae let) 
Substituting the value of a, in equation (7), we get 
27 eae 200 
aa: 
27d, +64a 2 

or \ aa 2) ~ or a, =- = ~S = 46.88 


Substituting this value in equation (xi), we get 


7 
a, =+ Gy * 46.88 = + 19.77 


b, = 10000 x a, = 10000 x (19.77) = 197700 
and b, = 900 x a, = — 900 x 46.88 = — 42192 
(i) Radial pressure at the junction (p*) 
Substituting the values ofa, and b, in equation (ix), we get 
p*= aes ace = 24688 
3600 3600 
= + 35.16 N/mm”. Ans. 


The value of p* can also be obtained by substituting a, and 6, in equation (v) 


ie by = 
Pp’ *3600 
197700 
ar 19.77 = 54.916 — 19.77 
= 35.146 N/mm?. Ans. 
(ii) Hoop stresses in the two tubes after shrinking on 
The hoop stresses can be calculated from equations (iii) and (viz). 
(a) For outer tube 


ay 


b 197700 
o,=—gta=— Gg 419.77 (b= 197700, a, = 19.77) 
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197700 


S190 = Gogh * 18-77 
= 39.54 N/mm? (tensile). Ans. 
197700 
ana Sg0= —go2 + 19.77 = 74.68 N/mm? (tensile). Ans. 
(b) For inner tube 
0, = bn + a2 
42192 
_—_ 2 — 46.88 (6, =—42192, a, = — 46.88) 
x 
42192 
Ogy = gop 46.88 
= - 58.6 N/mm? (compressive). Ans. 
42192 ; 
and Ga, == ae 46.88 =- 93.76 N/mm? (compressive). Ans. 


18.5. THICK SPHERICAL SHELLS 


Fig. 18.6 shows a spherical shell subjected to an internal | 
fluid pressure p. 

Let r. = External radius 

r, = Internal radius. 

Consider an elemental disc of the spherical shell of thick- 
ness dx at aradius x. Let this elemental disc subtend an angle 
d@ at the centre. 

Due to internal fluid pressure, let the radius x increase 
to (x + u) and increase in thickness dx be du. 

Let e, = Circumferential strain and 

e, = Radial strain 
Now increase in radius = u 
Final radius =x +u Fig. 18.6 
Circumferential strain, 
_ Final circumference — Original circumference 
yo Original circumference 
_ 2n(xtu)—2Qax  u G) 
2 ee ses 
Now original thickness of element = dx 
Final thickness of element = dx + du 
Radial strain, 
_ Final thickness of element — Original thickness 


“x Original thickness 
_ (dx +du)—dx — du (ii) 
7 - =; i 
But from equation (i), 
U=X.e, 
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Radial strain, 
de, 
C= ae 2.0) = 6,02 s— 
Now consider an elemental spherical shell of radius x 
and thickness dx as shown in Fig. 18.7. Let p, and p,, + dp, 
be the radial pressures at radii x and x + dx respectively. 
And o, is the circumferential tensile stress which is equal 
in all directions in a spherical shell. 
Considering the equilibrium of half of the elementary 
spherical shell on which the following external forces are 


(Zit) 


acting : 
@ An upward force of nx” . p, due to internal radial 
pressure p 
(i) A downward force of n(x + dx)? . (p, + dp,) due to 
radial pressure p, + dp,. 
(ui) A downward resisting force o, (2x . dx). 
Equating the upward and downward forces, we get 
mx? p, = 1x + dx)? . (p, + dp,) + 2mx . dx . 6, 
= (x? + dx? + 2x . dx)(p, + dp,) + 2nx . dx . o, 
or x7. p, = (x2 + dx? + 2x .dx\(p, + dp,) + 2x .dx.o, 
= (x? p.+dx?.p, + 2x.dx.p,+x.dp, 
+ dx. dp, + 2x .dx.dp,) + 2x .dx.o, 
Neglecting squares and products of dx and dp, we get 
x2. p,=x?.p,+0+ 2x .dx.p,.+x?.dp,+0+0+ 2x .dx.o, 


or Oa 2e.dx. p +x" dp, + 2x .dx.6, 
or 2x.dx.0,=-2x.dx.p,—x?.dp, 
d, 
or 2.0,=-2.p,—-x. - (Dividing both sides by x . dx) 
he 
x dp 
=—p.—-—.— lA 
or 0,=—P, oO” ay (A) 
Differentiating the above equation w.r.t. x, we get 
d d 1d dp, dp, 1{  d*p, dp, 
—|(0 = — {|- = ‘ = — — m 


At any point in the elementary spherical shell, there are three principal stresses : 
(i) The radial pressure p,, which is compressive 
(ii) Circumferential (or hoop stress) o,, which is tensile and 


(wi) Circumferential (or hoop stress) o,, which is tensile of the same magnitude as of (ii) and 


on a plane at right angles to the plane of o, of (ii). 
Now radial strain, 


fo} Oo 1 
e.= e + aE + mE Here — = Poisson’s ratio = u 
20 
= “ + oa (compressive) 
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Px , 20, ; 
Seal eee a 
( E mE (tensile) (v) 
and circumferential strain, 
Ox, 0, Px . 
= + ] 
ey E mE’ mE (tensile) 
1 Oo 1 m-1 
7 (o, a Ps) = Lo, ( )s Ps (tensile) ..(UL) 
E mm E m m 


Substituting the values ofe, and ey from equations (v) and (vz) in equation (Zizi), we get 
Py. . 26; 1 m- *) Ps d|1 m-1). p 
+ = oO ne : x 
(2 a] #|-(7 m|**aelE tm J° m 


1 2 = = 
- -Z [e+ Ss) x | oa 74 Pe) 4 =|(2 1 do, | 1 ‘Pe 


E m E m m E m ) dx m dx 
= [r.+ 722) (2D, Pe), ama? doy | x dp, 
m m m m dx m dx 
do, |, apy 
or —mp,,— 26, =(m—1)6, +p, +x(m—1) +x 
dx dx 
or —p,(m + 1)-06,(2 + m—-1) =x(m - 1) Lic a 
dx dx 
or —(m + 1)(p, + 6,) = x(m — 1) a0 +X we 
dx dx 
or (m + 1)(—p, + 6,) + x(m — 1) Gs +X OB = 0. 
dx dx 


d 
Now substituting the value of 6, and de (o,) from equations (A) and (iv) in the above 


equation, we get 


d if a d d 
m+0)(pe+-P,-% tt) sxm-0>| Px [: Pu 4 ale Pz 9 


2° dx dx 2\° dx? dx di 
x dp Bdp, 1. d’p, dp, 
ES x a = 0 
or m+ 0){ 5 Be) «atm »| a he +x 7 
dp, |_ x 3x x"(m-1) d*p 
or i ; (m+ 1) p (m— 1) | au 
dp, |—m—1-3m+3+2] x? d’p 
. i 1 x 0 
of dx 9 = (m ) Age 
dp, (-—4m+4 d? 
ie ( - 5 vend) at =0 (Cancelling x) 
4 dp x d’p 
x 1 1 ae 
or Sa (m—- 1D 5 (m — 1) 7 
> — 
or Pi gg OE [Cancelling 7 sd 
dx dx? 9 
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d 
Px _ Zin the above equation, we get 
x 


Substituting 


or 4Z+x.——=0 
or AZ =-—x. — 


or 


Integrating the above equation, we get 
log, Z=— 4 log, x + log, C, 
where C, is the constant of integration. 
The above equation can also be written as 
log, Z = log, x-* + log, C, = log, C, x x+ 


<:) Cy 
=log, | —t Z=t 
0g, & or Pe 


dp 
B Z=— 
ut ay 
dp, C, Ci 
ofx V1 = —-dx 
dx x! or dp,, yt 


Integrating the above equation, we get 


P, = <a ...(vii) 
where C, is another constant of integration. 


Substituting this value of p, in equation (A), we get 
o1= ( Cy + c; = aD, 
x 


= 3x3 2 dx 
oo wes Cy fs “bs Cs) 
"8x8 "2" xf "dx xt 
Ci Cy C; eee 
a ge ee ...(UUL) 
Ifwe substitute C,=-— 6b and C, =—a in equations (vii) and (viii), we get 
(— 6b) 2b ; 
Py=- 3.3 +(- er (UX) 
(— 6b) b 
= -Ca)=z+a . 
and Oo, ae a (x) 
The constants a and b are obtained from initial given conditions. 
For example, (i) at x =r,,p,=0 and atx =r,, p, =p. 
Substituting these values in equation (ix), we get 
2b 2b - 
0=—~-a (x7) and p= 8 (ait) 
ry ie) 
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Solving equations (xi) and (xii), we get 


31,3 

a= and b= a 

pe 2(ry" — 72") 
Problem 18.6. A thick spherical shell of 200 mm internal diameter is subjected to an 
internal fluid pressure of 7 N/mm?. If the permissible tensile stress in the shell material is 


8 Nimm?, find the thickness of the shell. 


Sol. Given : 

Internal dia. = 200 mm 
Internal radius, r,= 100mm 

Internal fluid pressure, p=7N/mm? 


Permissible tensile stress, 6, = 8 N/mm?. 
The radial pressure and hoop stress at any radius of spherical shell are given by 


=—,-a ..(i) and o.=—yt+a (ZL) 
P, x3 x2 


The hoop stress, 6, will be maximum at the internal radius. Hence permissible tensile 
stress of 8 N/mm? is the hoop stress at the internal radius. 
At x = 100 mm, p, = 7 N/mm”. 
Substituting these values in equation (Zz), we get 
2b 2b 


7= 100° -a= 1000000 —a ... (Zit) 
At x = 100 mm, o, = 8 N/mm’. 
Substituting these values in equation (ii), we get 
8 z +a= Z +a ; 
~ 100° 1000000 st) 
Adding equations (iii) and (iv), we get 
3b 
15 = 7000000 
1000000 x 15 
or b = ——.— = 5000000. 
Substituting the value of b in equation (iv), we get 
_ 5000000 | _ 
~ 4000000. 
ae a=8-5=3 
Substituting the values of a and b in equation (i), we get 
2 x 5000000 
—| re: nl = 3 ...(V) 
af x 
Let r. = External radius of the shell. 


At outside, the pressure 
D, = 9 or atx =Pry, p, = 0. 
Substituting these values in equation (v), we get 


25000000 4 ; _ 10000000 
0= 3 OF is = 
lp 3 
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igi V3 
i= 2S) = (3.333)28 x 10? = 149.3 mm 


Thickness of the shell, 
t=r,—r,=149.3-100=49.3 mm. Ans. 
Problem 18.7. For the problem 18.6, find the minimum value of the hoop stress. 
Sol. Given : 
The data from Problem 18.6 is : 
r, = 100 mm, r, = 149.3 mm 
p=7 N/mm, o, at internal radius = 8 N/mm? 
Values of constants are ; 
a = 3, b = 5000000 
The hoop stress at any radius of spherical shell is given by 
b _ 5000000 ‘ 


+a 
3 
x 


The hoop stress will be minimum at the external radius 7.e., at x =r, = 149.3 mm. 


o.= 3 


x x3 


Substituting this value of x in the above equation, we get 


5000000 5000000 

= aqme? = Fannnqonos = Sa 2 

"049.8 ley ne ee ie 
3 


HIGHLIGHTS 


1. 


2. 


The hoop stress is maximum at the inner circumference and minimum at the outer circumference 
of a thick cylinder. 


The radial pressure (p,) and hoop stress (o,) at any radius x in case of a thick cylinder are given by 


Px =z @ and O, =z ta, 
x x 
The above equations are known as Lame’s equations. In these equations a and 6 are constants 
whose values are obtained from boundary conditions. 


The hoop stresses in a compound thick cylinder is the algebraic sum of the hoop stresses caused 
due to shrinking and those due to internal fluid pressure. 


The hoop stress in case of thin cylinders are reduced by wire winding on the cylinders. 


The hoop stress in case of thick cylinders are reduced by shrinking one cylinder over another 
cylinder. 


The original difference of radii at the junction of a compound cylinder for shrinkage is given by, 
2r* 
dr = — (a, - 
r E (az ap) 


where r* = Radius of junction after shrinking 
E = Young’s modulus 
a,and a, = Constants whose values are obtained from boundary conditions. 
For a thick-spherical shell, the radial pressure and hoop stresses are given by 
2b 


b 
Px =z 7 @ and Ox, =—3 +4, 
x x 
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EXERCISE 


(A) Theoretical Questions 
Differentiate between a thin cylinder and a thick cylinder. Find an expression for the radial 
pressure and hoop stress at any point in case of a thick cylinder. 
What do you mean by Lame’s equations ? How will you derive these equations ? 


“The hoop stress is minimum at the outer surface and is maximum at the inner surface of a thick 
cylinder”, prove this statement. Sketch the radial pressure distribution and hoop stress distribu- 
tion across the section of a thick cylinder. 


What do you mean by a thick compound cylinder ? How will you determine the hoop stresses in a 
thick compound cylinder ? 


What are the different methods of reducing hoop stresses ? Explain the terms : Wire winding of 
thin cylinders and shrinking one cylinder over another cylinder. 
Prove that the original difference in radii at the junction of a compound cylinder for shrinkage is 
given by 
k 
dr= a (ay — ag) 
where r* = Common radius after shrinking 
E = Young’s modulus 
a, and a, = Constants whose values are obtained from the boundary conditions. 
Derive an expression for the radial pressure and hoop stress for a thick spherical shell. 


(B) Numerical Problems 


Determine the maximum hoop stress across the section of a pipe of external diameter 600 mm 
and internal diameter 440 mm, when the pipe is subjected to an internal fluid pressure of 
0 N/mm?. [Ans. 99.9 N/mm?] 
Find the thickness of metal necessary for a cylindrical shell of internal diameter 150 mm to 
withstand an internal pressure of 50 N/mm?. The maximum hoop stress in the section is not to 


exceed 150 N/mm/?. [Ans. 31 mm] 
[Hint. p, = © a. Ando, = 2 ea, 
x x 
Let r. = External radius in mm, r, = Internal radius. 
And x is any radius. 
At x = 75 mm, p, = 50 N/mm? and o, = 150 N/mm? 
b 
50 = —— - wll 150 = + (Ud 
5625 ie 5625 e 
Solve equations (z) and (ii). The values of a and 6 are a = 50 and 6 = 562500. Now at x = r,, p, = 0 
0= ae a. Find r,. Then r, = 106 mm. Now ¢ = 106 — 75 = 31 mm] 
r 


A compound cylinder is made by shrinking a cylinder of external diameter 200 mm and internal 
diameter 160 mm over another cylinder of external diameter 160 mm and internal diameter 
120 mm. The radial pressure at the junction after shrinking is 8 N/mm2. Find the final stresses 
set up across the section, when the compound cylinder is subjected to an internal fluid pressure of 
60 N/mm?. 


[Ans. Inner F,, = 90.9 and F,, = 57.9 N/mm? ; Outer F,, = 122.9 and F,,, = 25.9 N/mm?] 


4. 
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A steel cylinder of 200 mm external diameter is to be shrunk to another steel cylinder of 100 mm 
internal diameter. After shrinking the diameter at the junction is 150 mm and radial pressure at 
the junction is 12.5 N/mm. Find the original difference in radii at the junction. Take E = 2 
x 10° N/mm?. [Ans. 0.02025 mm] 
A steel tube of 240 mm external diameter is to be shrunk on another steel tube of 80 mm internal 
diameter. After shrinking, the diameter at the junction is 160 mm. Before shrinking on, the 
difference of diameters at the junction was 0.08 mm. Calculate the radial pressure at the junction 
and hoop stresses developed in the two tubes after shrinking on. Take E = 2 x 10° N/mm?. 

[Ans. p* = 23.44 N/mm?, o,, = 62.5 N/mm?, og, = 39.1 N/mm?, 6 ,., = 37.5 N/mm?] 
A thick spherical shell of 400 mm internal diameter is subjected to an internal fluid pressure of 
1.5 N/mm”. If the permissible tensile stress in the shell material is 3 N/mm?, find the necessary 
thickness of the shell. [Ans. 52 mm] 


19.1. INTRODUCTION 


Column or strut is defined as a member of a structure, which is subjected to axial compressive 
load. If the member of the structure is vertical and both of its ends are fixed rigidly while subjected 
to axial compressive load, the member is known as column, for example a vertical pillar between 
the roof and floor. If the member of the structure is not vertical and one or both of its ends are 
hinged or pin joined, the bar is known as strut. Examples of struts are : connecting rods, piston 
rods etc. 


19.2. FAILURE OF A COLUMN 


The failure of a column takes place due to anyone of the following stresses set up in the 
columns : 
(i) Direct compressive stresses, 
(ii) Buckling stresses, and 
(iii) Combined direct compressive and buckling stresses. 


19.2.1. Failure of a Short Column. A short column of uniform cross-sectional area A, 
subjected to an axial compressive load P, is shown in Fig. 19.1. The compressive stress induced is 
given by p 

P 
P= 

If the compressive load on the short column is gradually increased, a 
stage will reach when the column will be on the point of failure by crushing. 
The stress induced in the column corresponding to this load is known as crush- 
ing stress and the load is called crushing load. 

Let P= Crushing load, 

6, = Crushing stress, and 
A = Area of cross-section. 


Th f 
All short columns fail due to crushing. Fig. 19.1 


19.2.2. Failure of a Long Column. A long column of uniform cross-sectional area A and of 
length/, subjected to an axial compressive load P, is shown in Fig. 19.2. Acolumnis known as long 
column ifthe length ofthe column in comparison toits lateral dimensions, is very large. Such columns 
do not fail by crushing alone, but also by bending (also known buckling) as shown in Fig. 19.2. The 
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load at which the column just buckles, is known as buckling load or critical just 
or crippling load. The buckling load is less than the crushing load for a long col- 
umn. Actually the value of buckling load for long columns is low whereas for short 
columns the value of buckling load is relatively high. 


Refer to Fig. 19.2. 


Let 1 = Length of a long column 
P= Load (compressive) at which the column has just buckled 
A = Cross-sectional area of the column I 


e = Maximum bending of the column at the centre 


P 
Gy = Stress due to direct load = ry 


Pxe 


6, = Stress due to bending at the centre of the column = 


where Z = Section modulus about the axis of bending. 

The extreme stresses on the mid-section are given by Fig. 19.2 

Maximum stress = 0) + 0, 

and Minimum stress = 6, — 6,. 

The column will fail when maximum stress (i.e., 6) + 6,) is more than the crushing stress 

o,. But in case of long columns, the direct compressive stresses are negligible as compared to 
buckling stresses. Hence very long columns are subjected to buckling stresses only. 


19.3. ASSUMPTIONS MADE IN THE EULER’S COLUMN THEORY 


The following assumptions are made in the Euler’s column theory : 


1. The column is initially perfectly straight and the load is applied axially. 

2. The cross-section of the column is uniform throughout its length. 

3. The column material is perfectly elastic, homogeneous and isotropic and obeys Hooke’s 
law. 

4. The length of the column is very large as compared to its lateral dimensions. 

5. The direct stress is very small as compared to the bending stress. 

6. The column will fail by buckling alone. 

7. The self-weight of column is negligible. 


19.4. END CONDITIONS FOR LONG COLUMNS 


In case of long columns, the stress due to direct load is very small in comparison with the 
stress due to buckling. Hence the failure of long columns take place entirely due to buckling (or 
bending). The following four types of end conditions of the columns are important : 

1. Both the ends of the column are hinged (or pinned). 

2. One end is fixed and the other end is free. 

3. Both the ends of the column are fixed. 

4. One end is fixed and the other is pinned. 


For a hinged end, the deflection is zero. For a fixed end the deflection and slope are zero. 
For a free end the deflection is not zero. 


COLUMNS AND STRUTS 


19.4.1. Sign Conventions. The following sign con- 
ventions for the bending of the columns will be used : 

1. A moment which will bend the column with its 
convexity towards its initial central line as shown in Fig. 19.3 (a) 
is taken as positive. In Fig. 19.3 (a), AB represents the initial 
centre line of acolumn. Whether the column bends taking the 
shape AB’ or AB”, the moment producing this type of 
curvature is positive. 

2. Amoment which will tend to bend the column with 
its concavity towards its initial centre line as shown in 
Fig. 19.3 (6) is taken as negative. 


> 
= 
> 
wy 
° 
= 
fe) 
1S) 


(a) Positive (b) Negative 
Fig. 19.3 


The load at which the column just buckles (or bends) is called crippling 
load. Consider acolumn AB of length / and uniform cross-sectional area, hinged 
at both ofits ends A and B. Let Pbe the crippling load at which the column has 
just buckled. Due to the crippling load, the column will deflect into a curved 
form ACB as shown in Fig. 19.4. 

Consider any section at a distance x from the end A. 

Let y = Deflection (lateral displacement) at the section. 

The moment due to the crippling load at the section =— P.y 

(— ve sign is taken due to sign convention 
given in Art. 19.4.1) 


2 
But moment = EI at . 
dx 
Equating the two moments, we have 
2 2 
p22 -_p y or EI2%+P.y=0 
dx % 
d*y P 
or ae + HY 0 


The solution* of the above differential equation is 


[ P . [P . 
y =C,.cos [. Z| +C,.sin [. Z| .{Z) 


where C,, and C, are the constants of integration. The values of C, and C, are as follows : 


d’y  P d’y P P 
—>; + — xy =0can be written as —> + oy = 0 where o2 = — 
dx? EI ” dx” ” 


The solution of the equation is y = C, cos (a x) + C, sin (a x) 


=C ar C. 7 caer = P 
= 1 COS V EI + g Sim VEI BO ay 


*The equation 
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(i) At A, x = 0 and y = 0 (See Fig. 19.4) 
Substituting these values in equation (Z), we get 
0=C,.cos0+C, sin 0 


=C,x1+C,x0 (-. cos 0 = 1 and sin 0 = 0) 
= C, 
Cc =0. .. (iL) 


(ii) At B, x =l and y = 0 (See Fig. 19.4). 
Substituting these values in equation (Z), we get 


P P 
0=C, . cos Lx zr | + C2-sin lx Er 
P 
=0+C,.sin Ix Er [-- C, = 0 from equation (ii)] 


: iP ‘3 
= C, sin ( z] ...(Ziz) 


From equation (iii), it is clear that either C, = 0 


or sin t Z] = 0. 
\ EI 


As C, = 0, then if C, is also equal to zero, then from equation (i) we will get y = 0. This 
means that the bending of the column will be zero or the column will not bend at all. Which is not 


true. 
sin ( iF =0 
EI 


= sin 0 or sin 7 or sin 27 or sin 37 or... 


[P 
or l Fy = 0 OF Tor Qn or Bn or... 


Taking the least practical value, 


1 {2 . 
EI” 


n° EI 
[2 


19.6. EXPRESSION FOR CRIPPLING LOAD WHEN ONE END OF THE COLUMN 
IS FIXED AND THE OTHER END IS FREE 


Consider a column AB, of length/ and uniform cross-sectional area, fixed at the end A and 
free at the end B. The free end will sway sideways when load is applied at free end and curvature 
in the length / will be similar to that of upper half of the column whose both ends are hinged. Let 
Pisthecrippling load at which the column hasjust buckled. Due to the crippling load P, the column 
will deflect as shown in Fig. 19.5 in which AB is the original position of the column and AB’, is the 
deflected position due to crippling load P. 


ai ws (19.1) 


Consider any section at a distance x from the fixed end A. 


COLUMNS AND STRUTS 


Let yy = Deflection (or lateral displacement) at the section 

a = Deflection at the free end B. 
Then moment at the section due to the crippling load = P (a —y) 
(+ve sign is taken due to sign convention given in Art. 19.4.1) 


‘ d*y 
But moment is also = EI —y 
dx 
”. Equating the two moments, we get 
d*y 
EDs oe Pee? ay 
mt?” 4p.y=P 
or —7+P.y=P.a 
dx? a 
d*y Pp P 


sf) 


or eo me 


The solution* of the differential equation is 


Le . [P 
y=, 008» Hy] *e2-sin(x Z| +0 


(7) 


where C, and C, are constant of integration. The values of C, and C, are obtained from bound- 


ary conditions. The boundary conditions are : 
(i) For a fixed end, the deflection as well as slope is zero. 


Hence at end A (which is fixed), the deflection y = 0 and also slope o = 0: 
Hence at A, x = 0 andy =0 
Substituting these values in equation (Z), we get 
0=C,.cos0+C,sind+a 
=C,x1+C,x0+a (. cos 0=1,sin0=0) 
=C +a 
C,=-a (ii) 
dy 
At A, x =0Oand — =0. 
dx 


Differentiating equation (i) w.r.t. x, we get 


dy . [P P [ P [P 
B= Cy. dain[s #). ar C0008» Z|. at? 


*Equation (A) can be written as 


le ne ee Spe 
a a x a where 0° = Ee = Vr 


an x 
The complete solution of this equation is y = C, cos (a. x) + C, sin (a. x) + 5 
o 


P P 
=C,cos|\ Fy **|+C,sin| yey, **| +e 
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or 


or 


or 


lel) ae 


d 
But at A, x = 0 and =e 0. 
dx 


.. The above equation becomes as 


2 . [P 
0=-C,. xy In 0+ Cy EI cos 0 

[P [P [P 
=-C, pr Ot C- WW *%1=& El 


From the above equation it is clear that either C, = 0. 


J 2%: 
EI 
But for the crippling load P, the value of Ia cannot be equal to zero. 


C, = 0. 
‘bette the eauee of C, =—a and C, = 0 in equation (7), we get 


| P 
y=-a.cos|x ,j/—| +a. 
EI 


But at the free end of the column, x =/ andy =a. 
Substituting these values in equation (iii), we get 


Le 
a=—a.cos|/../——|+a 

Ea [P 
=_— l. erect) aw, i! 
0 a cos Z| or aco. Z| 0 


But ‘a’ cannot be equal to zero 


+ TP) -o=cos © or cos 3 or cos 
cos : EI = = EER 5 or COs 2 or Cos 2 OF sscawe 


P ™ 31 51 
Taking the least practical value, 
L. iE a or ie eeu 
EI 2 EI 2 
n7 EI 
4” 


...(iz) 


we) 


19.7. EXPRESSION FOR CRIPPLING LOAD WHEN BOTH THE ENDS OF THE 


COLUMN ARE FIXED 


Consider a column AB of length / and uniform cross-sectional area fixed at both ofits ends 
A and B as shown in Fig. 19.6. Let P is the crippling load at which the column has buckled. 
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Due to the crippling load P, the column will deflect as shown in Fig. 19.6. Due 


P 
to fixed ends, there will be fixed end moments (say M)) at the ends A and B. 
The fixed end moments will be accting in such direction so that slope at the M 
fixed ends becomes zero. : 
Consider a section at a distance x from the end A. Let the deflection of 
the column at the section is y. As both the ends of the column are fixed and 
the column carries a crippling load, there will be some fixed end moments at 
AandB. 
Let M, = Fixed end moments at A and B. 
Then moment at the section = M, — P.y y 
2 
But moment at the section is also = EI oe 
xX 
.. Equating the two moments, we get Mo 
d?y 
EI qe = M, - P.y p 
r Fig. 19.6 
or EI oe +P.y=M, 
d*y P Mo 
or We +a = (A) 
_Mo  P_ Po My 
- EI P EI’ Pp 


The solution* of the above differential equation is 


y=C,.cos [+ [2] + 0,.sin(*- | ja 


sieht) 


where C, and C, are constant of integration and their values are obtained from boundary conditions. 


Boundary conditions are: 


d. 
(i) At A, x = 0, y = 0 and also = 0 asA is a fixed end. 


d 
(i) At B, x =1, y = 0 and also - = 0 as Bis also a fixed end. 


*Equation (A) can be written as 

d*y Mo nereo2= 2 P 
xy= Fa, Whereo’=F7 or O= Var 
The complete solution of this equation is 


Mo 
y =C, cos (a. x) + C, sin (a.x) + Fry G2 


Pp _( {[P Mo 
=C, cos] ,J—— x x | +C, sin] ,J—— x x | + P 
EI EI EI x = 


A lee nce ee 
=C, cos Fy le aes ket sg a 
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Substituting the value x = 0 and y = 0 in equation (7), we get 


M 
0=C,x1+C,x0+ > (." cos0=1) 
My 
=0)2— 3 
M 
C,=-— 


P (Zi) 
Differentiating equation (7), with respect to x, we get 


dy _ jP\ {2 (ea ee 
# 0.Cvsin[x. La E+ Opens ZI mt? 
. [P iP [P LP 
=~ 6, sin{ ZI. E + 0,00s| ZI. EI 


d 
Substituting the value x = 0 and - = 0, the above equation becomes 


[| P 
0=-C,x0+C,x1x EI (.* sin 0 =0 and cos 0 = 1) 
[P 
=C, El ° 


P 
From the above equation, it is clear that either C, = 0 or an 0. But for a given crippling 


load P, the value of ba cannot be equal to zero. 
C, = 0. 


M 
Now substituting the values of C, = — a. and C,, = 0 in equation (7), we get 


My [P Mo oo 
=— 5 cos [. Ear Pp ... (dit) 


At the end B of the column, x =/ and y = 0. 
Substituting these values in equation (iii), we get 


__ Mo P|, Mo 
O= P cos \ Em + P 
or P cos ae => 
P Mo P 
or cos | 7.,/—— | = — x —— =1 = cos 0, cos 27, cos 4m, cos 67, ...... 
EI PM) 
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Le 
be EI = 0, 2m, 4m, 67, ...... 


Taking the least practical value, 


[P 4n?EI 
bss m2" or P= z° 


wif 1953) 


19.8. EXPRESSION FOR CRIPPLING LOAD WHEN ONE END OF THE COLUMN IS 


FIXED AND THE OTHER END IS HINGED (OR PINNED) 


Consider a column AB of length / and uniform cross-sectional area 
fixed at the end A and hinged at the end B as shown in Fig. 19.7. Let P is 
the crippling load at which the column has buckled. Due to the crippling 
load P, the column will deflect as shown in Fig. 19.7. 


There will be fixed end moment (M)) at the fixed end A. This will try 
to bring back the slope of deflected column zero at A. Hence it will be acting 
anticlockwise at A. The fixed end moment M, at A is to be balanced. This 
will be balanced by a horizontal reaction (H) at the top end B as shown in 
Fig. 19.7. 


Consider a section at a distance x from the end A. 
Let y = Deflection of the column at the section, 
M, = Fixed end moment at A, and 
H = Horizontal reaction at B. 
The moment at the section = Moment due to crippling load at B 


+ Moment due to horizontal reaction at B P 
=—P.y+H.(l-x) Fig. 1907 
But the moment at the section is also 
d*y 
= KI —> 
dx? 
Equating the two moments, we get 
2 a ee (l—x) 
——y == ‘3 + — 
dx? 4 ‘ 
a y 
or a aa 
x P H 
or _ =x) (Dividing by ED ...(A) 


dx? EI’* EI 


P P H(-x) 
P El’ P 


Ly ) 
a es 
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The solution* of the above differential equation is 


[P ; | P H : 
y =C, cos [: Ea +C, sin [: z +p (l—x) wd) 


where C, and C, are constants ofintegration and their values are obtained from boundary conditions. 
Boundary conditions are: 


d. 
(i) At the fixed end A, x = 0, y = 0 and also 0 


GY 2 
dx — 
(ii) At the hinged end B, x =/1 andy = 0. 

Substituting the value x = 0 and y = 0 in equation (i), we get 


H HA .l 

O=C,x1+C,x0+ = U-0)=C, + =- 
H i 
eae Jl . (ii) 


Differentiating the equation (i) w.r.t. x, we get 


dy _ [P [ P [P PO 

ae =C,(- 1) sin [. Z|. EI + C, cos [. Z|. EI = P 
. P P P P H 
--¢,sin(x. JE], EI + C, cos [+ (Z). HI P 


d 
At A, x = 0 and 


Oe 
dx = 
P 4H . 
0=-C,x0+C,.1. kIT P (.- sin 0 =0, cos 0 = 1) 
P dH H {EI 
=Co fap p % =p yp 
, H H {EI . ae 
Substituting the values of C, = — Pp? land C, = pyp 2 equation (z), we get 


ase alice a eh ce) 
ge ag cos EI +? P sin EI +? =X, 


*Equation (A) can be written as 
d?y H P P 


Lidl ere, cree ¢ ME Qi = 
dee +O" .y= Fe Ul x) where a” = 77 or G= Var 


The complete solution of this equation is 


[2 H  (l-x) 
=, cos ar **] Casi Pixs) sa F) 
EI 
ig ‘ P H 
= 0,008 [+] ] rCpsin( xx [F) + 5 a0 
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At the end B, x =/ and y = 0. 
Hence the above equation becomes as 


0-5 loos (1 [F | 
H 
HA {EI , P H P 
or PVP sin [Fe] =F Feos( ai 
Lid 
P 


; P 
or sin | 7 ./—— |= 


or ten z=. La 
EI 


The solution to the above equation is, / . |= = 4.5 radians 
Squaring both sides, we get 


P 
PP e457 = 20.25 


’ EI 
EI 
P = 20.25 - 
But approximately 20.25 = 2x? 
2 
gc (19.4) 
l 


19.9. EFFECTIVE LENGTH (OR EQUIVALENT LENGTH) OF A COLUMN 


The effective length ofa given column with given end conditions is the length of an equivalent 
column of the same material and cross-section with hinged ends, and having the value of the 
crippling load equal to that of the given column. Effective length is also called equivalent length. 

Let L, = Effective length of a column, 

1 = Actual length of the column, and 
P =Crippling load for the column. 
Then the crippling load for any type of end condition is given by 


n°EI 


= (19.5) 
i? 


The crippling load (P) in terms of actual length and effective length and also the relation 
between effective length and actual length are given in Table 19.1. 
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TABLE 19.1 


S.No. End conditions Crippling load in terms of Relation between 
of column effective length 
Actual length Effective length and actual length 


Both ends hinged 


One end is fixed 


and other is free 


Both ends fixed 


One end fixed and 
other is hinged 


There are two values of moment of inertia i.e., I, and I a 
The value of J (moment of inertia) in the above expressions should be taken as the least 
value of the two moments of inertia as the column will tend to bend in the direction of least 
moment of inertia. 
19.9.1. Crippling Stress in Terms of Effective Length and Radius of Gyration. 
The moment of inertia (J) can be expressed in terms of radius of gyration (2) as 
I=Ak? whereA = Area of cross-section. 
As Lis the least value of moment of inertia, then 
k = Least radius of gyration of the column section. 
Now crippling load P in terms of effective length is given by 
P= x = rExAR (2: [=Ak2) 
e e 


WExA nExA 
ee ee ...(19.6) 


L? L 2 
eB) 


And the stress corresponding to crippling load is given by 


_ Crippling load — P 
~ Area A 


_WEXA 


Crippling stress 


(Substituting the value of P) 


= ng he ep 


828 
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19.9.2. Slenderness Ratio. The ratio of the actual length of a column to the least radius 
of gyration of the column, is known as slenderness ratio. 


Mathematically, slenderness ratio is given by 
Actual length _l 


Slend ti = = ...(19.8 
Sra eeeetarieites Least radius of gyration hk 
19.10. LIMITATION OF EULER’S FORMULA 
From equation (19.6), we have 
2 
E 
Crippling stress = : 5 
GF) 
k 
rE 


For a column with both ends hinged, L, = /. Hence Crippling stress becomes as = oor 
l 
i] 


l 
where — is slenderness ratio. 


k 


If the slenderness ratio [i é., ;] is small, the crippling stress (or the stress at failure) will 


be high. But for the column material, the crippling stress cannot be greater than the crushing 
stress. Hence when the slenderness ratio is less than a certain limit, Euler’s formula gives a 
value of crippling stress greater than the crushing stress. In the limiting case, we can find the 
value of //k for which crippling stress is equal to crushing stress. 


For example, for a mid steel column with both ends hinged, 
Crushing stress = 330 N/mm? 
Young’s modulus, E = 2.1 x 10° N/mm?. 


Equating the crippling stress to the crushing stress corresponding to the minimum value 
of slenderness ratio, we get 


Crippling stress = ee stress 


ae 


() _ m x2.1x 10° <2 10 


n? x 2.1x 10° 


or 330 = 330 


=| 


= 6282 


= /6282 = 79.27, say 80. 


Hence, if the slenderness ratio is less than 80 for mild steel column with both ends hinged, 
then Euler’s formula will not be valid. 


Problem 19.1. A solid round bar 3 m long and 5 cm in diameter is used as a strut with 
both ends hinged. Determine the crippling (or collapsing) load. Take E = 2.0 x 10° N/mm?. 
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Sol. Given : 

Length of bar, l=3m=3000 mm 

Diameter of bar, d=5cm=50 mm 

Young’s modulus, E = 2.0 x 10° N/mm? 

Moment of inertia, I= vi x 54 = 30.68 cm! = 30.68 x 104 mm 
Let P =Crippling load. 


As both the ends of the bar are hinged, hence the crippling load is given by equation (19.1). 


m’EI x? x2x10° x 30.68 x 104 
pe 3000” 
= 67288 N = 67.288 kN. Ans. 

Problem 19.2. For the problem 19.1 determine the crippling load, when the given strut 

is used with the following conditions : 
(i) One end of the strut is fixed and the other end is free 

(ii) Both the ends of strut are fixed 

(iii) One end is fixed and other is hinged. 

Sol. Given : 

The data from Problem 19.1, is / = 3000 mm, diameter = 50 mm, E = 2.0 x 10° N/mm? and 
I = 30.68 x 10* mm‘. 

Let P= Crippling load. 

(i) Crippling load when one end is fixed and other is free 


2 2 5 4 
EI x 2x 10° x 30.68 x 10 
Using equation (19.2), P= ~~ = ——~~~——"*"—*"*" _ 16822N. Ans. 


P= 


Al” 4 x 3000” 
Alternate Method 
The crippling load for any type of end condition is given by equation (19.5) as, 
2 
n° EI . 
=> sed) 
L, 


where L, = Effective length. 
The effective length (L,) when one end is fixed and other end is free from Table 19.1 on page 
828 is given as 
L, = 21 = 2 x 3000 = 6000 mm 
Substituting the value of L in equation (i), we get 


2 5 4 
p.= x2x10 a = 16822. N. Ans. 
6000 


(ii) Crippling load when both the ends are fixed 


4n"EI  4n” x2x10° x 30.68 x 10* 
Using equation (19.3), P= = ee aE u 


= 269152 N = 269.152 KN. Ans. 


COLUMNS AND STRUTS 
Alternate Method 


nEI 
L? 


Using equation (19.5), P= 


where L, = Effective length 
l 
=> (when both the ends are fixed) 
3000 
= (.- 1=38000) 
= 1500 mm 


2 5 4 
P= Tt” X2.0x a 10 = 269152N. Ans. 


(iii) Crippling load when one end is fixed and the other is hinged 


Qn2EI 2x0? x2.0x 10° x 30.68 x 104 
Using equation (19.4), P= 3 ——s Oe nes 


=134576N. Ans. 


3000” 
Alternate Method 
EI 
Using equation (19.5), P= x 5 
where L, = Effective length 
l 
= 5 (when one end is fixed and the other is hinged) 
_ 8000 
~ 2 
n” x 2.0 x 10° x 30.68 x 104 
P= : : = 134576N. Ans. 


Cr) 
V2 

Problem 19.3. A column of timber section 15 cm x 20 cm is 6 metre long both ends being 
fixed. If the Young’s modulus for timber = 17.5 kN/mm2, determine : 

(i) Crippling load and 


(ii) Safe load for the column if factor of safety = 3. 


Sol. Given : 
Dimension of section = 15cm x 20 cm 
Actual length, l1=6m=6000 mm 


Young’s modulus, E = 17.5 kN/mm? 
(i) Let P = Crippling load 
Using equation (19.5), we get 


2 EI . 
_ - ; .(Z) 
where L, = Effective length 
l 
= (when both the ends are fixed) 
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6000 
ar ae 3000 mm (.- 1=6000 mm) 
l = Least value of moment of inertia 
Moment of inertia of the section about X-X axis, 


3 
Ege = 10000 ent 115 om —>y 
XX 12 es ee 


= 10000 x 104 mm*4 


And moment of inertia of the section about 
Y-Y axis, ; 


3 
= ———— = 5625 cm*4 
ve 12 X-4-|------- pose +-— x 


= 5625 x 104 mm‘. 

Since I, is less than I,y, therefore the column 
will tend to buckle in Y-Y direction. 

And the value of J will be the least value of the 
two moment of inertia. 

a I = 5625 cm* = 5625 x 104 mm* ; 

Substituting the values of J = 5625 x 10* mm* 1Y 
and L = 3000 mm in equation (7), we get Fig. 19.8 

nm? x 17.5 x 5625 x 104 


P= 3000 = 1079.48 KN. Ans. 


(ii) Safe load for the column 
Factor of safety = 3.0 (given) 
Crippling load 1079.48 


.. Safe load = Bactor of safety ar a 359.8 say 360 KN. Ans. 


Problem 19.4. A hollow mild steel tube 6 m long 4 cm internal diameter and 5 mm thick 
is used as a strut with both ends hinged. Find the crippling load and safe load taking factor of 
safety as 3. Take E = 2 x 10° N/mm?. 


Sol. Given : 

Length of tube, l=6m=600cm 

Internal dia., d=4cm 

Thickness, t=5mm=0.5 cm 

.. External dia., D=d+2t=4+2x05=4+1=5cm 
Young’s modulus, E = 2x 10° N/mm? 

Factor of safety = 3.0 


Tt Tt 
Moment of inertia of section, / = eA (Dt — d+) = @ [54 — 44] cm4 


z a (625 — 256) = 18.11 cm! = 18.11 x 104 mm 


Since both ends of the strut are hinged, 
Effective length, L, = / = 600 cm = 6000 mm 
Let P = Crippling load 


COLUMNS AND STRUTS 


Using equation (19.5), we get 
nEI 
L 2 
m2 x 2.0x 10° x 18.11 104 


= ; = 9929.9 say 9930 N. Ans. 
6000 


Crippling load 9930 
Factor of safety ~ 3.0 
Problem 19.4 (a). A simply supported beam of length 4 metre is subjected to a uniformly 
distributed load of 30 kN/m over the whole span and deflects 15 mm at the centre. Determine 
the crippling loads when this beam is used as a column with the following conditions : 
(i) one end fixed and other end hinged 
(ii) both the ends pin jointed. 
Sol. Given : 
Length, / = 4m = 4000 mm 
Uniformly distributed load, w = 30 kKN/m = 30,000 N/m 
30,000 
~~ 1000 
Deflection at the centre, 6= 15mm. 


For a simply supported beam, carrying U.D.L. over the whole span, the deflection at the 
centre is given by, 


And safe load = =3310N. Ans. 


N/mm = 30 N/mm 


5 wxL 

56 = —x 

384° «EI 

5_ 30x 40004 
384 EI 

5_ 30x 40004 


~ 384 15 
5 3 x 256 2 
oye 13 _ 4 13 2 
384 15 x 10 3 x 10°? N mm‘. 
(i) Crippling load when the beam is used as a column with one end fixed and other end 
hinged. 
The crippling load P for this case in terms of actual length is given by equation (19.4) as 


or 15= 


EI 


2n* x El 
P= ae where / = actual length = 4000 mm 
2hn°X—x 10” 
= 3 = 8224.5kN. Ans. 
4000 


(ii) Crippling load when both the ends are pin-jointed 
This is given by equation (19.1) in terms of actual length as 
2 
P= = where / = actual length = 4000 mm 
nx a x 107° 
= ——_,—_ = 4112.25 kN. Ans. 
4000 
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Problem 19.5. A solid round bar 4 m long and 5 cm in diameter was found to extend 
4.6 mm under a tensile load of 50 kN. This bar is used as a strut with both ends hinged. Determine 
the buckling load for the bar and also the safe load taking factor of safety as 4.0. 

Sol. Given : 

Actual length of bar, L = 4m = 4000 mm 

Dia. of bar, d = 5 cm 


.. Area of bar, =e 4 52 = 6.25n cm? = 6.25n x 10? mm? = 625n mm? 


Extension of bar, 6L = 4.6 mm 

Tensile load, W = 50 kN = 50000 N. 

In this problem, the values of Young’s modulus (£) is not given. But it can be calculated 
from the given data. 

Tensile load 
Tensile stress _ ( Area 
Tensile strain _  Batension of be | 
Length of bar 


.. Young’s modulus, EH = 


E Stress = Load and strain = *| 
Area L 


Ww 
(5) WL _ 50000 4000 
— NES, x= x 


8L ~ A SL 625n 46 


= 2.214 x 104 N/mm?. 


L 
Since the strut is hinged at its both ends, 
Effective length, L, = Actual length = 4000 mm 
Let P = Crippling or buckling load. 
Using equation (19.5), we get 


n° EI 
Te 
n x 2.214 x 104 x x54 x 104 . 
= 64 & IT=—x5* x 104 mm‘) 
4000 x 4000 64 


= 4189.99 say 4190 N. Ans. 
Crippling load _ 4190 

~ Factor of safety 4 

Problem 19.6. A hollow alloy tube 5 m long with external and internal diameters 
40 mm and 25 mm respectively was found to extend 6.4 mm under a tensile load of 60 kN. Find 
the buckling load for the tube when used as a column with both ends pinned. Also find the safe 
load for the tube, taking a factor of safety = 4. 

Sol. Given : 

Actuallength, 2=5m-=5000mm 

External dia., D=40mm 


And safe load =1047.5N. Ans. 


Internal dia., d=25 mm 
Extension, 6L = 6.4 mm 

Tensile load, W = 60 KN = 60,000 N 
Safety factor =4 
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T T 
Cross-section area, A= 4 (D? — d?) = Z (40? — 25?) = 766 mm? 


ns _ 4) = = (ant _ on 
64 (D d= 64 (404 — 254) 
= 
64 
The value of Young’s modulus is obtained as given below 


Moment of inertia, I= 


(2560000 — 390625) = a x 2169375 = 106500 mm+ 


WwW 
_ Tensilestress (A 
~ Tensile strain ( OL 


L 
(90000 
_ 766) _ 60,000 _ 5000 _ : , 
= (84 = reg X gg 7 11945 x 104 N/mm 
5000 


Since the column is pinned at both the ends. 
.. Effective length, L, = Actual length = 5000 mm 
Let P = Buckling load 
Using equation (19.5), we get 

mEI 7? x 6.11945 x 10* x 106500 
L2 = 50002 287BN. Ans. 
Buckling load _ 2573 
~ Factor of safety 4 


Ps 


And safe load = 643.2 N. Ans. 


Problem 19.7. Calculate the safe compressive load on a hollow cast iron column (one end 
rigidly fixed and other hinged) of 15 cm external diameter, 10 cm internal diameter and 10 m in 
length. Use Euler’s formula with a factor of safety of 5 and E = 95 kN/mm?. 


Sol. Given : 

External dia., D = 15 cm 

Internal dia., d = 10 cm 

Actual length of column, / = 10 m = 10000 mm 
Factor of safety = 5.0 

Young’s modulus, E = 95 kN/mm? = 95000 N/mm? 
Moment of inertia of hollow column, 


a yp athe et pe = 
=a (D* — d*) = 64 (154 — 10*) = 64 (50625 — 10000) 
= 1994.175 cm4 = 1994.175 x 104 mm+4 

Since one end of the column is fixed and other end is hinged. 

.. Effective length, L,= as = an000 


V2 v2 


Let P = Crippling load. 
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Using equation (19.5), we get 


n°EI 
nm? x 95000 x 1994.175 x 104 we 
= 5} ." L, = 2 
(299) 2 
V2 
_ n? x 95000 x 1994.175 x 104 x2 eee 
7 10000 x 10000 ~ aa 
But safe load =, Crippling load 373.98 =74.79kKN. Ans. 


~ Factor of safety 5 

Problem 19.8. Determine Euler’s crippling load for an I-section joist 40 cm x 20 cm x 
1cmand 5 m long which is used as a strut with both ends fixed. Take Young’s modulus for the 
joist as 2.1 x 10° N/mm?. 

Sol. Given : 

Dimensions of I-section = 40 cm x 20 cm x 1 cm 

Actual length, 7 = 5m =5000 mm 

Young’s modulus, E = 2.1 x 10° N/mm?. 

Moment of inertia of the section about X-X axis, 

Iyy = M.O.I. of rectangle of dimension 
[20 cm x 40 cm] — M.O.I. of rectangle of dimension 
[(20 -1) x (40-1-1)] 


1 1 
=F5 bd? — 2 bia? 
1 3_ 3 
= qq * 20 x 40 — Yg * 19x 38 
(.~ 6, =19,d, = 38) 
= 19786 cm‘4. 


Similarly the moment of inertia of the section about Y-Y axis 
Iyy = M.O.I. of rectangle of dimension (38 x 1) 
+ M.O.I. of two rectangles of dimension (1 x 20) 


1 3 1 3 
= Yq x 38x1 +2x 75 x 1x 20 
= 3.166 x 1333.33 = 1336.5 cm‘. 
.. Least value of the moment of inertia is about Y-Y axis. 
I = 1336.5 cm‘ = 1336.5 x 104 mm?4 


As both the ends of the strut are fixed 


.. Effective length, L,= = =—~— = 2500mm 


Let P = Crippling load. 
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Using equation (19.5), we get 
nEI 7? x2.1x10° x 1336.5 x 104 
Lb? 25002 
= 4432080 N = 4.432 MN. Ans. 


Problem 19.9. Determine the crippling load for a T-section of dimensions 10cm x 10cm x 2cm 
and of length 5 m when it is used as strut with both of its ends hinged. Take Young’s modulus, 


E=2.0x10°N/mm?. 


Sol. Given : 


1Y 
Dimensions of T-section = 10cm x 10 cm x 2 cm 10. om—>| v 


Actual length, 7 = 5m = 5000 mm [ 
Young’s modulus, E = 2.0 x 10° N/mm?. 
First of all, calculate the C.G. of the section. The given X 


section is symmetrical about the axis Y-Y, hence the C.G. of 
the section will lie on Y-Y axis. 


Let y = Distance of C.G. of the section from bottom | 

end. 
For the flange, we have a, = 10 x 2 = 20 cm? Li] 

y, = Distance of C.G. of area a, from the bottom end 2cm—>| : i 
=8+1=9cm 


For the web, we have a, = 8 x 2 = 16 cm? Fig. 19.10 


2cm 
is 


10cm 


8 
yo = Distance of C.G. of area a, from bottom end = 5 4cm 


a1)1 + A292 
a, +a, 
20x9+16x4 180+64 
~ 20 +16 36 
Moment of inertia of the section about the axis X-X, 


10x 8° 
Lyy = 


Using the relation, Y = 


= 6.777 cm 


2x8? 
12 


+20x2223") +{ +16x arr) 


= (6.667 + 98.834) + (85.333 + 123.387) = 314.221 cm‘. 


Moment of inertia of the section about the axis Y-Y, 


_ oxo" 8x2" 
w 49" 48 
Least value of moment of inertia is about Y-Y axis 
= I = 172 cm* = 172 x 104 mm‘* 
Since the strut is hinged at both of its end 
.. Effective length, L, =/ = 5000 mm 
Let P = Crippling load 
Using equation (19.5), we get 


I = 166.67 + 5.33 = 172 cm‘. 


nmEI 7x? x2.0x10° x 172x104 


P= = = 135805.7 N. 


te 5000” 


Ans. 
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Problem 19.10. Calculate the Euler’s critical load for a strut of T-section, the flange 
width being 10 cm, overall depth 8 cm and both flange and stem 1 cm thick. The strut is 3m 
long and is built in at both ends. Take E = 2 x 10° N/mm?. 


Sol. Given : 
Actual length, / = 3m = 3000 mm 
Value of E = 2 x 10° N/mm? 


The dimensions of T-section are shown in Fig. 19.10 (a). First of all, calculate the C.G. of 
the section. The given section is symmetrical about the Y-Y axis. 


Hence the C.G. will lie on Y-Y axis. 
Let y = Distance of C.G. of the section from the bottom end. 
For the flange a, = Area of flange = 10 x 1 = 10 cm? 
y, = Distance of C.G. of area a, from the bottom end 
=7+5=75em. 
For the stem or web, a, = Area of stem = 7x 1=7 cm? 
yo = Distance of C.G. of area a, from the bottom end 


a te 
= 9 = 3.5 cm 


Stem or Web 


Fig. 19.10 (a) 


a,X Vy ta_gX yo _ 10XK7.5+7x3.5 


Now using the relation, y = 


a, + Qo (10 + 7) 
75+245 99.5 
= 17 =T7 = 5.85 cm. 


Now calculate the moment of inertia about X-X axis and Y-Y axis. 


3 3 
_ * XP + ay x (2.15 - os? | S 


I 


XX 


a + dy X (5.85 - 20° 
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= |3+10% 1.65") + Ee 24.7% 2.36° |= 95.298 cm* 
12 12 


3 3 
and Ly= ra — = 83.333 + 0.583 = 83.916 em‘. 


The least value of moment of inertia is about Y-axis. 
T= I, = 83.916 cm‘ = 839160 mm‘. 


AG the strut is fixed at both oa. hence its effective length (L,) will be half of its actual 
length. 


see S180 
= 2 2 mm 


Let P = Euler’s critical load. 
neEI 72 x2x10° x 839160 


Lo 15007 
= 736190 N = 736.19 KN. Ans. 
Problem 19.11. A strut length l, moment of inertia of cross-section =I uniform through- 
out and modulus of material = E, is fixed at its lower end, and its upper end is elastically 
supported laterally by a spring of stiffness k. Show from the first principles that the crippling 


Using equation (19.5), P= 


tan al 


load P is given ay a 


P P 
2 iD ee 
= 1 kl , Where o& ET: 


Sol. Given : 
Length of strut = 
Moment of inertia = 
Young’s modulus = 
Stiffness of spring = 
Crippling load =P, 
The strut is shown in Fig. 19.11 in which 
H = Lateral force due to spring of stiffness k 
a = Deflection of the end B 
Then H=Stiffness of spring x Deflection of end B 
=kxa. ..(Z) 
Consider any section at a distance x from the fixed end A. 
Let y = Deflection at the section. 
Then moment at the section = Moment due to crippling load 
+ Moment due to lateral force H 
=P(a-y)-H(l-x)=P.a-P.y-Hi(l-x) 


Fig. 19.11 


dy 
But moment is also = kI —, 
dx? 
Equating the two moments, we get 


d2 
EI — = Pa- Py-H(l-x) 


qd? 
EI — 3 + Py = P.a-H (l-x) 
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d*y Pp P H oe 
or Ta 4 og Y= ep 8 ey (1 —x) (Dividing by EI) ...(A) 
_P BPs 
Te ee 
P P oH P 
= oe ; = a2 0-2)| 
HO a pp | 


The solution* of the above differential equation is 


H 
y= C,-008[ Z)+ey-sin[s, Else pe 


(l — x) 


— rey ce ee 
. EI a EI ...(ii) 


where C, and C, are constants of integration and their values are obtained from boundary conditions. 
The boundary conditions are: 


=C,.cos(@.a)+C,.sin(@.a)+a—- 


d 
(i) For fixed end A, x = 0 and y = 0 also a =0 
Gi) Atx =l1,y =a. 
Substituting the values x = 0, y = 0 in equation (iz), we get 


H 
0=C,.1+C,.0+a—- = U-0) (cos 0 =1, sin 0 = 0) 
H 
= C, +a- P l 
H 
C,=-a+ Pp l (tit) 
Differentiating equation (ii) w.r.t. x, we get 


dy H 
de 7 C1: &- Sin (Kw) + Cy. H. cos (x. 1) 40-1) 


H 
=—C,.0. sin (x. a) + Cy. 0. cos (&. 0) + 


*Equation (A) can be written as 
a ae ar ee ee is 
SF +0 xy=O%xa- (l-x) where o? =F 8 “=Vex 
The complete solution of this easteas is 


igo! aw 
El 


a 


ee eae eee fee ee 
=, cos EI +C, sin Er x|+a-— P 


EI x 
“EI 


[ P [| P H 
= 0,c08[xx A) +6: sin[ = pa a ee) 


y =C, cos (a.x)+C, sin (a x x) + 


or 


or 


or 


or 


or 


or 


COLUMNS AND STRUTS 


d 
Substituting the values at x = 0, = 0, in the above equation, we get 
H : 
O=—C,.a.0+C,.a.1 + = (sin 0 =0, cos 0 = 1) 
= C, ~Ot+ P 
ae 
2° oP 


...(iv) 


Substituting the values of C, and C, in equation (iz), we get 
H H H 
=—|a-— —!1 — ———— i =< << _— 
y ( Pp . COS (x.0) op sia (x.0) +a P (l—x)  ...(v) 


At the end B,x =/ andy =a. 
Substituting these values in equation (uv), we get 


(«- 21) H . Ht 
a=- P cos (1.0) — Op sin U.0) +a — = -D) 


H H 
=4 (a- 3) . cos (1.0) — oP sin (1.0) +a 


a+ [a 21) cos (1.0) -a =— ae sin (1.0) 


oP 


H 
(« - 27) cos (1.4) = — ee sin (1.a) 


aP 
ety 
sin (1.0) _ P 
cos (Z.a) _ 
oP 
H 
tan (1.0) = — a- 31) 0 
aa.P 4H a.P 
tan (1.0) = — H +p leap 
.P 
ane +1la=—- aoe: +all[.: H=k.a from equation (i)] 
H hea 
_ a.P 1 
a a 
Dividing by a.l, we get 
tan(ol) P| ae 
al kal &k.l 
tan (aL) P 
al =1- ie Ans. 


Problem 19.12. Determine the ratio of buckling strengths of two columns one hollow 


and the other solid. Both are made of the same material and have the same length, cross- 
sectional area and end conditions. The internal diameter of hollow column is half of its external 


diameter. 


STRENGTH OF MATERIALS 


Sol. Given: 
Let d = Dia. of solid column 
D = External dia. of hollow column 


D 
Internal dia. of hollow shaft = O 


Both the shafts are made of the same material and have the same length, cross-sectional 
area and end conditions. As areas of solid and hollow shafts are equal. 


Area of solid shaft = Area of hollow shaft 


2 2 
ort =|?) _ 30 
4 4 


Buckling load of a column as given by Euler’s formula is 
n” EI 
L2 
As the shafts are having the same length, same material, same cross-sectional areas and 
same end conditions. Hence the value of A, F and L for both shafts are same. 

ce Pe«J] (. A, E and L are same) ...(ii) 
Let P, = Buckling load of the hollow column 

P, = Buckling load of solid column 

I, = Least moment of inertia of the hollow column 


4 
i pt -(2 _~® | ps Di} on 1B ons 
~ 64 2 64 16 |" 64 * 16 


I, = Least moment of inertia of the solid column 


[see equation (19.5)] 


T 
a eh 
64 oe 
From equation (ii), we have 
PF, _ Py dy 
hh ” BR | 
m1 ps 
_ 64 16 ( h= Ex BD n= Za') 
La 64 16 64 
64 
_15D* 15 Dt E He ep 
16 dt 16/ Bp\' 7 
2 
16, BF 1 ee 
16 9 ps 9 [- 
16 
Buckling load of hollow column 
= 1.667. Ans. 


Buckling load of solid column 


COLUMNS AND STRUTS 


Problem 19.12 (a). Using Euler’s formula, calculate the critical stresses for a series of 
struts having slenderness ratio of 40, 80, 120, 160 and 200 under the following conditions : 


(i) both ends hinged and 
(ii) both ends fixed. 
Take E = 2.05 x 10° N/mm?. 
Sol. Given : 
(i) Critical stresses when both ends hinged 
l 
Slenderness ratios, Me 40, 80, 120, 160 and 200 
The critical stress or crippling stress is given by equation (19.7). 


n’xE 


ie 
a 
where L, = Effective length 
But for both ends hinged, L, = 1 
where / = actual length. 


Critical stress 7 


sult) 


Critical stress = Ce bel) ada) 


l 
When in 40, the critical stress becomes as 


2 
nm xE x2 ? 
= TAR = EXAOS XIN = 1264.54 Nimm2. Ans. 
40 1600 


When i= 80, the critical stress becomes as 


2 
nN xE 2 5 
a= fete = 316.135 N/mm2. Ans. 
80 6400 


l 
When 77 120, the critical stress becomes as 


2 
un xE 2 a 
>= Xx 2.05 x 10" = 140.5 N/mm2. Ans. 
120 14400 


l 
When rh 160, the critical stress 


2 
nt“ xE 2 3 

—— i nea ETO” «Gaga Nini: fae 
160 25600 


l 
When ro. 200, the critical stress 


2 2 5 
um xH 7” x2.05x10 
= Nee Oe = SOS Nina. aie 
2002 40000 saa i 


STRENGTH OF MATERIALS 


(ii) Critical stresses when both ends fixed 
Using equation (19.7), 


Crippling or critical stress = 


When both ends fixed, L, = 


ls 


Critical stress = = 


l 
When rig AO, the critical stress becomes as 
4n?xE 4xn?x2.05x10° 
@ * 
k 
4x nm” x 2.05 x 10° er ee 
= 1600 7 ‘ mm?, Ss. 
l 
When 37 80, the critical stress becomes as 


7 An? XE 7 4x1” x 2.05 x 10° 


1\2 80? 
G 


l 
When ri 120, the critical stress becomes as 


= 1264.54 N/mm2. Ans. 


l 
When ie 160, the critical stress becomes as 


An? x 2.05 x 10° 
7 160? 


= 316.135 N/mm2. Ans. 


l 
When rig 200, the critical stress becomes as 


An” x 2.05 x 10° 
~ 200? 


19.11. RANKINE’S FORMULA 


In Art. 19.10, we have learnt that Euler’s formula gives correct results only for very long 
columns. But what happens when the column is a short or the column is not a very long. On the 
basis of results of experiments performed by Rankine, he established an empirical formula which 
is applicable to all columns whether they are short or long. The empirical formula given by 
Rankine is known as Rankine’s formula, which is given as 


= 202.32 N/mm2, Ans. 


COLUMNS AND STRUTS 


Be i) 


where P= Crippling load by Rankine’s formula 
Po = Crushing load = 6, x A 
6, = Ultimate crushing stress 
A = Area of cross-section 
P,, = Crippling load by Euler’s formula 
2 
7 a in which L, = Effective length 


2°? 
e 


For a given column material the crushing stress 6, is a constant. Hence the crushing load 
P. (which is equal to 6, x A) will also be constant for a given cross-sectional area of the column. In 
equation (7), P, is constant and hence value of P depends upon the value of P,. But for a given 
column material and given cross-sectional area, the value of P,, depends upon the effective length 
of the column. 


(i) If the column is a short, which means the value of L, is small, then the value of 


1 
P,, will be large. Hence the value of Pp. will be small enough and is negligible as compared to the 
E 


1 1 
value of — . Neglecting the value of =— in equation (i), we get 
Po Py 


1 1 
P => Po or PP Cc 

Hence the crippling load by Rankine’s formula for a short column is approximately equal 
to crushing load. In Art. 19.2.1 also we have seen that short columns fail due to crushing. 


(ii) If the column is long, which means the value of L, is large. Then the value of P,, will be 


1 1 1 
small and the value of Pp. will be large enough compared with P.: Hence the value of Pp, may 
E C Cc 


be neglected in equation (i). 
1 
p° Ps or P—P,. 
Hence the crippling load by Rankine’s formula for long columns is approximately equal to 
crippling load given by Euler’s formula. 
1 1 
Hence the Rankine’s formula P-p.tP gives satisfactory results for all lengths of 
Cc E 
columns, ranging from short to long columns. 
1 1 1 Pr +P 
Now the Rankine’s formula is p= Pe, + P, = P,P, 
Taking reciprocal to both sides, we have 


Ppt+Po 1,Pe 
Pr 


(Dividing the numerator and denominator by P,) 


STRENGTH OF MATERIALS 


o.xA 
-——~G,. A ~ P,=0,.Aand Pp = 


oe n 2 
| Pe 
But J = Ak?, where k = least radius of gyration 
The above equation becomes as 


2 
e 


ne a 


= ce ssf 19.9) 


oO . : 
where a = — a and is known as Rankine’s constant. 
T 


Equation (19.9) gives crippling load by Rankine’s formula. As the Rankine formula is 
empirical formula, the value of ‘a’ is taken from the results of the experiments and is not calculated 
from the values of 6, and E. 

The values of, and a for different columns material are given below in Table 19.2. 


TABLE 19.2 


Material 6, in Nimm? 


Problem 19.13. The external and internal diameter of a hollow cast iron column are 
5cm and 4 cm respectively. If the length of this column is 3 m and both of its ends are fixed, 
determine the crippling load using Rankine’s formula. Take the values of 6, = 550 N/mm? and 


a in Rankine’s formula. 


ie en 
~ 1600 
Sol. Given : 
External dia., D=5 cm 
Internal dia., d=4cm 


Area, = 7 (52 — 42) = 2.25n em? = 2.25n x 10? mm? = 225n mm? 


Monientofinertia. = a [54 — 44] = 5.7656 nem 


= 5.76562 x 104 mm‘ = 57656m mm*4 


COLUMNS AND STRUTS 
.. Least radius of gyration, 


I [57656n 
k= {a= oan = 25.625 mm 


Length of column, l=3m= 3000 mm 
As both the ends are fixed, 


lL 3000 
.. Effective length, L,= >" 9 = 1500 mm 
Crushing stress, o, = 550 N/mm? 
Rankine’s constant, a= 1600 


Let P = Crippling load by Rankine’s formula 
Using equation (19.9), we have 


ee ee 550 x 2251 
a 2 
iva 1+ x( 2800) 
k 1600 \ 25.625 


550 x 2257 

=a 123750 N. Ans. 
Problem 19.14. A hollow cylindrical cast iron column is 4 m long with both ends fixed. 
Determine the minimum diameter of the column if it has to carry a safe load of 250 kN with a 
factor of safety of 5. Take the internal diameter as 0.8 times the external diameter. Take 


1 
—_ 2 teats Sess . . ’ 
6, = 550 N/mm* and a = 7600 Rankine’s formula. 

Sol. Given : 
Length of column, / = 4m = 4000 mm 
End conditions = Both ends fixed 

Zl 4000 

Effective length, L, = a a = 2000 mm 
Safe load, = 250 kN 
Factor of safety, = 
Let External dia., = 
Internal dia. = 0.8 x D 
Crushing stress, o, = 550 N/mm? 
| fae | 1 . . > 
Value of ‘a = 7600 in Rankine’s formula 
ippli Crippling load 
Now factor ofsafety = Ppppine lead. or 5= eel ae Ra 
Safe load 250 
Crippling load, P=5 x 250 = 1250 kN = 1250000 N 

T 
Area of column, A= rr [D2 — (0.8D)?] 

T T 

=F [D? — 0.64D?] = 4% 0.36D2 =n x 0.09D? 

Moment of Inertia, [= a [D4 — (0.8D)4] = an [D4 — 0.4096D*| 


STRENGTH OF MATERIALS 


= al x 0.5904 x D* = 0.009225 x x D4 


But J =A x k?, where k is radius of gyration 


[Z .00922 D+ 
pe 7 0.009 = = 0.32D 
A mx 0.09 x D 


Now using equation (19.9), P = Se 
lta (4) 
k 
550 x m x 0.09 D? 
or 1250000 = * 5 (2 A=nx 0.09D2) 
1 ( 2000 ) 
iy 
1600  \.0.32D 
1250000 D? D* «Dp? 
= ane aaa or 8038 = = | 
550x mx 0.09 ~ |, 24414 D? + 24414 
D?2 
or 8038D? + 8038 x 24414 = D* or D4 — 8038D? — 8038 x 24414 = 0 
or D4 — 8038 D2 — 196239700 = 0. 


The above equation is a quadratic equation in D?. The solution is 
_ 8038 + (3038? +4x 1x 196239700 


D2 
2 
—b+ yb? -4 
Roots = sea = 
2a 
_ 8038 + (646094 + 784958800 _ 8038 + 29147 
7 2 7 2 
8038 + 29147 
= ae (The other root is not possible) 
= 18592.5 mm? 
& D = J18592.5 = 1386.3 mm 
.. External diameter = 1386.3 mm. Ans. 


Internal diameter = 0.8 x 1386.3=109mm. Ans. 
Problem 19.15. A 1.5 m long column has a circular cross-section of 5 cm diameter. One 
of the ends of the column is fixed in direction and position and other end is free. Taking factor 


of safety as 3, calculate the safe load using : 


1 
(a) Rankine’s formula, take yield stress, 6, = 560 N/mm? and a = 7600 for pinned ends. 


(b) Euler’s formula, Young’s modulus for C.I. = 1.2 x 10° N/mm?. 


Sol. Given : 
Length, / = 1.5 m = 1500 mm 
Diameter, d = 5 cm 


COLUMNS AND STRUTS 


Area, A=-— x 5? = 19.635 cm? = 19.635 x 10? mm? 


= 80.7 cm¢ = 80.7 x 104 mm* 


d icastradiisctieraton be Tr, S07 10. in8 
an east radlus O gyra 10n, 19. 635 - 19.635 x 102 ~ mm. 


End conditions = One end is fixed and other end is free. 
Effective length, L, = 21 = 2 x 1500 = 3000 mm 

Factor of safety = 3. 

(a) Safe load by Rankine’s formula 

Yield stress, 6, = 560 N/mm? 


Moment of inertia, I= 


_ 3h 


Rankine’s constant, a = 1600 


Let P = Crippling load by Rankine’s formula 
Using equation (19.9), we have 
o.xA 


LY 
1 Fe: 
+a(72) 


560 x 1963.5 
= (. L, = 3000 mm and k = 12.5) 


it (2000 
ie (emctahed 
1600 12.5 
= 29708.1 N 
Crippling load 


P= 


Safe load ~ Factor of safety 


29708.1 
aa ae 9902.7 N. Ans. 


(b) Safe load by Euler’s formula 

Young’s Modulus, E = 1.2 x 10° N/mm? 

Let P = Crippling load by Euler’s formula 
n” EI 

Using equation (19.5), P= 2) 


(4 


2 5 4 
1.2 x 10° x 30.7 x 10 
reside: és . a (. L, = 3000 mm) 


3000 
= 40200 N 
Crippling load 40200 
Safe load = Hachorok safety = 3 =1340N. Ans. 


Problem 19.16. A short length of tube, 4 cm internal diameter and 5 cm external diam- 
eter, failed in compression at a load of 240 kN. When a 2 metre length of the same tube was 
tested as a strut with fixed ends, the load at failure was 158 kN. Assuming that 6, in Rankine’s 
formula is given by the first test, find the value of the constant a in the same formula. What will 
be the crippling load of this tube if it is used as a strut 3 m long with one end fixed and the other 


hinged ? 
849 


STRENGTH OF MATERIALS 


Sol. Given : 
External diameter, D=5 cm 
Internal diameter, d = 4 cm 


9 
Area, = ; (52 — 42) = - = 2.25 n cm? = 225 x mm2 
Momentefinértia T=— [54— 44] = — (625 — 256) 
, 64 64 


= 5.7656 x 1 cm* = 57656 mn mm* 


L di P ‘on. k I 57656 1 i 
.. Least radius of gyration, k = a “S06 = 6mm 


Crushing load = 240 KN. 
The value of 6, in Rankine’s formula is given by the crushing load of 240 KN. 
oe Crushing load of 240 kN 


c Area 


240 ; 
= 305n = 0.3395 kN/mm 


Length of the strut, / = 2m = 2000 mm 
End condition = Both the ends are fixed 


The value of 


Crushing load of strut, P = 158 KN. 
(i) Value of constant ‘a’ 
Let a = Value of Rankine’s constant 
Using equation (19.9), we have 

o,.A 


c 


LY 
l+a.| —* 
: a 
0.339538 x 225 1 . 239.99 
: (1900) ~ 1+38906.25 x a 
+ 


or 158 = 


a) 
16 


239.99 
158 


1.5189 — 1.0 
= —~——_——_ = 0.0001328 = —. 
3906.25 7530 


(ii) Crippling load for the strut of length 3 m when one end is fixed and other is hinged 
Actual length, / = 3m = 3000 mm 
End conditions = One end fixed and other is hinged 


Effective length, L, = ee eo 


V2 2 


1+ 3906.25 xa= = 1.5189. 


Ans. 


Let P = Crippling load. 
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Using equation (19.9), 
6,.A 


a sas 5) 
1 .| —& 
+a.(45] 


0.33953 x 2251 ‘ 1 


1.1 _,.{ 3000 ‘ 
7530 | J2x16 
_ 0.33953 x 225 x1 
~ 1+ 2.3344 


Problem 19.17. Find the Euler crushing load for a hollow cylindrical cast iron column 
20 cm external diameter and 25 mm thick if it is 6 m long and is hinged at both ends. Take 
E= 1.2 x 10° N/mm?. 


Compare the load with the crushing load as given by the Rankine’s formula, taking 6, = 550 


=71.97kKN. Ans. 


; for what length of the column would these two formulae give the same 


1 
2 eee 
N/mm? and a = 7600 


crushing load ? 
Sol. Given: 
External dia., D = 20 cm 
Thickness, t = 25 mm = 2.5 cm 
Internal dia., d=(D-2xt)=20-2x25=15cm. 


175 
Area, = 7 (20? — 152) = a = 137.44 cm? = 13744 mm? 


Momento ments, i a [204 — 154] = | (160000 — 50625) 


= 5368.93 cm* = 53689300 mm+ 
Least radius of gyration, 


I 53689300 
= — = ———_—_———_—_—_—_— = 2. 
. fk | aa. ee 
Length of column, / = 6 m = 6000 mm 
End conditions = Both ends are hinged 
Effective length, L, = 1 = 6000 mm 
Value of E = 1.2 x 10° N/mm?. 
Euler’s crushing load is given by equation (19.5), 
n” EI 
Le 
_ mx 1.2 x 10° x 53689300 


60007 
Crushing load by Rankine’s formula 


The value of o, = 550 N/mm? 


= 1766307N. Ans. 


1 
Value of a = 1600 


STRENGTH OF MATERIALS 


Let P = Crushing load by Rankine’s formula 
Using equation (19.9), 


p=—Se-A _____S50x18744 __ 1118224.8N. Ans. 


2 2 
fepey Ad x (5000) 
k 1600 | 625 


The length of the column for which the above two formulae gives the same 
crushing load 
Let L = Length of the column 


2 
EI 
Crushing load by Euler’s formula = 7 5 
L 


O.. 
LY 
1l+a|— 
(7) 
Equating the crushing loads given by the above two formulae, we get 
x” EI o,.A 


C2 = LY 
1 af 
+a(7] 


Substituting the all known values except ‘L’, we get 


Crushing load by Rankine’s formula = 


nm” x1.2x 10° x 53689300 _ 550 x 13744 
Lv? 1 ( L ) 
1+ —— x| —— 
1600 \ 62.5 
2 5 2 
- nm” x 12x 10° x 53689300 _ L 
550 x 13744 ~ ie i 
6250000 
LV 
or 8411800 = : 
i 
1+——__ 
6250000 
LV? 
14+ ——— | _72 
or 8411800 ae) =. 
8411800 aged L? = L? 
= * 6250000 ~~ ~ 
or 8411800 + 1.346 L2 = L? or 1.346 L2 — L? = — 8411800 


— 8411800 
0.346 L? = — 8411800 i 
7 o 0.346 


The above equation gives the imaginary value of length L. 


Hence it is not possible to have the same length of the columns, which have the same 
crushing load for the two given formulae. Ans. 


COLUMNS AND STRUTS 


Problem 19.18. A hollow cast iron column 200 mm outside diameter and 150 mm inside 
diameter, 8 m long has both ends fixed. It is subjected to an axial compressive load. Taking a 


factor of safety as 6, 6, = 560 N/mm?, a = = , determine the safe Rankine load. 
Sol. Given: 

External dia., D = 200 mm 

Internal dia., d = 150 mm 

Length, / = 8 m = 8000 mm 

End conditions = Both the ends are fixed 

Crushing stress, 6, = 560 N/mm? 


1 
Rankine’s constant, a=-—=—— 


~ 1600 
Safety factor =6 


Area of cross-section, A= 7 (D2 — d?) = t (2002 — 150?) 


(40000 — 22500) = 13744 mm? 


ALA 


Bed aaa a eye gh 4_ 404 
Moment of inertia, I= 64 (D* — d*) = 64 (2004 — 150%) 


= a (1600000000 — 506250000) = 53689000 mm+ 


; . I 53689000 
Least radius of gyration, k = | Pie | 13744. 7 62.5 mm 
Let P = Crippling load by Rankine formula. 
; ; o.xA 
Using equation (19.9), P= oa 
1l+a}—* 
oT) 
i 8000 
where L, = Effective length = a" 3 7 4000 mm 
560 x 18744 
P= 


if (s000) 
+ ——— x | —— 
1600 62.5 
7696640 7696640 
~ 14256 ~ 356 
Crippling load —_2161.977 
i Dete dead ~ Factor of safety ~ 6 
Problem 19.19.A hollow C.I. column whose outside diameter is 200 mm has a thickness 


of 20 mm. It is 4.5 m long and is fixed at both ends. Calculate the safe load by Rankine’s formula 
using a factor of safety of 4. Calculate the slenderness ratio and the ratio of Euler’s and Rankine’s 


= 2161977 N = 2161.977 kN 


= 360.3295 kN. Ans. 


in Rankine’s formula and E = 9.4 x 104 N/mm?. 


1 
“he = De og 
critical loads. Take 6, = 550 N/mm?, a = 7600 


STRENGTH OF MATERIALS 


Sol. Given : 
Outside diameter, D = 200 mm 
Thickness, t = 20 mm 
Inside diameter, d=D-—2xt=200-2 x 20=160 mm 


Area, = 7 (D2 — d?) = , (2002 — 1602) = 11310 mm2 


Momentefineria, f= oa (Dt-d4)= ah (2004 — 1604) = 46370000 mm! 


And the least radius of gyration, 


b= 4 a 
—= = 64 mm 
11310 


Length of column, / = 4.5 m = 4500 mm 
End condition = Both the ends are fixed 


Factor of safety = 4 
Value of o, = 550 N/mm? 
1 
Value of a = 1600 
Value of EF = 9.4 x 104 N/mm?. 
(i) Slenderness ratio 
Using equation (19.8), we get 


Slenderness ratio =—=—— = 70.30. Ans. 


(ii) Safe load by Rankine’s formula 
Let P = Crippling load by Rankine’s formula 


o.xA 550 x 11310 


Using equation (19.9), P= . - x = 3511000 N 


2 
l+a (4) 1+ =e (=) 
k 1600 \ 64 


Crippling load 3511000 


Safe load = Hantorot saeue = Z = 877750 N. Ans. 
(iii) Ratio of Euler’s and Rankine’s critical loads 
Let P,, = Euler’s critical load 
Euler’s critical load is given by equation (19.5) 
2 2 4 
EI 9.4 x 10* x 46370000 
ee = 849770 N 
L, 2250 
Euler’scriticalload — Pr 


" Rankine’s criticalload P 
_ 8497700 


3511000 
= 2.42. Ans. 


( 


P=3511000 N) 
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Problem 19.20. A column is made up of two y 
channel ISJC 200 and two 25 cm x 1 cm flange plate as }¢— 25 cm —|—____>| } 
shown in Fig. 19.12. 

Determine by Rankine’s formula the safe load, the 
column of 6 m length, with both ends fixed, can carry 
with a factor of safety 4. The properties of one channel 
are A = 17.77 cm?, Iyy = 1,161.2 em4 and I, = 84.2 em*. 


Distance of centroid from back of web = 1.97 cm. Take o, ad 
= 0.32 kN/mm? and Rankine’s constant = 1/7,500. 
Sol. Given: 
Length of the column, / = 6 m = 6000 mm 
Factor of safety = 4 
Yield stress, 6, = 0.32 kN/mm? . Ficm 
Rankine’s constant, a= 7500 Fig. 19.12 


Let P = Crippling load on the column. 
From the geometry of figure, we find that area of column, 
A = 2(17.77 + 25 x 1) 
= 85.54 cm? = 8554 mm? 
and moment of inertia of the column section about X-X axis, 


25x 1° 
12 


Le 2 1,161.24 2 +25 x1x 108°] cm = 7,839.0 cm4 


3 
Similarly, yy =2 ec + 8.424+17.77x (5+ 197| cm‘ = 4,499.0 cm‘. 


Since I,, is less than I,,, therefore the column will tend to buckle in y-y direction. Thus we 
shall make the value of I as I, = 4,499 cm*. Moreover as the column is fixed at its both ends, 
therefore equivalent length of the column, 


and I = 4499 cm4 = 4499 x 104 mm* 
We know that the least radius of gyration, 


4 
a [4499 x 10" 25 ata 
8554 


Using the relation, P= with usual notations 


L ee ND 
1 =e, 
mc 


0.32 x 8554 
= = = 2228 kN 


ere 

7,500 \ 72.5 

We know that the safe load on the column 
P 2228 


= Factor of safety = “Ar =557kKN. Ans. 
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19.12. STRAIGHT LINE FORMULA 


The Euler’s formula and Rankine’s formula give only the approximate values of crippling 
load due to the following reasons : 


1. The pin joints are not practically frictionless. 

2. The end fixation is never perfectly rigid. 

3. In case of Euler’s formula, the effect of direct compression has been neglected. 
4. The load is not exactly applied as desired. 

5. The members are never perfectly straight and uniform in section. 

6. The material of the members is not homogeneous and isotropic. 


On account of this, the empirical straight line formula are commonly used in practical 
designing. They are of the form 


P=o6,xA-n (==) xA ...(19.10) 


where P= Crippling load on the column, 
6, = Compressive yield stress, 


L 
A = Area of cross-section of the column, —* = Slenderness ratio, and 


n =A constant whose value depends upon the material of the column. 


In equation (19.10), if P is plotted against (==) , we will get a straight line and hence the 


equation (19.10) represents a straight line formula. The equation (19.10) can also be written as 
eee ec 
A -< “LR 


P 
where x represents the stress corresponding to load A. 


19.13. JOHNSON’S PARABOLIC FORMULA 


The critical load according to Prof. Johnson, is given by 
P=o, A-r(4:] xA eb: Da Gib, 


where o,= Compressive yield stress, 


r=A constant whose value depends upon the material of the column and is taken as 
0 
~ 4 a) , where E = Young’s modulus 


£ = Slenderness ratio 


=| 


A = Cross-sectional area of column. 
In equation (19.11), if P is plotted against (==) , we will get a parabolic curve and hence 


the formula represented by equation (19.11) is known as a parabolic formula. 
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19.14. FACTOR OF SAFETY 


The ratio of the critical load to the safe load is known as factor of safety. The values of the 
safety factors usually used for different materials are given below: 


Column material Factor of safety 
Mild steel 3 
Wrought iron | 3 
Cast iron | 5 
Timber | 6 


19.15. FORMULA BY INDIAN STANDARD CODE (1.S. CODE) FOR MILD STEEL 


The direct stress in compression on the gross area of the section of an axially loaded 
compression member shall not exceed the values of 6,, calculated as follows and given in 
Table 19.3. 


Oy 
6,=6,/ = for 2 =0 to 160 
i 1+ 0.20 sec L, |mo," a. ° 
: k \ 4E 
L L, 
and o =o’|1.2—-—@ for —* = 160 and above 
as 800 k k 


where 6, = Allowable axial compression stress obtained from Table 19.3 
6,’ =A value obtained from the above secant formula 
Oo, = The guaranted minimum yield stress taken as 260 N/mm? for mild steel 
m = Factor of safety taken as 1.68 


L 
— = Slenderness ratio 


E = Modulus of elasticity = 2.047 x 10° N/mm/?. 
Safe stresses (6) in axial compression according to I.S. code for mild steel column is given 
in Table 19.3 for various values of slenderness ratio. 


TABLE 19.3 

Slenderness, Safe stress, Slenderness Safe stress, 
ratio = & 6, (Nimm?) ratio = oe 6, (Nimm?*) 

(0) R25 150 47.4 

10 124.6 160 42.3 

20 123.9 170 B83 

30 QQ A 180 33.6 

40 120.3 190 30.0 

50 noliip2 200 B70) 

60 113.0 210 24.3 

70 107.5 220 21.9 

80 100.7 230 19.9 
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Problem 19.21. Determine the safe load by L.S. code for a hollow cylindrical mild steel 
tube of 4.0 cm external diameter and 3 cm internal diameter when the tube is used as a column 
of length 2.5 m long with both ends hinged. 


Sol. Given : 


External diameter, D = 4 cm 
Internal diameter, d = 3 cm 


+. Area, Ae 7 (a?.89) = 1 7oem2 = 175m? 


Moment of inertia, I= an [44 — 34] = 2.73437 cm4 


= 27343n mm+ 
Length of column, / = 2.5 m = 2500 mm 
End conditions = Both ends hinged 
.. Effective length, L, =/ = 2500 mm 
To determine the safe load by I.S. code, first find the value of slenderness ratio. Then 


corresponding to the slenderness ratio, obtain the safe compressive stress (i.e., value of 6) from 
the Table 19.3. Safe load will be equal to the product ofc, and area A. 


Now slenderness ratio = a 
: : I 27343 
where k = Least radius of gyration = e = ‘| 75x 15.62 
. 2500 
.. Slenderness ratio = 15.62 ~ 160. 


From Table 19.3 corresponding to slenderness ratio of 160, the allowable compressive stress 
is 42.3 N/mm?. 
Ra 6, = 42.3 N/mm? 
.. Safe load for the column =6,xA 
= 42.3 x 175 N = 23255.6 N. Ans. 


19.16. COLUMNS WITH ECCENTRIC LOAD 


Fig. 19.13 (a) shows a column AB of length ‘7’ fixed at end A and free at end B. The column 
is subjected to a load P which is eccentric by an amount of ‘e’. The free end will sway sideways by 
an amount ‘a’ and the column will deflect as shown in Fig. 19.13 (6). 

Here a = deflection at free end B 

e = Eccentricity 
A = Area of cross-section of column 
Consider any section at a distance x from the fixed end A. 
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Let y = deflection at the section then moment at 
the section = P (a+e-y) 
(+ ve sign is taken due to sign convention given 
in Art. 19.4.1.) 
d2 
But moment is also = EI a 
dx 
d*y 
.. EI =P(a+e-y)=Plat+e)-Pxy 
dx 
d2 
or EIR +Pxy=P(ate) 
dx 


d’y P P 
+ xy= + 
oe ee 
The above equation can be written as 
d*y 2 2 
—>, +o0°vy=ar(a+e) 
dx? . 


P P 
Dee may en 
where Oe = El or a i 


The complete solution of the above equation is, 
y =C, cos (a. x) +C, sin (a. x) + (a +e) 


P P 
= C,cos| py **| +Cysin | py ** | + (a +e) 
P P 
= C, cos | *x J | + C, sin *X Vaz | +(a +e) sald) 
and slope, dy =—C, | sin (x x Poly [P +4¢,|cos| xx ES x ee +0 .. (ii) 
dx : EI EI ” \EI EI 
(. a+eisconstant, Hence differential is zero) 


In equations (7) and (ii), C, and C, are constant of integration. Their values are obtained 
from boundary conditions. 


or 


(i) At A, x = 0, y = 0 and also a =0 (.: Aisa fixed end) 


From equation (i) where x = 0 and y = 0, we get 
O=C,+at+e .. C,=-(a+te) 


From equation (ii) where x = 0 and oe = 0, we get 
Xx 


0=C,~x Pe * Cy=0 é = cannot be zero) 
Substituting the values of C, and C, in equation (i), we get 


[Pp ee 
y=-—(a+e)cos [+ 4] + (a +e) ...(ZiL) 
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(ii) at x =l1, y =a, hence equation (iii) becomes as 


a=-ta+0)c0s[1x ZF) sare 
or +o eos(tx [7 | -ase-ane 
EI 


= ————_ =e sec ( x iF) ...(iv) 
[ P EI 
cos [1 


Maximum Stress 
Let us find the maximum compressive stress for the column section. Due to eccentricity, 
there will be bending stress and also direct stress. 
P 
Omax = Oy + 6, where 6, = direct stress = a 
6, = Max. bending stress. 
The maximum bending stress will be at the section where bending moment is maximum. 


Bending moment is maximum at the fixed end A. 
Max B.M. at A, M= Px (a+e) 
‘ at+te=esec ( x IF) from equation | 


| P 
=P Lx .J— 
ese [I Z| 


Usi M_ oO M M 
sing —=— or 6,=—xy=7~ 
I y I ( I 
y 
M I 
=— where Z = — =Section modulus 
Z y 
P 


Z 
Hence maximum compressive stress becomes as 
Onax= Spt = — + 


[P 

P = 

xesec [1 Z| ae 
™ A (19. 


Equation (19.12) is used for a column whose one end is fixed, other end is free and load is 
eccentric to the column. In this equation, / is the actual length of the column. The relation 
between actual length and effective length for a column whose one end is fixed and other end is 
free is given by 


ot fe 
= or l= > 


Substituting the value of / in equation (19.12), we get a general formula which can be used 
for any end condition. Hence general formula is 


Pxexsec Hix ee 
2 \ EI 


ie (19.13) 
a + Z ae : 
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Problem 19.22. A column of circular section is subjected to a load of 120 kN. The load 
is parallel to the axis but eccentric by an amount of 2.5 mm. The external and internal diameters 
of columns are 60 mm and 50 mm respectively. If both the ends of the column are hinged and 
column is 2.1 m long, then determine the maximum stress in the column. Take E = 200 GN/m?. 

Sol. Given : 

Load, P = 120 kN = 120 x 10°N 

Eccentricity, e = 2.5 mm = 2.5 x 10° m 

D=60 mm = 0.06 m, d = 50 mm = 0.05 m, / = 2.1m 

Both ends are hinged, L, =/= 2.1m 

Value of E = 200 GN/m? = 200 x 10° N/m? 

The maximum stress is given by equation (19.13) as 


Pxexsec Lae a 
2 \ EI 


Oo 53 = A =F Z ...(Z) 
where A = Area of section 
2 ipo yo _ ® 2 2 
= [D al=7 [0.067 — 0.057] 
1 
a 0.0011 = 8.639 x 10-* m? 


I = Moment of inertia = i (D4 — d*) 
me 4 4 4 
= BA (0.06% — 0.05*) mm 


1 
ari (1.296 x 107° — 0.625 x 10-°) = 0.0329 x 10-6 
Z= Section modulus 


 «ipe85 gy 10.06" — 0.054] 
~y 64 (D) 0.03 
(2) 
_ 1 (1.296 x 10 — 0.625 x 10°] 
7 64 x 0.03 


= 1,0975 x 10° m? 


in P 2.1 120 x 10° 
Sec |X Vey | = 8° | 2 ~ ¥ 200 x 10°x 0.0329x10~ 


= sec (1.4179 radians) (Here 1.4179 is in radians 


180 
= 1.4179 x ae = 81.239) 
= sec (81.239) = 6.566 
Substituting these values in equation (z) above, we get 
_ 120x100" (120.x 10°) x (2.5 x 10" *) x 6.566 
max ~~ 8639 x 10+ 1.0975 x 10° 


= 138.9 x 10° + 179.48 x 10° N/m2 
= 318.38 x 10°N/m2 or 318.38N/mm2 Ans. 
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Problem 19.23. If the given column of problem 19.22 is subjected to an eccentric load of 
100 kN and maximum permissible stress is limited to 320 MN/m?, then determine the maxi- 
mum eccentricity of the load. 

Sol. Given : 

Data from problem 19.22 

D = 60 mm = 0.06 m, d = 50 mm = 0.05 m, / = 2.1m, L, =] = 2.1m, 

E = 200 GN/m? = 200 x 109 N/m2., J = 0.0329 x 10> m4, 

Z = 1.0975 x 10> m3, A = 8.639 x 10+ m? 

Eccentric load, P = 100 kN = 100 x 10°N 

Max. stress, 6, = 320 MN/m? = 320 x 10° N/m? 


Let e = Maximum eccentricity 
Using equation (19.13), we get 


o ee i) 


L,. [P 
Let us first find the value of sec 2 x Er | 


L, 2.1 100 x 10° 
sec | —* x ,/—_ | = sec x 7 = 
2° VEI 2 ¥200 x 10° x 0.0329 x 10 


180° 
= sec [1.294 rads] = sec | 1.294 x ) 


= sec (74.16°) = 3.665 
Substituting the known values in equation (i), we get 


100 x 103 (100 x 103) x e x 3.665 


320 x 106 = —_—"—__ + : 
8.639 x 10 1.0975 x 107 
= 115.754 x 10° + 33394 e x 108 
or 320= 115.754 + 33394 xe 
320 — 115.754 
or e = ————— _ m=6.116x 10°m=6.116 mm. Ans. 


33394 


19.17. COLUMNS WITH INITIAL CURVATURE 


Fig. 19.14 shows a column AB of length 7’ hinged at both 
of its ends. The column is having initial curvature and this posi- 
tion is shown by AC’B. Let P be the crippling load at which the 
column has just buckled (7.e., has just started bending). This 
position is shown by AC’B. The initial shape of the column may 
be assumed circular, parabolic or sinusoidal without making much 
difference to the final result. But the most common form is 


y’=Cx sin (=) 


where C = Maximum initial deflection. 
y’ = Initial deflection at a distance x from end A. 


Final position 
of column 


Initial curvature 


Fig. 19.14 
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a cos ] .. (i) 
d d*y’ _ (=) . (1x 
an dx? = 1 1 sin a 
2 
=— sin (=). .. (it) 


At the crippling load ‘P’, the final shape of column is shown by AC”B. Let y is the final 
deflection at a distance x from end A. 

Change of deflection = (y —y’). 

Let change of deflection = y* 

Then y* = (y —y’) 

This change of deflection is due to B.M equal to P x y 

B.M. at the section due to crippling load =—(P xy). 
(— ve sign is due to sign convention given in Art. 19.4.1.) 


d*y* d*(y—y’) 


But bending moment is also = EJ de or EI de (eo yF=y-y’) 
x he 
Equating the two bending moments, we get 
d*(y—¥y’) d?y dy’ Pxy 
EI ae —-Pxy or dn? ae EI 
d*y Py d*y’ 
or + 7 
dx? EI dx? 
2 TUX 
= z Sin| 7 
Cy Crs (=) ane 
= sin from equation (ii ...(19.14) 
dx? DP i _ uu 
Let the solution of the above differential equation is y = mC sin (=) (dit) 


where m is a constant of integration. 


2 
The value of m will be obtained by finding the value of — and substituting this value and 
x 


value of y in equation (19.14) 
d* 
Let us find the value of ae and substitute this value in equation (19.14) 
he 


Differentiating equation (iii) w.r.t. x, we get 


Again differentiating the above equation, we get 
a 2 
a mC x = sin (=) 


dx” /? l 
863 
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2 
Substituting the values of 4 and y in equation (19.14), we get 
x 


cx % sin(@) 42 sin (=) -- OF sin ( 
=— 71 i V La 7) aed sin V a ] 


Cancelling sin (=) from both sides, we get 


l 
n> P Cr? 
ES ge ag OE a 
Also cancelling C from both sides, we get 
1 P 1 
—mx - + ay Xm= 2 
wn Po oe ; ae 
or 2 = 7B ) ™ | ar =2 


Las 
ig 1 
or m= 


= [#-2) = 7 Px ..(iv) 
2 EI EI xx? 
(Dividing numerator and denominator by 17/1?) 
We know that P,, = Euler’s load is given by 


n? x EI 
E- 2 
oe nx EI . ee 
Hence substituting the value of 2 in equation (iv), we get 
ee _P Pep P 
Pr 


The above equation gives the value of m in terms of Euler’s load and axial load 
Substituting the value of m in equation (iii), we get 


Py _ (mx) 
y= (P, —P) x C x sin i eh LOTS) 


Equation (19.15) gives the final deflection at any distance x from end A. 


Maximum deflection 


l 
The deflection will be maximum at the mid-point where x = 2 Let this maximum deflec- 


tion iS Yas 


l 
At x= 959 =Vmax 


Now equation (19.15) becomes as 


es eer eee ee: a _! 
Ymox = Tp, — Py *C* 8M |S XS Y= Vmax» * = 
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P. 

(gfe p] xoxsing§ 
Pr 

-(s5 ae 


Maximum stress 


The maximum stress (6, 


(. 


) is due to direct stress (6)) and maximum bending stress 


sin ae 1 
2 


ie 0, nav = So + Sy ..(U) 
The bending stress should be compressive. It will be maximum, where bending moment is 
maximum. 
. (Pr) 
But B.M. = P x y. Hence maximum B.M. =P xy, where y,,,4. = P._p * Cc 
= 
Maxi B.M., M=P Fp yc 
m B.M., = ee 
ax1mMu. (P; 7 P) 
P, 
Px fC 
M (s = 5| as ee Ak? 
0, = = where =—= 
ee 2 (2) LM 
Ye 
where y, = Distance from the neutral axis of the extreme layer in compression 
Substituting the value of 6, in equation (v), we get 
Px (P Pr D xC 2 
E E Ve 
= -o,+|Px xClx 
Onax Do Ak? 0 (Pr = P) | Ak? 
Ve 
P Pr CX. 
= x x 
Oa A [5785] Re 
Pr Cxy, ; _P =o 
=6)+ Gy (arts) 2 | re 
=6,| 1+ Px x EX Ye 
P,-P k 
© max Pr Cx Ve 
=1+ 
= So (P,-P) # 
9 max Pr Cx Ve 
or —1|= 5) 
Oo Pr = P k 
= On : C x Ye 2 1 . C x Ve 
Or — 9g k 1_ S0 k 
OF 
- Smax _4|(y_ 0 | = OX 9 ...(19.16) 
Oo On k 
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P. 
The term ——2~ has been written in terms of stresses as 


P, —P 
P 
Pr a aa Or 1 
P, -P~ Pe  P = (Oz —-G9) ~ 1-ao/ax)* 
A A 


In equation (19.16), C is the initial maximum deflection and y, is the distance of extreme 
layer in compression from neutral axis. 

Problem 19.24. Determine the maximum stress developed in a circular steel strut which 
is subjected to an axial load of 140 kN. The outside and inside diameters of the strut are 
200 mm and 140 mm respectively. It is 5 m long and has both of its end hinged. The strut is 
having initial curvature of sinusoidal form with initial maximum deflection of 8 mm. Take 
E =205 GN/m?. 

Sol. Given : 

Axial load, P = 140 kN = 140 x 10° N, D = 200 mm = 0.2 m,d = 140 mm = 0.14m,/=5m, 
both ends are hinged, initial maximum deflection, C = 8 mm = 0.008 m, E = 205 GN/m? = 205 x 
10° N/m?. 

Let o,,,,, = Maximum stress developed 


Now, = 5 (D2 =a?) = 5 (0.20.14?) m? 
= 5 (0.04 - 0.0196) = 0.016 m? 
_— mpt_ ay 4 4) a4 
I= 64 (D* — d*) = 64 (0.24 — 0.14*) m 
T 
= Fa (0.0016 — 0.000384) = 5.968 x 10> m+. 
-5 
p= I 5968x10° _ 0.00373 
A 0.016 
Let us now find the values of 6, (stress due to direct load), 6,, (stress due to Euler’s load) and y, 
P 3 
Gy =e ON £8.75 x 10° Nim? 
A 0.016 
Py , 
O,= | Where P,,=Kuler’s load 
2 2 9 5 
_i o- _i x 205 x 10 seen ~ 4.83 x 108N 
l 5 
6 
ga SOE es 301.87 x 10° N/m? 
0.016 
y, = distance of extreme layer in compression from neutral axis 
D 0.2 
= 9 = 2 =0.lm 


These values are substituted in equation (19.16) 
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Now using equation (19.16), we get 


Omax _ 4 [2-22] _ CX Ye 
So OF k? 


Cmax __ | (4__8:75x10" | 0.008 0.1 
7 8.75 x 10° 301.87 x 10° ) ~~ 0.00373 
OS max 
or ——max_—_ _ 1] (1 0,02898) = 0.21447 
8.75 x 10 
Cina | ___ 21447 soos 
a 8.75 10° —) ~ (1-0.02898) ~~ 


Span = (1 + 0.22088) x 8.75 x 106 
= 10.683 x 106 N/m?2. Ans. 


19.18. STRUT WITH LATERAL LOAD (OR BEAM COLUMNS) 


Columns carry axial compressive loads. If the columns are also subjected to transverse 
loads, then they are known as beam columns. The transverse load is generally uniformly 
distributed. But let us consider two cases when 

(i) Transverse load is a point load and acts at the centre 

(ii) Transverse load is uniformly distributed. 

19.18.1. Strut Subjected to Compressive Axial Load or Axial Thrust and a Trans- 
verse Point Load at the Centre. Both ends are Pinned. Fig. 19.15 shows a strut AB of 
length ‘7? subjected to compressive axial load P and a transverse point load W at the centre. The 
strut is pinned at both of its ends. Consider any section at a distance x from the end A. Let ‘y’ is 
the deflection at this section. The bending moment at the section is given by, 


Ww 
M=—Py-—* (i) 


d“y 


B.M. is also given by, M = EI ae valth) 
x 
Equating the two B.M. given by equations (7) and (iz), 
d*y da P 
EI —, =-Py-—x oy = — x 
n° eC Ue Se 
' avy P . W 
7 dx? EI > 2EI 
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The solution of the above differential equation is 


P : P Wxx 
y =C, cos | x x i +C, sin | x x 7 Pp 
2EI x — 
EI 
Wx 
= C, cos [+ Elec, sin [+ z|- op (iit) 


The slope at any section is given by 


dy PP [ P [P. [P W 
ae aS E sina FE) +e E eos[>x F)-3 


...(iv) 


The values of C’, and C, are obtained from boundary conditions. 
At x = 0, y = 0. Hence from equation (iii) we get 

O=C, 
dy 


— = 0. Hence from equation (iv), we get 


l 
Atx=>5, : 


2 


Substituting the value of C, and C, in equation (iii), we get 


or Boas es DO et EE sean ace 
2 2P P 1_ |[P 2P P 2° VEI 

co; X.,.{/=> 

EI 


gM TE ses en ee Ee ts 
= op a sec | 5 i x aa oP oes 


Equation (v), gives the deflection at any section. 
Let us now find maximum deflection, maximum bending moment and maximum stress 
induced. 


l 
Maximum deflection (y,,,,)- The deflection is maximum at the centre, where x = > 


2 
l 
Substituting x = 3 in equation (v), we get maximum deflection. 
Lae EI x sec uy ie sin by ae alt 
me A 2° VEI 2° VEI} 2P° 2 
OnLlaee seta a) We (vi) 
~ 2P P 2 EI 4P oe 
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Maximum bending moment. The B.M. is given by equation (i) as 


M=-([Pxy+ 2x2] 


The bending B.M. will be maximum at the centre where y = y 


max 


l 
and x= 2 Substituting 


these values in the above equation, we get 


Mage =~ [PX nex + 5% | 


| {ws [Er 1 [P\) wxl|) wil 
= Px x x tan x - + x 
2p Pp 2 EI 4P 2 2 


[Substitute y,__,, here from equation (vz)] 


_ [w_ [ET 1 [P\ wxl wxl 
= — | — x ,;— x tan x + 
|2 VP 2° VEI 4 4 
lw [EI 1 |[P 
= — | — x ,/— x tan] —x ,/— 
[2 VP 2 VEI 


The — ve sign is due to sign convention. Hence the magnitude of maximum B.M. is given 


W EI l P 
M i = —x ,/— —x ,/— wilo.t 
max (Magnitude) 5 x,| 2 xtan[ Ex [E (19.17) 


Maximum stress (6,,,,)- Maximum stress induced is due to direct axial compressive load 
and due to maximum bending stress 


©,nax = Op + 5, where 6, = Stress due to direct axial compressive load 


by 


= +% 6, = Stress due to bending. 
The stress due to bending of strut is given by, 
Moe 
ty 
or 6, = Mxy _ Mx ye 
DT AR? 
where y.= distance of the extreme layer in compression from neutral axis 
I = Ak? 
k = Radius of gyration 
M = Mee 
Max XY 
Max. bending st a 
ax. bending stress AB 
Wg ee x tan Z x Ea] 
2° VP 2° VEI 


xy. 


- From equation 19.17, M,,,. = aus x cd x tan : x no 
2 P EI 
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and 


Hence maximum stress induced becomes as 


WwW EI 1 | P 
+|—x.,./— x tan x x 
2 P 2 EI 


Ak? 


su 19.18) 


Problem 19.25. Determine the maximum stress induced in a cylindrical steel strut of 
length 1.2 m and diameter 30 mm. The strut is hinged at both its ends and subjected to an axial 
thrust of 20 RN at its ends and a transverse point load of 1.8 kN at the centre. Take E = 208 GN/m?. 


Sol. Given: 


1=1.2m;d=30 mm =0.03 m;; axial thrust, P = 20 kN = 20 x 10? N ; transverse point 
load, W = 1.8 kN = 1.8 x 10° N; E = 208 GN/m? = 208 x 10° N/m? 


1 1 
Area, A= ri d= Z (0.032) = 7.068 x 10+ m2 
a ee 4_ 8 4 
M.O.L I= 64 d*= 64 (0.03)* = 3.976 x 10> m 
Direct stress is due to axial thrust. 
z a 28.29 x 10° N/m? = 28.29 MN/m? 
%0= A” = 7068x104 ~ 7°" * eee 


Maximum bending stress is given by 


M ax X Ve 
= oe 


I 
Max. bending moment is given by equation (19.17), as 


M wees OE oct ae a. 

ae <9) P 2° VEI 
[P 
Li fi ay 
et us find EI 


P 20 x 102 
Now, —e= 5 = 
EI (208 x 10°) x (3.976 x 107°) 


[ET 1 
— =—— = 0.643 
P 1.555 
H 180° | 


P 
Also — X ,/— = ia x 1.555 = 0.933 rad = 0.933 x = 53.45° 
2 E. 2 T 


L P 
tan t x Z) = tan (0.933 rad) = tan (53.45°) = 1.349 


Substituting known values in equation (iz), we get 
_ 18x 10° 


M 


ae x 0.643 x 1349 = 780.66 Nm. 
Substituting the above value in equation (i), we get 
780.66 x y, 
| a a 
780.66 x 0.015 
3.976 x 10° 


= (2.4183 = 1.555 


ool) 


m2) 


- y, 3b mm = 0.015 m and J = 3.976 x 108 m') 


2 
= 294.51 x 106 N/m? = 294.51 MN/m? 
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Maximum stress induced is given by 
Smax = Do Be Oy 
= 28.29 MN/m? + 294.51 MN/m? = 322.8 MN/m?. Ans. 
19.18.2 Strut Subjected to Compressive Axial load or Axial thrust and a 
Transverse Uniformly Distributed load of Intensity w per unit length. Both ends are 
Pinned. Fig. 19.16 shows a strut AB of length ‘” subjected to axial thrust P at its ends and also 
a transverse uniformly distributed load of intensity w/unit length. The strut is pinned at both of 
its ends. 
Consider any section at a distance ‘x’ from the end A. Let ‘y’ is deflection at this section. 
The bending moment at the section is given by, 


M=_P ( ) x WE ii, 
=— xy tw xx) x 5 - 5 
2 
scneyee Eas i) 


|¢—x—+] ue w/unit length 


Bending moment is also given by, 


d*y 
M = EI— .(it) 
dx” 
Differentiating the equation (Z), w.r.t.x., we get 


dM _ pw wx2x wxl 


dx — dx 2 2 
__p dy w xl 
le a om 
Differentiating the above equation again, we get 
d?M d*y 
7 Sap (dit) 
dx? dx” 
d? 
From equation (ii), a? * ET’ Substituting this value in equation (iii), we get 
he 
d’M M 2 
7 =-Pxazpt+w or aM? Maw 
dx EI dx2-~—EI 


The above equation can be written as 


d*M P [ P 
QF 2 = fe. 
re +a’M=w _ where a’? = EI or Q= EI 


This equation is a differential equation in M and is more useful as the maximum bending 
moment can be obtained directly from this. sn 
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The solution of the above equation is 


W 
M = C; cos (a. x x) + Cy sin (@. x) + Oe 


P P 
= C, cos Vz x 7 +C, sin iz x 7 + a 
P P EI 
=C)cos [+ F| + C, sin [<F| + <s ...(Wv) 


M 
Let us find a also from the above equation 
dM PP [P [P [P 
ae =-C,x EI sn [x Z) +C,x ci cos [+ z +0 
ae cme sin ex Jo +C,x ? cos 2x [a .(U) 
EI EI EI EI 


The values of C,, and C, are obtained from boundary conditions. At x = 0, M = 0, hence from 
equation (iv), we have 


wx ki wx EI 
0=C,+ P aa C,=- P 
Ll dM l L L 
At x = =, —— = 0 (as at the centre shear force = R, —w x a al = 0) hence 


2 2 2 
P l [P P l [P 
0=-C,x sa sin (5 Fr) +0x f= cos [5% Er 


= ( ar . sin ay am +C P cos by a 
~ P EI 2 VEI 2 VET 2 VEI 


pO a (PP ap Cok 
or =p x sin 2 EI + g COS 2 VEI 


P 
(Cancelling VET from both sides) 


from equation (v), we get 


or C, = P x / ie =— P 2 
cos | — x ,/—— 
2 EI 
Substituting the value of C, and C, in equation (iv), we get 
wx EI [P wEI i_ [P [P wx EI 
i x ,J/— : x fe 
M = ( P xX COS [. Z| + P tan 5 x Z| sin [. EI + P 
_wxEkl P 1 [P)\., P 
= P cos| x x ,j/—— |+ tan] — x ,/—— |sin] x x ,/—~— |- 1]. 
EI 2 El El 


1. [P 
wxEI 9” VET wx EI 1 |P 
tan x ,/— 
\ EI 
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Expression for maximum bending moment, maximum deflection and maximum 
stress 


Maximum bending moment : 


l 
The bending moment is maximum at x = 2 Hence above equation becomes as 


(=e) l | P l [P . fl P 
M— =|——— | | cos] — x ,/— |+ tan] — x ,/— |xsin] —x,/—— |-1 
max P 2 EI 2 EI 2 EI 


EI 
cos” Doge te +sin? iy 2. -1 
wx EI 2 EI 2 EI 
_@ aes 
2 EI 
7 wx EI 1 1 


- wxEI | (lL. [P F aaa 
“Pp | 2 VEI ebiei 


(— ve sign is due to sign convention) 
Maximum deflection : The corresponding maximum deflection (y___) is obtained from 


max 


l 
equation (7), in which M = Max,y=y,,,, and x= 5° Hence equation (i) becomes as 


w (lL) wl 1 
MA gO BY ping? 2 «(5) 7 2 * 9 
2 2 
oP wey , wxi _wxl 
max 8 4 
w xI? 
=—Px - 
ymax 8 
wil? 
ee Pe +— 
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Equating the two values of M_,_., we get 


wl? wx EI LTP 
—| PX Vmax + = sec | — X 1 
8 P 2 VEI 
2 
WET | socl ty 12 |_4|_ 
PX Ymax = —p— |" (2° VET 8 
wx EI | 0. l ” P 1 wi” 
= Ymax = ~ p2 2 VET 3P .(19.20) 
Maximum stress : 
The maximum stress is then given by, 
© ax =F + Op 
P M M M 
a _ where _ = a = aa * Ye 
Ve 


where y, = distance of extreme layer in compression from N.A. 

Problem 19.26. Determine the maximum stress induced in a horizontal strut of length 
2.5 m and of rectangular cross-section 40 mm wide and 80 mm deep when it carries an axial 
thrust of 100 kN and a vertical load of 6 kN/m length. The strut is having pin joints at its ends. 
Take E = 208 GN/m?. 

Sol. Given : 

1=2.m;b=40 mm = 0.04m;d = 80 mm = 0.08 m ; axial thrust, P = 100 kN = 100 
x 1000 N; uniformly distributed load, w = 6 kN/m = 6 x 10°N/m; E = 208 GN/m? = 208 x 10° N/ 
m? Area, A = b x d = 0.04 x 0.08 = 0.0032 m? 


bd® _ 0.04 x 0.08" 


12 12 
Let us now find the value of maximum bending moment (z.e., M,,__,.). Using equation (19.19), 


i= = 1.7066 x 10-6 m4. 


we get 
x EI La Te 
M nox = a sec t x Ea = J (magnitude) (neglect — ve sign) 
h P 100 x 1000 0.2817 and EI 1 3.55 
r = = 0. nd — = =, 
wner’ EI — 208 x 10° x 1.7066 x 10° ane P ~ 0.2817 
P 

or El = /0.2817 = 0.5307 

l 2.5 

Also, ~, {FP _ “05307 = 0.6634 radians 
2 EI 2 


_ 0.6634 x 180° | 
T 


l P 
sec 5° EI | = Sec 88° = 1.269 


38° 
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EI l P 
M nav WX p [see [ix #- 1| = (6 x 10) x 3.55 [1.269 — 1] 
= 5729.70 Nm 
Stress due to direct load, oy = Pee eee N/m? = 31.25 x 108 N/m? 
A 0.0032 
M,,.. X 
Max. bending stress, 0, = nae De 
where y, = distance of extreme layer in compression from neutral axis 
d 80 
=o 79 740 mm=0.04m 
_ 5729.7 x 0.04 


6, = — > = 184.3 x 106 N/m? 
1.7066 x 10 
Maximum stress induced is given by 
Onax = Fp + Op 


or Onax = 31-25 x 106 +134.3 x 10° N/m? 
= 165.55 x 106 N/m? = 165.55 MN/m2. Ans. 


HIGHLIGHTS 


1. A vertical member of a structure, which is subjected to axial compressive load and is fixed at both 
of its ends, is known as a column. 

2. Strut is a member of a structure which is not vertical or whose one or both of its ends are hinged 
or pin joined. 

3. All short columns fail due to crushing whereas long columns fail due to buckling and crushing. 

4. The load at which the column just buckles is known as buckling load or critical load or crippling 


load. 
5. The crippling load for a column by Euler’s formula for different end conditions is given by 
n” EI 
= a when both ends are hinged 
n” EI 
= oe when one end is fixed and other is free 
4n” EI 
- a when both ends are fixed 
2n” EI see 
= 2 when one end is fixed and other is hinged 
where 1 = Actual length of column 


E = Young’s modulus of the material of the column 
I = Least moment of inertia of the column. 


6. The effective length of a given column with given end conditions is the length of an equivalent 
column of the same material and cross-section with hinged ends, and having the value of crippling 


load equal to that of the given column. 
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7. The crippling load for any type of end condition is given by 
nx? EI 
ae 
where L, = Effective length 
= / when both ends hinged 
= 21 when one end is fixed and other is free 


P= 


= : when both ends are fixed 


l 
= Te when one end fixed and other is hinged 


where 1 = Actual length of the column. 
8. Crippling load and crippling stress in terms of effective length and radius of gyration are given by 


2 
Crippling loads, p=" a 


and Crippling stress 


where L, = Effective length and k = Least radius of gyration = 


>| 


where I = Least moment of Inertia. 
9. Slenderness ratio is the ratio of the effective length of the column to the least radius of gyration. 


Mathematically, 
Slenderness ratio = e% 
10. The crippling load by Rankine’s formula is given by 
O.xA 
a ae a 
L 
1l+a|—* 
o(%] 


where o, = Ultimate crushing stress 
A = Area of cross-section of column 
a = Rankine’s constant 
L, = Effective length 
k = Least radius of gyration. 
11. The crippling load by straight line formula is given by 
P=o,.A-n (==) A 
k 
where o, = Compressive yield stress 
A = Area of cross-section of column 


(=) = Slenderness ratio and n = A constant. 


12. 
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Johnson’s parabolic formula for crippling load is given by 


2 
Peo,.A-r( 22) A 


L 
e A a si 7 
where o,, A and —— are compressive yield stress, area and slenderness ratio respectively and 


k 


2 
c 


4n?E 


r =A constant = 


EXERCISE 


10. 


11. 


12. 
13. 


14. 


15. 


(A) Theoretical Questions 


Explain the assumptions made in Euler’s column theory. How far are the assumptions valid in 
practice ? 

Define the terms : column, strut and crippling load. 

Explain how the failure of a short and of a long column takes place ? 

What do you mean by end conditions of a column ? What are the important end conditions for a 
column ? Explain them. 

What is ‘equivalent length of a column’ ? How is the concept used in the column theory ? 

What is ‘equivalent length of a column’ ? Give the ratios of equivalent length and actual length of 
columns with various end conditions. 

Derive an expression for the Euler’s crippling load for a long column with following end conditions. 
(a) Both ends are hinged (6) Both ends are fixed. 

Explain how Rankine-Gordon formula is used to calculate the intensity of stress in short, inter- 
mediate and long columns. 

Prove that the crippling load by Euler’s formula for a column having one end fixed and other end 
free is given by 


Be nr 2 
Al 
where / = Actual length of the column, 
E = Young’s modulus, and 
Z = Least moment of inertia. 


Find an expression for crippling load for a long column when one end of the column is fixed and 
other end is hinged. 


2 
a Ee 
Prove that crippling stress by Euler’s formula is given by f, = ( i, ) . 
Rk 


Define slenderness ratio. State the limitations of Euler’s formula. 

How will you justify that Rankine’s formula is applicable for all lengths of columns, ranging from 
short to long columns. 

What is a Rankine’s constant ? What is the approximate value of Rankine’s constant for cast iron 
column ? 

Deduce an expression for the Euler’s crippling load of an ‘ideal column’ pin-joined at each end. 
Explain the limitations, if any, in using the formula. 
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16. Derive the equation for the Euler’s crippling load for a column with one end fixed and the other is 
free. 


17. Derive expression for Euler’s buckling load for a long column of length L with both ends fixed, from 
first principle. Mention the assumptions made in the derivation. 


(B) Numerical Problems 


1. A solid round bar 4 m long and 6 cm in diameter is used as a strut with both ends hinged. 
Determine the crippling load. Take E = 2 x 10° N/mm?. [Ans. 78.486 kN] 
2. For the problem 1, determine the crippling loads when the given strut is used with the following 
conditions : 
(z) One end is fixed and other end is free (ii) Both the ends are fixed and 
(iii) One end is fixed and other is hinged. [Ans, (7) 19.621 kN (ii) 313.94 kN (iii) 156.96 kN] 
3. Acolumn of timber section 10 cm x 15 cm is 5 m long both ends being fixed. If the Young’s modulus 
for timber = 17.5 kN/mm2?, determine : 
(i) Crippling load, and (ii) Safe load for the column if factor of safety = 3. 
[Ans. (i) 45.4 KN and (ii) 115.1 kN] 
4. A hollow mild steel tube 5 m long, 4 cm internal diameter and 5 mm thick is used as a strut with 
both ends hinged. Find the crippling load and safe load taking factor of safety as 3. Taking 
E=2~x 10° N/mm?. [Ans. 14.99 N and 4766 N] 
5. Asolid circular bar 5 m long and 4 cm in diameter was found to extend 4.5 mm under a tensile load 
of 48 KN. The bar is used as a strut with both ends hinged. Determine the buckling load for the bar 
and also the safe load taking factor of safety as 3.0. [Ans. 2105.5 N and 701.8 N] 
6. Calculate the safe compressive load on a hollow cast iron column (one end rigidly fixed and other 
hinged) of 10 cm external diameter, 7 cm internal diameter and 8 m in length. Use Euler’s formula 
with a factor of safety of 4 and E = 95 kN/mm?. [Ans. 27.3 kN] 
7. Determine Euler’s crippling load for an I-section joist 30 cm x 15 cm x 2 cm and 5 m long which is 
used as a strut with both ends fixed. Take Young’s modulus for the joint as 2 x 10° N/mm?2. 
[Ans. 3.6 MN] 
8. Determine the crippling load for a T-section of dimensions 12 cm x 12 cm x 2 cm and of length 
6 cm when it is used as a strut with both of its ends hinged. Take E = 2 x 10° N/mm?. 
[Ans. 161.57 kN] 
9. Determine the ratio of buckling strengths of two columns one hollow and the other solid. Both are 
made of the same material and have the same length, cross-sectional area and end conditions. 
The internal diameter of hollow column is 2/83rd of its external diameter. [Ans. 2.6 : 1] 
10. The external and internal diameter of a hollow cast iron column are 5 cm and 3 cm respectively. If 
the length of this column is 4 m and both of its ends are fixed, determine the crippling load using 


1 


1600 in Rankine’s formula. 


Rankine’s formula. Take the value of f, = 550 N/mm? and a = 


[Ans. 540.09 kN] 


11. A hollow cylindrical cast iron column is 6 m long with both ends fixed. Determine the minimum 
diameter of the column if it has to carry a safe load of 300 KN with a factor of safety of 4. Take the 


1 
internal diameter as 0.7 times the external diameter. Take f, = 550 N/mm? and a = 1600 in 
Rankine’s formula. [Ans. D = 9.53 cm, d = 6.67 cm] 


12. A 2.0m long column has a circular cross-section of 6 cm diameter. One of the ends of the column 
is fixed in direction and position and other end is free. Taking factor of safety as 3, calculate the 
safe load using 


13. 


14, 


15. 


16. 


17. 


18. 
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1 
(i) Rankine’s formula take yield stress f, = 550 N/mm? and a = 1600 for pinned ends, 


(ii) Euler’s formula, Young’s modulus for C.I. = 1.3 x 10° N/mm?. 

[Ans. (i) 11.4 KN and (ii) 170 kN] 
A short length of tube, 5 cm internal diameter and 6 cm external diameter, failed in compression 
at a load of 250 kN. When 2.5 m length of the same tube was tested as a strut with fixed ends, the 
load at failure was 150 kN. Assuming that f, in Rankine’s formula is given by the first test, find 
the value of constant ‘a’ in the same formula. What will be the crippling load of this tube if it is 


1 
used as a strut 3.2 m long with one end fixed and the other hinged. Ans. $148” 78.5 kN 


Find the Euler crushing load for a hollow cylindrical cast iron column 15 cm external diameter and 


25 mm thick if it is 6 m long and is hinged at both ends. Take E = 8 x 104 N/mm?. Compare the load 
with the crushing load as given by the Rankine’s formula, taking f, = 550 N/mm? and 


a= a ; for what length of the column would these two formulae give the same crushing load ? 


[Ans. 665 kN, 260.77 KN, 507 cm] 
A mild steel tube is 7.5 cm in diameter and 0.25 cm thick. A short length of this tube is tested in 
compression and is found to yield at 500 N/mm2. The modulus of elasticity of the material of the 
tube is 2 x 10° N/mm2. A length of 2 m when tested as a strut with free ends failed with a load of 
180 KN force. Assuming the failing stress in Rankine formula to be the yield stress of the mate- 
rial, find the value of Rankine’s constant ‘a’. Find also the crushing load as by the Euler’s formula. 


Ans. a — : and P 225 kN 
8000 


An alloy steel tube is 7.5 cm external diameter and 0.25 cm wall thickness. A very short length of 
this tube was tested in compression and found to yield at a load of 320 kN. A length of 2 meters 
when tested as a strut with hinged ends buckled at a load of 170 kN. Assuming the failing stress 
in Rankine formula to be the yield stress of the material, find the value of Rankine’s constant ‘a’. 


| Ans. a= aa 
6980 


A 1.5 m long column has a circular cross-section of 0.5 cm diameter. One of the ends of the column 
is fixed in direction and position and the other end is free. Taking factor of safety as 3, calculate 


the safe load using ; (i) Rankine formula with f, = 560 N/mm? and a = for pinned ends and 


1600 
(ii) Euler’s formula with E for C.I. = 1.2 x 10° N/mm?. [Ans. (7) 9.9 KN and (ii) 13.45 kN] 
Determine the external diameter and internal diameter of a hollow circular cast iron column, 
which carries a load of 1000 KN. The length of the column is 6 metre. The internal diameter is to 


1 
be one half that of outer diameter. Use Rankine’s formula with f= 560 N/mm? and a = 7600" Take 


a factor of safety 4. One end is fixed and the other end is free. 
[Ans. D = 35.4 cm, d = 17.7 cm] 


20.1. INTRODUCTION 


Rivets which are having their greatest applications in boiler work, plate girder and roof 
truss etc., are used to connect together permanently two or more plates. In case of riveting, the 
holes are made in the plates which are to be connected and rivets are inserted into the holes of the 
plates. Due to the holes in the plate, the strength of the original plate (7.e., solid plate without any 
hole) is reduced. 


20.2. TYPES OF RIVETED JOINTS 


The riveted joints are mainly of the following two types: 

1. Lap joints and 2. Butt joints 

20.2.1. Lap Joints. In case of lap joint, the edges of the plates to be jointed together 
overlap each other as shown in Fig. 20.1. The lap joints are classified as : 

1. Single riveted lap joint. 2. Double riveted lap joint. 

3. Triple riveted lap joint etc. 


a I~ {D> 


Fig. 20.1. Lap joint. Fig. 20.2. Double riveted lap joint. 


In case of single riveted lap joint, only one row of rivets is used for connecting two plates as 
shown in Fig. 20.1. But in case of double riveted lap joint, two rows of rivets are used for the 
connection as shown in Fig. 20.2. And in case of triple lap joints, three rows of rivets are used for 
connecting the two plates. 

20.2.2. Butt Joints. In case of butt joints, the edges of the two plates to be joined together 
butt (7.e., touch) against each other and a cover plate is placed either on one side or on both the 
sides of the two main plates as shown in Fig. 20.3. 


In case of a butt joint, atleast two rows of rivets one on each side of the joint, are required. 
The butt joints are also classified as : 
1. Single riveted butt joint, 2. Double riveted butt joint, and 


3. Triple riveted butt joint. 
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(a) Butt joint with single cover plate. (6) Butt joint with double cover plate. 


Fig. 20.3 


In case of a single riveted butt joint, one row of rivets is used on each side of the joint. 
Hence in total there are two rows of rivets. In case of double riveted butt joint, two rows of rivets 
are used on each side of the joint and hence in total there are four rows of rivets in double riveted 
joint. In case of triple butt joints, three rows of rivets are used on each side of the joint. 


In addition to the above, the following are also the types of the riveted joints : 
1. Chain riveted joint, 

2. Zig-zag riveted joint and 

3. Diamond riveted joint. 


0.3. CHAIN RIVETED JOINT 


Fig. 20.4 shows a chain riveted joint, in which every rivet of a row is opposite to the other 
rivet of the other row. 


Fig. 20.4. Chain riveted joint. Fig. 20.5. Zig-zag riveted joint. 


0.4. ZIG-ZAG RIVETED JOINT 


Fig. 20.5 shows a zig-zag riveted joint, in which the spacing of the rivets is staggered in 
such as way, that every rivet is in the middle of the two rivets of the opposite row. 


0.5. DIAMOND RIVETED JOINT 


Fig. 20.6 shows a diamond riveted joint, in which the number of rivets decreases as we 
proceed from innermost row to the outermost row. Diamond riveted joint is only used in butt 
joints. 
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Fig. 20.6. Diamond riveted joint. 


Problem 20.1. Draw neat sketches (plan and elevation) of the following riveted joints : 


(i) Single riveted lap joint, 


(ii) Double riveted lap joint having chain riveting, 
(iii) Double riveted lap joint having zig-zag riveting. 
Sol. (i) Single riveted lap joint with its plan and elevation is shown in Fig. 20.7. In case of 
lap joint, the edges of the two plates to be joined together overlap each other. For a single riveted 
joint, there should be only one row of rivets as shown the plan of Fig. 20.7. The distance from the 
axis of the rivet to the edge of the plate should be at least = 1.5 D, where D is the diameter of the 
rivet. The distance between two adjacent rivets in a row is called the pitch and it is denoted by p. 


The plan and elevation of a single riveted lap joint is shown in Fig. 20.7. 
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Fig. 20.7. Single riveted lap joint. 
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Fig. 20.8. Double-riveted lap joint—chain riveting. 
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(ii) Double riveted lap joint having chain riveting. This is shown in Fig. 20.8. In case of 
double riveted lap joint, there should be two rows of rivets as shown in plan. For a chain riveted 
joint, every rivet of a row should be opposite to the other rivet of the other row as shown in 
Fig. 20.8. The distance between the two rows of the rivets should be at least = 2D + 6, where Dis 
the diameter of the rivet. 

The plan and elevation of the double riveted lap joint having chain riveting is shown in 
Fig. 20.8. 

(iit) Double riveted lap joint having zig-zag riveting. This is shown in Fig. 20.9. There are 
two rows of rivets as shown in plan. For a zig-zag riveted joint, the spacing of the rivets is 
staggered in such a way that every rivet is in the middle of the two rivets of the opposite row as 
shown in Fig. 20.9. The distance between the two rows of rivets should be at least = 2D, where D 
is the diameter of the rivet. The plan and elevation of the double riveted lap joint having zig-zag 
riveting is shown in Fig. 20.9. 
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Fig. 20.9. Double-riveted lap joint—Zig-zag riveting. 


Problem 20.2. Draw neat sketches (Plan and Elevation) of the following riveted joints : 
(i) Single riveted butt joint with a single cover plate 

(ii) Single riveted butt joint with double cover plate 

(iii) Double riveted butt joint with a single cover plate. 
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Sol. () Single riveted butt joint with a single cover plate. In case of a butt joint, the edges 
of the two plates to be joined together butt (i.e., touch) against each other and a cover plate is 
placed on one side of the two plates. Rivets are passed through the main plates and cover plates. 
For a single riveted butt joints, one row of rivets is used on each side of the joint. Hence in total, 
there will be two rows of rivets as shown in Fig. 20.10. For a single cover plate, the thickness of 
the cover plate is taken as equal to ¢ or 1.125 t, where ¢ is the thickness of the main plate to be 
joined by butt joint. The distance between the two rows of rivets should be equal to 3D where D is 
the diameter of the rivet. The plan and elevation of the single riveted butt joint with single cover 
plate is shown in Fig. 20.10. 
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Fig. 20.10. Single riveted butt joint with Fig. 20.11. Single riveted butt joint 
a single cover plate. with double cover plates. 


(ii) Single riveted butt joint with double cover plates. In case of single riveted butt joint, 
there will be two rows of rivets as shown in Fig. 20.11. One row of rivets is used on each side of the 
joints. There will be two cover plates, one on each side of the main plates. The thickness of each 
cover plate is taken as equal to 0.6 ¢ to 0.8 ¢ where ¢ is the thickness of the plates to be joined 
together. The plan and elevation of the single riveted butt joint with double cover plates are shown 
in Fig. 20.11. 

(iit) Double riveted butt joint with a single cover plate. In case of double riveted butt joints, 
two rows of rivets are used on each side of the joint and hence in total there will be four rows of 
rivets as shown in Fig. 20.12. One cover plate is placed on one side of the rivets. The thickness of 
the single cover plate is taken as equal to ¢ to 1.125 t where t is the thickness of the main plate. 
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The distance between the two rows of rivets which are one side of the joint is taken equal to 3D 
whereas the distance between two rows of rivets which are on either side of the joint is taken 
equal to 3D, where D is the diameter of the rivet. The plan and elevation of the double riveted butt 
joint with a single cover plate is shown in Fig. 20.12. 
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Fig. 20.12. Double riveted butt joint with a single cover plate. 


20.6. FAILURE OF A RIVETED JOINT 


A riveted joint may fail in any one of the following ways : 

(i) Failure due to tearing of the plate between the rivet hole and the edge of the plate, 

(ii) Failure due to tearing of the plates between rivets, 

(iii) Failure due to shearing of rivet, 
(iv) Failure due to crushing (or bearing) of rivet, 

(v) Failure due to crushing of plate. 

20.6.1. Failure Due to Tearing of the Plate between the Rivet hole and the Edge. 
If the distance between the centre of the rivet and the nearest edge of the plate (also known as 
margin, m) is not sufficient, the tearing of the plate between the rivet hole and the edge of the 
plate will take place as shown in Fig. 20.13. This type of failure may be avoided if, 

m= 1.5d 
where m = Margin i.e., distance between the centre of rivet and nearest edge of the plate and 
d = Diameter of rivet. 

20.6.2. Failure Due to Tearing of the Plate between Rivets of a Row. The plate will 
tear between the rivet holes across a row if the tensile stress (due to tensile force P) on the section 
corresponding to the line of rivets is having a large value as shown in Fig. 20.14. In such cases, 
we consider only a pitch length of the plate. 
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Fig. 20.13 Fig. 20.14 


Let p= Pitch of the rivet 
d = Diameter of the rivet 
t = Thickness of the Plate 
P = Tensile load acting on the plates 
6, = Safe tensile stress in the plate 
P, = Safe tensile load that the plates can withstand for one pitch length 
Then safe tensile load per pitch length is given by 
P, = Safe tensile stress x Area of plate per pitch length 
=6,x(p-—d)xt ...(20.1) 
If the value of tensile load (P) is more than the value of P, given by equation (20.1), then 
tearing of plate between the rivets will take place. 
20.6.3. Failure Due to Shearing of Rivet. Ifthe diameter of the rivets is less than the 
required diameter, then the rivets will be sheared off as shown in Fig. 20.15 and Fig. 20.16. Fig. 
20.15 shows the rivet in a single shear whereas Fig. 20.16 shows the rivets in double shear. 


Pe i eee — 
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Fig. 20.15. Rivet in single shear. Fig. 20.16. Rivet in double shear. 


The cross-sectional area resisting shear, when the rivet is in single shear is equal to 
av whereas the cross-sectional area resisting shear, when the rivet is in double shear is equal 


1 
to 2x rr d? where d is the diameter of the rivet. 


In a lap joint and in a single cover butt joint, the rivets are in single shear as shown in 
Fig. 20.17 and Fig. 20.18. But the rivets are in double shear in a double cover butt joint as shown 


in Fig. 20.19. 
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Fig. 20.17. Shearing off a rivet in a lap joint. Fig. 20.18. Shearing off a rivet in a 


single cover butt joint. 


Fig. 20.19. Shearing off a rivet in a double cover butt joint. 


Let t=Safe shear stress for the rivet material 
d = Diameter of rivet 
T 
A = Area of cross-section of rivet Z d? 


P, = Safe load which a rivet can withstand against shearing 
n = Number of rivets in one pitch length. 
(i) Safe load per pitch length in case of lap joint. In case of lap joint the rivets are in single shear. 


T 

Peis Z d? x t for a single riveted lap joint 
T 

=2x a d? x t for a double riveted lap joint 


T 
ie 4 d? x t for a triple riveted lap joint and so on. 


(ii) Safe load per pitch length in case of butt joint with single cover plate. The rivets are in 
single shear. But there is one rivet in a single riveted butt joint on one side of the joint per pitch 
length (see Fig. 20.18). 


T 

P= 1s Fi d? x t for a single riveted butt joint 
T 

=2x ri d? x t for a double riveted butt joint 


T 
=3x Z d? x t for a triple riveted butt joint and so on. 


(iii) Safe load per pitch length in case of butt joint with double cover plates. The rivets are 
in double shear in case of butt joint with double cover plates as shown in Fig. 20.19. 
+, Safe load which a rivet can withstand in double shear 


=2x 7 d* x7 
.. Strength of joint per pitch length against shearing 
=nx [2x Ed? x) 
4 


where n = Number of rivets covered per pitch length on one side of the joint 
al eee for a single riveted butt joint 
eee for a double riveted butt joint 
= Sluis for a triple riveted butt joint. 
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In case of a lap joint, the rivets are in single shear. 
.. Safe load which a rivet can withstand in single shear 


aT Ox 


“. Strength of joint per pitch length against shearing 


=nx(Ea*x-) 
4 


where n = Number of rivets covered per pitch length 
ol ieee for a single riveted lap joint 
SD ieee for a double riveted lap joint 
os eee for a triple riveted lap joint. 


20.6.4. Failure Due to Crushing (or bearing) of Rivet or Plate. In one of the plates 
in a joint is weaker than the other, the crushing of that plate (or rivet in contact with that plate) 
will take place. Let the top plate of a lap joint shown in Fig. 20.20 is weaker than the bottom 
plate. Now if the top plate is pulled by a load P, the crushing stress (or bearing stress) will be 
induced between the top plate and the rivet. The plate or rivet will be crushed if these stresses are 
having large values as shown in Fig. 20.21. 


Fig. 20.20 Fig. 20.21 


Let 6,= Allowable crushing stress, 
d = Diameter rivet, 
t = Thickness of plate, 
P,, = Safe load which a rivet can withstand against crushing 
= 6, x projected area 
=06, x d.t. (-- Projected area = d.t.) 
Strength of the joint per pitch length of the joint against crushing 
=nxo,xdxt 
where n = Number of rivets covered per pitch length. 


20.7. STRENGTH OF A RIVETED JOINT 


The maximum force, which a riveted joint can withstand without failure, is known as the 
strength of the joint. The strength of the riveted joint is obtained as : 
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Let 6, = Allowable tensile stress in the plate, 
t = Allowable shear stress for the rivet material, 
6, = Allowable crushing stress of rivet material. 
Then per pitch length, 
(i) The tearing strength is given by, 
P,=6,(p—d)xt 
(i) The shearing strength (P.) is given by, 


P =nxe x 7 d?__... if the rivet is in single shear ...(20.2) 


Tl 72 
=nxtx (2 x rie ... if the rivet is in double shear __...(20.3) 


where n= Number of rivets in one pitch length for lap joint 
= Number of rivets in one pitch length on one side of the joint for butt joint. 
(ui) The crushing strength (P.) or bearing strength (P,) is given by 
P.=nxo,xdxt ...(20.4) 
where n = Number of rivets in one pitch length. 


The maximum force, which a riveted joint can transmit without failure, is the least value 
of P,, P, or P.. Once the minimum of the three values is reached, the joint will fall. Hence the 
strength of the joint will be equal to the least value of P,, P, and P... 


0.8. EFFICIENCY OF A RIVETED JOINT 


The efficiency of a riveted joint is the ratio of the strength of the riveted joint to the strength 
of the solid plate (i.e., strength of unriveted plate). Mathematically 


Strength of the riveted joint 


Efficiency, N= 


Strength of solid plate 

Least of P,, P, and P, 

= ...(20.5) 
P 
where P = Strength of solid plate 

= 0,p.t. per pitch length ...(20.6) 

Least of P,, P, and P 
Efficiency, (ee (20.7) 

O,.p.t. 


Problem 20.3. Two plates 8 mm thick are joined by a single riveted lap joint. The 
diameter of the rivets is 16 mm and pitch = 50 mm. If 6, = 120 N/mm?, t = 90 N/mm? and 
6, = 160 N/ mm?, determine the efficiency of the joint. 


Sol. Given : 

Thickness of plates, ¢=8mm 

Dia. of rivet, d=16mm 

Pitch of rivet, p=50mm 

Tensile stress, o,= 120 N/mm? 

Shear stress, t= 90 N/mm? 

Crushing stress, 6, = 160 N/mm? 

Nature of joint = Single riveted lap joint 


.. The number of rivets in one pitch length, n = 1 
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Also rivets are in simple shear 
(Single riveted lap joint is shown in Fig. 20.7) 
Consider one pitch length of the joint. 
(i) Tearing strength per pitch length is given by equation (20.1). 
Using equation (20.1), 
P,=6,p —d) x t = 120(50 — 16) x 8 N = 32640 N 
(ii) Shearing strength per pitch length is given by equation (20.2), 


Tl 32 
Pranxtx7d 
ne (. n=1) 


= 1x90 x 7 x 16? = 18095.5 N 


(iii) Crushing strength per pitch length is given by equation (20.4), 
P.=nxo,xdxt 
=1x160x 16x 8=20480N 
Least strength per pitch length 
= Least of P,, P, and P. 
= 18095.5 N 
Strength of the solid plate per pitch length is given by equation (20.6), 
P=6,.p.t=120 x 50 x 8 = 48000 N 
Efficiency of the riveted joint 
Least of P, P, and P, 
~ Strength of solid plate 
_ 18095.5 N 
~ 48000 N 
Problem 20.4. Ifin problem 20.3, the plates are joined by a double riveted lap joint and 
pitch = 8 cm determine : 
(i) strength of the riveted joint and (ii) efficiency of the riveted joint. 
Sol. Given : 
From problem 20.3, t=8mm,d=16mmandp=8cm=80mm 
6, = 120 N/mm”, t = 90 N/mm? and o, = 160 N/mm? 
Nature of the joint = Double riveted lap joint 
Number of rivets in one pitch length, n = 2 
The rivets are in single shear. 
(Double riveted lap joint is shown in Fig. 20.8 and Fig. 20.9) 
Consider one pitch length of the joint. 
(i) Tearing strength per pitch length is given by equation (20.1). 
- P,=06,x (p—d)t 
= 120 x (80-16) x 8=61440N. 
(ii) Shearing strength per pitch length is given by equation (20.2). 


= 0.3769 = 37.69%. Ans. 


T 
Po=nxtx7 d? 
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=2x 90 x 5 x 16? ( n=2) 
= 3619N 
we Crushing strength per pitch length is given by equation (20.4). 
Pi=nxo,xdxt 
=2x160x16~x8 (n= 2) 
= 40960 N. 


Strength of riveted joint 
The least of P,, P, and P. gives the strength of riveted joint. But least of P,, P, and P. = 
36191 N 
+, Strength of riveted joint = 36191 N. Ans. 
Efficiency of the riveted joint 
Least of P,, P, and P, 
P 
where P= Strength of solid plate per pitch length 
=06,.p.t=120 x 80 x 8 = 76800 N 
_ 36191 
= "76800 


Problem 20.5. Double riveted lap joints are made in the following two ways : 


Using equation (20.5), n= 


= 0.4712 = 47.12%. Ans. 


(i) Diameter of rivets = 2 cm, pitch of rivets = 6 cm 
(ii) Diameter of rivets = 3 cm, pitch of rivets = 8 cm 


If 6, = 120 N/mm?, t= 90 N/mm? and o, = 160 N/mm, find out which joint has higher 
efficiency. The thickness of the plates is 1.2 cm in each case. 


Sol. Given : 

Tensile stress, 6, = 120 N/mm? 
Shear stress, t = 90 N/mm? 
Crushing stress, 6, = 160 N/mm? 


Nature of joint = Double riveted lap joint 
.. Number of rivets in one pitch length, 
n=2 
The rivets are in single shear 
(Double riveted lap joint is shown in Fig. 20.8 and Fig. 20.9) 
Consider one pitch length of the joint. 


(i) lst Case 
Dia. of rivets, d=2cm=20mm 
Pitch of rivets, p=6cm=60mm 


Thickness of plates ¢=1.2cm=12mm 
(a) Tearing strength per pitch length is given by equation (20.1) 


P,=06,x(p—d)xt 
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= 120 x (60 — 20) x 12 = 57600 N. 
(b) Shearing strength per pitch length is given by equation (20.2). 


Pant, 2 a2 80x— 620? Ge n=) 
= 56548 N. 
(c) Crushing strength per pitch length is given by equation (20.4). 
P.=nx 6,xdxt (. n=2) 


= 2 x 160 x 12 x 20 = 76800 N 
Least of P, P,andP, = 56548 
Efficiency of the joint is given by equation (20.5). 
_ Least of P,, P, and P, 


P 
where P = Strength of solid plate per pitch length 


=0,xp xt=120x 6x 12=86400N 


: ae 56548 
Efficiency of joint = 36400 = 0.6545 = 65.45%. 
(ii) 2nd case 
Dia. of rivets, d=3cm=30mm 
Pitch of rivets, p=8cm=80mm 
Thickness of plate, t=1.2cm=12mm 


oe Tearing strength per pitch length is given by equation (20.1). 
P,=0,x (p—d) x t = 120 x (80 — 30) x 12 = 72000 N 
(b) Shearing strength per ee idagt is given by equation (20.2). 
Pi=nxtx 7 d?=2x 90x 7 x 80? Ce w=) 
= 127234.5 N. 
o Crushing or bearing strength is given by equation (20.4). 
P.=nxo,xdxt=2x 160 x 30 x 12 = 115200 N 
Strength of solid plate per Bites length, 
P=0,xp xt=120 x 80 x 12=115200 N 
Least of P,, P, and P,=72000N. 
Efficiency is given by 
Least of P, P, and P, 72000 
~ Strength of solid plate 115200 
“. The 1st joint has higher efficiency. Ans. 


Problem 20.6. In a double riveted lap joint, the pitch of the rivets is 7.5 cm, thickness of 
the plate = 1.5 cm and rivet diameter = 2.5 cm. What minimum force per pitch length will rupture 
the joint when ultimate stresses are 6, = 400 N/mm?, t = 320 N/mm? and o, = 640 N/mm?. 


Sol. Given : 

Nature of the joint = Double riveted lap joint 

.. Number of rivets in one pitch length, 
n=2 


= 0.625 = 62.5% 
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The rivets are in single shear 


Pitch of rivets, p=7.5cem=75 mm 
Thickness of plate, t=15cem=15mm 
Dia. of rivets, d =2.5 cm = 25 mm 
Ultimate tensile stress, 6, = 400 N/mm2 
Ultimate shear stress, t = 320 N/mm? 


Ultimate Crushing stress, 6, = 640 N/mm? 
Consider one pitch length of the joint. 
Tearing strength per pitch length is given by equation (20.1) 
P,=6, x (p —d) x t = 400 x (75 — 25) x 15 = 300000 N 
(ii) Shearing strength per sich eaeta is given by equation (20.2). 


Bauxite 2 x 320 x 5 x 25? (. n=2) 
= 314200 N. 
ia Crushing strength per pitch length is given by equation (20.4). 
P.=nxo,xdxt=2x 640 x 25 x 15 (. n=2) 
= 480000 N. 


.. Minimum force, that will rupture the joint is the least of P,, P, and P,,i.e., 300000 N or 
300 kN. Ans. 


Problem 20.7. A thin cylindrical shell 1500 mm in diameter is made of 12 mm plates. 
The circumferential joint is a single riveted lap joint with 22 mm diameter rivets at a pitch of 
50 mm. If the ultimate tensile stress in the plate is 450 N/mm? and the ultimate shearing and 
crushing stresses for the rivets are 300 N/mm? and 600 N/mm? respectively, calculate the 
efficiency of the joint. 


Sol. Given : 

Dia. of shell, D= 1500 mm 

Thickness of plates, ¢=12mm 

Dia. of rivets, d=22mm 

Pitch of rivets, p=50mm 

Tensile stress, 6, = 450 N/mm? 

Shearing stress, t = 300 N/mm? 

Crushing stress, 6, = 600 N/mm? 

Nature of the joint = Single riveted lap joint 
.. Number of rivets per pitch length, 


n=1.0 
The rivets are in single shear. 
Consider one pitch length of the joint. 
_ Tearing strength of plate per pitch length is given by equation (20.1). 
= 0p —d) x t = 450(50 — 22) x 12 = 151200 N. 
(ii) Shearing oie -e pitch length is given by equation (20.2). 


Pr=nxtx 2 d= 1 x 300 x 7 x 22? (. n=l) 
= 114040N. 
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i Crushing (or bearing) strength per pitch is given by equation (20.4). 

if P.=nxo,xdxt=1 x 600 x 22 x 12 = 158400 N. 
.. Least of P,, P, and P, = 114040 N 

Efficiency of the joint 

Least of P,, P, and P, 


P 
where P = strength of solid plate per pitch length 


=06,x p xt = 450 x 50 x 12 = 270000 N 
114040 
~ 270000 
Problem 20.8.A single riveted double cover butt joint is used to connect two plates 
15 mm thick. The rivets are 26 mm in diameter and are provided at a pitch of 10 cm. The 
allowable stresses in tension, shear and crushing are 130 N/mm?, 75 N/mm? and 150 N/mm? 
respectively, find : 
(i) Safe load per pitch length of the joint, and 
(ii) Efficiency of the joint. 
Sol. Given : 
Nature of joint = Single riveted double cover butt joint. 
*. Number of rivets per pitch length on one side* of the joint. 


Using equation (20.5), n = 


= 0.4224 = 42.24%. Ans. 


n=l. 
As the joint is double cover butt joint, hence the rivets are in double shear. 
Thickness of plates, t=15mm 
Dia. of rivets, d=25mm 
Pitch of rivets, p=10cm=100 mm 
Allowable tensile stress, 6, = 130 N/mm? 
Shear stress, t= 75 N/mm? 
Crushing stress, 6, = 150 N/mm? 


Consider one pitch length of the joint. 
(a) Tearing strength per pitch length is given an equation (20.1). 

P,=6, x (p—d) x t = 130 x (100 — 25) x 15 = 146250 N. 
(b) Shearing strength per pitch length is given by equation (20.3). 


1 
P,=nxtx (2 x Z d i (.* rivets are in double shear) 


=1x 75 x [2x Ex257] N = 73631 N. 


(c) ee strength per pitch length is given by equation (20.4). 
P.=nxo,xdxt=1.x 150 x 25 x 15 N = 56250 N. 


(i Safe load per pitch length of the joint. The safe load per pitch length of the joint will be 
the least of the three values of P,, P, and P.. But the value of P, is least. 


.. Safe load = 56250 N. Ans. 


*Please note that in case of butt joint the number of rivets on one side of joint per pitch length are 


taken. 
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(ii) Efficiency of the joint 
Least of three values of P,, P, and P, 
Strength of solid plate 
56250 
. Strength of solid plate 
But strength of solid plate is given by equation (20.6) as 
P=0,xpxt= 130 x 100 x 15 = 195000 N 
56250 
~ 195000 


Problem 20.9. If in problem 20.8, the single butt joint is having a single cover plate 
instead of double cover plates, find : (i) Safe load per pitch length of the joint and (ii) Efficiency 
of the joint. 

Sol. Given : 


Nature of the joint = Single riveted butt joint with a single cover plate. 


Using equation (20.5), n = 


= 0.2884 = 28.84%. Ans. 


.. Number of rivets per pitch length on one side of the joint, 

n=l. 
As the butt joint is having a single cover plate, the rivets will be in single shear. 
The other data from problem 20.8 are: 

t= 15mm, d = 25 mm, p = 100 mn, 
6, = 130 N/mm”, t= 75 N/mm? and o, = 150 N/mm?. 

Consider one pitch length of the joint. 
(a) Tearing strength per pitch length is given by equation (20.1). 

P,=6, x (p—d) x t = 180 x (100 — 25) x 15 N = 146250 N. 
(b) Shearing strength per pitch length is given by equation (20.2). 


P =n xtx (4 a | (.: Rivets are in single shear) 
1 2 
= 1x15 x (425%) N (. n=1) 
= 36815.5 N. 


. The crushing strength per pitch length is given by equation (20.4). 
P,=nxo,xdxt 
=1x150x 25x 15N (Cw n=1) 
= 56250 N. 
(i) Safe load per pitch length of the joint 


The least of three values of P,, P, and P. is the safe load on the joint. But the least of three 
values is of P, i.e., 36815.5 N. 


*. Safe load per pitch length of the joint 
= 36815.5 N. Ans. 
(ii) Efficiency of the joint 
_ Least of three values of P,, P, and P. 
Strength of solid plate 


Using equation (20.5), n 
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36815.5 
~ 6,.p.t (.- Strength of solid plate = o,.p.t.) 
joo) ee, a 
~ 180x100x15 7° = Oe: Ss. 


Problem 20.10. A single riveted double cover butt joint in a structure is used for connecting 
two plates 12mm thick. The diameter of the rivets is 24 mm. The permissible stresses are 
120 N/mm? in tension, 100 N/mm? in shear and 200 N/mm? in bearing. Calculate the necessary 
pitch and efficiency of the joint. 

Sol. Given : 

Nature of the joint = Single riveted double cover butt joint. 

.. Number of rivets per pitch length on one side of the joint, 

n=1 

As the butt joint is having double cover plates, the rivets will be in double shear. 

Thickness of plates, ¢=12mm 

Diameter of rivets, d=24mm 


Tensile stress, 6, = 120 N/mm? 
Shearing stress, t= 100 N/mm? 
Bearing stress, o, = 200 N/mm? 


Let p = Pitch of the joint and 
7 = Efficiency of the joint. 
Consider one pitch length of the joint. 
0 Tearing strength per pitch length is given by equation (20.1). 
P,=06,x(p—d) xt 
= 120 x (p—24) x 12 = 1440 (p — 24) N. (i) 
(ii) Shearing strength per pitch length is given by equation (20.3). 


P,=nxox (2 x + a | (rivets are in double shear) 
1 2 
= 1x 100 x (2x Ex 24?) (. n=1) 
= 90500 N. 


a Bearing (or crashing) strength per pitch length is given by equation (20.4). 
P.=nxo,xdxt=1.x 200 x 24 x 12 N=57600 N 
Padsiag P, to the lesser of iti forces P, and P.,, we get 
1440(p — 24) = 57600 


57600 
p= 1440 +24=40+24=64mm. Ans. 
Now strength of solid plate 
=0,xpxt 
= 120 x 64 x 12 = 92160 N 
Least force 57600 


= 0.625 = 62.5%. Ans. 


Efficiency, "\ ‘Strength of solid plate 92160 
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Problem 20.11. Two plates of 12 mm thickness are connected by a double riveted cover 
butt joint using 18 mm diameter rivets at a pitch of 8 cm. If the ultimate tensile stress in plate 
and shearing and bearing stresses in the rivets are 460 N/mm?, 320 N/mm? and 640 N/mm? 
respectively, find the pull per pitch length at which the joint will fail. 


Sol. Given : 

Thickness of plates, ¢=12mm 

Nature of the point = Double riveted double cover butt joint. 

.. Number of rivets per pitch length of one side of the joint, 
n=2, 

As the butt joint if having double cover plates, the rivets will be in double shear. 

Dia. of rivets, d=18mm 

Pitch, p=8cm= 80mm 

Tensile stress, 6, = 460 N/mm? 

Shearing stress, t = 320 N/mm? 

Bearing stress, 6, = 640 N/mm? 


Consider one pitch length of the joint. 
(z) iii strength per pitch length is given by equation (20.1). 

P,=6, x (p —d) x t = 460(80 — 18) x 12 N = 34,2200 N 
(i) Shearing strength per pitch length is given by equation (20.3) 


Tl 42 ; ? 
P= weoe (2 x i d (- Rivets are in double shear) 
1 2 
= 2320 x (2x 2x18") (. n=2) 
= 325800 N 


(iii) Bearing (or crushing) strength per pitch length is given by equation. 
P.=nxo,xdxt=2x 640 x 18 x 12 N = 276500 N 


The pull per pitch length at which the joint will fall is the least of the above three forces. 
But the least of the above three forces is 276500 N. 


“. The joint will fail at a pull of 276500 N. Ans. 
Efficiency of the joint 
Least of the three forces of P,, P, and P, 


Using equation (20.5), n = 


Strength of solid plate 
276500 
= ree ("Strength of solid plate = 6,.p.t) 
__276500__ 
~ 460 x 80 x 12 


= 0.6262 = 62.62%. Ans. 


Problem 20.12. A double riveted double cover butt joint is used for connecting plates 
1.2 cm thick. The diameter of the rivets is 2.2 cm. The permissible stresses are 100 N/mm? in 
tension, 80 N/mm? in shear and 160 N/mm? in bearing. Draw a neat sketch of the joint and 
calculate the necessary pitch and efficiency of the joint. 
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Sol. Given : 
Nature of the joint = Double riveted double cover butt joint 
.. Number of the rivets per pitch length on one side of the joint, 
n=2, 
The butt joint is having double cover plates and hence the rivets will be in double shear. 
Thickness of plates, t=1.2cm=12mm 
Diameter of rivets, d=2.2cm = 22mm 
Tensile stress, o, = 100 N/mm? 
Shear stress, t+ = 80 N/mm? 


Crushing or bearing stress, o, = 160 N/mm? 
Let p = Pitch of the joint and 

7 = Efficiency of the joint 
Consider one pitch length of the joint. 


I os ME cooeoconnnens OM VA. 
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(i) Tearing strength per pitch length is given by equation (20.1). 
P,=6,x (p —d) x t= 100(p — d) x 12 
= 1200(p — 22) N 
(ii) Shearing strength per pitch length is given by equation (20.3). 


| ee ee (2 x 7 a | (.: Rivets are in double shear) 


= 2x 80x (2% 4x22") N = 121600 N 


2 Bearing (or crushing) strength per pitch length is given by equation (20.4). 
P.=nxo,xdxt=2x 160 x 22 x 12 N = 84480 N 
Pauaine P, to the lesser of the forces P, and P., we get 
1200( p - 22) = 84480 


_ 34480 59 70.4 + 22 
oop 


= 92.4 mm say 92.5mm. Ans. 
Now strength of the solid plate 
= 0,p.t = 100 x 925 x 12 = 111000 N 
Efficiency of the joint, 


Least force 
1 Strength of solid plate 
84480 
~ 111000 
The neat sketch of the joint (plan and elevation) is shown in Fig. 20.22. 


Problem 20.13. Find the suitable pitch for a riveted lap joint for plates 1 cm thick if safe 
working stresses in tension in the plates and crushing and shearing of the rivet material are 
respectively 150 N/mm?, 212.5 N/mm? and 94.5 N/mm? in the following types of joints : 
(i) Single riveted and (ii) Double riveted. Find also the efficiency of the joint in the above two 
cases. Take d = 6 t. 

Sol. Given : 

Thickness of plate, t=1lem=10mm 

Safe tensile stress, 6,= 150 N/mm? 

Safe crushing stress, 6, = 212.5 N/mm? 

Safe shearing stress, 1 = 94.5 N/mm? 

Let d = Dia. of the rivet in mm. 

(i) Single riveted lap joint 

No. of rivets per pitch length, n = 1 

Dia. of rivet, d=6 J¢ =6/10 =19 mm say 20 mm 

The rivets in lap joint are in single shear. 


Consider one pitch length of the joint. 
Shearing strength per pitch length is given by equation (20.2). 


= 0.761 = 76.1%. Ans. 


1 
Po=nxo,x 7d 
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= 1x 94.5 x 7 x 22 = 29688 N 


ae strength per pitch length is given by equation (20.4), 
P.=nxo,xdxt 
= 1x 212.5 x 20 x 10 (. n=1) 
= 42500 N 
ane strength per ae length is given by equation (20.1), 
=(p—d)xtxo,=(p — 20) x 10 x 150 
pawwaae the tearing pee to the lesser of crushing and shearing strengths 
1500(p — 20) = 29688 
29688 


P= 500° + 20 = 39.8 mm 


Generally the pitch should not be less than 3d i.e., 3 x 20 = 60 mm. Hence provide a pitch 
of 60mm. Ans. 
Efficiency of the riveted joint 
Using equation (20.5), n = aE TET 
Strength of solid plate per pitch length 
29688 
~ Strength of solid plate per pitch length 
But strength of solid plate per pitch length 
= 6,p.t = 150 x 60 x 10 = 90000 N. 
29688 


= ‘90000 
(ii) Double riveted lap joint 


*. Efficiency, = 0.33 = 33%. Ans. 


Number of rivets per pitch length = 2 


The rivets in double riveted lap joint are also in single shear. Consider one pitch length of 
the joint. 


Shearing strength per pitch length is given by equation (20.2). 
™ 
P= ag 2 
g= UX TXT d 


=2x 94.5 x 7 20? (: n=2) 
= 59376 N 
Senne strength per pitch length is given by equation (20.4). 
Pi=nxf,xdxt=2x 212.5 x 20 x 10 = 85000 N 
Tearing strength per pitch length is given by equation (20.1), 
P,=06,x(p—d) x t = 150 x [p — 20] x 10 = 1500(p — 20) 
ere the tearing strength to the lesser of crushing and shearing strengths, we get 
1500(p — 20) = 59376 


p= paa7e + 20 = 59.6 mm say 60mm. Ans. 
1500 
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Efficiency of the joint 
Using equation (20.5), 7 = eee 
, Strength of solid plate per pitch length 
59376 52376 
~ 0,xpxt  150x60x10 


20.9. DESIGN OF A RIVETED JOINT 


Designing a riveted joint means to find the following quantity : 

1. Diameter of rivets, 

2. Pitch of rivets, 

3. No. of rivets required for the joint, and 

4. Thickness of the cover plates (in case of butt joints). 

1. Diameter of rivets (d) 

The diameter of rivets is calculated by using the relation : 

d=16 Jt ...(20.8) 

where d = Diameter of the rivets in cm, and 

t = Thickness of the main plates in cm. 

The diameter of the rivets can also be calculated from the relation : 


d=6¢ (20.9) 


= 0.6597 = 65.97%. Ans. 


where d and ¢ are in mm. 
2. Pitch of rivets (p) 
(z) If the efficiency of the riveted joint is given, then pitch is obtained from the relation : 


= ...(20.10) 


In the above relation yn and diameter (d) are known hence the pitch (p) can be obtained. 
(ii) If the efficiency of the joint is not known, then pitch is obtained by considering the 
shearing strength and crushing strength of the joint per pitch length. The minimum of these two 
values are equated with the tearing strength of the plate per pitch length. 
Or Minimum of P, or P, = 6, x (p—d) xt .-(20.11) 
where P. = Shearing strength per pitch length, 
P= Bearing strength per pitch length, 
6, = Safe tensile stress, 
d = diameter of rivets, 
t = Thickness of plate, and 
Pp = pitch. 
The value of the pitch obtained from equations (20.10) or (20.11) should be between 2.5 
to 3.0 times the rivet diameter. 
3. No. of rivets required for a joint 
The number of rivets in a small joint are obtained from the relation 
P 
” * ‘Least rivet value for shearing and bearing 
where P = Force or pull to be transmitted across the joint. 


...(20.12) 


RIVETED JOINTS 


The rivet value is obtained by considering shearing strength and bearing strength of one 
rivet. The minimum of the two gives the least rivet value. 
4. Thickness of cover plates (in case of butt joints) 
The thickness of the cover plates is obtained from the relations : 
€, = 1.1256 «3... for ordinary butt joint with a single cover plate. ...(20.13) 
= 0.6250 ...... for a butt joint with double cover plates .»(20.14) 
where ¢ = Thickness of the main plates and 
t, = Thickness of cover plates. 
Problem 20.14. Two plates 10 mm thick are joined by a single riveted lap joint. The 


plates are subjected to a load of 200 RN. If the permissible tensile, shear and bearing stresses are 
120 N/mm?, 100 N/mm? and 160 N/mm? respectively, determine : 


(i) diameter of the rivets, (ii) pitch of the rivet, 
(iii) number of rivets, and (iv) efficiency of the joint. 
Sol. Given : 


Thickness of plates, ¢ = 10 mm 
Nature of the joint = Single riveted lap joint 
. Number of rivets per pitch length = 1 
And rivets are in single shear 
Load or pull through which the plates are subjected, 
P = 200 KN = 200,000 N 
Permissible tensile stress, 6, = 120 N/mm2 
Permissible shear stress, t= 100 N/mm? 
Permissible crushing stress, f, = 160 N/mm? 
(it) The diameter of rivets is obtained by using equation (20.8). 


d= 6/7 
=6x /10 = 18.97 mm say 19.0mm. Ans. 
(ii) Pitch of the rivet 
First find the shearing strength and bearing strength of one rivet. The rivets are in single 
shear. 


.. Shear strength of one rivet 


P= 7 Px t= 7 x19? x 100 = 28352.8 N 


Crushing strength of one rivet, 
P.=dx*txo,=19 x 10% 160 (f, = 160) 
= 30400 N 
“. Least rivet value = 28352.8 N 
Now using equation (20.11). 
Minimum of P, or P, = 6, [p —d] xt 
where 6, [p — d] x tis the tearing strength of the plate per pitch length. But minimum of P, or P, 
= 28352.8 N 
: 28352.8 = 120(p — 19) x 10 
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28352.8 


1200 


_ 283528 9 _ ang 
or P= J900 + 19=42.6mm 


But the pitch should not be less than 2.5 d i.e., less than 2.5 x 19 = 47.5 mm 


Hence provide a pitch of 47.5 mm. Hence p= 47.5mm. Ans. 
(iit) Number of rivets 


Let m=number of rivets. 
P 
Least rivet value for shearing and bearing 
where P = Pull to be transmitted across the joint 
= 200000 N (given) 
and least rivet value = 28352.8 N 


200000 
= 283528 = 7.054 say 8. Ans. 


(Please note that the number of rivets are always taken the next higher integer). 
(iv) Efficiency of the joint 


_ Least of P,, P, and P, 28352.8 


Using equation (20.7), n= G,.p.t = 120 x 47.5 x 10 
te . 7 


= 0.4974 = 49.74%. Ans. 
Problem 20.15. Design a double cover butt joint to connect two plates 1.5 cm thick and 
20 cm wide. The safe stresses are 6, = 125 N/mm? t = 90 N/mm? and o, = 200 N/mm?. Also 
determine the efficiency of the joint. 


Using equation (20.12), n = 


n 


Sol. Given : 

Thickness of the plate, ¢= 1.5 cm=15 mm 
Nature of the joint = Double cover butt joint. 
.. The rivets are in double shear 

Width of the plates, b = 20 cm = 200 mm 
The safe tensile stress, 6, = 125 N/mm? 

The safe shear stress, t = 90 N/mm2 


The safe crushing stress, 6, = 200 N/mm? 
In this joint, the pull or load transmitted across the joint is not given. This is obtained by 
considering the plates to be weakened by a single hole in the last row. 
.. Tearing strength of the plate across the last row 
=o(b-d)xt 
= 125(200 -d) x 15 N (7) 
(i) Diameter of the rivet (d) 


Using equation (20.8), d=1.9 Jt 


= 1.9 V1.5 = 2.33 cm say 2.4or 24mm. Ans. 
Substituting the value of d in equation (i), we get the safe strength of the plate as 


P = 125(200 — 24) x 15 = 33000 N Ait) 
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(ii) No. of rivets 
First of all, let us find the rivet value, i.e., the pulls required for shearing and crushing of 
a rivet. 


.. Shearing strength of one rivet, 


P,=2xtx a d? (.: Rivets are in double shear) 


= 2x 90 x 7 x (24) = 81160 N 


Crushing strength of one rivet, 
P.=6,xt xd = 200 x 15 x 24 = 72000 N 
.. Rivet value is the least of P, and P.. 
Hence rivet value = 72000 N 
.. Number of rivets are given by equation (20.12) as 
P 
” = Rivet value 
_ 330000 


~ 72000 
= 4.6 


Let us provide 5 rivets. Ans. 
(iii) Pitch of the rivets (p) 
Using equation (20.11) 
Minimum of P, or P, = f,[p — d] x t 
: 72000 = 125(p — 24) x 15 
72000 72000 
~1295x15 P* 495 15 
But the pitch should not be less than 2.5 d 
or 2.5 x 24 =60 mm 
.. Let us provide a pitch of 62.5cem. Ans. 
Thickness of cover plates (t ,) 
Using equation (20.14), t, = 0.625 x ¢ = 0.625 x 15 = 9.37 mm 
.. Let us provide 10 mm thick cover plates. Ans. 


(. P from equation (ii) = 330000 N) 


— 24 + 24 = 62.4 mm 


Efficiency of the joint 
p-d 
Using equation (20.10), n= . 
62.5-24 385 
= a5e "ae = 0.616 = 61.6%. Ans. 


HIGHLIGHTS 


1. Riveted joints are mainly of two types i.e., lap joint and butt joint. 


2. Incase of lap joint, the edges of the plates to be joined together overlap each other whereas in case 
of butt joint the edges of the plates butt (i.e., touch) against each other. 
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3. 


4, 


5. 


12. 


13. 


14, 


15. 


The lap joints may be : (i) Single riveted lap joint, (ii) double riveted lap joint and (iii) triple 
riveted lap joint. 


In case of single riveted lap joint, only one row of rivets is used for connecting two plates whereas 
in case of double riveted lap joint, two rows of rivets are used for the connection. 

In case of a butt joint, at least two rows of rivets one on each side of the joint, are required. 

Butt joints are also classified as : (i) Single riveted butt joint, (ii) double riveted butt joint, and 
(iii) tripple butt joint. 

In case of a single riveted butt joint, one row of rivets is used on each side of the joint. Hence in 
total there are two rows of rivets. 

In case of a chain riveted joint, every rivet of a row is opposite to the other rivet of the other row. 
In case of a zig-zag riveted joint, every rivet is in the middle of the two rivets of the opposite row. 


The failure due to tearing of the plate between the rivet hole and the edge may be avoided if 
margin is equal to 1.5d where d = diameter of rivet. 


The safe tensile load per pitch length is given by 
P,=0,x(p—d)xt 
where p= Pitch, 
d= Diameter of rivet, and 
t= Thickness of the plate. 


In a lap joint and in a single cover butt joint, the rivets are in single shear. But in case of double 
cover butt joint, the rivets are in double shear. 


Safe shear load per pitch length in case of lap joint is given by, 


T 
P,=1x Z d?2xt ... For a single riveted lap joint 
T : ot 
=2*x a2 xT ... For a double riveted lap joint 
T ; ; at 
=3x a d? xt ... For a triple riveted lap joint. 


Safe shear load per pitch length in case of butt joint with double cover plates is given by, 
T 32 
Pj=nx [2x2 xt) 
where n= Number of rivets covered per pitch length on one side of the joint 
=i ... For a single riveted butt joint 
=2 ... For a double riveted butt joint and so on. 


The minimum force, which a riveted joint can withstand without failure, is known as the strength 
of the joint. It is equal to the least value of P,, P, and P_, where 


P,=6,x(p—d) xt, 


Tl 
Pl=nxtx 4 d? ... if the rivet is in single shear 
T 72 oe 
=nxtx| 2X a d ... if the rivet is double shear 
and Pi.=nxo,xdxt 


where n = Number of rivets in one pitch length. 


16. 


17. 


18. 


19. 


20. 


21. 
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Efficiency of a riveted joint is the ratio of the strength of the joint to the strength of the solid plate. 
Mathematically, 
Strength of riveted joint _ Least value of P,, P, and P. 
Strength of solid plate ~ P 
where P=6,xp xt. 


Design of a riveted joint means to find : (i) diameter of rivets, (iz) pitch of rivets, (iii) number of 
rivets required for the joint, and (iv) thickness of the cover plates (in case of butt joints). 
Diameter of rivets is given by 


C=19 ft when d and ¢ areincm 
= ovt weed when d and ¢ arein mm. 
The pitch of rivets is obtained either from the relation 
p-d 
n=— 
Pp 


or from the relation. 
Minimum of P, or P= 6, x (p—d) xt. 
The number of rivets in a small joint are obtained from 
Force transmitted across the joint 
” = Teast rivet value for shearing and bearing * 
Thickness of cover plates in case of butt joints is given by 


C= for single cover butt joint 
=0.625¢ ©4202 for double cover butt joint. 


EXERCISE 


Pe eS 


(A) Theoretical Questions 


Define the terms : riveted joint, lap joint and butt joint. 
What are the different types of lap joint and butt joint ? Explain clearly with neat sketches. 
Explain the terms : Chain riveted joint, zig-zag riveted joint and diamond riveted joint. 
Draw neat sketches (plan and elevation) of the following riveted joints. 
(i) Single riveted lap joint, 
(ii) Double riveted lap joint having chain riveting, and 
(tit) Double riveted lap joint having zig-zag riveting. 
Describe the different types of failure of a riveted joint. 


What should be the value of margin so that there is no failure due to tearing of the plate between 
the rivet hold and the edge of the plate. 


Prove that the safe tensile load per pitch length is given by 
P,=06,x(p—d) xt 
where o,= Safe tensile stress in the plate, 
p = Pitch of the rivet, 
d= Diameter of the rivet, and 
t= Thickness of the plate. 
Prove the statement that in a lap joint the rivets are in single shear whereas in double cover butt 


joint, the rivets are in double shear. 
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9. Find an expression for the safe shear load per pitch length in case of a butt joint with double cover 
plates. 
10. What do you mean by strength of a riveted joint ? Find an expression for the tearing strength, 
shearing strength and bearing strength of a riveted joint. 
11. Define the efficiency of a riveted joint. How will you find the efficiency of a riveted joint ? 
12. What do you mean by ‘Design of a riveted joint’? While designing a riveted joint, how will you find 
different quantities ? 


(B) Numerical Problems 


1. Two plates 10mm thick are joined by single riveted lap joint. The diameter of the rivets is 
20 mm and pitch = 60 mm. If o, = 125 N/mm’, t = 80 N/mm? and o, = 160 N/mm?, determine the 
efficiency of the joint. [Ans. 33.51%] 

2. Ifin problem 1, the plates are joined by a double riveted lap joint and pitch = 80 mm, determine : 
(z) strength of the riveted joint and (ii) efficiency of the riveted joint. 

[Ans. (7) 50.265 kN, (iz) 50.26%] 

3. Double riveted lap joints are made in the following two ways : 

(i) Diameter of rivets = 2.5 cm, pitch of rivets = 7.5 cm 
(ii) Diameter of rivets = 3.5 cm, pitch of rivets = 8.5 cm 
Ifo, = 120 N/mm, t = 90 N/mm? and o, = 160 N/mm’, find out which joint has higher efficiency. The 
thickness of the plates in each case is 1.3 cm. [Ans. 1st joint] 

4. Ina double riveted lap joint, the pitch of the rivets is 9.0 cm, thickness of the plate = 1.6 cm and 
rivet diameter = 2.6 cm. What minimum force per pitch length will rupture the joint when ulti- 
mate stresses are 6, = 450 N/mm’, t = 320 N/mm? and o, = 640 N/mm. [Ans. 33.98 tonnes] 

5. A thin cylindrical shell 1600 mm in diameter is made of 13.5 mm plates. The circumferential 
joint in a single riveted lap joint with 24 mm diameter rivets at a pitch of 60 mm. If the ultimate 
tensile stress in the plate is 400 N/mm? and ultimate shearing and crushing stresses for rivets 
300 N/mm? and 600 N/mm? respectively, calculate the efficiency of the joint. [Ans. 37.04%] 

6. Asingle riveted double cover butt joint is used to connect two plates 60 mm thick. The rivets are 
25 mm in diameter and are provided at a pitch of 10 cm. The allowable stresses in tension, shear 
and crushing are 160 N/mm?, 90 N/mm? and 180 N/mm? respectively, find : 

(i) Safe load per pitch length of the joint, and (ii) Efficiency of the joint. 
[Ans. (i) 72 KN, (iz) 28.125%] 

7. If in the above problem, the single riveted butt joint is having a single cover plate instead of 
double cover plates, find : () Safe load per pitch length of the joint and (ii) Efficiency of the joint. 

[Ans. (i) 44.178 KN, (ii) 17.25%] 

8. A single riveted double cover butt joint in a structure is used for connecting two plates 15 mm 
thick. The diameter of the rivets is 25 mm. The permissible stresses are 125 N/mm? in tension 
90 N/mm? in shear and 180 N/mm‘? in crushing. Calculate the necessary pitch and efficiency of the 
joint. [Ans. 6.1 cm, 59.01%] 

9. Two plates of 15 mm thickness are connected by a double riveted double cover butt joints using 
20 mm diameter rivets at a pitch of 10 cm. If the ultimate tensile stress in plate and shearing and 
crushing stresses in the rivets are 450 N/mm?, 30 N/mm? and 600 N/mm? respectively, find the 
pull per pitch length at which the joint will fail. [Ans. 36 kN] 

10. A double riveted double cover butt joint is used for connecting plates 1.5 cm thick. The diameter 
of the rivets is 2.5 cm. The permissible stresses are 120 N/mm? in tension, 90 N/mm? in shear and 
180 N/mm? in crushing. Draw a neat sketch of the joint and calculate the necessary pitch and 
efficiency of the joint. [Ans. 10 cm, 75%] 


11. 


12. 


13. 
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Find the suitable pitch for a riveted lap joint for plates 1.2 thick if safe working stresses 
in tension in the plates and crushing and shearing of the rivet materials are respectively 140 
N/mm?, 200 N/mm? and 90 N/mm? in the following types of joints : (i) single riveted and 
(ii) double riveted. Find also the efficiency of the joint in the above two cases. Take d = 19. 
[Ans. (z) 5.5 cm, 33.73% (ii) 6 cm, 61.84%] 
Two plates 10 mm thick are joined by a single riveted lap joint. The plates are subjected to a load 
of 180 KN. If the permissible tensile shear and crushing stresses are 125 N/mm?, 90 N/mm? and 
170 N/mm? respectively. Determine : (i) diameter of rivets, (ii) pitch of the rivet, (iii) number of 
rivets and (iv) efficiency of the joint. [Ans. (7)1.9 cm; (ii) 4.75 cm ; (iii) 8 ; (tv)42.97%] 
Design a double cover butt joint to connect two plates 1.2 cm thick and 18 cm wide. The safe 
stresses are 6, = 120 N/mm?, t = 90 N/mm? and o, = 180 N/mm?. Also determine the efficiency of the 
joint. [Ans. d = 2.1 cm, n = 5, p = 6.5 cm, t, = 0.75 cm and 9 = 67.7%] 


21.1. INTRODUCTION 


The process of permanently joining two or more metal parts by the fusion of the edges of 
the metals with or without the application of pressure and a filler material, is known as welding. 
If the pressure is used for joining the two parts, the process is known as forge welding whereas if 
the two parts are joined without any pressure but with a separate weld metal, the process is 
known as fusion welding. The joints so formed are known as welded joints. 


The heat of melt for the weld metal is generally obtained by gas welding or by electric are 
welding. 


21.2. ADVANTAGES AND DISADVANTAGES OF WELDED CONNECTIONS 


The advantages and disadvantages of welded connections over riveted connection are given 
below: 


Advantages 
1. The welded structure are comparatively lighter than corresponding riveted structure. 


2. The welded joint has greater strength as compared to the riveted joint. Hence efficiency 
of a welded joint is more than that of a riveted joint. 

3. Addition and alternations can be easily made in the existing welding structure more 
easily than in riveted structure. 

4. A welded structure has a better finish and appearance than a corresponding riveted 
member. The maintenance and painting cost for a welded structure is less than for the riveted 
structure. 

5. Welding takes less time than riveting. 

6. In welded connections the tension members are not weakened as in the riveted joints. 

7. Members of such shapes, which are difficult for riveting, can be easily welded. 

8. It is possible to weld any part of a structure at any point. But riveting requires enough 
clearance. 


Disadvantages 
1. Welding requires skilled labour and supervision. 


2. As there is an uneven heating and cooling during welding, the members may get distorted 
or additional stresses may develop. 
3. Testing a weld joint is difficult. An X-ray examination alone can enable us to study the 


quality of the connection. 
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4. Since no provision is kept for expansion or contraction in the frame, therefore, crack 
may develop in it. 


21.3. TYPES OF WELDED JOINTS 


The two important types of welded joints are: 
1. Butt weld and 
2. Fillet weld or lap joint. 


21.3.1. Butt Weld Joint. Ifthe edges of 
the two members butt (z.e., touch) against each 
other and the two members are joined by weld- 
ing, then the joint so formed is known as butt- 
weld joint. Fig. 21.1 shows the isometric view 
of a butt-weld joint. 

Let / = Length of the weld. It is equal 


Butt weld 
joint 


>| 


to the width of plate. 
t = Depth of weld. It is equal to the \ Seer 4 
thickness of the plate. pilin 
F = Tensile force. Fig. 21.1 
6, = Allowable tensile stress in the 
weld. 


Then the tensile force is given by 

F = Tensile stress x Area 

=0,xlxt weal) 

Equation (21.1) is also used to calculate the strength of the butt-weld joint. 
The following types of butt-weld joints are mostly used : 
1. Single V-butt joint [Fig. 21.2 (a)] 
2. Single U-butt joint [Fig. 21.2 (6)] 
3. Double V-butt joint [Fig. 21.2 (c)] 
4. Double U-butt joint [Fig. 21.2 (d)]. 


ZN 


(c) Double V-Butt joint (d) Double U-Butt joint 


Fig. 21.2. Different types of butt-weld joints. 


21.3.2. Fillet Weld or Lap Joint. When the two members overlap each other and they 
are joined by welding, then the joint so formed is known as lap joint or fillet weld joint. 
Fig. 21.3 (a) shows the isometric view of a fillet weld joint. 
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Leg or size 
| of weld 


Plan 
Fig. 21.3 (a) 
Let ¢ = Thickness ofthe plate. This is also known as the size of the weld 
1 = Length of the weld 
6, = Allowable tensile stress for weld metal 
F = Tensile strength of double fillet lap joint. 
Then throat thickness AD [See Fig. 21.3 (6)] 
= AB sin 45° (. ABC isan isosceles right angled triangle) 


1 
ee (. AB=t) 


Throat 
thickness 


= 


Fig. 21.3 (b) 


Then tensile strength of the double fillet lap is given by, 
F = Tensile stress x Area of double fillet weld 
= 6, x 2 x length of weld x Throat thickness 
=0,x 2xI1x 0.707 xt (: Throat thickness = 0.7072) 
=1.414x6,xlxt wAh2i.2) 
If the fillet weld is a single fillet lap joint, then strength is given by, 
F =o, x Area of single fillet weld 
= 6, x Length of weld x Throat thickness 
=0,%2% 0.707% (: Throat thickness = 0.707) 
= 0.707 xo, x1 xt (21.8) 
The following types of fillet weld joints are mostly used : 
1. Single fillet lap joint, [Fig. 21.4] 
2. Double fillet lap joint, [Fig. 21.5] 
3. Parallel fillet joint, [Fig. 21.6]. 
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Fig. 21.4. Single fillet lap joint. 


1. Single fillet lap joint [Fig. 21.4] 
Area of fillet weld = Length of weld x Throat thickness 
=1 x 0.707t soda) 
where t= Thickness of plate and 
1 = Length of weld. 
2. Double fillet lap joint [Fig. 21.5] 
Area of fillet weld = 1x Throat thickness + / x Throat thickness 
= 21 x Throat thickness 
= 21 x 0.707t 
=1414xI xt. A245) 


Fig. 21.5. Double fillet lap joint. 


3. Parallel fillet weld [Fig. 21.6] 
Let /= Length of parallel weld 
t = Thickness of plate. 
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/——>| 


|—>| 


Fig. 21.6. Parallel fillet weld. 


Then, 
Area of parallel fillet weld 
= 1x Throat thickness + / x Throat thickness 
=1x0.707t +1 x 0.707¢ 
=1.414xIxt. ...(21.6) 


Notes 1. The throat thickness of depth of weld in case of butt weld joint is equal to the thickness 
of plate (i.e., t) whereas the throat thickness for lap joint or fillet weld joint is equal to 0.707¢. 


2. The single and double fillet lap joints are designed for tensile strength whereas the parallel 
fillet weld is designed for shear strength. 


Problem 21.1. Two steel plates 10 cm wide and 1.25 cm thick are to be joined by 
double lap weld joint. Find the length of the weld if the maximum tensile stress is not to 
exceed 75 Nimm? and maximum tensile load carried by the plates is 100 kN. 


Sol. Given : 

Width of the plate, b6=10cm=100 mm 
Thickness ofthe plate, ¢=1.25cm=12.5 mm 
Maximum tensile stress, o, = 75 N/mm? 
Minimum tensile load, # = 100kN = 100000 N 
Let /= Length of the weld. 


The tensile strength of the double fillet lap joint is 
given by equation (21.2). i__—_e 


Using equation (21.2), we have z 
F=1.414x06,xIlxt Fig. 21.7 
or 100000 = 1.414 x 75 x1 x 12.5 
100000 


=75.4em. Ans. 


~ 1.414x 75x 12.5 

Problem 21.2. A steel plate 10 cm wide and 1 cm thick is to be joined by parallel filler 

welds to another plate. The plates are subjected to a load of 50 kN. Find the length of the weld, 
if the maximum shear stress does not exceed 55 N/mm? . 


Sol. Given : 

Width of plates, b6=10cm=100 mm 
Thickness of plates, t¢t=1.0cm=10mm 
Load, F=50KN = 50000 N 
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Max. shear stress, t= 55 N/mm2 
Let /= Length of the weld. 
Now area of parallel fillet weld is given by 
equation (21.6). 
Area of parallel fillet weld 
=1414xIlxt 
= 1.414 x1 x 10 mm? 
The load carried by parallel fillet weld is [—>| 
given by 
Load = Stress x Area of parallel fillet weld 
or 50000 = 55 x 1.414 x/x 10 (| Area = 1.414 x7 x 10) 


_ 50000 
~ 55x 1.414x 14 
Problem 21.3. Two plates of width 12 cm and thickness 1.15 cm are welded by a single 
V-butt joint. If the safe stress in the weld is 140 N/mm2, find the permissible load carried by the 
plates. —————————— 
Sol. Given : 
Width of plates, 6=12cm=120mm 
Thickness of the plates, 
t= 1.25 cm = 12.5 mm 
Safe stress, 6, = 140 N/mm? 
Let F = Permissible load carried by the plates. 
In case of a butt joint, the width of the plate is equal 
to the length of the weld. 
Length of weld, /=b=120mm 
Now using equation (21.1), 
F=o,.1.t=140 x 120 x 12.5 
= 210000 N=210kN. Ans. 


21.4. ANALYSIS OF A COMPOUND WELD 


Fig. 21.10 shows a combination of parallel 
fillet weld and a single fillet lap weld. This type 
of a weld is known as a compound weld. The weld 
AB and CD are parallel fillet weld whereas the 
weld BC is asingle fillet lap weld. 

Let F, = load carried by single fillet lap 

weld (i.e., by weld BC) 
F, = Load carried by parallel fillet 
weld (i.e., by welds AB and CD) 
F = Total load carried by the plates 
=F,+F, ..-(Z) 
L, = Length of single fillet lap weld 
l, = Length of the parallel fillet welds 


t = Thickness of the plates 


a 
a 


Fig. 21.8 


=64.3 mm. Ans. 
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6, = Maximum tensile stress in the weld 
t = Maximum shear stress in the weld. 


We know that the fillet lap weld is designed for tensile stress whereas the parallel fillet 
welds are designed for shear stress. 


The load carried by a single fillet lap weld is given by equation (21.3). 
Using equation (21.3) 
Load = 0.707 x o, x Length of weld x Thickness of plate 
or F, = 0.707 x 6, x 1, x t. sto) 
Now the area of parallel fillet weld is given by equation (21.6) as 
Area of fillet parallel weld = 1.414 x/, xt. 
The load carried by parallel fillet weld is given by, 
Load = Area of parallel fillet weld x t 


or Fi=1.414xl,xtxt ...(21.8) 
Substituting equations (21.7) and (21.8) in equation (i), we get 
F=0.707 x o,x1,xt+1414xl,xtxt peel lle) 


Problem 21.4. A plate 10 cm wide and 1.20 cm thick is joined with another plate by a 
single fillet lap weld and a double parallel fillet weld as shown in Fig. 21.11. The maximum 
tensile and shear stresses are 75 N/mm? and 55 N/mm? respectively. Find the length of each 
parallel fillet if the joint is subjected to a total load of 90000 N. 

Sol. Given : 

Width ofplane, 6=10cm=100mm 

Thickness of plate, ¢ = 12mm 


Maximum tensile stress, 


F 
o, = 75 N/mm? 10cm 
Minimum shear stress, 
t= 55 N/mm? 


Length of single fillet lap weld, 
1, = width of plate 
= 100 mm. Fig, 21,11 
Let ¢, = Length of each parallel fillet weld 
F, = Load carried by single fillet lap weld 
F, = Load carried by parallel fillet weld 
Total load carried by the plates, 
F = 90000 N. 
The load carried by single fillet lap weld is given by equation (21.7). 
F, =0.707 xo, x1, xt 
= 0.707 x 75 x 100 x 12 = 63630 N 
The load carried by double parallel fillet weld is given by equation (21.8). 
Fy=1.414xl,xtxt 
= 1.414 x1, x 12 x 55 = 933.24 x 1,. 
Now total load carried by the Sales is given by 
F=F,+F, 
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or 
or 


or 


15. ANALYSIS OF UNSYMMETRICAL WELDED SECTIONS WHICH ARE 


90000 = 63630 + 933.24 x 1, 
90000 — 63630 = 933.24 x 1, 
_ 90000 — 63630 


2 = ——.. 3 = 28.25 mm. Ans. 
933.24 


LOADED AXIALLY 


Fig. 21.12 shows an angle section welded to a plate and carries an axial load F. Such 


welded sections are known as unsymmetrical welded section. 


The axial load F is applied along the axis which passes through the C.G. of the 
unsymmetrical section, in order to avoid the effect of eccentricity. Now the lengths of the weld /, 
and /, should be so proportioned that the sum of the resisting moments of the welds about the 
centre of the gravity axis is zero. Or in other words, the C.G. of the lengths of welds /, and /, lies 


eae 


Fig. 21.12 


on the line of action of the load F. 


Let 


t = Allowable shear stress in the weld 


l, = Length of weld at the top 
lL, = Length of weld at the bottom 
1 = Total length of the weld =/, +1, 
a = Distance of top edge of the angle section from gravity axis 


b = Distance of bottom edge of the angle section from gravity axis 
F = Axial load on the angle 
s = Resistance offered by the weld per unit length 
F,, = Resistance of the top weld 
= Resistance of weld per unit length x Length of top weld 
=sxl, 
F, = Resistance of the bottom weld 
=sxl, 
F = Axial load on the angle 
= F, + F, (For the equilibrium of the welded section) 


Now the moment of the top weld about gravity axis 


= Resistance of top weld x Distance of top weld from gravity axis 
=F,xa 
=sxl,xa. 
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Similarly moment of the bottom weld about gravity axis 
=F,xb=sxl,xb. 
Since the sum of moment of the weld about the gravity axis must be zero. Hence 
sxl,xa=sxl,xb 
or lL, xa=i,%b .(Z) 
Now we know that total length of the weld is equal to the sum of the lengths of top weld and 
bottom weld. 


L=1, +l, ii) 
=1,+ i - = E From equation (i), J, = Hi ~ 7 
bl, +1,xa_1,(a+6b) 
~ b b 
bx 
L=s5 (21.10) 
Substituting the value of /, in equation (iz), we get 
10%! bxl+l, (a+b) 
~atb 7 > (a+b) 
or lia+b)=bxl+l (a+b) 
or Lxa+lxb=bxl+l, (a+b) 
or Lxa+lxb-bxl=l (a+b) 
or Ixa=l1,(a+b) 
axl 
or 2= aah) wih) 


From equations (21.10) and (21.11), the length of the top weld and length of bottom weld 
can be calculated. Then the resistance of the top weld (7.e., F,) and resistance of bottom weld (z.e., 
F,) can be easily obtained as given below : 
F,=sxl, 
bx! 


bxl 
~ #F equation (21.10), Z, = 
* aed) pai 1 ae 
oxF 


= (. sxl=Totalresistance=F) ...(21.12) 
a+b 

axF 

(a+b) 

Axial load in terms of shear stress 


wAZ113) 


Similarly f= 


The axial load (F) in terms of shear stress is given by : 
Axial load = Shear stress x Area of weld 
i.e., F =t~x Area of weld 
But area of weld = (Total length of weld) x Throat thickness 
= (1, +1,) x 0.707 xt (| Throat thickness = 0.707 x t) 
where t=Size of weld or thickness of plate 
F=tx (,+1,) x 0.707 xt ...(21.14) 
ee 21.5. A200mm x 150mm x 10 mm angle, carrying a load of 200 RN, is to be 
welded to a steel plate by fillet welds as shown in Fig. 21.13. Find the lengths of the weld at the 
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top and bottom if the allowable shear stress in the weld is 102.5 N/mm? . The distances between 
the neutral axis and the edges of the angle section are 144.7 mm and 55.3 mm respectively. 


or 


or 


or 


or 


>| om 


i 
=== 


Neutral 


HL 


Sol. Given: 

Dimension of angle = 200 mm x 150 mm x 10 mm 
Thickness of angle =10mm 
Size of weld, t=10mm 

Axial load, F = 200 kN = 200000 N 


Allowable shear stress, t = 102.5 N/mm? 
Distance of the top edge of the angle section from neutral axis, 


a = 144.7 mm 
Distance of the bottom edge of the angle section from neutral axis, 
6 = 55.3 mm 


Let /, = Length of weld at the top 
1, = Length of the weld at the bottom 
1 = Total length of weld =/, +1, 
Now using equation (21.14), we have 
F=tx (1, +1,) x 0.707 xt 
200000 = 102.5 x (J, +/,) x 0.707 x 10 


ee . 
i+ 4995K0.707x10 li 
(IG win ( let+1,) 


Now using equation (21.10), 
bxl 55.38 x 276 
1 oye 4474553) 
Substituting the value of/, in equation (7), we get 
76.3 + 1, = 276 
1, = 276 —76.3=199.7mm. Ans. 
Problem 21.6. A 90 mm x 50 mm x 8 mm angle carrying a load of 125 RN is to be 


=76.3mm. Ans. 


connected to a gusset plate by welding. If the size of the weld is 6 mm and maximum allowable 
shear stress in the weld is 102.5 N/lmm?, find the lengths of the weld at the top and bottom. 
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The distances between the neutral axis and the bottom and the top edges of the angle sections 
are 28.7 mm and 61.3 mm respectively. 


Sol. Given : 

Dimensions of the angle = 90 mm x 50 mm x 8mm 

Axialload, #F=125kN=125000N 

Size of weld, ¢* = 6 mm 

Maximum allowable shear stress, t = 102.5 N/mm? 

Distance between the neutral axis and bottom edge, 
b6 = 28.7 mm 

Distance between the neutral axis and top edge, 
a=61.3 mm 

Let 1, = Length of weld at the top, 

lL, = Length of weld at the bottom. 
1 = Total length of weld = 1, +/, 
Now using equation (21.1), we have 
F=tx (1, +1,) x 0.707 x t 
where ¢ = size of the weld 
125000 = 102.5 x (1, +1,) x 0.707 x 6 


a 125000 
1 "2" 102.5 x 0.707 x6 
= 287.5 mm (i) 
or 1 = 287.5 mm Ce fei +2) 


Now using equation (21.10), 
ae bx = 28.7 x 287.5 Se 
* (a+b) (28.7+61.3) ~~" ; ; 
Substituting the value of/, in equation (z), we get 
91.68 + 1, = 287.5 
1, = 287.5 — 91.68 = 195.82 mm. Ans. 
ee 21.7.A 150 mm x 115 mm x 8 mm angle carrying a tensile force of 200 RN is to 
be connected to a gusset plate by 6 mm fillet welds at the extremities of the longer leg, the 
shorter leg being outstanding. Find lengths of welds if the C.G. of angle is 44.6 mm from the top 
of the shorter leg. Take permissible shear stress in the welds as 102.5 N/mm?. 


Sol. Given : 

Dimensions of angle = 150 mm x 115mm x 8mm 

Load carried by angle, F = 200 kN = 200 x 1000 = 20000 N 

Size of the weld, t=6mm 

The distance of C.G. of the angle from the top of shorter leg, 
b = 44.6 mm 

Distance of the C.G. of the angle from the top edge of the angle i.e., 

a = 150 — 44.6 = 105.4 mm. 


*Here thickness of the angle is 8 mm. But the size of weld is 6 mm. This means the thickness of 


the weld is 6 mm. Hence ¢ = 6 mm. 
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Shear stress in weld, t= 102.5 N/mm? 
Let 1, = Length of top weld, 
lL, = Length of bottom weld. 
l = Total length of weld. 
The angle is welded to the plate as shown in Fig. 21.14. 


Gusset 


plate > 


eh 
SSS! 


15cm 


a 
<——/,—>_ | Alits 


Shorter leg of 
the angle 


Fig. 21.14 


Now using the equation (21.14), we have 
F=tx (Ll, +1,) x 0.707 xt 
or 200000 = 102.5 x (J, +1.) x 0.707 x 6 
200000 
1 +)) = 7995x0707 x6 
= 459.97 mm say 460 mm 
or 1=460 mm 


Using equation (21.10), we get 
bx 
a+b 
_ 446x460 — 44.6 x 460 

~ (105.4 + 44.6) 150 

=136.7mm. Ans. 
Substituting this value of/, in equation (7), we get 

136.7 + 1, = 460 
L, = 460 — 186.7 = 323.38 cm. Ans. 


L,= 


( “ 


(7) 
L,+1,=1) 


en 21.8. Two ae 80 mm x 80 mm x 8 mm carrying a load of 220 kN are 
to be connected to a gusset plate on either side of the plate by 6 mm fillet welds as shown 
in Fig. 21.15. The permissible shear stress in the weld is 102.5 N/mm?. The distances between 
the neutral axis and top and bottom edges of the angle sections are 57.3 mm and 22.7 mm 


respectively. Find the lengths of the weld at the top and bottom. 


Sol. Given : 
Dimensions of two angles = 80 mm x 80 mm x 8 mm 
Axial load, F = 220 KN = 220 x 1000 = 220000 N 


or 


or 
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Size of weld, t=6mm 

Permissible shear stress, t= 102.5 N/mm? 

Distance between neutral axis and top edge of the angle, 
a =57.3 mm 

Distance between neutral axis and bottom edge of the angle, 
6 = 2.27 cm = 22.7 mm 


Gusset 
plate 


as 


I 
I 
I 
! 
i a=5.73cm 
I 
I 
I 
I 
I 
I 
I 
T 


¢——/, —> 


Fig. 21.15 


Let 1, = Length of top weld on one angle 
1, = Length of bottom weld on one angle 
l = Total length of weld for two angles 
= (1, +1,)x2 (There are two angles on either side of the plate) 
= (1, +1,). 
The two angles are welded to the gusset plate as shown in Fig. 21.15. 
Now using equation (21.14), we have 


Axial load = tx Total area of weld 
F=t~x Total length of weld x Throat thickness 
=tx 2(1,+1,) x 0.707 x t (-- Throat thickness = 0.707 ¢) 
220000 = 102.5 x 2, + 1,) x 0.707 x 6.0 (. £=6) 
i 2s 220000 
102.5 x 2 x 0.707 x6 
= 253.0 mm ..(Z) 


Now using equation (21.10), we get 
_ bx +l) — 22.7x 253 22.7 x 253 


= = = 71.8. Ans. 
1 (a+b) 5734227 80 ° 
Substituting the value of/, in equation (7), we get 
71.8 + 1, = 253 


l, = 253 —-71.8=181.2 mm. Ans. 
ee 21.9.A nein lap joint is provided to connect two tie bars 15 cm x 1 cm as 


shown in Fig. 21.16. 


The working stress in tie bars in 150 N/mm?. Investigate the design if the size of the fillet 


weld is 8 mm. The safe stress for the weld may be taken as 102 N/mm?. 
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Sol. Given : 
Nature of weldedjoint = Lap joint 
Size of tie bar = 15cmx 1 
cm 
Area oftiebar, A=15x1 
= 15 cm? 
= 1500 mm? y 
Working stress in the tie bar Ie ae “ie ie ne ae 4 
=150 N/mm2 Fig. 21.16 
.. Maximum load, the tie bar can resist a 
= Working stress in tie bar x Area of bar 
= 150 x 1500 = 225000 N 
Size of fillet weld, t=8mm 
Throat thickness of weld 
= 0.707 x t= 0.707 x 8mm 
Safe stress in the weld = 102 N/mm? 
Total length ofthe weld = Length AB + Length BC + Length DE 
+ Length EF + Length FG 
But length AB = Length EF, 
and length DE = Length BC = Length FG = Length AH 
Total length of the weld 
= 2 (Length AB) + 4 (Length AH) 
=2x5+4(/57 +6?) (3 A= in? 46° } 
= 10+ 4V61 = 41.24 cm = 412.4 mm 
Strength of weld = Safe stress in weld x Area of weld 


= 102 x (Total length of weld x Throat thickness of weld) 
= 102 x (412.4 x 0.707 x 8) = 237918.5 N. 
Since the strength of the weld is greater than the maximum load, the tie bar can resist. 
Hence the joint is safe. Ans. 
Problem 21.10. A welded lap joint is provided to connect two tie bars 12 cm x 1 cm as 
shown in Fig. 21.17. 
The working stress in the tie bar is 150 N/mm?. Investigate the design, if the size of the 
fillet is 8 mm. The safe stress for the end fillet weld and diagonal fillet weld may be taken as 


102.5 N/mm? and 80 N/mm? respectively. 
Sol. Given: 
Nature ofjoint = Lap welded joint 
Size of tie bar =12cmx1lcm 
.. Area of tie bar = 12 x 1 = 12 cm? 
= 1200 mm? 
Working stress in tie bar 
= 150 N/mm? 
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Maximum load, the tie bar can resist 
= Working stress in tie bar x Area of bar 
= 150 x 1200 = 180000 N 
Size of the fillet weld, t= 8 mm 


Throat thickness of weld = 0.707 x t = 0.707 x 8mm 
Safe stress in the end fillet weld = 102.5 N/mm? 
Safe stress in the diagonal fillet weld = 80 N/mm? 
Total length of end fillet welds 
=AB+EF 


=5+5=10cm=100mm 
Total length of diagonal fillet welds 
=BC+DE+FG+AH 


=4xAH=4x /4? 44? =4x4x J/2 cm 


= 16x /2 cm=160x /2 mm 

But strength of weld = Safe stress in weld x Area of weld 

Strength of end fillet weld 

= Safe stress in end fillet weld x Area of end fillet weld 
= 102.5 x (Total length of end fillet welds x Throat thickness) 
= 102.5 x (100 x 0.707 x 8) = 57974 N 

Similarly strength of the diagonal fillet welds 
= Safe stress in the diagonal fillet weld 

x Area of diagonal fillet welds 

= 80 x (Total length of diagonal fillet welds x Throat thickness) 


= 80 x (160 x 2 x 0.707 x 8) = 102400 N 
Total strength of weld 
= Strength of end fillet welds 
+ Strength of the diagonal fillet welds 
= 57974 + 102400 = 160374 N 


Since the strength of the weld is less than the maximum load the tie bar can resist. Hence 
the joint is not safe. Ans. 


HIGHLIGHTS 


1. Welding is a process of joining permanently two or more metal parts by the fusion of the edges of 
the metals with or without the application of the pressure and a fillet material. 


2. The joint formed by welding is known as welded joint. 
3. The welded joint may be a butt weld joint or a fillet weld joint (i.e., lap joint). 


4. If the edges of the two members butt (i.e., touch) against each other and the two members are 
joined by welding, then the joint so formed is known as butt-weld joint. 


5. The depth of weld in case of a butt weld is equal to the thickness of the plate. 
6. The butt-weld joint may be : (i) Single V-butt joint, (ii) Single U-butt joint, (iii) Double V-butt 


joint, and (iv) Double U-butt joint. 
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ra 


10. 


11. 


12. 


13. 


14, 


15. 


16. 
17. 


18. 
19. 


20. 


The strength of a single V-butt weld is given by 
F=0,xlxt 
where o,= Allowable tensile stress in the weld, 
l= Length of the weld, and 
t = Depth of weld or thickness of the plate. 


When the two members overlap each other and they are joined by welding, then the joint so formed 
is known as lap joint or fillet weld joint. 


The strength of a single lap weld joint is given by 
P=6,x1x 0.707 xt 
where o,= Allowable tensile stress, 
l= Length of weld, 
t = Size of the weld. 
The strength of a double lap weld joint is given by 
F=6,xlx 1.414 xt. 
The throat thickness of a fillet weld is given by 
Throat thickness = 0.707 x t 
where t = Size of the weld. Ans. 


The fillet weld joint may be: (i) Single fillet lap joint, (ii) Double fillet lap joint, and (iii) Parallel 
fillet joint. 


The area of fillet weld is given by, 


A=1x0.707¢ .. For a single fillet lap joint 
=2xI1x0.707t .. For a double fillet lap joint 
=1x0.707¢ ... For a parallel fillet weld. 


where /= Total length of weld 
t = Size of the weld. 


The throat thickness in case of a butt-weld joint is equal to the thickness of the plate whereas in 
case of fillet weld or lap weld the throat thickness is equal to 0.707¢, where t = Size of weld. 


The single and double fillet lap joints are designed for tensile strength whereas the parallel fillet 
weld is designed for shear strength. 


A combination of a parallel fillet weld and a fillet lap weld is known as compound weld. 
The strength of a parallel fillet weld is given by 
F=txlx0.707 xt 

where /= Total length of parallel weld, 

t= Allowable shear stress in the weld, and 

t = Size of the weld. 
An angle section welded to a plate is an example of unsymmetrical welded sections. 
The lengths of the welds at the top and bottom of an unsymmetrical welded sections should be so 
proportioned that the sum of the resisting moments of the welds about the centre of the gravity 
axis is zero. 
The lengths of welds at the top and bottom of an unsymmetrical welded sections which are loaded 
axially are given by 


bxl l 
* and i= 


hi a+b 

where /,= Length of weld at the top, 
1, = Length of weld at the bottom, 

1= Total length of the weld = /, + /, 


at+a 
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a= Distance of the top edge of the angle section from gravity axis 
b = Distance of the bottom edge of the angle section from gravity axis or neutral axis. 
The axial load on the unsymmetrical welded section at the neutral axis is given by 
F=tx(l,+1,) x 0.707¢. 


EXERCISE 


N 


o 


(A) Theoretical Questions 


Define the terms : Welding, welded joints, forge welding and fusion welding. 
Explain the advantages and disadvantages of a welded joint. 
Name the two important types of a welded joint. Find an expression for the strength of a single 
V-butt weld joint. 
With neat sketches, give the important types of butt-weld joint. 
Define a fillet-weld joint and a butt joint. What are the different type of fillet-weld joint ? 
Prove that the strength of a single lap weld joint is given by 
F=0,xtx0.707¢ 

where o,= Allowable tensile stress in the weld, 

l= Length of weld, and 

t = Size of the weld. 
Define a compound weld. How will you find the strength of a compound weld consisting of parallel 
fillet weld and a single lap weld. 
What do you mean by unsymmetrical welded section ? How will you determine the lengths of 
welds at the top and bottom of an unsymmetrical welded section, which is loaded axially ? 
Prove that the lengths of welds at the top and bottom of an unsymmetrical welded section which 
is loaded axially, are given by 


Ee bx and 1,= axl 
a+b a+b 
where 1,= Length of the weld at the top, 
1, = Length of the weld at the bottom, 


1 = Total length of the weld =/, +1, 
a = Distance of the top edge of the angle section from gravity axis or neutral axis, and 
b = Distance of the bottom edge of the angle section from neutral axis. 


(B) Numerical Problems 


Two steel plates 12 cm wide and 1.30 cm thick are to be joined by double lap weld point. Find the 
length of the weld if the maximum tensile stress is not to exceed 72 N/mm? and maximum tensile 
load carried by the plate is 110 KN. [Ans. 8.55 cm] 


A steel plate 10 cm wide and 1.25 cm thick is to be joined by parallel fillet welds to another plate. 
The plates are subjected to a load of 60 KN. Find the length of the weld if the maximum shear 
stress does not exceed 56 N/mm?. [Ans. 6.06 cm] 


Two plates of width 15 cm and thickness 1.25 cm are welded by a single V-butt joint. If the safe 
stress in the weld is 185 N/mm_%, find the permissible load carried by the plates. 


[Ans. 25312.5 N] 
A welded lap joint is provided to connect two tie bars 15 cm x 1 cm as shown in Fig. 21.18. 


The working stress in the tie bar is 150 N/mm”. Investigate the design if the size of the fillet weld 
is 8 mm. The safe stress for the weld may be taken as 102.5 N/mm?. [Ans. Joint is safe] 
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5. Ifin the above problem, the safe stress for the end fillet weld is 102.5 N/mm? whereas the safe 
stress for the diagonal fillet weld is 75 N/mm?, investigate the design. The other dimensions of 
the joint are the same as given in Fig. 21.18. [Ans. Joint is not safe] 


46 ble 10 —_ ble 6 | 


cm cm cm 


Fig. 21.18 


6. A plate 10cm wide and 1.15 cm thick is joined with another plate by a single fillet lap weld and 
a double parallel fillet welds as shown in Fig. 21.19. The maximum tensile and shear stresses 
are 75 N/mm? and 55 N/mm? respectively. Find the length of each parallel fillet if the joint is 
subjected to a total load of 80 kN. [Ans. 2.12 cm] 

= 


Fig. 21.19 


7. A200 mm x 150 mm x 10 mm angle carrying a load of 250 KN, is to be welded to a steel plate by 
fillet welds as shown in Fig. 21.20. Find the length of the weld at the top and bottom if the 
allowable shear stress in the weld is 102.5 N/mm. The distance between the neutral axis and the 
edges of the angle section are 144.7 mm and 55.3 mm respectively. 

[Ans. J, = 9.54 cm and /, = 24.96 cm] 


>| 1q!O mm 


Neutral 


axis x 
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8. A 80 mm x 80 mm x 8 mm angle carrying a load of 100 KN is to be connected to a gusset 
plate by welding. If the size of the weld is 6 mm and maximum allowable shear stress in the 
weld is 102.5 N/mm, find the lengths of the weld at the top and bottom. The distances between 
the neutral axis and bottom and top edges of the angle sections are 2.27 cm and 5.73 cm 
respectively. [Ans. /, = 6.52 cm, /, = 16.47 cm] 


9. A150mmx 115mm x 8mm angle carrying a tensile force of 150 KN is to be connected to a gusset 
plate by 6 mm fillet welds at the extremities of the longer leg, the shorter leg being outstanding. 
Find lengths of welds if the C.G. of the angle is 4.46 cm from the top of the shorter leg. Take 
permissible shear stress in the welds as 102.5 N/mm?. [Ans. /, = 10.26 cm, /,= 24.14 cm] 


22.1. INTRODUCTION 


The stress developed due to rotation in a thin cylinder has already been derived in article 
17.12 of chapter 17. In that article it has been assumed that hoop stress (or circumferential 
stress) is uniform in thin cylinder and is given by 

O=px@?xr?orp xv? 
where @ = Angular speed of rotation of thin cylinder 
r = Mean radius of cylinder 
p = Density of material of the cylinder and 
v = Tangential velocity of cylinder = o x r 
6 = Hoop stress in the thin cylinder. 

This chapter deals with the study of stresses developed due to rotation in circular discs and 
cylinders. The machine members of the rotating type and bodies like circular discs, cylinders, 
flywheels etc. invariably rotate at high speeds. Due to rotation, these members are subjected to 
centrifugal forces. The stresses are set up in the material of these members due to centrifugal 
forces. 


Also in case of thin disc, the stress in axial direction is zero. But in case of thick disc (or 
long cylinder) the stress in axial direction (i.e., longitudinal direction) will not be zero. 


22.2. EXPRESSION FOR STRESSES IN A ROTATING THIN DISC 


In case of thin disc, only two stresses namely circumferential and radial stresses are 
existing. 

A thin disc of inner radius r, and outer radius r, rotating about its axis is shown in 
Fig. 22.1. 


Consider an element ABCD of the disc at a radius ‘7’ of radial width dr and thickness ‘’. 
Let the element subtends an angle dé at the centre. 


Let 6, = Radial stress on the face AB, 
o,, + do, = Radial stress on the face CD, 
6, = Circumferential stress on faces BC and AD. 
The forces due to these stresses along with centrifugal force acting on the element are 
shown on the enlarged view of the element. 
Now consider the equilibrium of the element ABCD of radius ‘7’ radial width ‘dr’ and 
thickness ‘“’ subtending an angle dé at the centre as shown in Fig. 22.1. 
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The forces acting on the element are : 
() Radial force on face AB and equal to o, x r dé x t, 
(i) Radial force on face CD and equal to (o,, + do,)(r + dr) x d® x t, 
(ui) Circumferential force on face BC = 6, x dr x t 
(iv) Circumferential force on face AD = o, x dr x t 


(v) Centrifugal force = m x w? x r where 
m = mass of element = p x volume of element 


=p x (rx d0xdr xt) 
Centrifugal force =(pxrxd@xdrxt)x@?xr 
= pr? wo? d0dr xt 
The forces in circumferential direction will be equal and opposite. 
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Enlarged view of the element ABCD 


Fig. 22.1 


Resolving the force in radial direction, we get 


dé 
6, xrd@xt +20, x drx tx sin —- 


= (6, +do,) (r+ dr) d® x t + centrifugal force 
where centrifugal force = m x w? x r where m = mass of element 

=p x volume of element 

=p x (rd0 x dr x t) 

=(p x rd xdrxt)x @° x? 

= pr? x w? x d0x dr xt 


dé 


and sin aoe as d@ is very small 
Hence the above equation becomes as 


dé 
6, xrd0 xt + 20, x dr x t x > = (0, + do,) (r + dr) d0 xt + pr? w? x d0 x dr xt 
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or 
or 


or 


Cancelling dé x ¢ from both sides, we get 


1 
o,xr+20,x dr x 3 = (6, +do,)(r + dr) + pr? w x dr 
o,xr+o,xdr=lo.xr+o,xdr+rdo, + (do,) x dr] + pr? w x dr 
o,xdr=o6,xdr+rdo, + pr? w x dr 
[Neglecting the product of two small quantities i.e., (do,) x dr] 
Dividing by dr to both sides, we get 


Oo, 


~ 2 a2 
G,=0,+7 + pro 
0, 
= 2 2 ; 
(o,-6,)=r dr ter ® .{) 


There are two unknowns in equation (i). They are o, and o,. To find their values, we 


require one more equation. The second equation is obtained from stress strain relationship. Hence 
first find circumferential and radial strain. 


When the disc is rotating at high speed, let the radius r becomes (r + uw) and dr becomes 


(dr + du). 


and 


and 


and 


Circumferential strain, 
Final circumference — Initial circumference 
e.= rea oh 
e Initial circumference 


_ Qn(r+u)—-2rr wu 


2ur r 
. : Final radial width — Initial radial width 
Badiel strani; “e Initial radial width 
(dr + du)—(dr) _ du 
~ dr ~ dr 


The radial and circumferential strains in terms of stresses are also given by, 


6. HO, 
cE E 


0, HO, 
EE 
Equating the two values ofe, and e,, we get 
oO, _ Ho, ra uU 


Circumferential strain, C= ae . (iz) 


radial strain, a a ae (iii) 


In equations (iz) and (iii), u is the increase in radius r due to rotation and du is the increase 


in radial thickness dr. These two values u and du are unknowns. They can be eliminated from 
equations (iz) and (zi) as given below : 


or 


From equation (ii), we have 


(6, — HO,,) 


ta] > 


u= 


Exu=r(6,—0,) 
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Differentiating the above equation w.r.t. 7, we get 
du do do 
E— =(0,-uo,)+r f_—y— 
dr eo EP ( dr . dr 
But from equation (iii), we have 


du 6, Wo, 


dr E E 
du 
Be SG 
or dr 6.— HO, 


d 
Equating the two values of E _ given by equations (iv) and (v), we get 


( ae (=: wer 
G,—HS,) +7 | u dr | 7 Or US 
r (o,—[Ho.,) + [Se- a o,.+uUo,=0 
° eee ae are re 
or 9.1 +w- 0,1 +w+r(Se-Se) <0 

! dr dr 

do, do, 

or (o,-6) (1+ w) +r(Se—n Se.) <9 


Substituting the value of (o, — 6,) from equation (z), into equation (vi), we get 


= +pr? <0? [l+ult+r (=: -u a: =) 
r 


dr dr 
or fr Se + pr? x? (1+ war —Uxrx sa =O 
or (r SF) 1+ ws prt or +yer We pr Me - 
or po ter SEs px ote wer Be per Se <0 
or i Oe 5h en eile oe 


dr 

Dividing by ‘7’ to both sides, we get 

do,. 
dr 


do 
2 a 
+pxrxo(l+wt ie =0 


do, do, 
+ 


dr dr 
Integrating, we get 


or =—pxrxo?(1+yp) 


2 
6, +0,=—px > xox (1+W+C, 
where C, is a constant of integration. 
Subtracting equation (z) from equation (vii), we get 
pxr? xo? x (1+) . 
2 


do, 
r 
dr 


20, = C, 


pr? x oy 


...(iv) 


.(V) 


...(UL) 


... (Ui) 
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2.2 
pxr°x@ do, 
ey eee a jee = 
5 (1+) + 2] +C, — 
d 2 2 
or 20,47 a = a (3+p)+C, 
Multiplying by r to both sides, we get 
20.8 
Qxrxo, +r? Sr = PMO XT 4 we C,xr 
d 2 3 
or Gp xo, =- PASAT 34 4+Cyxr 
Integrating both sides, we get 
rf 2 
rxo,=— oe <7 x G++ +C, 
(where C, is constant of integration) 
20 2 
_  pxo xr Cr Oo 
or Ca a (3+) + a 
C, C 20 2 
=Ztg -RS at gaa) 22.1) 


Equation (22.1) gives the expression for radial stress in terms of constants, C, and C,. To get 
the value ofc, in terms of constants C,, and C,, substitute equation (22.1) into equation (viz). 


2.2 2 2 
S14 & px@ xr Baise! = ais: 
r 
C C. 2 2 2 2 
or o.= a pee tae =“ ee (em ea aa kas (1+p)+C, 
r 8 
C C. 2 2 
=—-—2 PAS Gad a 
2 er 
C, C pxo? xr? 
Se ae 
2 2 3 ( 31) 
2.2 
-a_& poe aaa (22.2) 
r 


The constants C, and C, are obtained from boundary conditions. In equations (22.1) and 
(22.2), L.H.S. is in N/m?, hence every term on R.H.S. should be in N/m?. Hence C, and C, will be 
in N/m?. 

22.2.1. Expression for Circumferential Stress and Radial Stress in a Solid Disc. 
From equations (22.1) and (22.2), it is clear that the stresses set up in a rotating disc will become 
infinite at the centre of the disc where r = 0. But the stresses at the centre, can not be infinite. 
Hence C, should be zero. Substituting C, = 0 in these equations, we get 


Cy px@’?xr? 
O,=-5 ge (A) 
‘a gots 
and 0,= ee anes is 3) aAB) 
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The value of C, will be obtained from boundary condition. 
At the outer radius, o, = 0. This means at r =r,, 6, = 0 
Substituting o,=0atr=r, in equation (A), we get 


Ci pxo* xr 
0= 5 3 (3 + W) 
C 
ae 21 PpxO™ XT 3+w 
2 
2 
or c,=P** ane (3 + u) 
Substituting the value of C, in equations (A) and (B), we get 
2.2 2.2 
_Px@ xr pxo° xr 
Of — aa (3 + uw) —- —————_ (3 + p) 
2 
L as (34+ w) [r,2-r2I (22.8) 
F _ pxo? xy 3 px@? xr? (143 
an OF aaa. + Ww) — —————_ (1+ 3n) 
2 
= PAO (8+ pr,2- (1+ Sw] (22.4) 


At the centre, r = 0 [Substituting r = 0 
in equations (22.3) and (22.4)] 


2 
o.= sie (3+ wr,” 
8 
px @? 5 ; 
and 0. = a (3+ wr, Axis of rotation 


! 


Hence maximum stresses are at the centre and 
they are equal. 


px wo? 
8 
At the outer radius, radial stress (6,) is zero, but 
circumferential stress is not zero. By substituting r =r, 
in equation (22.4), we get circumferential stress at outer 
radius. This is equal to Fig. 22.2 


(6, nax = (On) max = (3+w)ro? —_ ...(22.5) 


2 
o, at outer radius = a [(3 + wr,? - (1 + 3y)r,?] 


2 
= a. x rp? [3 + u—1- 3y) 


2.12 ee: 
a E* - x72 (2) = P* ~ AP (12) (22.6) 
The variation of circumferential and radial stresses are shown in Fig. 22.2. 


22.2.2. Expression for o,, and 6, for Disc with Central Hole. Equations (22.1) and 
(22.2) give the radial and circumferential stresses in terms of constants as 
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o> gy (3 + uy) 
and G2 he = px@? xr? (1 + 3p) 
e~ 2 r2 8 p 


To find C,, and C,, the boundary conditions are used. If r, and r, are the inner and outer 
radii, then radial stress is zero at these radii. This means 6, = 0 at r =r, and atr=ry. 


Substituting these values, we get two equations as 


C C 2 2 
ne ea eee [Here o,=Oatr=r,]_ ...@) 
2 ry 8 . 


23 2 
ge ty PX O™ Xry (au i 
2 75 


Subtracting equation (ii) from equation (i), we get 


Here o,=Oatr=r,]_ ...@) 


2 2 2 2 
p= 2 & PAw aus Gaia l2? 2 Ba) 
i oO 8 8 


1 1 : 
= C, | p ~ (3 + ) ir? — el 


ni ry 
2.2 2 
or C. Hae Sn paca Ce w) [72-77] 
r?rn 8 
2 
a2 > (3 + w)(r,? — 714?) 
Cy pxo” : 2 nD : 
or 7 = (3 + UW) [Cancelling (7,°—r,°) from both sides] 
rr 8 
2 
c,=-? > (+p r2r,2 (iii) 
Substituting the value of C, in equation (z), we get 
C 2 202 
O= ty |-P*® Bap? re? | x . pao An x (3+y) 
2 ry 8 
Cy pxw?xr px@? xr? 
a pale Sad de 
C, pxo 
or ie ; (3 + w) [r,? + 7,7] 
2 
or c,=" ~ x (8 +p) (7,2 +72) (iv) 
Substituting the values of C, and C, in equations (22.1) and (22.2), we get 
2 2 2.2 20.2 
px@ pxo” 384+wryr px@° xr 
Oye aa aswinten+| ; a é (3+ Ww) 
2 2.2 
- a x (3 + W) C rf) EE 2] On) 
r 
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2 2 22 2.2 
xo 

ane coe (34) x (r2+r2) pxo Sour px@° xr (14 3y) 
x2 8 r 8 


.(22.8) 


rere r*(1+ 3p) 
ar * e+wlcE Pa) aa 


Equations (22.7) and (22.8) give the expression for radial stress and circumferential stress 
at any radius ‘7’ in a disc with a central hole. 

Maximum value of o,. From equation (22.8), it is clear that circumferential stress goes 
on decreasing with the increase of radius. Hence 6, is maximum when radius is minimum 7.e., 
when r =r,,6, is maximum. Substituting r = r, in equation (22.8), we get maximum value of o,,. 


rere P+ 2» 


2 
CG) is = e ~ (3 + HW) C aa r+ re (3 + VD) 


2 r 2 
px@ 2,2, 2 7 (1+8p) 
— (84+) [ro try +r¢ -—————_ 
8 HW) | 72 1 2 (+p) 


L 


7 px o (B+ y) lo? 4 tw r+ By) 
8 [ - (3+ WL) 


2 2 
px o 2 ry 
= 3 2r5 + 3+ 1-3 
3 ( “ey rs Coane u ” 


2 [ 2 
_pPpx@ 2 a 7 
ee (3 + u) ee + +m (2 20) 


‘ a 
= px" (3 +p) | Qre + 2r? om 7 


* (B+) 


r7(1-w) 
38+u 


2 
2x0" ee wyxa [its 


2 = 
a < (3+) [ go a (22.9) 


Equation (22.9) gives the maximum value of o.. 
Ifr, > r, =r, then 


_ PX (1-p) 2 
(Oo) = ri “+/+ Soe, °] 


2 2 2 
px@ r°(8+u)+(1-wr 
i a+] (+n) | 


a 
= er Gtp+l—-wWeapxaxr 


which is same as of a thin rotating cylinder. 
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Maximum value of o,. The value of 6, will be maximum, if a 
r 


do 
ing equation (22.7) w.r.t. r and putting ae = 0, we get 


2 2.2 
ca Pg" cowie ont EF | =0 
r 


dr | 8 
2 2.2 
-—2 
or = a+ [ov0-2 =? 27) <0 
8 r 
Open? 
or a1 _or=0 
r 
or Bat =O Ge Parr 


— ae: 
or r = P,P, or rH, XI% 


Equation (22.10) gives the condition for o, to be maximum. 


4 fo} 


IF: 


—-» Radius(r) 


Substituting r = Jr, xr. in equation (22.7), we get maximum value of 6... 


px 


(G,.) 


rts 
a 2,2 1% 
max = (3 + w) es marrage 
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2 
ez > (3 +) [As + P —2r,r,] 


2 
px 
= F (3+ W) (r.- he 


Value of c, at the outer surface of a disc with central hole 
Substituting r =r, in equation (22.8), we get the value of 6, at outer radius. 


2 2.2 
x 14+3 
o = 7 coun |rB ane 2 § "| 


. 1 3+ 


2 
_ Px (1+ 3u) 
= 8 (3 + UW) if 2 =f ae 


= 0. Hence differentiat- 


...(22.10) 


uA 22.17) 


STRENGTH OF MATERIALS 


2 — — 
= PAO 3 4) [arf orp SER 18 
+ 
pxo” 2 ry 
= - (3 +p) | 277 *Gap (2 — 2u) 
2 
px@ x) t- Plz 
= 3 + ni22.12 
qi (3 + W) C (Ee) | ( ) 


22.2.3. Expression for Maximum o, and Maximum o, for a Hollow Disc with a Pin 
Hole at the Centre. For a disc with a pin hole at the centre, r, — 0. Hence substituting r, = 0 
in the equations (22.9) and (22.11), we get the expression for o,, and o, for a disc with pin hole at 
the centre. 


2 2 2 
(anax = (3 +wr,2= PAS AB 3+) (22.13) 
x a x wo? x . 
and (max = Po (8 +p) 7x2 = PRP AB 8 ew) (22.14) 


The maximum circumferential stress in a solid disc is given by equation (22.5), as 


px? 


(o,). . for solid disc = 


c’max (3 + Ww) rf. 

If we compare the maximum circumferential stress in a solid disc and in a disc with a pin 
hole at the centre, the maximum circumferential stress in a disc with a pin hole at the centre is 
two times the maximum circumferential stress in a solid disc. 

Problem 22.1. A steel disc of uniform thickness and of diameter 900 mm is rotating 
about its axis at 3000 r.p.m. Determine the radial and circumferential stresses at the centre and 
outer radius. The density of material is 7800 kg/m? and Poisson’s ratio = 0.3. 


Sol. Given : 


900 
Diameter=900mm _ .. Radius of disc, r= ae ices 450 mm = 0.45 m 


Speed, NV = 3000 r.p.m. 
2nN _ 2nx 3000 
60 


Angular speed, w = = 100m rad/s 


Density, p= 7800 kg/m? 
Poisson’s ratio, u = 0.3 
The radial and circumferential stresses are given by equations (22.1) and (22.2) as 


C, Cy pxw?xr? 


oa te 7 (3+ w) ab) 
C, Cy px@’?xr? 4 
and t.- 5 2 = 8 (1+ 3p) (it) 


As the stresses cannot have infinite value at r = 0, hence C, should be zero. Hence equa- 
tions () and (zi) becomes as 


Ci pxo? xr? 
a a ae (3 + w) sltia) 
Ci, px’ xr ; 
and re 3 (1 + 3y) ...(iv) 


or 


and 
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Also at the outer radius, o, = 0. This means at r = 0.45 m, 
o,,= 0. Substituting these values in equation (ii), we get 
C x w” x (0.45)? 

= pur ae) (3 +) 

C, _ px? x (0.45)? 


ie 


p x w? x (0.45)? 


(3+) or C,= (3 + uw) 


1 2 x (0.45)? ; 
= LEUU ROO ay AEST IE? = 95 ean ae 


4 
Substituting the value of C, in equations (iii) and (iv), we get 
128.6x10® pxw?xr? 


o.= 5 3 (3 + WW) 
1286x108 pxw?xr? 
0, = 9 - 8 (1 + 3u) 
128.6 x 10° 
At r=0, 6, =6, = = 64.3 x 108 N/m? = 64.3 MN/m?. Ans. 


2 
At r = 0.45, 0, = 0 


128.6 x 10° 100 n)* x (0.45)” 
_ 7800 x (100 m)* x (0.45) (1+3x 0.3) 


c 2 8 
= 64.3 x 106 — 37.024 x 10° N/m? 
= 27.276 x 10° N/m? = 27.276 MN/m2. Ans. 


Alternate Method 
(i) Stresses at the centre. The radial stress and circumferential stress at the centre of a 


solid disc are maximum and are equal. They are given by equation (22.5) as 


2 


x 
(Gad = (De Jeini = P 8 (3+ Ww) ry” 
where r,= Outer radius = 0.45m 
7800 x (100 1)? 
(65: tet oa atodee 


= 64.3 x 10° N/m? = 64.8 MN/m2, Ans. 


(ii) Stresses at the outer radius 
The radial stress at the outer surface is zero. 


0,=0 
The circumferential stress at outer radius is given by equation (22.6) as 
2.2 2 2 
XO" Xr 7800 x (100 m)* x 0.45 
pa POE Sais Z (1 — 0.3) 


= 27.28 x 10° N/m? = 27.28 MN/m2. Ans. 
At any section, there are radial and circumferential stresses which are perpendicular to 


each other and tensile in nature. There is no shear stress. Hence these stresses are also known as 
principal stresses. Hence the above stresses are also principal stresses. 


Problem 22.2. If for the problem 22.1, the disc is having a central hole of 150 mm 


diameter, then determine : 


(i) circumferential stress at inner radius and outer radius, 
(ii) radius at which radial stress is maximum, and 


(iii) maximum radial stress. 
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Sol. Given : 
From Problem 22.1, 
Outer radius, r. = 0.45 m, 
Angular speed, @ = (100 m) rad/s 
p = 7800 kg/m, u = 0.3 
‘ : 150 
Inner dia= 150mm, .. Inner radius, r, = = 75 mm = 0.075 mm 


(i) Circumferential stress (6) at inner and outer radii 
The circumferential stress in a disc with central hole is maximum at the inner radius. 


This stress is given by equation (22.9) as 
2 1- 
=P*e re Ere 
(Cmax = ri a+ a 1 


7800 x (100 x)? 2 {(-0.3) 5 
alah Soil ae . A : 
i +020 5 (S82) coors. | 


= 635.109 x 10° [0.2025 + 1.193 x 10-3] 
= 129.367 x 10° N/m? = 129.367 MN/m2. Ans. 


The circumferential stress at the outer radius is given by equation (22.12) as 
2 
px@ 2,{1-H) 2 
O.= 3+ rr t+ r 
c 4 ( LW) I 3 + | 2 | 


_ 7800 x (100 x)? x (3 + 0.8) loose : ( 1-03 ) , 045" 
4 3+0.3 
= 635.109 x 108 [5.625 x 10-8 + 0.04295] 
= 30.85 x 10° N/m? = 30.85 MN/m2. Ans. 
(ii) Radius at which radial stress is maximum 


The radius at which radial stress is maximum is given by equation (22.10) as 


r=Jrpxrm = 0.075 x 0.45 = 0.1837 m. Ans. 


(iii) Maximum radial stress 
The maximum radial stress is given by equation (22.11) as 


2 
com ee . P > (3 4 WW) (Tr, — r,) 
7800 x (100 1)? 
_ 7800 x(100 ny" 3 . 0.3) (0.45 — 0.075) 


8 
= 317.5545 x 10° (0.375)? 
= 44.656 x 10° N/m? = 44.656 MN/m2. Ans. 
Problem 22.3. For the data given in Problem 22.1, plot the variations of circumferential 
and radial stresses along the radius of the solid disc. Take radius along y-axis and stresses 
along x-axis. Also plot these variations taking ‘r’ along x-axis and stresses along y-axis. 
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Sol. Given : 
Data from Problem 22.1 
N = 8000 r.p.m., w = (100 zm) rad/s 
p = 7800 kg/m, 1. = 0.3, outer radius, r, = 0.45 m 
(i) Circumferential stress (6) 
The circumferential stress for a solid disc at any radius ‘7’ is given by equation (22.4) as 
_ px w? 
co 8 
_ 7800 x (100 1)” 


8 
= 96.228 x 10° [0.66825 — 1.9 r?] 


By substituting different values of in the above equation, different values of 6, are obtained 
as given below : 


Atr=0, 6, = 96.228 x 10 x 0.66825 = 64.3 x 106 N/m? = 64.3 MN/m? 
= 0.05 m, 6, = 96.228 x 10° [0.66825 — 1.9 x 0.057] = 63.84 x 10° N/m? = 63.84 MN/m? 
=0.lm, 6, = 96.228 x 10° [0.66825 — 1.9 x 0.17] = 62.47 x 10° N/m? = 62.47 MN/m? 
=0.2m, 6, = 96.228 x 10° [0.66825 — 1.9 x 0.27] = 56.99 x 10° N/m? = 56.99 MN/m? 
=0.3m, 6, = 96.228 x 10° [0.66825 — 1.9 x 0.37] = 47.85 x 10° N/m? = 47.85 MN/m? 
=0.4m, 6, = 96.228 x 10% [0.66825 — 1.9 x 0.47] = 35.05 x 10° N/m? = 35.05 MN/m? 
= 0.45 m, 6, = 96.228 x 10° [0.66825 — 1.9 x 0.457] = 27.28 x 10° N/m? = 27.28 MN/m? 

(i) Radial stress (0,) 

The radial stress for a solid disc at any radius ‘7’ is given by equation (22.3) as 


oy 


(3 + wr? — (1 + 3y)r?] 


[(3 + 0.8) x 0.457 -(1 +8 x 0.3) r?] 


2 
o.= pn (3 + w) (r,? —r?) 


r 


2 
= ee (3 + 0.3) (0.452 — r2) N/m? 


= 317.5545 x 106 (0.2025 — r2) N/m? 
= 317.5545 (0.2025 —r?2) MN/m? 


By substituting different values of’ in the above equation, different values of 6, are obtained 
as given below : 


At r=0, 0, = 817.5545 (0.2025 — 0) = 64.3 MN/m? 
#= 0,05 m, 0, = 317.5545 (0.2025 — 0.05?) = 63.5 MN/m? 
p= 01m, 0, = 317.5545 (0.2025 — 0.17) = 61.13 MN/m? 
r= 0.2m, 0, = 317.5545 (0.2025 — 0.27) = 51.6 MN/m? 
pa 8 my, 0, = 317.5545 (0.2025 — 0.37) = 35.7 MN/m? 
r= 0.4m, 0, = 317.5545 (0.2025 — 0.47) = 13.5 MN/m? 
r= 0.45 m, 0, = 317.5545 (0.2025 — 0.457) = 0 


The variation of 6, and o, along the radius (taking radius along y-axis and stress along 


x-axis) are plotted as shown in Fig. 22.4. 
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Ifradius is taken along x-axis and stresses along y-axis, then variation of 6, and o, will be 
as shown in Fig. 22.5. 


Problem 22.4. For the problem 22.2, plot the variation of circumferential and radial 
stresses along the radius of disc with a central hole. 


Sol. Given : 
Data from Problem 22.2, 
Outer radius, r, = 0.45 m; inner radius, r, = 0.075 m 


N = 3000 r.p.m. ; m = 100 z rad/s ; p = 0.3, p = 7800 kg/m* 
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(i) Circumferential stress (6) 


The circumferential stress for a disc with a hole at the centre is given by equation (22.8), as 


2 2,2 
_ PX (agg 1+3u) 9 
oF 8 +t ae ae re 


2 2 2 
_ 7800 (100) (5 « o.5) [0.45% + 0.0752) + 2075x045? _(1+8x03) 2 
8 ; 3+03 
3 
= 317.55 x 10° fo2osia gee 0676 | N/m? 
r 
1139 x 10° 


2 


= 317.55 fo2osias + 
r 


~ 0.575 | MN/m2 


By substituting different values of in the above equation, different values of, are obtained. 
Let us start from inner radius i.e., from r = 0.075 m 


Atr =0.075 m, 6, = 317.55 [ozosi2s + 148910" - 0.575 x oor?) 

= 317.55 [0.208125 + 0.2025 — 0.00323] = 129.368 MN/m? 
At r=0.lm, o,=317.55 [ozosi29 + 18910" — 0.575 x o?| 

= 317.55 (0.208125 + 0.1139 — 0.00575) = 100.43 MN/m? 
Atr=0.2m, 6, =317.55 [o20s12s + 1poxto" — 0.575 x 02?) 

= 317.55 (0.208125 + 0.0285 — 0.023) = 67.83 MN/m? 
Atr=0.3m, 06,= 317.55 [o2osi2s + 1489 x10" - 0.575 x 03°] 

= 317.55 (0.208125 + 0.01265 — 0.05175) = 50.05 MN/m? 
Atr=04m, 06,=317.55 [ozosi2s + ae — 0.575 x a) 

= 317.55 (0.208125 + 0.007118 — 0.092) = 39.13 MN/m? 
Atr=0.45m, 6, = 317.55 [ozosi29 + 1489x710" — 0.575 x os?) 


= 317.55 (0.208125 + 0.005625 — 0.1164) = 30.9 MN/m?. 
(ui) Radial stress (o,) 


The radial stress for a disc with a hole at the centre is given by equation (22.7) as 


2 2.2 
o,= P72 8 +W) log ory | 
r 
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_ 7800 x (100 1)” 
7 8 


2 2 
r 


1139 x 10° 


r2 


= 317.55 oa0si2s | x 106 N/m? 


-3 
= 317.55 fo2osia =o | MN/m? 


r 


By substituting the different values of r in the above equation, different values of 6, are 
obtained. Also o, = 0 at r = 0.075 m and at r = 0.45 m. Also we have got in problem 22.2, that o,, 


is maximum at r= Jryry = 0.075 x 0.45 = 0.1837 m. Let us start the calculations from inner 
radius (= 0.075 m). 


-3 
At r=0.075m, 6, = 317.55 fo2osia atery oon] =0 


-3 
At r=0.1m,  6,=317.55 fo2osia ees a? 


= 317.55 [0.208125 — 0.1139 — 0.01] = 26.74 MN/m? 


-3 
At r= 0.1837 m, o, = 317.55 | 0.208125 - 220" _ 9.18372 
0.1837 


= 317.55 [0.208125 — 0.03375 — 0.03375] = 44.65 MN/m? 


i -3 
r=0.2m, 0, =317.55 | 0.208125 aes 02° 


= 317.55 [0.208125 — 0.02847 — 0.04] = 44.34 MN/m? 


- = 
r=0.3m,  0,= 317.55 |0.208125 = 0.37 


= 317.55 [0.208125 — 0.01265 — 0.09] = 33.49 MN/m? 


=3 7 
r=0.4m,  0,= 317.55 | 0.208125 _ = 0.4? 


= 317.55 [0.208125 — 0.007118 — 0.16] = 13.02 MN/m? 


-3 
r=0.45m, 6, = 317.55 | 0.208125 aE 0.45? 


= 317.55 [0.208125 — 0.005625 — 0.2025] = 0 MN/m?. 


The variation of o, and o, along the radius is shown in Fig. 22.6 taking radius along 
y-axis and stresses along x-axis. 
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Fig. 22.7 shows the variation of 6, and o, along the radius, when radius is taken along 


x-axis and stresses along y-axis. 
iw 
0.1 0.2 0.3 0.4 


—-» Radius (r) 


—-»> Stresses 


Fig. 22.7 
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Problem 22.5. For the problems 22.1 and 22.2, find the maximum shear stress in the 
solid disc and in the disc with a central hole. 


1 
Sol. The maximum shear stress at any radius is given by, t,,.,. = 2 (o,-9,) 


(i) Solid disc 

In case of solid disc the stresses calculated in Problem 22.1 at the centre are 6, = 6, = 
64.3 MN/m?, whereas the stresses at outer radius are 6,,= 0 and 6, = 27.276 MN/m2. 

Hence principal stresses at the centre are : 64.3 MN/m?, 64.3 MN/m?, 0 


1 
Shear stress at centre = 3 (64.3 — 64.3) = 0 


The principal stresses at the outer radius are : 27.276 MN/m/?, 0, 0 


1 
Shear stress at outer radius = 2 (27.276 — 0) = 13.638 MN/m2 


Maximum shear stress is at the outer radius and equal to 13.638 MN/m? 
- T nay = 13.638 MN/m?. Ans. 
(ii) Disc with a central hole 
From Problem 22.2, the calculated values of stresses are: 
At the inner radius, 6, = 129.367 MN/m?, o,=0 
At the outer radius, 6, = 30.85 MN/m?, o, = 0 

Principal stresses at inner radius are : 129.367 MN/m?, 0, 0 
Principal stresses at outer radius are : 30.85 MN/m?, 0, 0. 
Hence maximum shear stress will be at the inner radius. 


max 


1 
Snax = 5 (0, — 9,) 


1 
=3 (129.367 — 0) = 64.683 MN/m2, Ans. 


22.3. DISC OF UNIFORM STRENGTH 


A disc which has equal values of circumferential and radial stresses at all radii, is known 
as a disc of uniform strength. Hence for a disc of uniform strength, 6, = 6, = constant = o for all 
radii. The thickness of the disc of uniform strength will not be constant. It will be varying as 
shown in Fig. 22.8 (a). 

Consider an element of the disc of uniform strength at a distance ‘7’ from the axis of 
rotation and of radial width dr as shown in Fig. 22.8 (a). The same element ABCD along with 
radial and circumferential stresses (6, = 6, = 6) is shown in Fig. 22.8 (b). 

Let t = Thickness of element at radius r 

t + dt = Thickness of element at radius r + dr 
o = Stress in radial and circumferential direction 
d@ = Angle subtended by faces AD and BC with centre O 
@ = Angular speed of rotation. 
t) = Thickness of element at radius r = 0. 
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Centrifugal force 
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Axis of rotation (b) 
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Fig. 22.8 


The forces acting on the element are : 
(i) Radial force due to radial stress o on face AB = o x rd x t 
(ii) Radial force on face CD = o x (r + dr) d® x (¢ + dt) 
(ii) Circumferential force on face BC =o x dr xt 
(iv) Circumferential force on face AD = 06 x dr xt 
(v) Centrifugal force on the element = m x w? x r 
where m= Mass of element 
=p x Volume of element 
=p x (rd@ x dr x t) 
Centrifugal force = (p x rd0 x dr x t) x @? x r=p x wx r? x d0x dr xt. 


The forces in circumferential direction are equal and opposite. Considering the equilibrium of 
the element, and resolving all forces in radial direction, we get 


dé dé 
oxrxd@xt+oxdrxtxsin > +oxdrxtx sin > 


=o x (r+dr)d0x (t+dt)+px@?xr?xd0xdrxt 
dé 


8 
But sin 3 = 9 38 d@ is very small. 


Hence above equation becomes, as 


dé 
ox rd0 xt + 20 x dr xt x 3 =0 x (r+ dr) dO x (¢ + dt) + pw? x r? x dO x dr xt 
Cancelling d@ from both sides, we get 


t 
oxrxt+2oxdrx > =olr + dr) x (t+ dt) + porr? x dr xt 


or oxrxt+oxdrxt=o(rxt+rdt+tdr+dr x dt) + pwr? x drxt 
=o(rxt+rdt +tdr) + pwr? x dr xt 
(Neglecting the product of dr x dt i.e., product of two small quantity) 
or oxrxtt+toxdrxt—oxrxt—oxrdt—oxtxdr=pxwo?xr?xdrxt 


or -oxrxdt=pxoxr’xdrxt 
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or = = — ——— ar 


Integrating to both sides, we get 


a. 22 
log, t =— Leaded ae + Constant 
The constant may be taken as = log, C where C is also constant. 
2.1.2 
be gaa P"2 SF + log, C 
202 
pxo° xr 
or le 
t 2 2 
t\_ px’ xr 
: we (s)--288 
px@? xr? 
t = = 20 
C 
2 px@? xr? 
or t=Cxe = wheelo) 


The value of C is obtained from boundary condition. 

At r=0, t=t, 

Substituting this condition in equation (22.15), we get 

aCe ac 
Substituting C = ¢, in equation (22.5), we get 
_ px o? xr? 
t=t)xe ig ...(22.16) 

Equation (22.16) gives the thickness of disc of uniform strength at any radius. The rotor of 
a steam turbine has constant strength throughout the radius and are designed according to 
equation (22.16). 

Problem 22.6. A steam turbine rotor is running at 4200 r.p.m. It is to be designed for 
uniform strength for a stress of 85 MN/m?. If the thickness of the rotor at the centre is 25 mm 
and density of its material is 800 kg/m?, then find the thickness of the rotor at a radius of 
350 mm. 


Sol. Given : 
Speed, N = 4200 r.p.m. 
2nN 2nx4200 
Angular speed, @= 60 60 = 140 mrad/s 
Thickness at the centre, t, = 25 mm 
Density, p = 8000 kg/m? 


Allowable stress, o = 85 x 10° N/m? 


Rotor is to be designed for uniform strength. This means the radial and circumferential 
stresses should be equal at all radii. 
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Let ¢ = Thickness of the rotor at r = 350 mm = 0.35 m 
Using equation (22.16), we get 
_ px o? xr? 
t=i, 6 e 20 
(Here p is in kg/m, r in m and o in N/m’. If t, is in m then ¢ 
will also be in m. If ¢, is in mm, ¢ will be in mm). 
— 8000 x (140 1)? x (0.35)? 
aie aie 2x 85 x 10° 


=25xet15=819mm. Ans. 


[where ga 


1 1 


1115 
e 3.049 
Problem 22.7. The minimum thickness of a turbine rotor is 9mm at a radius of 300 mm. 
If the rotor is to be designed for a uniform stress of 200 MN/m?, find the thickness of the rotor 
at a radius of 25 mm when it is running at 9000 r.p.m. Take p = 8000 kg/m?. 


0328] 


Sol. Given : 
Thickness, ¢, = 9 mm when r, = 300 mm = 0.3 m 
Uniform stress, o = 200 MN/m? = 200 x 10° N/m? 
Density, p = 8000 kg/m? 
Speed, N = 9000 r.p.m. 

Angular speed, M= =~ = — = 300 x rad/s 


Find thickness when radius = 25 mm = 0.025 m 
Using equation (22.15), we get 


t=Cxe 20 ...{Z) 
(i) When t = 9 mm ; radius, r = 300 mm = 0.8 m 
Hence above equation becomes, 
—px@? x (0.3)? 
9=Cxe 26 
—px wo” x 0.09 
=Cxe 26 
9 
ae C= —px x 0.09 
e 20 
px o” x 0.09 
=9xe .. (it) 
(ii) When thickness is ¢, radius is 0.025 m 
Substituting the above values in equation (i), we get 
—p x @ x (0.025)? 


t=Cxe 26 
px a” x 0.09 _ PX w* x 0.000625 
= 9xe 20 xe 20 
Px 0° x 0.09 
20 


* From equation (ii),C =9 xe 
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(2 x@? x 0.09 px w x 2000825 | 


260 20 
= 9 xe 
px @” (0.09 - 0.000625) 
20 
= 9 x e 
peas 8000 x (300 m)? x 0.089375 
ee ee 2 x 200 x 108 


=9 x e187 = 9 x 4.892 = 44.03 mm. Ans. 


22.4. LONG CYLINDERS 


In case of rotating long cylinders, it is assumed that the longitudinal strain (e,) even at 
high speeds of rotation is constant (this means that the cross-sections remain plane, which is true 
for the sections away from the ends.) 

Let o,= Circumferential (or hoop stress) 

6,.= Radial stress 

6, = Longitudinal (or axial) stress 
e, = Circumferential strain 

e,, = Radial strain, 

e, = Longitudinal strain. 

When the cylinder rotates at high speeds, let the radius r becomes (r + uw) and ‘dr’ becomes 
(dr + du). Then circumferential strain, 


2n(r+u)—2nr_ u 


¢ 2ur r 
Radial strain, e.= GES OHS Oe ae 
e dr dr 


The stresses o,, 6,, and 6, are acting on any element of a section of the cylinder. The strains 
produced by these stresses in circumferential direction, radial direction and longitudinal direction 
are circumferential strain, radial strain and longitudinal strains respectively. These strains in 
terms of stresses are given by, 


Circumferential strain, e.= Se - 7 (o, +0) = = .{) 

; Oo, _ du . 

Radial strain, a (6, + 6,) = am (it) 

. : . 0; es 

and longitudinal strain, C= TE (6, + 6,) obit) 


where t= Poisson’s ratio, and 
E = Young’s modulus 
In equations (7) and (ii), wis the increase of radius r due to rotation and du is the increase in 
thickness dr. These two values u and du are unknowns. They can be eliminated as given below: 
From equation (i), we have 


r 
u== [5,-H(6, + 6))] 


or Eu =r [o, — WG, + 6,)] 


or 


or 


or 


substituted in terms of o, and o,. Now from equa- +o 
: Lo oo 
tion (iii), we have . yy 
1 
=F lo, -—u (6, + 6,)] # e 
or 0,—HW(6, +0,)=E xe, ie 


above equation w.r.t. r. 


or 


ete 
Res ae j gee CS do 
where e, = longitudinal strain which is assumed oo gee” o, 2 
: 2 
constant. , . 
Vv ae 
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Differentiating the above equation w.r.t. 7, we get 


du do. do, do, . 
Ea, = 16.— HG, + ol | ir u( a ae ll ...(iv) 
But from equation (iiz), 
Lee ee, 
dr EE %*% 
du 
E =6,-—[U(6, + 0;) (UV) 


d 
Equating the two values of E a given by equations (iv) and (v), we get 


[o,—u(o,+6,)] + | ds. (Se 4 Sr) =6.-U(o,+6,) 
eee ar dr dr J) or Met 


0,—HO,— Uo, + | aoe _ Bn OO) i 0, — Ho 
c BO, BOL Tap an dr }| or BSc BS 


o,(l+w-o,(l+wtr ao; p (See + Se) =0 


dr dr dr 
do, do, _ do; )\| _ . 
(1 +p) @.-0)+r| adr u/ a, ] =0 ...(Vi) 
F F do; do 22 
In equation (vz), the value of ar should be rs Dp pre .dodrxt 


d 
To get the value of Gt , differentiate the 


Fig. 22.9 


do, do. ae: 
491 _ 4 ( a ge 


[. Differentiation of a constant (E x e, is constant) is zero] 
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do 
Substituting this value of —£ in equation (vi), we get 


dr 
do. do, 4 do, ‘3 do, 
(1+p)(o,-6,) +r ay HL cm HL a ay =0 
: do, do, 2d0, 2 do, - 
or (1+) (6,-6,)+r ae u ae uu ie uu -n =0 
do do 
= i) ed . 
or (1+) (o, 0) +r|( We ie M— ( +w]=0 
do do 
_ _ 442 Cc r = 
or (1+) (6,-9,)+r(-p*) adr Uxr (1+u)=0 
d 
or Geis -oier tetas 0 
et dr dr 
do, do,. : 
or (6,-6,) +7 (1- pW) Se —pxrx a =0 ...(Uit) 
[Cancelling (1 + )] 


Now considering the equilibrium of an element ABCD of radius ‘r’, radial width dr and 
thickness ‘’ subtending an angle dé at the centre as shown in Fig. 22.9, we get 


de 
6, xrd0xt+2o0,xdrxtxsin Se (o, + do,) (r+ dr) d®@ x t + centrifugal force 


(Resolving the force in radial direction) 
where centrifugal force = m x w? x r where m = mass of element 
=p x volume of element 
=p x (rd0 x dr x t) 
=(p x rd0 x dr xt)x wo? xr 
= pr? x w x dx dr xt 


dé dé 
and sin es as d@ is very small 


Hence the above equation becomes as 


dé 
0, x rd0 x t + 26, x dr x t x > = (0, + do,) (7 + dr) dO xt + pr°w” x d® x dr xt 


Cancelling dé x ¢ from both sides, we get 


1 
0, x17 +20, x dr x > = (6, + do,) (r + dr) + pr? w? x dr 


or o,xr+o,xdr=lo.xr+o,xdr+rdo, + (do,) x dr] + pr2a? x dr 
or o, x dr =o, xdr+rdo, + pr2a* x dr 
[Neglecting the product of two small quantities i.e., (do,) x dr] 
Dividing by dr on both sides, we get 


do 
0,=0,+7r oP +pr? w 
r 


or (o,-6,) =r Gale pra ...(Uiit) 
dr 
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Substituting this value of (6, — 6,) in equation (vii), we get 


d 
—— + pr2o? + r(1 — pw) “. —wxrx a =0 
d 
or a (1 — pw) + pr2o? +r (1 — p) a =0 
do, do 
r c 2D 
or r(1 wy (Soe Se) 4 pr8ut=0 
do, do, pr?” pxrx@? 
or + = = 
dr dr r(1—p) (1-) 
Integrating both sides, we get 
2 
p oe : 
0.+6,=-—— x 0’ x —+C ... (1x) 
T c d= 2 1 


where C, is a constant of integration. 


To get the values of 6, and o,, equations (zx) and (viii) are to be solved. As equation (viii) 


contains a , we should eliminate o, from these equations. This can be done by subtracting 
r 


equation (viii) from equation (ix), then we get 


96. =|? —x@? x1 +Cy poo pra” 
7 (1-) 2 r 


d. 
or 20, +r Pr = Gey xw?x Spex ort, 

2.2 

a xr 1 42 +C 
2 (1-p) : 

_ pxo?xr? (1+2-2y C 

a 2 (=p) J* "2 
2y 2 (3-2 

x, PRO AT |S eh +C 
2 1-u 


Multiplying by r on both sides, we get 


278 (3-2 
Org +72 20r = PXO XP” u +Cur 
r dr 1 


2 1-yp 
d 2xr3 (8-2 
or —(Pxeqyectae S WP aco 
dr e 2 1l-u 
Integrating the above equation, we get 
204 2 
XO" Xr =92, 
Pie ooh 8 ME ge +C, 
r 2x4 =u 2 


where C, is another constant of integration. 
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_ pxo* xr? {3-2 gig a 
ee 8 1l-u 2 


Cy Cy px? xr? 3—2u 
or oe ae M2217) 


Equation (22.17) gives the expression for radial stress set up in a rotating long cylinder. To 
get the expression for circumferential stress (i.e., 6), substitute the above value in equation (ix). 


Ci Cy pxo?xr? (3-2p) _ p wo? xr? 
22 3 iu TO ay 3 +C, 
_ p ae Ci _ Co, pxw® xr? (3 — 2p) 
‘ (1=p) 2 ee ee oa 8 1-u 
C, Cy, px@?xr? 
=p f° aig ee 
C, Cy px@’xr? 
a 3 8 —u) (1 + 2u) 
ee: 
ce ga Phe ae Eee (22.18) 
2 +r 8 11 


Equation (22.18), gives the expression for circumferential stress set up in a rotating long 
cylinder. 


22.4.1. Expression for Circumferential and Radial Stresses in a Solid Cylinder. 
For a solid cylinder, at the centre r = 0, the stresses will become infinite. But the stresses cannot 
be infinite at the centre. Hence in equations (22.17) and (22.18), the constant C,, should be zero 
i.e., C, = 0. Hence the stresses for solid cylinder will be as : 


w(x) 


an: 1-u 
2 yp? (142 
_O1 px’ xr LL ’ 
and ace —— (3t2) (xt) 


The constant C, from these equations will be obtained from boundary condition. 
Now for a solid cylinder on the free surface, 6, = 0. This means at r =r, 

6, = 0 where r, = radius of the surface of the shaft. 

From equation (x) in which o, = 0 at r =r,, we get 


or 
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Substituting the above value in equations (x) and (xi), we get 


5 a PROX [SaSk) _ px ert tag 
a 8 1-y 8 1- 


2 (3-2 
=P ~ (A=) ye —r?) wh 2219) 


The stress is maximum at the centre where r = 0 


2 
x@”~ (38-2 
ei..5" as 


max = =p 
Oe ae eae 2 2 
and go Pee Xo (3-—2u pxo° xr’ {1+2u 
8 1-p 8 1l-u 
oxo? xre (3-2u) pxm?xr? [) (3 — Qu) 
x 
8 1-u 8 1l-u (3 — 2u) 


[Multiply and divide the last term by (3 — 2u)] 
2 
= = : ‘es G 7 tal 
2 
-2 
= : (5 | [2 fy “| 
—u 3-2 


The stress is maximum at the centre where r = 0 
2 _ 2 
Cr eae ce (22.20) 
c’ max 8 1 a u 2 


Hence in case of solid cylinder, the circumferential and radial stresses are maximum at 
the centre and they are equal 


2 sae 
(Cmax = (O.)max = F t= i weet) 


22.4.2. Expression for Circumferential and Radial Stresses in a Hollow Cylinder. 
The circumferential and radial stresses in a rotating long cylinder are given by equations as 


C C. 2 2 
ee it 2 pxo" xr (342) i) 
2 fr 8 1l-u 
2 2 _ 
and 6, = Cy +&2 px@ xr° {3-2u _@ 
2 r 8 1l-u 


The values of C, and C, are obtained from boundary conditions. 
For hollow cylinders, at r=r,, 6, = 0 and also atr=r,, 6, =0 
Substituting these values, we get two equations as 


C C. 2 2 _ 

O=—1+ $ ea ASS cla [Here o, = 0 atr=r,] . (tit) 
2°57 8 1 
C C. 2 2 _ 

QO=—1+ - pate ee | Sey [Here o, = Oatr=r,] ...(iv) 
207 8 1 
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To eliminate C, from these equation, subtract equation (iv) from equation (iz), 


2 3-2 2 - 
(22 aye ae) eal Bre x 2 
ry 8 (1-p) 8 1-u 
t 4 xo”  [8=2 
=C, 2 2 p = B i? rel 
Lal 9 8 1l-u 
le 77) pxo” 3-2u 
GER tg (aap eo 
oe pao 24 [Cancelling (r,?—r,?)] 
eet 8 1-u =e 
2 — 
G2 pxo” (3—-2u rere 
8 1l-u 


Substituting this value of C, in equation (iii), we get the value of C, as 


2fa_ 2 = 
ou- S14 . px@° (3-2u r2 72 _ px xr2x 3-2u 
ry 8 1l-u 8 1l-u 


8 1-u 8 1-yp 
C 2 _ 2 7 
ae G1 _ px@™ {3-2 panes 3— 2u xr? 
2 8 1-u 8 1l-wu 
2 
pxo” {3-2u 
= 8 e Je. +r,7] 
or C= '2" imi [7,2 +7r,7] 
4 l-u 


Substituting the values of C, and C, in equations (7) and (iz), we get 


mee [S22] tens pxo” [Sa24) tp") pxw? xr? (22) 
a 1 2 
= 


8 1=p) A 8 1a 


2 = 2 = Ry: Ley 
_Px@™ (3-2 [2 + r,2] + PXO 3-2u x XT PXO Xr 1+ 2u 
8 1l-u 8 l-u r2 8 1-u 
2 2 2 2 
= - - 1+2 
al a fc (rj +re) + aS |g 2 B 2 
8 1-u 8 1l-u r 3 — 2u 
px@” (3-2n)\| 2. 2 rim _(1+2n) » 
7 fi ea ..(22,22) 
8 1l-u r 3-2u 
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= 7 x 3-2 x = 
and 0 [2 2) tend + |! ® | a 2) pxo xr (2 7 
—H 


11 = 8 1-u 


r 
2 2 2 
= px (a) [. +722 a .(22.23) 
r 


Equation (22.22) gives the expression for circumferential stress and equation (22.23) gives 
the expression for radial stress in a hollow long rotating cylinder. 


Maximum circumferential stress (6,), 4x 


From equation (22.22), it is clear that circumferential stress will be maximum when *7’ is 
minimum. 


Hence circumferential stress will be maximum at the inner radius where ‘7’ is minimum 
(i.e., r=Tr,) 


Hence substituting r =r, in equation (22.22), we get max. value ofo, 


2 2.2 
(o.) _PxXo” (3-2 r+ re 4+ == (seme a? 
c’max 8 1l-u r $220 


2 
2g PROT 5 (POA | ge | Se | ae (22.24) 
8 1l-u 3— Qu 


Maximum radial stress (6,) 4. 
From equation (22.23), we cannot say that o, will be maximum when r is minimum. 


d(o 
Hence for o,, to be maximum — should be zero. 
2a _ 20.2 
2 de px@° (3-2u r2 ar? x72 ae _ 
dr 8 1-u r 
px@” (3-2Qu ry X1ry x (— 2) 
or 0+0 z : 3 2r|=0 
8 1l-u r 
2 
or on —2r=0 
3 
or ar? xr? —2r4=0 
or PHT <i, Os Far ee 


or r= Jr, Xt% ...(22.25) 


Equation (22.25) gives the value of r at which radial stress will be maximum. Substituting 
this value of 7’ in equation (22.23), we get maximum value of radial stress. 


2 2 2 
(C= poe (S24) [2 +7 = TD nn] 
r 


8 1-u NXT 
2 2 
pxo {3-2u pxo” {3-2u 
ced iy Ph Pe Gen Pp —n)? 


Equation (22.26) gives the value of maximum radial stress. 
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Problem 22.8. A long cylinder is rotating at a speed of 3600 r.p.m. The diameter of the 
cylinder is 500 mm and density of its material is 8000 kg /m*. If Poisson’s ratio = 0.3, then : 

(i) Calculate the maximum stress in the cylinder and 

(ii) Plot the circumferential stress and radial stress along the radius. 


Sol. Given : 
Diameter, d, = 500 mm 

Radius, ro= a = > = 250 mm = 0.25 m 
Speed of rotation, N = 3600 r.p.m. 

Angular speed, @M= _ ee -—- = 120 mrad/s 


Density, p = 8000 kg/m, Poisson’s ratio, 1 = 0.3 


(i) Maximum stress in the cylinder. Maximum circumferential and radial stresses occur 
at the centre, where r = 0. It is given by equation (22.21) as 


2 2 (3-2 
tes _ PXO™ Xry (a=) 


fe) = 
( ) r’max 8 1l-u 


c’max — 


8000 x (120 1)? x (0.25)? (3-2x03 
8 1-03 


_ 8000 x 14400 x n* x 0.0625 | 2.4 
7 8 0.7 
= 30.45 x 10° N/m? = 30.45 MN/m?2. Ans. 


N/m? 


(ii) Plot of the stresses : 
Circumferential stress (o,) : Circumferential stress is given by equation (22.20), as 


5 = PX 3-2u r2 1+ 2p | 2 
8 1-p 3 — 2 


2 
_ 8000 x (120 7) [352x03) foast -[22%08) 2 


8 1-03 3-2x03 
2 
_ 8000x 14400 xn” 24] 9 noon 16 2 
8 0.7 2.4 


= 4.872 x 108 [0.0625 — 0.667 r2] N/m? 
= 487.2 x 108 [0.0625 — 0.667 r2] N/m? 
= 487.2 (0.0625 — 0.667 r2) MN/m2 
When r=0O, 6, = 487.2 x 0.0625 MN/m? = 30.45 MN/m? 

r=0.05m, 6,= 487.2 (0.0625 — 0.667 x 0.05?) = 29.63 MN/m? 
r=0.10m, 6, = 487.2 (0.0625 — 0.667 x 0.12) = 27.2 MN/m? 
r=0.15m, 6, = 487.2 (0.0625 — 0.667 x 0.152) = 23.14 MN/m? 
r=0.20m, 6, = 487.2 (0.0625 — 0.667 x 0.2?) = 17.45 MN/m? 
r=0.25m, 6, = 487.2 (0.0625 — 0.667 x 0.252) = 10.14 MN/m? 
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Radial stress 
Radial stress is given by equation (22.19), 


_ px @? (ry —r*) 2 | 


0,= 8 I-n 
2 — 
7 8000 x (120 x) (0.252 — r2) 3-2x0.3 
8 1-0.3 


2.4 
= 1000 x 14400 x n? (0.0625 — r?) Ga 


2.4 
= 1000 x 14400 x 1? x 07 (0.0625 — r?) 
= 487.276 x 10° (0.0625 — r?) 
= 487.276 (0.0625 — r2) MN/m? 

When r=0O, 6, = 487.276 (0.0625) = 30.45 MN/m2 
r=0.05m, 6, = 487.276 (0.0625 — 0.052) = 29.88 
r=0.1m, 6, = 487.276 (0.0625 — 0.12) = 25.58 
r=0.15m, 6,= 487.276 (0.0625 — 0.152) = 19.49 
r=0.20m, 6, = 487.276 (0.0625 — 0.2?) = 10.96 
r=0.25m, 6, = 487.276 (0.0625 — 0.257) = 0 


The variation of circumferential and radial stresses are shown in Fig. 22.10, in which 
stresses are along x-axis and radius along y-axis. 


ey 
Ss 
7) 
= 
xe} 
ish} 
a 


Axis of 
rotation 


20 
—-» Stress 


Fig. 22.10 


Fig. 22.11 shows the variation of these stresses when radius is taken along x-axis and 
stresses along y-axis. 
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Fig. 22.11 


Problem 22.9. Ifin Problem 22.8, the long rotating cylinder is having a central hole of 
diameter 200 mm, then determine : 
(i) Maximum circumferential stress 
(ii) Radius at which radial stress is maximum, 


(iii) Maximum radial stress, 
(iv) The variation of circumferential and radial stresses along the radius of the cylinder. 


Take all other data from Problem 22.8. 
Sol. Given : 
Outer diameter = 500 mm 
Inner diameter = 200 mm 
Speed, N = 3600 r.p.m ; 
(i) Maximum circumferential stress (6) a, 
given by equation (22.22) as 
2 (3_ rere (14+2 
ston de (eR 
The maximum circumferential stress occurs where radius ‘r’ is minimum. Hence at the 
inner radius (i.e., at r= r,), the circumferential stress will be maximum, 


2 = 2 2 
_ pxo (2 2) ppeged n (3) 


Outer radius, r, = 250 mm = 0.25 m 
Inner radius, r, = 100 mm = 0.1m 


® = 120 n rad/s ; p = 8000 kg/m, up = 0.3 
The circumferential stress at any radius is 


(6) = 
c’max 8 1-u rY 3—2u 
2 -2 
fog ea a re pore = sual ae 
8 1l-u 3-2u 


2 
_ —_ rn) (2-208) [ox £2 (0.25)? (FES) xox" 


1-0.3 3-2x0.3 


= 487.2 x 10° [oor 0.1250 — = x 01” 


= 62.5 x 10° N/m? = 62.5 MN/m2, Ans. 
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(ii) Radius at which radial stress is maximum. The radial stress is maximum at radius 
given by, 


r= Jr, Xrp = /0.1x0.25 =0.158 m Ans. 


(iii) Maximum radial stress. Maximum radial stress is given by equation (22.26) as 


2 (3-2u 
Sd erg CO, 


_ 8000 x (120 n)* (3-2 0.3 
7 8 1-03 
= 487.2 x 10° x 0.0225 = 10.962 x 10° N/m? 
= 10.962 MN/m?. Ans. 

(iv) Variation of stresses along the radius 


(a) Circumferential stress (6). The circumferential stress at any radius is given by equa- 
tion (22.22) as 


2 (3-2 2 x 72 
Pe cad a rare 4 DXB Ea au r? 
e 8 A po 3-2Qu 


2 _ 2 2 
_ 8000 x (120 x) 2 2208) foxt +o2st + x 0.25 ee 


(G,,) 


max 8 


) (0.25 — 0.1)? 


8 1-0.3 r? 3-2x0.3 


= 487.2 x 10° x [oor 0.0625 + SS ~ 0.667 x P| Nim? 


= 487.2 x [0.0725 + suas — 0.667 x ) MN/m? 
r 


By substituting the different values of ‘r’ in the above equation, we get different values of 
o,. Let us start the calculation from inner radius (7.e., r =r, = 0.1) 


0.000625 


At r=0.1, 6, = 487.2 [ors + =a 0.667 x 01°] = 62.5 MN/m? 


At r=0.125, 6,= 487.2 | 0.0725 + Sera — 0.667 x 0.126? 
= 487.2 [0.0725 + 0.04 — 0.0104] = 49.73 MN/m? 


At r=0.15, 6, = 487.2 0.0725 + a — 0.667 x 0.15" 


= 487.2 [0.0725 + 0.0277 — 0.015] = 41.5 MN/m? 


At r=0.175, o, = 487.2 | 0.0725 + a — 0.667 x 0.176? | 


= 487.2 [0.0725 + 0.0204 — 0.0204] = 35.32 MN/m? 


At r=0.2, 06,=487.2 [orgs + Sr — 0.667 x 02?) 


= 487.2 [0.0725 + 0.0156 — 0.02668] = 29.92 MN/m? 
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At r=0.225, 6, = 487.2 [orgs + soo — 0.667 x 02257 
= 487.2 [0.0725 + 0.0123 — 0.0337] = 24.86 MN/m? 


At r=0.25, 06, = 487.2 [0072s + rr — 0.667 x 025°] 


= 487.2 [0.0725 + 0.01 — 0.04168] = 19.88 MN/m? 
(6) Radial Stress (6,). The radial stress at any radius 7’ is given by equation (22.23) as 


2 = 2 2 
o = PX (2 7 peep -*] 
r 1l-u r 


8 


2 2 2 
_ 8000 x (120m)? (3-203 fox +025 24 suze 7] 
8 1-03 r 


0.000625 _ 


2 


= 487.2 x 10° x [oor 0.0625 — 
r 


| N/m2 


= 487.2 x [ors - alli - ?| MN/m? 
r 


By substituting the different values of ‘r’ in the above equation, we get different values of 
o,. Also 6, is zero at r = 0.1 m and r = 0.25 m. 


At r=0.1m, 6,=0 


0.000625 


At r=0.125 m, o, = 487.2 x [ors 7 aa 0.125" 


= 487.2 x [0.0725 — 0.04 — 0.0156] = 8.23 MN/m? 


At r=0.15m, 6, = 487.2 x [ores = are = 0.15" 
= 487.2 [0.0725 — 0.0277 — 0.0225] = 10.86 MN/m? 


We have already calculated that 6,.is maximum at r = 0.158 m and maximum value of o,, 
is 10.962 MN/m2 


At r= 0.158 m, 6, = 10.962 MN/m? 


At r=0.175 m, o,, = 487.2 | 0.0725 - aa : 


= 487.2 x [0.0725 — 0.0204 — 0.0306] = 10.47 MN/m? 


0.175" 


At r=0.2m, 6, = 487.2 | 0.0725 — cue - 02?) 
= 487.2 [0.0725 — 0.0156 — 0.04] = 8.23 MN/m? 
At r= 0.225 m, 6, = 487.2 | 0.0725 — ss - 0225" 
L 0.225 


= 487.2 [0.0725 — 0.0123 — 0.0506] = 4.66 MN/m? 
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At r=0.25 m, o.=0 
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The variation of circumferential and radial stresses are shown in Fig. 22.12. 


HIGHLIGHTS 


1. 


The hoop stress (or circumferential stress) in a rotating thin cylinder is given by 
O=pxo?xr? or pxv2. 
For a rotating solid disc, the stresses at any radius r are : 
px? 
o.="—e (3 + Ww) r2-(1 + 3p) r?] 


c 


2 
and o,=? > (3 + w) [r,?-r?] 


r 


where o, = Circumferential stress, 
6, = Radial stress, 


2 
@ = Angular velocity = 60. 


uu = Poisson’s ratio. 


At the centre of rotating solid disc, the radial and circumferential stress are maximum and are 
equal. 


px wo" 
8 


The circumferential stress at outer radius of a solid disc is given by 


_ pxo* xr 


fo} 
e 4 


CO) aas = (Odie = (3+ WwW) ry”. 


(1-1). 
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5. For a rotating disc with a central hole : 
(i) The stresses at any radius are : 


2 22, 
ae pe (8+) lope 72 7] 


r 
2 2:2 
px 2,2 77% (1+3) 2 
d = 172 _| 2S 
an O. 8 aw [og +73) + 72 Ges r 


(ii) The circumferential stress is maximum at inner radius and is given by 
2 1- 
_PxX@ ree Ht re 
(6. max ri e+e seu} 
(iii) The radial stress is maximum at the radius given by 
r= VTL x ib) 
(iv) The maximum radial stress is given by 


2 
E > (3+) 7-771 


(v) The value of c, at the outer radius is 


2 
xo 1 
(GJatr=n = P ri (3 + u) C (#4) a ; 


6. The maximum radial and circumferential stresses in a disc with pin hole at the centre are : 


(Cmax = 


2 a2 
xo Xx 
(6, max = a (3+) 
202 
and (Cmax = ae (3+). 


7. The maximum circumferential stress in a disc with a pin hole at the centre is two times the 
maximum circumferential stress in a solid disc. 

8. A disc which has equal values of 6, and o, at all radii, is known as a disc of uniform strength. 

6,.=6,=6 for all radii. 
9. The thickness of a disc of uniform strength is given by 
—pxo? xr? 
t=i,8: 7 
where ¢,)= Thickness at r= 0. 
10. Fora rotating solid long cylinder : 

(i) stresses at any radius are 


2/3-2 
and ets (A=) , 


(ii) 6, is maximum at the centre and is given by 
2(3-2 
pxo" |e = sh 
(,) max = 8 7) np 
(iii) 6, is maximum at the centre and is given by 


2(3-2 
px ot | o7 “Hu 
(6) nax = ; tou ) xr? 
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2(3-2 
(iv) coe ee a C8 eee = evs (Fe) ” oe 


11. For a rotating hollow cylinder : 
(i) The stresses at any radius are : 


(ii) 6, will be maximum at inner radius and is equal to 


2(3-2 
(), = 2X oO | 3-7) | + on? -( 22H] ,,2 
c7max 8 l-wu 3+ 2u 


(iii) 6, is maximum at r= ./r, x 7m and is given by 


EXERCISE 


(A) Theoretical Questions 


1. Find an expression for the circumferential stress developed in a thin rotating cylinder. 
Find an expression for the circumferential and radial stresses developed in a rotating solid disc. 


3. Prove that the circumferential and radial stresses are maximum and are equal at the centre of a 
rotating solid disc. 


4. Prove that the circumferential stress at the outer radius of a rotating solid disc is given by 


2 2 
XO" Xr 
g, = PAO AD (1. 


5. Prove that the radius at which radial stress is maximum in a rotating disc with a central hole is 


given by r= Jr, Xm - 


Also find an expression for the maximum radial stress. 


6. Prove that the circumferential stress in a rotating disc with a pin hole at the centre is two times 
the maximum circumferential stress in a rotating solid disc. 


7. What do you mean by a disc of uniform strength ? Find an expression for the thickness of a disc of 
uniform strength. 


8. Prove that in case of a long solid rotating cylinder the maximum radial and circumferential 
pxo? (3-2 
1-p 


stresses at the centre are equal and they are x r,” in magnitude. 


9. Prove that in case of a rotating hollow cylinder, the radial stress is maximum at radius = ,/r, x m 
and is given by 


2(3-2u 
pxo ( a [(r,-r,)"1. 
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10. Prove that the thickness of a disc of uniform strength is given by 
—px@ xr? 
t=tye 20 
where ¢, = Thickness at r = 0 
o = Stress developed due to rotation. 


(B) Numerical Problems 
1. Find the hoop stress developed in the thin rim of a wheel of radius 400 mm, when it is rotating at 
a speed of 3000 r.p.m. The density of the material of wheel is 8000 kg/m?°. 
[Ans. 126.33 MN/m?] 


2. A steel disc of uniform thickness and diameter 900 mm is rotating about its axis at 2400 r.p.m. 
Determine : 


(i) radial and circumferential stresses at the centre, and 
(ii) circumferential stress at the outer radius. 
Take p = 7800 kg/m? and Poisson’s ratios = 0.3 [Ans. (i) 41.152 MN/m? (ii) 17.46 MN/m?] 
3. Iffor the question 2, the disc is having a central hole of 200 mm diameter, then determine : 
(¢) circumferential stress at inner radius and outer radius. 
(ii) radius at which radial stress is maximum and 
(iii) maximum radial stress 
(iv) maximum shear stress. 
[Ans. (i) 82.16 MN/m?, 21.5 MN/m/?, (ii) 0.212 m, (iii) 24.89 MN/m?, (iv) 41.58 MN/m?] 
4. For the data given in question 2, plot the variation of circumferential and radial stresses along 
the radius. 
5. For the data given in question 3, plot the variation of circumferential and radial stresses along 
the radius. 


6. A steam turbine rotor is running at 4800 r.p.m. It is to be designed for uniform strength for a 
stress of 90 MN/m?. If the thickness of the rotor at the centre is 30 mm and density of its material 
is 8000 kg/m, find the thickness of the rotor at a radius of 400 mm. [Ans. 5 mm] 


7. The minimum thickness of a turbine rotor is 10 mm at a radius of 300 mm. If the rotor is to be 
designed for a uniform stress of 150 MN/m?, find the thickness of the rotor at a radius of 30 mm, 
when it is running at 8400 r.p.m. Take p = 8000 kg/m?. [Ans. 62.84 mm] 


8. A long cylinder is rotating at a speed of 4200 r.p.m. The diameter of the cylinder is 400 mm and 
density of its material is 7800 kg/m?. If Poisson’s ratio = 0.3, then 


(<) calculate the maximum stress in the cylinder and 
(ii) plot the variation of circumferential and radial stresses along the radius. 
[Ans. (i) 25.866 MN/m?] 


9. Ifin question 8 above, the long rotating cylinder is having a central hole of diameter 100 mm, then 
determine : 


(i) maximum circumferential stress, 
(ii) radius at which radial stress is maximum, 
(iii) maximum radial stress, 


(iv) variation of circumferential and radial stresses along the radius of the cylinder. Take all data 
from question 8. [Ans. (i) 52.27 MN/m2, (ii) 0.1 m, (iii) 14.55 MN/m?] 
10. Calculate : (i) maximum and minimum circumferential stress (ii) maximum and minimum radial 
stress in a thin uniform disc of inner diameter 50 mm and outer diameter 250 mm when rotating 

at 8000 r.p.m. Take u = 0.33 and p = 8000 kg/m?. 


[Ans. (7) 74.9 MN/m?, 17.9 MN/m?, (ii) 23.8 MN/m?, 0] 


23.1. INTRODUCTION 


For a straight beam, the bending equation ud meee az has been derived in chapter 7. This 
equation can be applied, with sufficient accuracy, é6 the beams or bars having small initial 
curvature. However the machine members such as crane hooks, chain links and rings etc. which 
are having large initial curvature, the simple bending equation cannot be used. This chapter 
deals with the bending of curved bars, which are having large initial curvature. Actually curved 
bars means the bars of large initial curvature. 

Generally, if the radius of curvature is more than 5 times the depth of the beam, the beam 
is said to be having small initial curvature. But if radius of curvature is less than 5 times the 
depth, the beam is said to be having large initial curvature. Hence for large initial curvature, the 
radius of curvature is small. Also for curved beams, the neutral and centroidal axes do not coincide. 


23.2. ASSUMPTIONS MADE IN THE DERIVATION OF STRESSES IN A CURVED BAR 


Before deriving the expression for the stresses developed in a curved bar when it is subjected 
to some bending moments, the following assumption are made : 

1. Transverse sections which are plane before bending remain plane after bending. 

2. Hook’s law is applicable. This means the working stresses are below the limit of propor- 
tionality. 

3. The longitudinal fibres of the bar, parallel to centroidal axis exert no pressure on each 
other. This means the distance between any longitudinal fibre from centroidal axis is same before 
and after bending. 


4. Each layer of the beam is free to expand or contract, independently of the layer, above or 
below it. 


23.3. EXPRESSION FOR STRESSES IN A CURVED BAR 


Fig. 23.1 shows the two positions of a curved bar, one position [i.e., Fig. 23.1 (a)] is before 
bending whereas the second position [i.e., Fig. 23.1 (b)] is after bending when some moment M is 
applied at the ends of the bar. The centroidal axis is shown by line LM and LM’ in the two 
positions respectively. 

Consider any fibre EF at a distance ‘y’ from the centroidal axis LM. This fibre takes the 
position of EF” when the moment M is applied. Then the fibre EF’ will be at a distance of ‘y” from 


the centroidal axis LM’. 
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Refer to Fig. 23.1 (a). Here: 
R = radius of curvature of centroidal axis LM, 
8 = angle subtended by centroidal axis LM at the centre of curvature O, 
y = distance of fibre EF from centroidal axis LM. 
Refer to Fig. 23.1 (b). Here: 
M = uniform bending moment applied to the bar, 
R’ = radius of curvature of centroidal axis LM’, 
8 = angle subtended by centroid axis LM’ at the centre of curvature O’, 
y’ = distance of fibre EF” from centroidal axis LM’. 
Let o = stress in the strained fibre EF’ due to bending moment M, and 
e = strain in the same fibre EF’, 
€, = Strain in centroidal layer LM. 


Centroidal 
axis 


Centroidal axis 
(After bending) 


(a) Curved bar ABCD before bending (6b) Curved bar AB'C’D after bending 


Fig. 23.1 


Now, from Figs. 23.1 (a) and 23.1 (b), we have 
EF=(R+y)x® and EF’=(R’+y’)x0’ 


Also IM=Rx0® and LM’ =R’x@’ 
eis _ EF’-EF (R’+y’)x0’-(R+y)x® 
pier Oe EF (R+y)x0 


_(Rity)x0 (R+y)x0 _ (R’+y’) 0 
~ (R+y)x0 (R+y)x0 (R+y) 0 


(R’+ y’) Q’ 
1 = pia a. eee 
or +e ay 6 (i) 
LM’-— LM "x @’ , , 
Also, strain, e)= _ h’xe Rx0_R y 2 1 
LM Rx0 R @ 
R’ 0’ 
or 1+ ey = R x @ ..(iL) 
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Dividing equation (i) by equation (iz), we get 


l+e (R’ty’) . = /(2 e | 


l+ey (R+y) 8 k 0 
: (Rit) R 
~ (R+y)” R’ 


[Cancelling - from numerator and denominator 


he ee 
- (222) i+ 
R 
142, a 
1+e=(1+e,) Rt or e=(1+e)) R'|)_41 
142 142 
R R 
y” y y y 
1 1+ -{1l4+ a 
= +e)( r) ( z) 1+ 57 +0 +20 X 5, a 
¥y y 
1+— 1+ — 
(1+3] R) 
, , y’ y’ y 
or te +e = ae R 


Adding and subtracting the term (« x) 
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1 1 
cor }t (en Rho reo” 
(+5) 
R 
1 1 1 1 
len R)ote) +00 -) 


=e) + =€)+ 
(1+) (1+) 
R R 


Equation (iii) gives the expression for the strain produced in fibre EF under the action of 
moment M. 
Now the expression for stress produced in the fibre EF can be obtained. 


(diz) 


Stress 
We know that =——=E 
Strain 
or stress = EF x strain 
or o=Exe 


1 1 
1 oe as Ee 
y( +e0)(z a 


ie 


The above stress is produced due to bending moment M. Hence this stress is known as 
bending stress. 


...(iv) 


=Ex Cg + 


Consider a small strip of area dA at a distance y from centroidal axis LM. 


The force onthe strip =stress x area of strip 
=oxdA 

Moment of this force about centroidal axis = Force x y 
=(oxdA)xy 


The above expression gives the resisting moment offered by the strip. Total resisting moment 
is obtained by integrating the above equation. 


Total resisting moment = J (ox dAxy) 
For equilibrium, the total resisting moment must be equal to applied moment M. 


M= | oxdAxy or J oxyxda 


* From equation (iv), o= EH x|e)+ 
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P i 
y A+ e)(3- 7} 4A 
=E J €o ydA+E| ie ae ae 
3) 
R 
2 
=0+ 80 +6)(Z lll yas 
i of (1+) 
R 
| @{ ydA=0 and (ii)e,,R’ and Rare constants | 


(ea) | ZS) 


Let J ye dA _ 


.(U) 


where h?=aconstant for the cross-section of the bar 


M = E(1 +e,) Gad xAx h? 
RR 


(UL) 
In the above equation e, and FR’ are unknown. 
Let us find the value of e, and R’ 


We have seen that force on the strip of areadA =o x dA 


Total force on the cross-section will be obtained by integrating the above equation. 


1 1 
Total force, F= | oxda =| Ex €y + dA 


[1+ x) 
R 
1 1 
y(1t eo) (z 2 
From equation (iv), 6 = E x| eg + 


ey 


1 1 
=E A+EQ ee || et ae 7 
xe,xA+ E +0) ally dA 


1+ *) 
R 
where A= Area of cross-section of the beam. 
But for pure bending, there is no force on the section of the beam. 
- F=0 


STRENGTH OF MATERIALS 


or 0=Bxeyx A+B +e) (2 el i (vit) 


Let us now find the value of J YA. 
[+ 
R 
y? 

We know that J dA = Ah? from equation (v). Hence let us use this value to find 
[3] 

R 
J y 
[MF 

R 

y? 


Y__ dA= bree), 
ey ee 


dA 


2 
[Adan and subtracting - to the punerato 


(1+) R (1+) 
R R 
2 
=| yA [s =f dA 
* [reg] 
R 
1 y? 
=0-— dA sue: = 
“al (1+3] [: J vaa 0| 
R 
=—— x Ah? 2 
| Jy dA = Ah? 


Substituting the value of J yc in equation (vii), we get 
e + >| 


0=Bxe,xA+ BU +e,)( - 5 )x(- 9» Ar) 
RR) UR 


or BUA + 69) (So- 2) x2 x Ah? = B xe x A 
R 


R’ R 
4 
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2 

or (1 +e) (ze - 3) x — =e, [Cancelling E x A from both sides] 

or (1 + e,) ( Ta ql exh ...(ULit) 
R’ R he 


Substituting the value of (1 + e)) & = z in equation (v2), 


egxR 
We get M=Ex Pe x Ax h? 
=Exe,xR xA 
M : 
or “0 BXRXA ...(ix) 


From equation (ix) it is clear that e, is constant for a given value of M, A and R. 
Now the expression for stress (o) can be obtained by substituting the value of (1 + ep) 


& - 4 from (viii) in equation (iv). 


yX 


egxR 
2 


o=Ex €g + 


from equation (viii) 


; 1 1) e xR 
a+en(Z ie 


R h? 


M h? M 
& 1 oe 1 i = —— 
nx a *(F) From equation (ix) ey aa 
R 
; e 
- ” |,,%/_» (23.1) 
RxA| h?\R+y) 


Equation (23.1), gives the expression for tensile stress. The value of ‘y’ will be —ve, on the 
downward side of centroidal axis LM. Hence stress will be opposite to the stress given by 


equation (23.1). 
. M i y 
o(compressive) = Mls © | 


2 
~M), # f_y (23.2) 
RA h? \R-y 
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The expression for the stress given by equation (23.1) or (23.2) is known as Winkler- 
Bach Formula. The distribution of the stress given by equation (23.1) or (23.2) is hyperbolic (and 
not linear as in the case of straight beams). The stress distribution is shown in Fig. 23.2. 


LLL LLL 


Centroidal axis 


Neutral axis NA 
Rh? 


¥=— 
° "(Re +h?) 


Stress distribution 
across the section 


Fig. 23.2 


Position of Neutral Axis. Let y, = distance of neutral axis from centroidal axis. 


The stress (G) is zero at the neutral axis. Hence position of neutral axis is obtained by 
substituting o = 0 and y = y, in equation (23.1). 


M R? Vo R?( y, 
= 1+ = — i = 
0 Z| he (=) 0 or ae Ry 0 


R?( 2 2 2 
or ralreer =-1 or R*y,=-h*xR-h*xyy 
2 
or y(R?+h?2)=-h?xR or y= wy 8) 
+ 


But ‘y’ is the distance from centroidal axis . As y is —ve, this means the neutral axis will be 
at a distance of ‘y’ below the centroidal axis. Fig. 23.2 (a) shows the position of neutral axis and 
Fig. 23.2 (b) shows the stress distribution. 

Sign Convention. The stress across the cross-section will be tensile or compressive ac- 
cording to the following conventions : 

1. The bending moment M will be positive if it increases the curvature of the beam and 
negative if it decreases the curvature. (Increase of curvature of beam will decrease the radius of 
curvature). 

2. The distance ‘y’ is positive if it is measured from the centroidal axis towards the convex 
side of beam, and negative when measured towards the concave side (or towards the centre of 
curvature). 

3. The positive stress means tensile stress, whereas negative stress means compressive 
stress. 


23.4. DETERMINATION OF FACTOR ‘h” FOR VARIOUS SECTIONS 


From equation (v), we have 


J y? dA = Ah? 
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1¢ Ry? y 
‘ ma (1+2) AJ R+y ral (R+y) 
R 


or 


2 
There is some difficulty in integrating the term a , as y is existing in numerator and 
+ 


y 
denominator. Hence y? should be illiminated from numerator so that integration can be done 
easily. By adding and subtracting ‘R” to y?, ius becomes easy. 


c= y? +R? - =| y iit a R? dA 

A a ~ AJ | (R+y) Ray 
_Rel|Qy-Ry+R) , RF _R pe ale ber 
-FyI (R45) Pane c Rey 


Jaa man j (Eo )aa| 


Jo-Rxas 


_R& 
A 
_& 
A 


| 
(R+y) 
E J vaa=o, | RdA=R{| dA=Rx A) 


=n Bi (laa 


_ 4 u Jaa R (23.4) 
A R+y 


By substituting the values of ‘y’ and dA for various section in equation (23.4), the value of 
h? is obtained. 

23.4.1. Rectangular Section. A rectangular section of a curved beam of width ‘b’ and 
depth ‘d’ is shown in Fig. 23.3.The centre of curvature of the curved beam is at O. The radius of 
curvature from centroidal axis is R. Consider an elementary strip of width ‘b’ and depth ‘dy’ ata 
distance ‘y’ from the centroidal axis. 


Centroidal axis 


Centre of curvature 


Fig. 23.3 
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Now area of strip, dA = 6 x dy 
Area of section, A=bxd 
From equation (23.4), we have 


Re 1 +d/21xbxdy 
ere le = sae ee 2 
‘ ite a -5I - 


diz (R+/¥) 
(. dA=bxdy) 
R®?xb +d/2 1 R? d/2 
= dy —-R?2={ —_ _ pR2 
aa iter kt 7 oe, ay] R 
-d/2 
:; - Tog. ( R+— sel a R? 
(R + d/2) (2R +d) 
es Aah 
- Toe. °(R- a log, GRD) 
2R+d)_ R+d/2\_ d (a) ay 
Also tg, (2 *4) = 1 Gee ve oR te oR ee 
3 2 4 
jou t Sy1+3(5] +3(s5) + washes —R? 
d|R 3\2R 5\2R 


= R? 


cok aco! 
1+ + + cease 
3\2R 5\2R 


2 4 
+( z) A 2 =) a | [23.5 (A)] 
3\2R) 5\2R 


23.4.2. Triangular Section. A triangular section of a curved beam of width ‘0’ and height 
‘@ is shown in Fig. 23.4. The centre of curvature of the curved beam is at O. The radius of 
curvature from the centroidal axis is R. Consider a strip of width b* and depth ‘dy’ at a distance 
‘y’ from the centroidal axis and also at a distance ‘r’ from the axis of curvature. 


= R2 


Axis of curvature 


Centre of curvature 


Fig. 23.4 
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oi r=R+y 
and dr=0+dy=dy 
Let R, = distance between base of triangle and axis of curvature. 
R, = distance between apex of triangle and axis of curvature 
. bxd 
Area of triangle, A= 5 
Area of strip, dA = b* x dy 
= a(R, 1) x dy = a(R, —r) x dr (. dy =dr) 
where b* is obtained from 
b* (Ry, -71) 
b 06d 
g 2 
or b* = qk —r) 


Now from equation (23.4), we have 


3 
ee | -———- (2 R+y=r) 


(limit of integration will be according to dr in which 
r is the distance from axis of curvature. Hence limits 
of integration will be from R, to R,) 


_ 2R° 2 [® & 
~bxd dJR, 


R, R, 
—- [, log, | - (*] 
1 x 


aR° : 
= “a [R,(log, R, — log, R,) - (R,— Ry) -R 


1 dr — R2 


r 


— R2 


= ae | tog, ( 22 |- ips R) _ R? (23.6) 
1 


Let us convert R, and R, in terms of R and d. 


2d 3R+2d 
Now R,=R+ ya 


d_3R-d 
3 


R,=R- 
and. R,-R,=d 
Hence equation (23.6) becomes as 
2R° 
= ro Vit ... [23.6 (A)] 


h2 


(3R + 2d) 3R + 2d 
see See oe d 
3 3R—d 
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23.4.3. Trapezoidal Section. A trapezoidal section of a curved beam of widths 6, at the 
bottom, b, at the top and of height d is shown in Fig. 23.5. The centre of curvature of the curved 
beam is at O. The radius of curvature from the centroidal axis is R. Consider a strip of width 6 
and depth ‘dy’ at a distance of y from the centroid axis and at a distance r from the axis of 
curvature. 

Re r=R+y 
and dr=0+dy=dy 

Let R, = distance of bottom layer of trapezoidal from axis of curvature 

R, = distance of top layer of trapezoidal from axis of curvature 


l«—b,—> 


R 
r 
| Axis of curvature 
/ 


OT 
Centre of curvature 
Fig. 23.5 


b, +6 
Area of trapezoidal = a xd 


Area of strip, dA=bxdy whereb=b, + (7s 2) (R,-1) 


- 5, (2 78 R, -»| dy = 5, +(x, -»| dr 


(. dy =dr) 
Now from equation (23.4), we have 
p22 = RE dA ip» 
Al (R+y) 
‘ by (2) R= ) dr 
R d R? 
ar = 


[ dab, +(A5%)ca, -7) 
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adxr adxr 

[Here the limits of integration will be according to ‘dr’ in which r is the distance from the 

axis of curvature. Hence limits will be from R, to R, (i.e., distances of bottom and top layers of 
trapezoidal section from axis of curvature. )] 


R? Ry b, — by 1 Ry b, — by 2 
=f {m+ 7 ) «Ral x2ar - (a dr|—R 


3 _ Re _ R, 

_R [ (2 %) Ral (to) - A=) (,) 

A d ie d R, 

3[ = = 

_R fe ob ty) “Fog 22) (b, =) (R, -R,)|—R 

(b,, 6,,d and R, are constants) 
3 [ — 

a {b + (b, = by) « Ry} tg, 2] (b, 60 i? mea) 


1 


=p | ee PDE a R2 
A r 


— R? 


(. R,-R,=d) 

23.4.4. Circular Section. A circular section of a curved beam of diameter ‘d’ is shown in 

Fig. 23.6. The centre of curvature of the curved beam is at O. The radius of curvature from 

centroidal axis is R. Consider a strip of width ‘b’ and depth ‘dy’ at a distance ‘y’ from the centroidal 
axis. 


WY e—b—> 


4 
. 


LILI Lm 


\ 


Centroidal axis 


Centre of curvature 


Area of strip, dA=bxdy where b= | iar2)? - y*| x 2 


T 
Total area of section, A= 4 d? 
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From equation (23.4), we have 


2 
2 (<) —y? |dy 
ye +d/2 dA ee R’ ie 2 a 
— Adaa(Rt+y) Wye d-are (R+y) i. 
4 
d” 4 


SR? pd2y 4 > 
nd? ie (R+y) 


The above integral can be expanded by binomial expression and then integrated, we 
will get 


dy — R? 


a i ae 
2 
h? = 16° 128 RB? + cvsceee : ...(23.8) 


23.4.5. T-section. A T-section of a curved beam is shown in Fig. 23.7. Consider a strip of 


width ‘b’ and thickness ‘dy’ at a distance y from centroidal axis and at a distance r from axis of 
curvature. Then r= R+y and dr =0 + dy =dy 


rl by je 


Centroidal axis 


Area of strip =bxdy 
To find h?, use equation (23.4), 
3 
es oe ae 


A! @+y * 

R?[ B® byxdr  p® b,xdr 

= a" | _ p2 

=I, r +], r R 

[.- dA between R, and R, = b, x dy = b, x dr and between R, 
and R,, dA = b, x dy =b, x dr] 
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rita R R 
= —|b, 1 “3/461 “2 1) _ p2 
A . log, Gab 1 log, Gal R ...(23.9) 


where A = total area of T-section = b, x (R,—R,) + 6, x (R,-R,) 


23.4.6. I-section. Fig. 23.8 shows the I-section of a curved beam. Consider a strip of width 


b and depth dy at a distance y from centroidal axis and at a distance r from the axis of curvature. 
Then 


«b> 


Fig. 23.8 
r=R+y where R= Radius of curvature i.e., distance 
of centre of curvature from centroidal axis 
and dr = dy 
Area of strip, dA=bxdy=bxadr (. dy =dr) 


Total area of I-section, A = b, x (R,—R,) + 6, x (R,— R,) + 6, x (R, —R,) 
To find h?, use equation (23.4) 


Pe dA ps R® (2x) p 

~ Ad (R+y) ~~ A . 

R?[® b,xdr Rs byxdr_ R bs xdr 5 
“A i r +] + In a 


R? R R R 
= — 1}, log,| —2 |+b, log,| —2 |+b, log,| —* || — R? 
A 1 og, 22) p) oe 2) 3 og, 7 


...(23.10) 


r 


R, r 


where A=b,x(R,—R,)+5(R,—-R,) + 6,(R,— Ry). 

Problem 23.1. Determine : (i) location of neutral axis, (ii) maximum and minimum 
stress, and (iii) ratio of maximum and minimum stress, when a curved beam of rectangular 
cross-section of width 20 mm and of depth 40 mm is subjected to pure bending of moment + 600 Nm. 
The beam is curved in a plane parallel to depth. The mean redius of curvature is 50 mm. Also 


plot the variation of the stresses across the section. 983 
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Sol. Given: 
Curved beam of rectangular section, 
Width, b = 20mm, depth,d=40mm, .. Area, A = 6 xd=20 x 40 = 800 mm? 


Radius of curvature, R = 50 mm. 
Bending moment, M = + 600 Nm = 600 x 1000 = 600,000 Nmm 


88.36 

+20 mm>| ¢—>| 

20 
Centroidal 
axis 
y st 
0 ee ee ee 
*A —» Stress 

-10 


Neutral 15 
axis 
-20 
(a) 156.17 
R-~50mm (6) Stress distribution 


Axis of curvature| Centre of curvature 


oO 


Fig. 23.9 


(i) Location of neutral axis. Let y, = distance of neutral axis from centroidal axis using 
equation (23.3), we get 
Rxh? 
R? +h? 
Let us find now the value of h? for rectangular section 


Yo = .(L) 


The value of h? for rectangular section is given by equation (23.5) as 


Ving 2R+d 50° 2x 50+ 40 
h? = log, Rene liog, [Fee | 80 
d oe (z+) 40 | ©°\2x50-40 


= 3125 to. (=) — 2500 = 3125 [ log, (2.333)] — 2500 


= 3125 x 0.847 — 2500 = 2646.8 — 2500 = 146.8 

— 50x (146.8) _ 

“0 50? + (146.8) 

—ve sign means the neutral axis will be below central axis at a distance of 2.773 mm. 
The value of h? can also be obtained from equation [23.5 (A)] as 


1S) 4S) +—| 


gpa | Ea 0 oe. 40 - 
~ 3 |2x50 5\2«x50) — 


2.773 mm. Ans. 


h2 = R? 
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= 2500 [+ x 0.16 + > x 0.0256 


= 2500 [0.0533 + 0.00512] = 2500 x .05842 = 146.05 


_ 50x 146.05 _-50x14605 gone An 
~ 507+ 14605 264605 0 mes 


(ii) Maximum and minimum stresses. The stress at any layer in the cross-section at a 
distance ‘y’ from centroidal axis is given by equation (23.1) as 


2 
Oo= as ie y 
RxA h?\R+y 


For a given value of M, R andA, the stress will be maximum when y is —ve and maximum. 
Hence maximum stress will occur at the extreme bottom layer where y = — 20 mm. 


c= 800,000), , 50° _(_-20 
mex” 50x 800| 146.05 | 50 - 20 


[.: A= 800 mm?, h? = 146.05, M = 600,000 Nmm] 


Yo 


=15 ji = 15 [1-11.41] = 15 x 10.41) 
146.05 x 30 


=- 156.17 N/mm?. (compressive) Ans. 
Minimum stress occurs at the extreme top layer where y = 20 mm 


2 2500 x 20 


min “50 x 800 146.05 \ 50 + 20 146.05 x 70 
= 15 x 5.89 = 88.36 N/mm. (tensile) Ans. 
(iit) Ratio of 6,,,,. and 6, 
Omax 156.17 
Smin =~ 88.36 (Here take magnitude only) 
=1.767. Ans. 


(iv) Plotting the stresses across the cross-section. Stress at any distance ‘y’ from neutral 
axis is given by equation (23.1) as 


M R?( y 600,000 50” y 
o= 1+ = 1+ 
RxA h? \R+y 50 x 800 146.05 | 50+ y 


y i 
= 14+ 17.11 
15] (zs) a) 
By substituting the various values ofy in equation (iz), different values of stress are obtained. 
[, , 17.11x0 
+. a | = 16% 1515 N/mm? 


= -15/1 
At y=0, 5=15|1+— 0G 


5 
At y=5mm, o=15 eatatx{ = }] +2898 Nvnn 


+5 


10 
At y=10mm, o=15|1+1711x (as) = 57.77 N/mm? 
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15 
A = 1 = 1 1+ 17.11 = 4.22 2 
t y=15 mm, o=15 e FET | 7 N/mm 
A =2 =15/1+17.11 = 88. 7 
t y=20 mm, o=15 x (= oe } 88.36 N/mm 


At y=y)=— 2.76 mm, o=0 at neutral axis 


At y=—5mm, o=15/1+ rarx(59))-— 195 N/mm? 
fas 17,11x——20)_ 2 
At y=-10mn, o=15 | . (50-10) | =~ 49.16 N/mm 
ae = 14+17.11x| — —_ 2 
At y 15 mm, o=15 L (= ) 95 N/mm 
At y=-—20mm, o = — 156.17 N/mm? 


The variation of the stress across the section is plotted in Fig. 23.9 (0). 

Problem 23.2. Determine : (i) Location of neutral axis, 

(ii) Maximum and minimum stresses. 

When a curved beam of trapezoidal section of bottom width 30 mm, top width 20 mm and 
height 40 mm is subjected to pure bending moment of + 600 Nm. The bottom width is towards 
the centre of curvature. The radius of curvature is 50 mm and beam is curved in a plane parallel 
to depth. Also plot the variation of stresses across the section. 


Sol. Given : 
b, = 30 mn, 6, = 20 mm, d = 40 mm, M = + 600 Nm = 600 x 1000 Nmm 
R=50 mm. 
20 mm 
Centroidal 21.33 
cae G 
Neutral 18.67 
axis 
}¢30 mm k¢— 115.38] 
R=50mm 
(a) (b) Stress distribution 
Centre of curvature 
ra Zz Axis of curvature 
eee sae Se el 
Fig. 23.10 


Let us first find the location of centroidal axis. The distance ‘d,’ of centroidal axis from the 
side 6, is given by, 


Bb +5. art 30 +20 3 rT a 
and d, = 40 — 18.67 = 21.33 mm 


[ae a [22220 70 40 
| ag — 
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Let us now find R,, R, and area A. 
R,=R-d, = 50 - 18.67 = 31.33 mm 
R,=R+d,=50 + 21.33 = 71.33 mm 
A = Area of trapezoidal section 


b, + by 30 + 20 
=|"3 xd= 5 x 40 = 1000 mm? 


Let us now find h? for trapezoidal section. Using equation (23.7), we get 


3 
Fes ate (7! =) <4} log, [22)- (6, -9| — k? 


1 


3 — 
mee {20 yes 7.33) ioe: (a3) (30 - 20) | — 502 
1000 40 31.33 
= 125 [(20 + 17.83} x 0.8227 — 10] - 2500 = 140.34 


(i) Location of neutral axis. Let y, = distance of neutral axis from centroidal axis. The 
location of neutral axis is given by equation (23.3) as 


_  Rxh? _ 50x 140.34 
Yo" Ria 507 + 140.34 
50 x 140.34 
=— ~ 2640.34 _ =- 2.65 mm. Ans. 


—ve sign means the neutral axis will be below the centroidal axis at a distance of 
2.65 mm. 


(ii) Maximum and minimum stresses. The stress at any layer at a distance ‘y’ from centroidal 
axis is given by equation (23.1) as 


2 
o= M 147 y 
RxA h?\R+y 


The stress will be maximum at the extreme bottom layer where 
y =— 18.67 mm 


800,000 fs 50? ( ~ 18.67 } 
max 50 x 1000 140.34 \ 50 — 18.67 
= 12 [1+ (10.61)] = 12 x (-9.61) =— 115.38 N/mm2, Ans. 
= 115.38 N/mm? (compressive) 


Minimum stress occurs at the extreme top layer where y = 21.33 mm 


600,000 50? 21.33 
O.= 1+ x 
min” 50 x 1000 140.34 | 50+ 21.33 


= 12 (1+ 5.326) = 75.9 N/mm. (tensile) Ans. 
(iii) Plotting the stresses across the section 


M R?( y 60000 50” y 
o= 1+ = 1+ 
RxA hn? \R+y)}| 50x1000| 140.34|50+y 


= 12/14+17.8x| 
50+ y 
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At 
At 


At 


At 
At 


At 


At 


At 
At 


y = 21.33 mm, o = 75.9 N/mm? (Already calculated) 
y = 15mm, Siege | ene hia? 
(50 + 15) 
y = 10 mm, o = 12/14 278%10) _ 47.6 Nanm? 
(50 + 10) 
y =5mm, 209) jet | eat a ieee 
(50 + 5) 
y =0, o = 12(1+0)=12 N/mm? 
a 17.8 x (- 5) ‘ 
y=-5 mm, o=12 “CO=8) 11.7 N/mm 
=—10 = 12 |, 178 10) =— 41.4 N/ 2 
y =—10 mn, o= 60-10) |7~ 41-4 N/mm 
=—15 = 12 [1 , 278x( 15) = — 78.5 N/ 2 
y =-15 mn, o= | 60-15) |7 7 78:5 N/mm 
y =— 18.67 mm, o =— 115.38 N/mm? (Already calculated) 


Fig. 23.10 (6) shows the stress distribution across the section. 


Problem 23.3. Determine : () position of neutral axis, and (ii) maximum and minimum 
stresses when a curved beam of circular section of diameter 100 mm is subjected to pure bending 
moment of + 11.5 kNm. The radius of curvature is 100 mm. 


Sol. Given : 
d = 100 mm, B.M., M =+ 11.5 kNm = 11.5 x 10? Nm 


= (11.5 x 10°) x 10? Nmm = 11.5 x 10® Nmn, radius of curvature, R = 100 mm. 


4 
oF 


—s = 100 mm— 
Centroidal axis 


~ Neutral axis 


R=100mm 


Axis of curvature 


Centre of curvature 


Fig. 23.11 


(i) Position of neutral axis. Let y, = distance of neutral axis from centroidal axis the position 
of neutral axis is given by equation (23.3) as 


Jq> 


Rxh? 
R? +h? 


wb) 
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The value of h? for circular section is given by equation (23.8) as, 
ne 100° it 1004 


= —+——xX— +..= —x 
16 128 R? 16 128 1007 
(Here R = 100 mm and d also = 100 mm) 
_ 10000 rn 10000 _ 90000 _ 703.126 
~ 16 128 128 : 
Substituting this value of h? in equation (i), we get 
100 x 703.125 
Yo =~ wo = - 6.57 mm. Ans. 
100° + 703.125 
—ve sign means the neutral axis will be below the centroidal axis. 
(ii) Maximum and minimum stresses. The stress at any layer at a distance of y from 


centroidal axis is given by equation (23.1) as 


2 
Oo= a tee y 
RxA h?\R+y 


T T 
where A = Area of cross-section = a* d?= A* 1002 = 2500 zn mm? 


h2 


M = 11.5 x 10°Nmm 
The stress will be maximum at the extreme bottom layer where y = — 50 mm 
o _215x 10° 100? ( - 50 J 
max 100 x 2500 x 703.125 | 100 — 50 
= 14.636 [1 — 14.222] = -— 193.52 N/mm? 
= 193.52 N/mm? (compressive). Ans. 
The stress will be minimum at the extreme top layer where y = + 50 mm. 


115 x 10° 1002 ( 50 | 
G:% 1+ 


min ~ 100 x 2500 x 703.125 | 100+ 50 
= 14.636 [1 + 4.74] = 84.02 N/mm2. (tensile) Ans. 


3.5. RESULTANT STRESS IN A CURVED BAR SUBJECTED TO DIRECT STRESSES 
AND BENDING STRESSES 


In the previous article, we have considered the bending of the curved bars which are subjected 
to pure bending. Hence the stress across the cross-section is only bending stress which is due to 
B.M. only. But in case of curved members like hooks, rings and chains which carry vertical loads, 
there is bending stress as well as direct stress. 

Hence the stress at any point in the cross-section of these members will be equal to algebraic 
sum of direct stress (6,) due to vertical load (P) and bending stress (6,). It is assumed that vertical 


P 
load P acts through the centroid of the section and the stress due to this load is equal to A at each 


point on the cross-section. Hence the resultant stress at any point will be 
Gp = 6, + 6, where o, from equation (23.1) 


M R?( y 
~g- 1 (23.11 
. PG) (s5)| mens 
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P M ik y 
Op = A ae eee nei R+y ...[28.11 (A)] 


P 
If P is tensile load, then, in will be +ve and if P is compressive load, then A will be —ve. 


23.6. RESULTANT STRESS IN A HOOK 


Fig. 23.12 shows a hook, which supports a vertical load P. The centre of curvature of the 
hook is at O. Consider a horizontal section AC passing through the centre of curvature of the hook. 
This section carries the maximum stress. This horizontal section may be trapezoidal or any other 
shape. The centroidal axis of the section is represented by BB. 
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Fig. 23.12 


Let P= Load supported by hook. 
e = Eccentricity of the load i.e., the distance between the load line and centroidal 
axis. 
R = Radius of curvature of the curved hook i.e., distance between axis of curvature 
and centroidal axis. 
The other dimensions such as 6,, b,, d, R, and R, are as usual. The bending moment 
caused by load P is given by, 
M=Pxe 
This bending moment is —ve as it decreases the curvature of the hook. Hence M =— P xe the 
resultant stress at any point across the section is given by equation (23.11) as 
Op =0)+ 6, 


P M = y ) 
a Le 
A AxR ho \R+y 


Here load P is tensile, hence direct stress (o. = *] will be tensile stress and hence it will 


be +ve. Bending moment M=-—Pxe. 
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Hence above equation becomes as 


P Pxe R? y 
Op = 1+ 3 
A AxR h* \R+y 


The bending moment here produces tensile stress at AA and compressive stress at CC. The 
vertical load P produces tensile stress over the whole section. 

Problem 23.4. A hook carries a load of 7.5 RN and the load line is at a distance of 20 mm 
from the inner edge of the section which is trapezoidal. The load line also passes through the 
centre of curvature of the hook. The dimensions of the central horizontal trapezoidal section are : 
inner width = 30 mm ; outer width = 15 mm ; depth = 30 mm. Calculate the maximum and 
minimum stresses. Also plot the variation of stress across the section. 

Sol. Given : 

Load, P=7.5 kN =7.5 x 1000 N. 

Distance of load line from inner edge of the section = 20 mm. Centre of curvature lies on load 
line. This means the radius of curvature and eccentricity will be equal. 

2 R=e 

Dimensions of trapezoidal section. 

Inner width, 6, = 30 mm, outer width, b, = 15 mm and depth, d = 30 mm. 

Refer to Fig. 23.13. 
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Let us first find the location of centroidal axis. 
The distance d, of the centroidal axis from the side 5, is given by 
- (a+). 30+2x15) 30 60 
1= (6, +6, 30+15 )~ 3. 45 


3 = x 10 = 13.33 mm 


* d, =d—d, = 30 — 13.33 = 16.67 mm 
From Fig. 23.13, it is clear that 
R, = 20 mn, R = 20 + d, = 20 + 13.33 = 33.33 mm, 
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R, = 20+d=20+30=50 mm 
e=R = 33.33 mm 


b, +6 30+ 15 
Area of section, A= (7e*2 xd= es 30 = 675 mm? 
Bending moment, M=-Pxe (-ve sign is used as the applied load 


decreases the curvature of the hook) 
= —(7.5 x 1000) x 33.33 = — 249975 Nmm 
Let us now find the value of h? for trapezoidal section. It is given by equation (23.7) as 


3 = 
oH oe BoB [Bom o 
1 


3 = 
_ 33.38 {15 30 — 15 «50| faa (22) (30 - 15) | 38.882 
675 20 


= 54.85 [40 log, 2.5 — 15] — 1110.8 
= 1187.6 — 1110.8 = 76.8 mm?. 
(i) Max. and min. stresses. The bending stress at any point is given by equation (23.1) as 


M R?( y — 249975 33.337 ( y 
0,=0= 1+ 7 = ———— | 1+ 
b AxR h? \R+y 675 x 33.33 768 \R+y 


= Ad 1414.46 y | 
R+y 


Stress at the section C — C, where y = d, = 16.67 mm, 


o,,=—11.11| 1+ 14.46 x ae nal = — 64.67 N/mm? (compressive) 
Stress at the section A-A, where y = — d, =— 13.33, 
(— 13.33) ere [1 14.46 x a) 
(33.33 — 13.33) 20 
=+95.96 N/mm? (tensile) 
We know that direct stress (6)) is given by 


L 


O44, =— 11.11 1s 14.46 x 


The direct stress is uniform at all points in the cross-section 
Resultant stress at AA = 6) + 64, 
= 11.11 + 95.96 = 107.07 N/mm? (tensile). Ans. 
Resultant stress at CC=6)+6,, 
= 11.11 - 64.67 
= - 53.56 N/mm? (compressive). Ans. 
(ii) Plotting of stresses. The resultant stress at any distance y from the centroidal axis is 
given by, 


6,,= Oy + G, (= 0) 


At 


At 


At 


At 


At 


At 


At 


At 
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=11.11+ AXR 


— 249975 


at (eS) 


=11.11+ 


675 x 33.33 


=11.11-11.11 


ie 14.46%{ y 


2 
dist 33.33 . y 
76.8 33.33 + y 


33.33 + -] 


y =0, o,=11.11-11.11=0 
y =5 mm, eciriaq=t ie 2 oeee 
: 33.33 +5 
[. 14.46x10 
= 10 = 11.11 — 11.11 | 1+———"—_| =~ 37.07 N/mm? 
ae eens i, 33.334 =| a“ 
[. 14.4615 
= 15 = 1011 = 1107 |1e¢ 2 * | o-49'86 Naam? 
pores °r |" 88.83 + | a 
y = 16.67 mm = d,, 6, = — 53.56 N/mm? (Already calculated) 
[. 14.46x(-5) 
=-5 = 11.11 — 11.11 | 1+ ————| = 28.35 N/mm? 
: an a5 |" 3333-5 ici 
y =—10 mm, eS aaa tet <— | 2 pe ce in? 
: | 33.33-10 
y =- 13.33 mm, o, = 107.07 N/mm? 


The variation of stress across the cross-section is shown in Fig. 23.13 (0). 


Problem 23.5.A central horizontal section of a hook is a trapezoidal section shown in Fig. 
23.14. Calculate the maximum compressive and tensile stresses in the section of the hook when it 
carries a load of 37.5 RN, the load line passes through the centre of curvature. 
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Sol. Given : P = 37.5 KN = 87.5 x 1000 N 
Load line passes through centre of curvature 
Eccentricity, e = R (radius of curvature) 
where e = distance between load line and centroidal axis 
and R = distance between centre of curvature and centroidal axis. 
Dimensions of trapezoidal section are: 
b, = 67.5 mm, b, = 22.5 mm, d = 90 mm 
Refer to Fig. 23.14. 
Let us first find the location of centroidal axis. 
The distance d, of the centroidal axis from the side 5, is given by 


by +2b,) d  (6754+2x225) 90 1125 90 
(EE ) 3 -( 67.5 + 22.5 )« a oh ge 
oe d,=d-d, = 90 - 87.5 = 52.5 mm 
From Fig. 23.14, it is clear that 
R, = 52.5 mm. Then Rk = Rk, +d, = 52.5 + 37.5 =90 mm 
R, = 52.5 + d = 52.5 + 90 = 142.5 mm 
e=R=90mm 
Area of the section, 
-(222) xq x 90 = 4050 mm? 
Bending moment, M =—P xe (-ve sign is used as the applied load 


decreases the curvature of the hook) 
= — (37.5 x 1000) x 90 Nmm = — 3375000 Nmm 
Let us now find the value of h? for trapezoidal axis. It is given by equation (23.7) as 


3 
h2 = - fe + by =: x R,| log, (2) (b; 60 R?2 


1 


90° 67.5 — 22.5 1425 
- ae a —” | - (67.5 - — 902 
4050 {220 a it 1425} log. ( ao¥ (67.5 — 22.5) 


= 180 [(93.75 x log, 2.714°) — 45] — 8100 
= 8750.26 — 8100 = 650.26 mm? 
P 37.5 x 1000 


Direct stress, 6, = A= 4050 = 9.26 N/mm? 


Bending stress at any layer at a distance y from centroidal axis is given by, 


2 
AxR h?\R+y 


3375000 90? y 
: 1+ - M=~8375000N 
4050 x 90 650.26 as Fe 5] : a 
12.456y 
3.956 (1 
= - 9.26 aed i) 
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Bending stress at section C-C where y = d, = 52.5 mm becomes as 


12.456 x 52.5 
Oy =— 9.26 1s “904525 = — 51.75 N/mm? 
Resultant stress at section C—C becomes 
(6). = 99 + 5,, 
= 9.26 — 51.75 = — 42.49 N/mm? (Compressive). Ans. 
Bending stress at section A — A where y = — d, = — 37.5 mm becomes as 
12.456 x (— 37.5) . . ee 
Gi, == 9.26 1 + 90-375 | [Substitute y = — 37.5 in equation (z)] 
= 73.12 N/mm? 
Resultant stress at section A —A becomes as 
(G,)aq = Op + O44 = 9.26 + 73.12 = 82.38 N/mm? (Tensile). Ans. 


Problem 23.6.A hook carries a load P and the load line is at a distance of 30 mm from the 
inner edge of the central horizontal section which is of I-section with the dimensions shown in 
Fig. 23.15. The centre of curvature of the hook is in the load line. Determine the magnitude of the 
load P if the maximum stress in the hook is not to exceed the permissible stress of 120 N/mm?. 
What will be the maximum compressive stress in the hook for that value of the load ? 


Sol. Given : 
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Max. permissible stress, o, = 120 N/mm? 
As the load line passes through centre of curvature, the distance between load line and 
centroidal axis is equal to the distance between axis of curvature and centroidal axis. 
or e=R 
Dimensions of J-section are 
6,=30mm, 6,=10mm, 6,= 20mm 
t,=15mm, f,=20mm, ¢,=10mm 
Also from Fig. 23.15 


R,= 30mm 
R,=30+15=45mm, R,=R,+t,= 45+ 20=65 mm 
and R,=R,+ t,=65+10=75 mm 
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Area of cross-section, A= b,t, + bot, + bot, 
= 80x 15+ 10x 20+ 20 x 10 
= 450 + 200 + 200 = 850 mm? 


Let us first find the location of centroidal axis. This can be done by taking moments of each 
areas about AA. Then 


15 
A x d, = (80 x 15) x ] + (10 x 20) x (15 + 10) + (20 x 10) x (15 + 20 + 5) 


or 850 x d, = 3375 + 5000 + 8000 
3375 x 13000 
d, = Sa) = 19.26 mm 
d=15+20+10=45 
and d, =d—d, = 45 — 19.26 = 25.74 mm 
Now R=R, +d, = 30 + 19.26 = 49.26 mm 
Also e=R= 49.26 mm. 


Let us now find the value of h? for I-section. It is given by equation (23.10) as the value 


fia R R R 
h? = —_| b, log, (2) + b, log, (2) + bs log, (4) — R? 
A : io ii oe lie Rs 


49.263 =) 65 (=) 
= ee’ 1301 — |+10log, —+201 —]}_ 2 
aa Of ¢ (= 08, 45 08. 65 49.26 


= 140.625 [30 x 0.4054 + 10 x 0.8677 + 20 x 0.1431] — 2426.5 
= 140.625 [12.16 + 3.677 + 2.862] — 2426.5 = 203.04 
The bending stress at a distance y from centroidal axis is given by 


a a Z (i) 
%- AXR h? \R+y os 


Here M = Bending moment due to load P 
=— P xe (-ve sign is used as applied load decreases the curvature of the hook). 
=— Px 49.26 Nmm (where e = R = 49.26 mm) 

Substituting the value of M and other known values in equation (i), we get 


_ = Px49.26),, 49.267 y 
b= 850 x 49.26 203.04 | 49.26 + y 
=-~1.176x10°P fis 11.95 aes) (di) 


49.26+ y 


The bending stress will be maximum at section AA where y = — 19.26 mm. This stress will 
be tensile. Substituting y = — 19.26 in equation (iz), we get 


(— 19.26) 
—— -3 P|} 14+ 1195 x ————_—_ 
(ymax =— 1-176 x 10° P agoE eoai 
= + 7.846 x 10°? P N/mm? (tensile) 
P P 
. es ot 2 . 
The direct stress, Oo = A = 850 N/mm? (Tensile) 


Maximum resultant stress becomes as 


P 
(O.) max = % + (Oy) max = a + 7-846 x 10-3 P N/mm? 
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But this stress should not exceed the maximum permissible stress of 120 N/mm? 


1 : 
.7846x103P=120 or P [gag +7846 x 10 190 
850 850 
1+ 850 x 7.846 x 10°? E a S01) 
or P | --— ek - =120 or P 850 = 


120 x 850 
~ 7.6691 
Maximum Compressive stress due to load, P = 13.3 kN 
The bending stress (compressive) will be maximum at the section C-C wherey =d, 
= 25.74 mm. Substituting the value of y = 25.74 in equation (ii), we get maximum compressive 
bending stress. 


= 13,300 N=13.3 KN. Ans. 


: -3 1+ 1195 x a 
Compressive (6,)_,.; =— 1-176 x 10°? x 13300 49.26 + 25.74 
(Here P = 13,300 N) 


= — 79.78 N/mm? 
P 18800 
Direct stress, Oo = A= 850 7 15.64 N/mm? (tensile) 


Maximum resultant compressive stress at CC 
= 0) + (0;) nay (compressive) 
= 15.64 — 79.78 = - 64.13 N/mm? (compressive). Ans. 
Problem 23.7. The curved member shown in Fig. 23.16 has a solid circular cross-section 
0.10 m in diameter. Ifthe maximum tensile and compressive 
stresses in the member are not to exceed 150 MPa and 200 
MPa respectively, determine the value of load P that can 
safely be carried by the member. 
Sol. Given : 
Dia of section, d = 0.10 m 
Max. tensile stress, 
(o,), = 150 MPa = 150 x 10° N/m? 
Max. compressive stress, 
(o,), = 200 MPa = 200 x 10° N/m? 
Refer to Fig. 23.16 (a) 
Area of cross-section, 


ce ‘ d? = 7 (0.12) = 7.854 x 10 m? 
e = Eccentricity —>+) 0.1 m}¢— 
= distance between load line and centroidal axis Fig. 23.16 
= 0.15 + 0.05 + 0.05 = 0.25 m 
R = Radius of curvature 
= distance between centre of curvature and centroidal axis 
= 0.05 + 0.05 = 0.1m 
Let us first find the value of h? for circular section. It is given by equation (23.8) as 
ae. Wl. tt 
= —+——X— > +... 
16 128 R? 


h2 


STRENGTH OF MATERIALS 


0.1 1 o1' 
— + x 
16 128 0.1? 
= 7.031 x 10-4 m2 


(.. R=0.1m alsod = 0.1 m) 
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Fig. 23.16 (a) 


Bending moment, M=Pxe (+vesign is used as load P increases the curvature) 
= Px 0.25 = 0.25 PNm 
The bending stress at any section at a distance y from centroidal axis is given by 
equation (23.1) as 


M ie y 
= 1+ = 
6, a © (a*5]| [Here 6, =o] 
0.25 P 0.1? y 
= 3 tr 4 x ..(Z) 
(7.854 x 10°) x 0.1 7.031 x 10 0.1+ y 


As the load P is compressive, hence direct stress (6,) will be compressive at all points of the 
section. 


Direct stress, 6) = te = 103 N/m? (compressive) 
ees (—ve sign due to compressive stress) 
7.854 x 10° 
=— 127.32 P 
As the load is compressive, the bending stress will be compressive at the inner point L of the 
cross-section where y = — 0.05 m and it will be tensile at the outer point M of the cross-section 


where y = 0.05 m. 
ist Case. Max. compressive bending stress will be obtained by substituting y =—0.05min 
equation (7). 


.25 P 2 ae 
Compressive (6,),,.. = 0.25 h ,—_29 | 0.05 } 


~ (7854x 10" x0.D|  7.031x10* (0.1- 0.05 
= 318.3 P [1 — 14.22] = — 4208.8 P 
Max. compressive stress, (6,). = 6) + (6,),,, (compressive) 


= — 127.32 P — 4208.8 P = — 4336.12 P. 


BENDING OF CURVED BARS 


But maximum compressive stress is given as 200 x 10° N/m? 
Maximum compressive stress, (6,), = — 200 x 10° N/m? 
(—ve sign is due to compressive stress) 
— 200 x 10° =— 4336.12 P 


_ 200 x 10° 


4336.12 
2nd Case. Max. tensile bending stress will be obtained by substituting y = + 0.05 m in 


equation (7). 


= 46124 N = 46.124 kN oeskdb) 


7.0381x10* \0.1+.05 
Max. tensile stress, (6,), = =o + (6) max (tensile) 
— 127.32 P + 1827.32 P=1700P 
But max tensile stress, (o,),= 150 x 10° N/m? (given) 
1700 P = 150 x 108 
_ 150x 10° 


1700 
COpDAnnE equations (iz) and (iii), the safe load will be lesser of the two. 


P=46.124kKN. Ans. 


23.7. STRESSES IN CIRCULAR RING 


Fig. 23.17 (a) shows a circular ring subjected to a tensile load P. Cut the ring in two parts 
through A and B as shown in Fig. 23.17 (6). Fix the ends A and B. Now each half of the ring carries 


0.17 0.05 


(4) max (tensile) = 318.3 P h * } = 1827.32 P 


= 88235.3 N = 88.235 kN se Attb) 


1 
loads of x P and fixing moments M) at the ends A and B. It is required to find the stresses in the 


ring. Due to symmetry, the stress distribution in the two halves of the ring will be the same. 


Fig. 23.17 


Consider a section X —X at an angle 0 with the vertical. 
Let M = bending moment with which the section X — X is subjected. 
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Fig. 23.17 


If we know the value of M, then stresses can be calculated across the section X—X. But the 
determining the moment M at this section is statically indeterminate. 


In case of straight beams which is subjected to transverse loading, there is bending moment 
and shear force at any section. The strain energy at any point is mainly due to bending. But a 
section of the curved beam has strain energy due to bending and also due to thrust. Here we 
assume the curved beam as the straight beam for determining M, (and hence M). So we neglect the 
effect of thrust in the calculation of strain energy. 


Now, the bending moment (M) with which the section X—X is subjected is given as 


P 
M=M,-> x (R sin 6) .(Z) 
where R =radius of the centre line of the ring. 
Refer to free-body diagram shown in Fig. 23.17 (c) of the ring upto section X—X, the vertical 


P P 
downward force y has been resolved in two components, one along the radial direction (- a cos 0| 


P 
and other perpendicular to section X—X (- . sin 0| . The component > x sin 6 will produce direct 


stress (6,) on the cross-section. There will be bending stress also acting on the cross-section. Only 
these two stresses are important and hence only they will be considered. 


P.. « 
2 xX sin 0 
Direct stress, Oo = ry = aA x sin 0 
Let us first find M). After that value of M will be obtained. 


Value of M,. The value of M, is determined by using principle of minimum strain energy. 


U 
Strain energy will be minimum when aM 0. Hence according to principle of minimum strain 
0 
energy 
oU = 
aM, =0 (it) 


Refer to Fig. 23.17 (d). 
Let a small element of length ds of the ring subtends an angle dé at the centre. 
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Then strain energy* stored in length ds due to bending is given by 


1 2 
dU = — a ds 
2 EI 
Total strain energy stored in the half ring, is obtained by integrating the above equation. 
2 
T 
U= Zs x ae x ds 
02 &EI 


Here E and / are constant. But M is variable. 
Differentiating partially the above equation w.r.t. M,, we get 


oU n J 0M 
—.] —-x2M d nae 
OM, ~ \ QEI - . 0M, - ...(it) 


oM 
Let us now find the value of aM," 


We know from equation (z) that 


1 
M =M,~- 5 Px (Rsin®) 


Differentiating partially with respect to Mp, we get 


oM 
a 1 (For partial differentiation, only M, is variable.) 
0 
Substituting this value in equation (iii), we get 
dU nr ™M 
= 2Mxlids=| — x Rd (-. ds =Rd®) 
aM, I, 2EI ~ i EI ° 
: [My - x Px Rsin 6) x Rab P 
= | 2 ie M=M, ~ = Rsin6| 
0 EI 2 
But according to the principle of minimum strain energy, 
0U 
aM, = 9 


: [Mo - 5x Px Rsino) Rxd0 
2 


i) ce ff [Mo-3xPx Rsin0] de =o 
0 EI 0 2 


1 
*dU = Work done by B.M. = Average B.M. x Change of angle = 2 M x do. 


ds M E EI 
Length,ds=Rxd@ .«. d= = . Also = 2 = 7: Now 
ds_ ds _Mds 
d0= 2 EI/M) EI 
du=4Mxdo-imxM@% 1M 4, 
2 2 El 2 EI 
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or [Mo x0+ 5 Px Rx.os0| -0 
0 
1 
or M, (n—0) + 5 x Px R x [cos x — cos 0] = 0 
1 1 
or M,)xu+5xPxRx[-1-1]=0 or M,)xu+>xPxRx(—2)=0 


PxR 
M,)=—__ = 0.318PxR 


Now the value of bending moment M can be obtained by substituting M) in equation (Z), as 


1 . PxR 1 : 
M=M,-,xPxkxsin@= —9 xPxRxsin 0 
E ae Px 2) 
T 
=PxR (+ -3sin 0] (23.12) 
T 
Value of M at section BB where 6 = 0, becomes 
1 
M, -PxR(2] =0.318xPxR 
Value of M at section C-C is obtained by substituting 
0 = . in above equation, 
1 1 . 7 
“ MatC-C,M,=PxR (2 -$sin 2) =PxR (2-3 1 E sin =1] 
nr 2 2 um 2 2 


= Px R [0.318 —- 0.5] =-0.182xPxR 


T 
The bending moment at 0 = 0 is +ve whereas bending moment at 6 = 3 is —ve. This means 


Mis zero between9=0 to 0=90°. The value of 8, where M is zero is obtained by substituting 
M = 0 in equation (23.12), 
11. 
0=PxRx (=~ Zsine | 
mn 2 
1. 1 : 2 
or —sinO@=— or sin@=— =0.6366 
2 T T 
6 = 39.5° 
The bending moment (M) can be obtained at any section of the ring. Now the bending stress 
can be determined from equation (23.1) as 


M R? y 
oe | h? (= | 
» 


The bending stress will be maximum at the outer edge and inner edge of the cross-section 
where y = +d, andy =-—d, 
where d, = distance of the extreme outer edge from centre line 
d, = distance of the extreme inner edge from centre line [Refer to Fig. 23.17 (a)] 


P 
The direct stress (6,) will be due to pull 3% sin 0 


P . 
Oo= 5, * sind 


2A 
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The resultant stress (o,) at any point will be equal to algebraic sum of direct stress and 
bending stress. 


0, = 0+ 6, 
@ Stresses when 6 = 
Be as at’ 
Direct stress, Oo = = x sin 0 = 2A x sin 0° = 0 
M R? y 
Bendi t ; = 1+ 
ending stress oO, 75 re (a25)| 


where M=bending moment and given by equation (23.12) as 


1 | P 
M= px r(2-Zsin0) - Px Rx [2-0] - a 
2 Tt Tt 


Resultant stress, 6,=06)+6, 


(ii) Stresses when 0= > = 90° 
Di t t: — Ea 7 90° es Pp 

irect stress, 0 = 3A Sin = 5A 

M 2 
Bending stress, 0, = AxR fs = te 5] 
1 1 1 . 
where u=PxR(2-Zsin6) - PR (>-3sin 90°) - PxR(+-05) 
Hence resultant stress, 
0,,= Gy + G,. 


Problem 23.8. A closed ring of mean radius of curvature 90 mm is subjected to a pull of 
3 RN. The line of action of the load passes through the centre of the ring. Calculate the maximum 
tensile and compressive stresses in the material of the ring if the ring is circular in cross-section 
with diameter equal to 15 mm. 


Sol. Given : 

Mean radius of curvature of closed ring, R = 90 mm 
Pull, P=3 kN =3 x 1000 N= 3000 N 
Cross-section of ring is circular with d = 15 mm 


4. 
37 7 5mm 
; ™ T 
Area of cross-section, A= a d= 2 x 152 = 176.70 mm2 
. a P . . 
Direct stress is given by, 6) = 9a * 2 ) (2) 
The bending stress (6,) is given by, 
M R* y 

= 1+ x (LL 
Oo, 75 h? (at5]| (ii) 


where M=bending moment and is given by equation (23.12) 
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=PxR =a (Zit) 
Let us find first the value of h? for circular section. It is given by equation (23.8) as 
a. 12 
7 eae iar Wey 
h 16° 128 R? t.. 


where d= Dia. of circular cross-section 
= 15 mm here 
R = Radius of curvature 
= 90 mm here 
157 «1 ~——s«154 
= + x 
16 128 90? 
= 14.0625 + 0.0488 = 14.1113 ~ 14.11 
(i) Stresses when 8 = 0°. From equation, (i), the direct stress, 


P 
So= 5, * sin 0° =0 


Bending moment from equation (zii), 
a ew pee 1 
MePxh| -_ xsl |=rPxk»|_-8 
nm 2 T 
_PxR _ 3000x90 


Nmm = 85943 Nmm 


1 
Bending stress (6,) from equation (iz), 


M R? y 
HAR wo Rey 


85943 90? y 
= ————_| 1+ x 
176.7 x 90 14.11 (90+~y) 
[. A=176.7 mm? and h? = 14.11] 
‘ : d 15 
The bending stress at the outer most edge of the cross-section where y = ag 7.5mm 


is given by 


85943 ml 75 
1+ 


= 244 2 il 
176.7x90| 14.11| 904 | N/mm? (tensile) 


(5,)o = 


wl] a 


The bending stress at the inner most edge of the cross-section where y = — — =— 7.5mm. 


85943 907 ( -75 
(0,) i= 1+ 
176.7 x 90 14.11| 90-75 


= — 276.6 N/mm? (compressive) 
Resultant stress at the outer-most edge, 
(0,)9 = Oy + (O,)y = 0 + 244 = 244 N/mm? (tensile) 
Similarly resultant stress at the inner most edge, 
(6,), = 6, + (0,), = 0- 276.6 = - 276.6 N/mm? (compressive) 


Ans 
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(ii) Stresses when 0 = 90° = 7 
Di t st = ae = 90° = Pp 
irect stress, Gy= or x sin a7 
7 ao” = 8.49 N/mm? (tensile) 
=9ox1767 7° mm? (tensile 
. 1 1.~—«. 5 
Bending moment, M=PxR (= "3 x sin 90 
1 1 

= 8000 x 90 (= = 5] = 270000 (0.3183 — 0.5) = — 49059 Nmm 


2 = 2 
ee eee ee | 49059 |, 90° (_» 
AxR h2 \R+y/)| 176.7x90 14.11 \90+y 


y 
=— 14+574x 
3.085 Col 


The bending stress at outer-most edge where y = 7.5 mm, 


75 
= 1+574 
(0,)y = — 3.085 x (ss nae 


The bending stress at inner most edge where y = — 7.5 mm, 


| =— 139.3 N/mm? (compressive) 


5 
(G,), = — 3.085 fis 574 x (= —7 ;) = 157.9N/mm? (tensile) 


Resultant stress at outer most edge, 
(0,)9 = Op + (Gy)o 
= 8.49 + (— 139.3) = — 130.81 N/mm? (compressive) 

Resultant stress at inner most edge, 

(6,), = Gy + (G,), = 8.49 + 157.9 = 166.39 N/mm? (tensile) 

T 

Comparing the resultant stresses when 0 = 0 and when 6 = g?we get 
Maximum tensile stress = 244 N/mm”. Ans. 
Maximum compressive stress = 276.6 N/mm2. Ans. 


23.8. STRESSES IN A CHAIN LINK 


A chain link consists of two parts. One part at the middle is a straight portion of length L, 
whereas the other part at the ends is semi-circular as shown in Fig. 23.18. 


The stresses in the link can be determined by the same method as applied to circular ring. 
Let JL = Length of the straight portion of the link 
R = Mean radius of curvature of the circular portion 
P = Pull on the chain link 
M=B.M. at any section in the circular portion 
M,=B.M. at any section in the straight portion 
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Consider half portion of the link, subjected to pull P/2 as shown in Fig. 22.18 (6). Let My = 
fixing end moments at section BB. Consider any section X-X making an angle 0 with vertical 
section BB. 


The bending moment (M) at the section X—X in the circular portion is given by 


P 
M=M,-~ xRsin0 (i) 
At section A-A where 6 = 5 = 90°, the above bending moment becomes, 


P ; P i 
M=M,- > xkxsin90°=M)-> xR (iL) 


Fig. 23.18 


As the section AA is common to circular portion and straight portion, hence B.M. for straight 
: P 
portion = M,— 5" R. 


Value of M). Now the total strain energy stored in half portion of link is equal to the strain 
energy stored in circular portion plus strain energy stored in straight portion. 


n/2 L/2 
or U=2 i (20) drcatar +2 [ (dU) straight 


In half portion of link, there are two circular ends (from angle 0 to z| and one straight 


portion of length L [or two straight portions of lengths 0 to 5]| 
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n/2 M2 L/I2 M2 
—— d. —— d. 
oe J 2EI i. 2EI 
Differentiating partially the above equation w.r.t., M,, we get 
aU 9 n/2 aM L/2 aM 
= —— 2M ds + 2M d 
aM, ~ 2ET if ay J, eux aM, | 
The strain energy will be minimum if ws =0 
0M) 
Hence for minimum strain energy, 
D) n/2 PYVA L/2 PY A 
— 2M ds + 2M dx | = 
sat|f ena ee J, ' aM, 4 ° 
m/2 L/ 
or | emx OM | em oY 
0 0 0 M 9 
n/2 OM LIZ OM 
M d M dx = (Lit 
or ; aM, s+ : aM, x =0 (iit) 
: . PxR . 
For circular portion, M=M),- = sin 8 
oM ee ee : i 
a 1 (For partial differentiation, only M, is variable) 
0 
and also ds =R x d0 
n/2. OM n/2 PxR. 
= M, - sin 0 
lM oa *8 = |, ( 0 in@| x 1x Rd@ 
m/2 
=R (Mo «0+ = cos0| 
2 0 
=R | M, (z 0} = [cos ; cos | 
n PR tT PR 2) 
= a (O— = M,)x-—- 
-R| Myx2+ 5 (0 »]=R| ar 9 ..(iv) 
For straight portion, 
PxR 
M=M,- 5 
oM 
=1 
0M 
Li2._ OM L/2 PxR 
M dx = My - 
ih aM, x F ( 0 9 )xaxae 


J 
J 


= [Mo - 22) x5 .(U) 
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Substituting equations (iv) and (v) in equation (iii), we get 


| Mox 3-722), (my -222) x2 . 
Myx Rx =-PXR xe PxR Le 
or au, [RxE+2) 73 R+Z) <0 
or m,(Bx5 +5) = (e+ 4) 
or Mo exn+L)-*<"(R+=] 
or M,(nR+L)=PxR [e+] [Cancelling 3] 
- Pak (2+) (23.13) 


Substituting this value of M) in equation (7), we get the moment at any section in the 
curved portion as 


2 \aR+L 
Pxk/2R+L 
sin 8 


P 
_ Pah (et) r « Rsin 6 


...(23.14) 


T 
When 6= ao 90° (7.e., at section AA) this moment becomes as 


ap: PxR(2h+t | _ ered 


2 TtR+ L 2 TR+L 
PxR/(2R-nR 
~ 9 tR+L 


As mR is more than 2R, hence the term (2R — mR) is -ve. Hence the bending moment at 
section AA will be negative. The equation (23.15) also gives the bending moment in the straight 
portion. Once the bending moments in the curved portion and in the straight portion are known, 
the bending stresses can easily be calculated. These portions will also be subjected to direct stresses 


...(23.15) 


P P 
due to pull of = sin 9 in the curved portion and a pull of = in the straight portion. 


Stresses in the Curved Portion 
The stress at any section is the algebraic sum of direct stress and bending stress. 


0,,= 6) + 0, 
P . 
where Oo = 2A x sin 0 ...(23.16) 
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M R? y 
and o= alt 7p (a5]| 
PxR|2R+L ss. 
where a 2 TE sin | (23.17) 
At any section, there will two maximum values of (o,). 
One value will be at y = + d, and other value will be at 
y=-d,. 
Here d, = distance of extreme outer edge of the section from centre line of curved portion 
and d, = distance of extreme inner edge of the section from centre line. 
Stresses in Straight Portion 
Here 6, = direct stress 
P 
= oA ... (23.18) 
6, = bending stress 
=> %*y where M = . . = (FE) «A23.19) 
Here also y=+d,andy=-d, 
o,,= resultant stress 
= 6, + G,,. 


Problem 23.9. A pull of 25 RN is applied to a simple chain link shown in Fig. 23.19. The 
mean radius of curvature of the semi-circular ends is 40 mm. The link is circular in cross-section 
with radius = 20 mm. If the length of straight portion is 40 mm, determine the stresses in the 
link. 

Sol. Given : 


P= 25 KN = 25 x 1000 N 
R=40mm 
Cross-section of link is circular with r = 20 mm 
d =2r=2~x20=40 mm 
L=40mm 
Area of cross-section, A = mr? 
=n x 20? mm 
= 400m mm? = 1256.6 mm? 


Let us find the value of h? for circular section. It is 
given by equation (23.8) as 


2 


40 mm 


L= 


407 1 404 
= te x 

16 128° 402 
= 100 + 12.5 = 112.5 
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(i) Stresses in curved portion 
(a) At 8 = Oi.e., section BB 


' P ; 
Direct stress, Oo = 2A x sin 8=0 
M 2 
Bending stress, 0, = Axk fis 3 2 5] 


where M = bending moment in curved portion and is given by equation (23.14) as 


PxR/(2R+L .. 
M= 3 [Pat sino] 
PxR/(2R+L 
= in 0° = (0° 
, ee sin (at 8 = 0°) 
_PxR(2R+L)\ _ 25000x 40 (2x 40+ 40 
~~ o. VeRe dT) 2 mx 40+ 40 


= 362187.6 Nmm 
362187.6 40? y 
0, = 1+ 
1256.6 x 40 112.5 | 40+ y 


y 
= 1+ 14.22 
7.205 x ‘ 5] 


Bending stress at the extreme outer edge where y =r =+ 20mm 


0 
40 + 20 

Resultant stress at the extreme outer edge, 

(G.)p =O + (G,)p 
= 0 + 41.35 = 41.385 N/mm? (tensile). Ans. 
Bending stress at the extreme inner edge where y =r =— 20 mm, 
(— 20) 

0-20) 
= — 95.25 N/mm? (compressive) 


(6,)9 = 7.205 fis 1422 | = 41.35 N/mm? 


(6,), = 7.205 1s 14.22 


Resultant stress at the extreme inner edge, 
(0,); = 9 + (0,); 
= 0 + (— 95.25) = —- 95.25 N/mm? (compressive). Ans. 
(6) at © = 90° i.e., section AA 
6, = direct stress 


ee ee ee ee 
ee eta gg ee = 9A 


25000 P 
~ 2x 1256.6 9.95 N/mm¢ (tensile) 


6, = bending stress 
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=| 
= 1+ 
rae el 


Saat u = PAR(2EtL - 20° 


_PxkR 2R+L 1 
~ 9 \aR+k 


_ 25000 x 40 2x 40+ 40 1 
2 mx 40+ 40 
= 500000 (0.724 — 1) =— 137812 Nmm. 


_ 7187812 |, , 40° (_y 
~ 1256.6 x 40 112.5 | 40+ y 


J: 
oe 14+ 14.22 
=- 2.74 Lai rn -] 


Bending stress at outer edge where y = 20 mm 


(6,)9 = — 2.74 fis 1422( = | 


40 + 20 
=— 15.73 N/mm? (compressive) 
Resultant stress at outer edge 
: (Gp = Sy + (G,)p 
= 9.95 + (— 15.73) = — 5.78 N/mm? (compressive). Ans. 
Bending stress at the inner edge where y = — 20 mm, 


(— 20) 
won 1+ 14.22 —_—_. 
(6,); =— 2.74 ” (40 — 


= 36.22 N/mm? (tensile) 
Resultant stress at the inner edge, 
(6,); = 5 + (M); 
= 9.95 + 36.22 = 46.17 N/mm? (tensile). Ans. 
(ii) Stresses in straight portion 


Here Gy = direct stress 
P 25000 9 ; 
= = =J7. ] 
2A = 2x 12566 9.95 N/mm? (tensile) 


0, = bending stress 


M 
= — x y where M = bending moment 


I 
PxR(2R+L 
=o Rad 1| =~ 137812 Nmm (Already calculated) 
I=M.O.1. = oS, x 404 mm? 


64 
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_ — 137812 ei 
ie 
7” 404 
64 
The bending stress at any point on outer edge of straight portion where y = + 20 mm, 
(6,)p= ee 5, 20 = — 21.93 Nim? ( ive) 
0,)) = 7 * 20 = - 21. mm? (compressive 
iad mx 404 Fr v 
The bending stress at any point on inner edge of straight portion where y = — 20 mm, 
— 187812 x 64 
(6,); = tage (— 20) = + 21.93 N/mm? (tensile) 
T 


Total stress at any point on outer edge of straight portion is, 
(G,)9 = Oy + (G4) = 9.95 + (— 21.93) 
=- 11.98 N/mm? (compressive). Ans. 
And total stress at any point on inner edge of the straight portion is, 
(6,), = Oy + (6,), = 9.95 + 21.93 = 31.88 N/mm? (tensile). Ans. 
The maximum compressive stress in the link is 95.25 N/mm? at the inner edge of curved 
portion where load is applied and maximum tensile stress is 46.17 N/mm? just at the junction of 
curved and straight portion at the inner edge. 


HIGHLIGHTS 


1. The stress at any point in case of curved bar subjected to a bending moment is given by, 


2 
o= x i y 
RxA hn? \R+y 


where o = Bending stress (i.e., 6,) 
M = Bending moment with which the bar is subjected 
R = Radius of curvature of curved bar, or it is the distance of axis of curvature from centroidal 
axis 
A = Area of cross-section 
y = Distance of any point from centroidal axis 
h? = Constant for a cross-section 


_1f _yida 
* GR) 
R 
2. The distance of neutral axis from centroidal axis is given by, 
_ Rxh? 
0 (Rh?) 


— ve sign shows that neutral axis is below the centroidal axis. 
3. The value of h? for different cross-sections is given as : 
(i) For rectangular section : 


R® 2R+d 1f/d\ 1ifa”™ 
h? = —_| log —R? = R? ( + ( + vveve 
d *\2R=d 3\2R) “5\2R 
where d= Depth of section, 
R = Radius of curvature or distance of axis of curvature from centroidal axis. 


The value of ‘h”’ is independent of width ‘b’ 


BENDING OF CURVED BARS 


(ii) For triangular section. 

aR° 
jee 
(a) dz 


Ro log, [2 a (Ry = m5) —R? 
Ry 


where R, = Distance of apex of triangle from axis of curvature 
R, = Distance of base of triangle from axis of curvature 
d = Depth or height of triangle 
(b) The value of h? for triangular section, in terms of R and d is also given as: 


& + 2d 3R + 2d 

——— |, log, | ———— |--d 
3 3R-d 

(iii) For trapezoidal section. 


te be (om pe) 
1 


where 6, = Width of section at base, 
6, = Width of section at top, 
d = Depth of trapezoidal section 
R,, = Distance of top layer of section from axis of curvature 
R, = Distance of bottom layer of section from axis of curvature 


— R? 


(itv) For circular section : 


= 6 F 7128 Re +o. 
d = Diameter of circular section, 
R = Radius of curvature of curved bar. 
(v) For T-section : 


where A = area of T-section 
=6b,xt,+b,xt, 
=6,x(R,-R,) +b, x (R, -R,) 
where R, = Distance of bottom layer of base from axis of curvature 
R,,= Distance of top layer of base from axis of curvature 
R, = Distance of top layer of T-section from axis of curvature 
b, = Width of base of T-section 
6, = Width of top of T-section. 


(vi) For I-section : 
R? R R R 
h? = —| b; log Cake log [2] +m log (%) —R? 
A 1 e Ri e Ry e R3 


where A=b,xt,+b.xt,+b, x ts. 
Resultant stress in a curved bar subject to direct stress and bending stress is given by 
6,=6,+0, 


M R? y 
hh = 14 : 
where Op | eles) 


y is positive and maximum at top layer and is —-ve and maximum at bottom layer. Also 


y = distance of any layer from centroidal axis. 
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5. 


Resultant stress in a circular ring : 


h Pi. 
0,,=0)+0, where S= 5, * sine 


M Re y 
= 1 
and 0, PG)" s el 


where M = bending moment 


114, 
=PxR|—-7zsin0]. 
nm 2 
Resultant stress in a chain link 
6,,=0) +6, 


P 
where 6, = 2A * sin 6... for circular portion 


P . ; 
=oA 7 for straight portion 


0, = bending stress ...for circular portion 


2 
= it i x z . 
AxR n2 (| Rey 


and M=bending moment 
PxR|2R+L . 
= — sin 6 
2 TtR+L 
6, = for straight portion 


... For circular portion 


ul 
aa 
P 


xy 
xR|2R4+L 
where M = 


5 ae ae 1 and J = M.O. Inertia. 


EXERCISE 


1. 


(A) Theoretical Questions 
(a) What are the assumptions made in the derivation of stresses in a curved bar which is subjected 
to bending moments ? 
(6) Find an expression for bending stress produced in a curved bar which is subjected to bending 
moment. 
Write-down the expression for Winkler-Bach formula. 
Prove that the position of neutral axis from centroid axis is given by 


Rx h? 
(R? +h?) 
where R = radius of curvature of curved bar or distance or axis of curvature from centroidal axis 
h? = a constant which depends upon the shape of cross-section. 
Find an expression for h? for the following cross-sections 
(t) rectangular section (iz) circular section (iii) trapezoidal section and (iv) J and T-sections. 
Write an expression for resultant stresses in a curved member subjected to direct stress and 
bending stress. 
Find an expression for the bending moment in a circular ring which is subjected to a tensile load P 
along the diameter. 


JYo= 
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Prove that bending moment (M) is a simple chain link for curved portion is given by, 
uaePxek Es -sin 
2 mR +L 
Explain in details the procedure of finding resultant stress in case of : 
(a) circular ring and 
(6) chain link 
When they are subjected to a tensile load along the longitudinal axis. 


(B) Numerical Problems 


Determine : (i) location of neutral axis, (ii) maximum and minimum stresses and (iii) ratio of 
maximum and minimum stress, 
When a curved beam of rectangular cross-section of width 10 mm and depth 20 mm is subjected 
to pure bending of moment + 50 Nm. The beam is curved in a plane parallel to depth. The mean 
radius of curvature is 25 mm. Also plot the variation of stresses across the section. 
[Ans. (i) y) = — 1.39 mm (ii) 1.76 (iii) 103 N/mm? (comp.) and 58.45 N/mm? (tensile)] 
Determine : (i) location of neutral axis and (ii) maximum and minimum stresses, when a curved 
beam of trapezoidal section of bottom width 45 mm, top width 30 mm and height 60 mm is 
subjected to pure bending moment of + 1350 Nm. The bottom width is towards the centre of 
curvature. The radius of curvature is 75 mm and beam is curved in a plane parallel to depth. Also 
plot the variation of stresses across the section. 
[Ans. (i) y, = — 3.98 mm (ii) 76.98 N/mm? (comp.), 50.65 N/mm? (tensile)] 
Solve the problem 2, assuming the section to be circular of diameter 60 mm. The mean radius of 
curvature of the beam is 75 mm. 
[Ans. (i) y) = — 3.1 mm (ii) 91.95 N/mm? (comp.) and 48.64 N/mm? (tensile)] 
A central horizontal section of a hook is symmetrical trapezium 90 mm deep. The inner width 
being 90 mm and outer being 45 mm. The hook carries a load of 67.5 kN, the load line passes at 
a distance of 40 mm from the inside edge of the section. The centre of curvature is in the load line. 
Calculate the extreme intensities of stress. Also plot the stress distribution across the section. 
[Ans. (0,), = 53.15 N/mm? (comp) and (o,), = 106.5 N/mm? (tensile)] 
A central horizontal section of a hook is a symmetrical trapezium of inner width = 67.5 mm and 
of outer width = 22.5 mm. The depth of the section is 90 mm. The hook carries a load of 37.5 KN. 
The load line passes through the centre of curvature. The radius of the hook is 52.5 mm. Deter- 
mine the maximum compressive and tensile stresses in the section of the hook. 
[Ans. (i) 83.70 MN/m? (tensile) and (ii) 43.2 MN/m? (comp)| 
A central horizontal section of a hook is a trapezium with inner width = 80 mm, outer width 
= 50 mm and depth 150 mm. The centre of curvature of the section is at a distance of 120 mm from 
the inner fibre and the load line is 100 mm from the inner fibre. What maximum load, the hook 
will carry if maximum stress is not to exceed 120 MN/m? [Ans. 122.5 kN] 
A central horizontal section of a hook is an J-section with inner width = 45 mm, middle width = 15 
mm, outer width = 30 mm and inner thickness = 22.5 mm, middle thickness = 30 mm and outer 
thickness = 15 mm (z.e., 6, = 45 mm, 6, = 15 mm, 6, = 30 mm, ¢, = 22.5 mm, ¢, = 30 mm and ¢, = 15 
mm). The load line passes through the centre of curvature and is at a distance of 30 mm from the 
inside edge of the section. The hook carries a load P. Determine the magnitude of P if the maxi- 
mum stress in the hook is not to exceed 120 N/mm?. What will be the maximum compressive 
stress in the hook for that value of the load. [Ans. P = 38.92 kN, 6, = 64.25 N/mm? (comp)] 
Determine the maximum tensile and compressive stresses produced in a closed ring when the 
ring is subjected to a pull of 11.25 KN, the line of action of which passes through the centre of the 
ring. The mean radius of curvature of the closed ring is 90 mm. The ring is circular in cross-section 
with diameter equal to 30 mm. [Ans. (z) 20.35 N/mm? (comp.) and 13.6 N/mm? (tensile)] 
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9. A pull of 75 KN is applied at the ends of a simple link which consists of semi-circular ends of mean 
radius of curvature 60 mm and middle straight portion of length 60 mm. The link is circular in 
cross-section with radius = 30 mm. Determine the stresses in the link. 


[Ans. (7) At 6 = 0, 93.65 N/mm? (comp) and 40.75 N/mm? (tensile) 

(ii) At 8 = 90°, 45.56 N/mm? (tensile) and 5.6 N/mm? (compressive) 

(iii) Straight portion, 31.95 N/mm? (tensile) and 12 N/mm? (compressive)] 

10. Find : (i) the position of neutral axis and (ii) greatest bending stresses, when a curved bar of 
rectangular section 30 mm wide by 37.5 mm deep initially unstressed is subjected to bending 


moment of 281.25 Nm which tends to straighten the bar. The mean radius of curvature is 
75 mm. 


[Hint. b = 30 mm; d = 37.5 mm; M =— 281.25 Nm = — 281.25 x 10? Nmm (the bending moment M 
is —ve as it decreases the curvature of the bar or tends to straighten the bar) ; R = 75 mm 


Az=bxd = 30 x 87.5 = 1125 mm? 
R° 2R+d 
2- l R2 
wo" ioe (285) 
3 
_ 7 ig. 2x75 +37.5)|_ oa 
37.5 2x 75-375 


= 11250[0.5108] — 5625 
= 5746.78 — 5625 = 121.8 mm? 


-Rh? — -75x1218 — —75x1218 _ 
(R?2 +h?) (757 +1218) 5625 +1218 


, M R?( y 

wn) ose gal ie ([z5]| 
_ = 281.25 x 10° i ri y 
~ 4125 x 75 121.8 | 75+ y 


=— 3.33]1+ 46.182 | —~ 
75+y 


@) yo= 1.59 mm 


d 375 
At y= >= >— = 18.75 mm, we get 
2 2 
(o,), = — 3.33 | 14+ 46.182 x OE 34.03 N/mm? [compressive] 
boo , (75+18.75)| . 
d 
At ven 5 =-— 18.75 mm, 
- 18. ‘ 
(0,), = — 3.33 1 + 46.182 x ee | = + 47.93 N/mm? (tensile)] 


24.1. INTRODUCTION 


When some external load* is applied on a body, the stresses and strains are produced in 
the body. The stresses are directly proportional to the strains within the elastic limit. This 
means when the load is removed, the body will return to its original shape. There is no 
permanent deformation in the body. 

However, if the stress produced in the body due to the application of the load, is beyond 
the elastic limit, the permanent deformations occur in the body. This means if the load is 
removed, the body will not retain its original shape. There are some permanent deformations 
in the body. Whenever permanent deformations occur in the body, the body is said to have 
“failed”. This should be clear that failure does not mean rupture of the body. 

Let us consider the failure (or permanent deformation) of a bar in a simple tensile test. 
The tensile stress is directly proportional to the tensile strain upto elastic limit. This means 
that there is a definite value of tensile stress upto elastic limit. Beyond the elastic limit if the 
tensile stress increases, the failure of the bar will take place. At this stage, why the failure 
takes place ? It may be due to the increase of tensile stress or due to other quantities such as 
shear stress and strain energy also attain definite values, and anyone of these may be decid- 
ing factor of the failure of the bar. Certain theories have advanced to explain the cause of 
failure. According to the important theories, the failure takes place when a certain limiting 
value is reached by one of following : 

1. The maximum principal stress, 

2. The maximum principal strain, 

3. The maximum shear stress, 

4. The maximum strain energy, 

5. The maximum shear strain energy. 

In all the above cases, 

6}, Oy, O; = principal stresses in any complex system 
o* = tensile or compressive stress at the elastic limit. 


24.2. MAXIMUM PRINCIPAL STRESS THEORY 


According to this theory, the failure of a material will occur when the maximum principal 
tensile stress (o,) in the complex system reaches the value of the maximum stress at the 
elastic limit in simple tension or the minimum principal stress (i.e., the maximum principal 


*The loading on the body is assumed gradual or static. 
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compressive stress) reaches the value of the maximum stress at the elastic limit in simple 
compression. 
Let in a complex three dimensional stress system, 

6,, 6, and o, = principal stresses at a point in three perpendicular directions. The 
stresses 0, and o, are tensile and 6, is compressive. Also 6, is more 
than ©,. 

o,* = tensile stress at elastic limit in simple tension. 
o,* = compressive stress at elastic limit in simple compression. 
Then according to this theory, the failure will take place if 
6, 2 0,* in simple tension ...(24,1) 
or | 6, | 26,* in simple compression ...[24.1(A)] 
where | 6, | represents the absolute value of 6,. 
This is the simplest and oldest theory of failure and is known as Rankine’s theory. If the 
maximum principal stress (6,) is the design criterion, then maximum principal stress must 
not exceed the permissible stress (o,) for the given material. 


Hence 0, =6, ...[24.1(B)] 
where o, = permissible stress and is given by 
6, = 6,*/safety factor ...[24.1(C)] 


24.3. MAXIMUM PRINCIPAL STRAIN THEORY 


This theory is due to Saint Venant. According to this theory, the failure will occur in a 
material when the maximum principal strain reaches the strain due to yield stress in simple 
tension or when the minimum principal strain (i.e., maximum compressive strain) reaches the 
strain due to yield stress in simple compression. Yield stress is the maximum stress at elastic 
limit. Consider a three dimensional stress system. 


Principal strain in the direction of principal stress 6, is, 


20, WO Os 


1" E EE 


i 
= F [01 — Moy + 55) 


Principal strain in the direction of principal stress o, is 


1 
es = F lo, — Ho, + 04)] 
1 
Strain due to yield stress in simple tension = * yield stress in tension 
1 
= Ee x J. 
: . ao . 1 i 
and strain due to yield stress in simple compression =F *% 


where yield stress is the maximum stress at elastic limit. 
According to this theory, the failure of the material will take place when 


soe" 

e,2 

\" E 
o.* 

or les 12 


THEORIES OF FAILURE 
Substituting the values of e, and e,, we get the conditions of failure as : 


1 1 
(i) E [o, — Wo, + 6,)] = z* o,* 


or 0, — WG, + 65) 2 0," .(24,2) 
1 1 
ii) | = I63 - Wo, +6 = * 
(ii) Ez! 3 —W(O, +6y)1) > BX % 


or | Io, — ula, + o,)] | 2 0,* ...[24.2(A)] 
For actual design (i.e., where some quantity is to be calculated), instead of 6,* or o,*, the 
permissible stress (6, or 6,) in simple tension or compression should be used where 


o,* 
e Safety factor eee 
o,* 
and O.= ‘Salety factor 24 20C}] 
Hence for design purpose, the equations (24.2) and [24.2(A)] becomes as 
0, —M(6, + 63) = 9, ...[24.2(D)] 
and | lo, — w(o, + 6,)] | =9, ...[24.2(E)] 


Equations [24.2(D)] and [24.2(£)] should be used for design purposes (where some 
calculations are done) only. They should not be used for determining the failure of the material. 
Problem 24.1. The principal stresses at a point in an elastic material are 100 N/mm? 
(tensile), 80 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit in 
simple tension is 200 N/mm?, determine whether the failure of material will occur according to 
maximum principal stress theory. If not, then determine the factor of safety. 
Sol. Given : 
The three principal stresses are : 
6, = 100 N/mm? (tensile) 
6, = 80 N/mm? (tensile) 
0, = 50 N/mm? (compressive) = — 50 N/mm? 
Stress at elastic limit in simple tension, 
o,* = 200 N/mm?. 
(i) To determine whether failure of material will occur or not 
From the three given stresses, the maximum principal tensile stress is 6, = 100 N/mm’. 
And the stress at elastic limit in simple tension is 6,* = 200 N/mm”. As 9, is less than o,*, the 
failure will not occur according to maximum principal stress theory. Ans. 
(ii) Factor of safety 
Using equation [24.1(B)], we get 
6,=06, ©. 6,= 100 N/mm? 
From equation [24.1(C)], 


O; 7 O; * 
ae .. Factor of safety = 
Factor of safety G, 
200 
=~ =2.0. Ans. 
io re 


Problem 24.2. The principal stresses at a point in an elastic material are 200 N/mm? 
(tensile), 100 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit in 
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simple tension is 200 N/mm2?, determine whether the failure of the material will occur accord- 
ing to maximum principal strain theory. Take Poisson’s ratio = 0.3. 


Sol. Given : 
The principal stresses are : 
6, = 200 N/mm? (tensile) 
6, = 100 N/mm? (tensile) 
6, = 50 N/mm? (compressive) = — 50 N/mm? 
Stress at elastic limit in simple tension, 
o,* = 200 N/mm? 
Poisson’s ratio, u = 0.3 


To determine whether failure of material will occur or not according to maximum prin- 
cipal strain theory. 

Out of three principal stresses, the maximum principal tensile stress is 6,. Hence the 
maximum principal strain will be in the direction of o,. Let this strain is e,. Hence maximum 
principal strain in the direction of 6, will be, 


€) = F lo, — HO, + 95)] 
1 
=F [200 — 0.3{100 + (— 50)}] [.- 6, =— 50] 
1 185 
= x [200 — 30+ 15] = z= ..(L) 
Strain due to stress at elastic limit in simple tension, 

_. oO,* 200 . 
e* = . ik ..(it) 


According to maximum principal strain theory, the failure of a material occurs if the 
maximum principal strain (e,) reaches the strain due to stress at elastic limit in simple tension. 


* 


Here e, <e, , hence failure will not occur. Ans. 


Problem 24.3. Determine the diameter of a bolt which is subjected to an axial pull of 
9 RN together with a transverse shear force of 4.5 RN using : (i) Maximum principal stress 
theory, and (ii) Maximum principal strain theory. 


Given the elastic limit in tension = 225 N/mm‘, factor of safety = 3 and Poisson’s ratio 
= 0.3. 

Sol. Given : 

Axial pull, P=9 KN =9 x 1000 N = 9000 N 

Transverse shear force, F = 4.5 kN = 4500 N 

Elastic limit in tension, o,* = 225 N/mm? 

Factor of safety = 3, Poisson’s ratio, u = 0.3 

The permissible stress in tension is given by equation [24.2(B)] as 

o,* 225 
oe Safety factor <a rae 

The axial pull will produce tensile stress whereas transverse shear force will produce 

shear stress in the bolt. Let us calculate these stresses. 
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Let d = diameter of bolt in mm. 


: P P 4P 
Now tensile stress, o= = =—5 
Area of cross-section 42 nd 


4x9000 11459 4 


nd? aoe 
F 4F 4x4 29. 
and_ shear stress, T= =—zZ= . = ae! Be N/mm? 
0 2 md md d 
4 


Now let us calculate the maximum and minimum principal stresses 6, and o,. 
The principal stresses (maximum and minimum) in the bolt are given by 


0, and o, = s+ ($] [Refer to equation (3.16). Here o, = 6, 0, = = 0] 


11459 | [23489] a 
= + 
2x zr E x 4 d” 
5 


tL 


5729, 5) a 
+ 7) 
_ 5729.5 , 


as es +) 


d? 
5729.5 , 8103 
~ gt @? 
ee 5729.5 : 8103 7 138325 ace 
d d d 
or ee 5729.5 : 8103 = 2378.5 ee 
d q d 


Hence the principal stresses in the bolt are : 

13832.5 -— 2873.5 
d2 : d2 

(i) Diameter of bolt according to maximum principal stress theory 


Here diameter of the bolt is to be calculated. This becomes the case of design. For the 
purpose of design, according to maximum principal stress theory, the maximum principal 
stress should not exceed the permissible stress (o,) in tension. Here the maximum principal 
stress is 0. 


6,,6,and0 or and 0. 


Hence using equation [24.1(B)], we get 


o.=o, 
138832.5 
or — = 10 (6, = 75 N/mm?) 
d 
13832.5 
g _ 29094.9 
or d*= 75 


d= {——— = 13.58 ~ 13.6mm. Ans. 
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(ii) Diameter of bolt according to maximum principal strain theory 
The three principal stresses are : 


13832. 
ws POGD ED ca 


GO}. 


Maximum strain 


Il 

| 
x) 
+ 
2 


= Io, — Wo, + 65) 


1| 138325 44 (= 2373.5 | 


7 | a ds 
1 = 308) 
+ 
EL dd ae 
1 14544.55 


= a ...(Z) 


Maximum strain due to permissible stress in tension = = x 0, 
= + x 75 Ce G75) ela) 
For design purpose, (as here diameter is to be calculated), the maximum strain should 
be equal to the strain due to permissible stress in tension. 
Hence equating the two values given by equations (i) and (ii), we get 
1 : 1454455 1 


14544. 
or d= —— =13.92 mm. Ans. 


24.4, MAXIMUM SHEAR STRESS THEORY 
This theory is due to Guest and Tresca and therefore known as Guest’s theory. Accord- 
ing to this theory, the failure of a material will occur when the maximum shear stress in a 
material reaches the value of maximum shear stress in simple tension at the elastic limit. The 
maximum shear stress in the material is equal to half the difference between maximum and 
minimum principal stress. 
Ifo, 6, and o, are principal stresses at a point in a material for which o,* is the princi- 
pal stress in simple tension at elastic limit, then 
Max. shear stress in the material = Half of difference of maximum and minimum 
principal stresses 
1 


= 9 lo, = 65] 


In case of simple tension, at the elastic limit the principal stresses are o,*, 0, 0 
[In simple tension, the stress is existing in one direction only] 
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Max. shear stress in simple tension at elastic limit 
= Half of difference of maximum and minimum principal stresses 
1 1 
= 9 [o,* — 0] = 9% 
For the failure of material, 
1 1 
9 (1 — 6,] 2 2 o,* or (6,-6,)26,* .(24,3) 
For actual design (i.e., when some quantity is to be calculated) instead of o,*, the allowable 
stress (6,) in simple tension should be considered 


where oO, = __ Oe" 
¢ Safety factor 
Hence for design, the following equation should be used 
(6, —G,) = 6, ..[24,3(A)] 


Equation [24.3(A)] is to be used for design purpose only (7.e., when some quantity is to 
be calculated). It should not be used for determining the failure of the material due to maxi- 
mum shear stress theory. 


Problem 24.4. For the data given in Problem 24.2, determine whether failure of material 
will occur or not according to maximum shear stress theory. 


Sol. Given : Data from Problem 24.2 : 
6, = 200 N/mm? (tensile) 
6, = 100 N/mm? (tensile) 
6, = 50 N/mm? (compressive) = — 50 N/mm? 
o,* = 200 N/mm’. 
Now max. shear stress developed in the material 
= Half of difference of maximum and minimum principal stresses 


1 
= 5 [01-93] = F [200 - (— 50) 
50 
2 
Max. shear stress at elastic limit in simple tension 


= 125 N/mm? [Here 6, is maximum and ©, is minimum] 


x 200 = 100 N/mm?. 


mle we 


As maximum shear stress developed in the material is 125 N/mm? whereas maximum 
shear stress at the elastic limit in simple tension is 100 N/mm, hence failure will occur. Ans. 

Problem 24.5. At a section of a mild steel shaft, the maximum torque is 8437.5 Nm and 
maximum bending moment is 5062.5 Nm. The diameter of shaft is 90 mm and the stress at the 
elastic limit in simple tension for the material of the shaft is 220 N/mm?. Determine whether 
the failure of the material will occur or not according to maximum shear stress theory. If not, 
then find the factor of safety. 

Sol. Given : 

Maximum torque, T' = 8437.5 Nm 

Maximum bending moment, M = 5062.5 Nm 
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Stress at elastic limit in simple tension, 


o,* = 220 N/mm? = 220 x 106 N/m? = 220 MN/m? 
Dia. of shaft, d = 90 mm = 0.09 m. 


At any section, the torque will produce shear stress whereas the bending moment will 
produce bending stress. These stresses will be maximum on the surface of the shaft. Let us 
find these stresses first. 


We know that = qe xd?x t 
16xT 16~x 8437.5 
T= = 


N/m2 = 58.946 x 10° N/m2 
nd? nx(0.092 = 
= 58.946 MN/m? 
Also we know that Lea: 


Mx d 
or 0, = a where on the surface y = 2 
_Mxd_ Mxd 


Px2 (Za*)x2 
64 
_ 82M _ 32x 50625 
~ nd? ~~ x (0.09)? 


= 70.735 x 10° N/m? = 70.735 MN/m? 


On the surface of the shaft, at any point the shear stress is 58.946 MN/m? and bending 
stress is 70.735 MN/m?. The principal stresses at this point is given by, 


2 
Op 0% 2 
Oe. I 8 
6, and 6, = + [Se] + 


[See equation (3.16). Here o, = 6, and 0, = 0] 
_ 70.735 n 


2 
(a) + (58.946)? 
2 2 


= 35.365 + 68.75 


= 104.115 MN/m2 and -— 33.385 MN/m? 
6, = 104.115 MN/m? and o, =- 33.385 MN/m? 


Hence the principal stresses at a point on the surface of the shaft are : 104.115 MN/m?, 
— 33.385 MN/m? and 0. 


Now apply the maximum shear stress theory. 


Maximum shear stress due to principal stresses 
= Half of difference between maximum and minimum principal stresses 


2 [104.115 — (— 33.385)] 
1 


5 [104.115 + 33.385] 
= 68.75 MN/m?. 


(2) 
In simple tension the stress system is uniaxial hence the principal stresses are o,* , 0, 0 


THEORIES OF FAILURE 


Maximum shear stress in simple tension 


2 
= “2. = 110 MN/m2 
As the maximum shear stress due to principal stresses is less than the maximum shear 
stress in simple tension at the elastic limit, the failure of the material will not occur. 
Factor of Safety 


Let 6, = Allowable tensile stress in simple tension. Then principal stresses in simple 
tension will be o,, 0, 0. 


And the maximum allowable shear stress in simple tension will be 


1 oO; a 
= 2 [o, — 0] = 2 ..(ii) 
Equating the two equations (z) and (ii), we get 
oO; 
68.75 = a 
or 6, = 68.75 x 2 = 137.5 MN/m? 
* 220 
Factory of safety = a “58757 1.6. Ans. 


Problem 24.6. According to the theory of maximum shear stress, determine the diameter 
of a bolt which is subjected to an axial pull of 9 kN together with a transverse shear force of 
4.5 kN. Elastic limit in tension is 225 N/mm2?, factor of safety = 3 and Poisson’s ratio = 0.3. 


Sol. Given : 
Axial pull, P= 9 kN = 9000 N 
Shear force, F = 4.5 kN = 4.5 x 1000 = 4500 N 
Elastic limit in tension, e,* = 225 N/mm? 
Factor of safety = 3 
G,* 225 


Permissible simple stress in tension, 6, = ane a 75 N/mm? 


Poisson’s ratio, u = 0.3 


The axial pull will produce tensile stress whereas the transverse shear force will produce 
shear stress in the bolt. 


Let d = diameter of the bolt in mm. 
Tensile stress due to axial pull, 
P 
° = ‘Area of cross-section 
_ P _ 9000x4 


N/mm2 


= N/mm2 
d 
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Shear stress due to transverse shear force, 
F 4500 x a 5729.5 


T= a 7 ae ee N/mm? 
—d 
4 
The maximum and minimum principal stresses in the bolt are given by 
oy? 
6, and o, = i s 


[Refer to equation (3.16). Here o, = 6, 0, = 0] 


2 
(2) | o 
or +77 and o,= (<) +77 


Hence the principal stresses in f | are: 


2 2 
oO Oo 2 oO] o 2 do 
$4(5] HUG 5) +T an 


Now apply the theory of maximum shear stress. 
Maximum shear stress due to principal stresses 


11459) (57295) 11459 5729.5 
7a Maes 5 ‘° O=——,— and T= 5 
2xd d d d 
_ 8103 fi) 
d 
Max. shear stress in simple tension 
1 oO, 75 ss 
ms Io, — 0] = - 37.5 N/mm? .. (it) 
Equating the two maximum shear stresses given by equations (i) and (ii), we get 
a =37.5 or d= — =14.70mm. Ans. 


24.5. MAXIMUM STRAIN ENERGY THEORY 


This theory is due to Haigh and is known as Haigh’s Theory. According to this theory, 
the failure of a material occurs when the total strain energy per unit volume in the material 
reaches the strain energy per unit volume of the material at the elastic limit in simple tension. 

In chapter 4, we have stated that the strain energy in a body is equal to work done by 


1 
the load (P) in straining the material and it is equal to 2 * Px 6b 


(-* Load is gradually increased from 0 to P) 
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U = Strain energy 


a ap ySE 
2 
it oe eee oe 
= 5 x (6x A)x(e)xL A cee . P=0xA 
and ed bL=exL 
L 
= Aer 
= 2 xOxexX x 
1 . 
a x stress x strain x volume (. Ax L = volume) 
Strain energy per unit volume 
1 
5 x stress x strain 
1 
= 5 xoxe Zed) 


For a three dimensional stress system, the principal stresses acting at a point are 6,, 6, 


and o,. The corresponding strains are e,, e, and e,, where e, = principal strain in the direction 


of 6, 


and 


o 

Now, eo= a = (6, + 63) 
o 

Similarly, a= a - 7 (o, + 0,) 
o 

en= ao 5 (0, + Oy) 


Total strain energy per unit volume in three dimensional system, 


tension 


1 1 1 
U = 5 XO Xe, + FX Gy X Cy t 5 03 X y 
1 oO; HU 2 4H 
== —--= (6) +63)|+—6, x| —-—=(63 +6 
to,x|¢ EB? »| 2 E BO v) 
1 C3 U 
—o, x|—-—(0,+090 
+ 9°38 E B 1 »| 
= op + 0,7 + 6,7 — 26,6, + 6,03 + 030,)] ...(24.5) 
The strain energy per unit volume corresponding to stress at elastic limit in simple 
= 5% 0," xe, where e,* = strain due to o, 
_i i Dae : ae er 
a 5 x O, x E oe e, x t E 
- i %*)2 24 
= on * (o,*) ...(24.6) 
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For the failure of the material 


Aig tng ig eo (6,0, + 6,0 eee 
1 2 3 HG 169 + 0503 + 630,)] = t 


2E 2E 
or [o,? + 6,7 + 0,7 — 2(0,0, + 6,6, + 6,6,)] = (o,*)? (24.7) 
For a two-dimensional stress system, 6, = 0. Hence above equation becomes as 
6,7? + 0,7 — 2u(6,0,) = (o,*)” ...(24.8) 


For actual design (i.e., when some quantity is to be calculated) in stead of 6,*, the 
allowable stress (o,) in simple tension should be considered where 


o,* 


* > Factor of safety 


Hence for design, the following equation should be used 
6,7 + 6,2 — 2u(o, x o,) = 67 ...(24.9) 
Equation (24.9) is used for design purpose only. It is not used for determining the failure 
of material due to maximum strain energy theory. 
Problem 24.7. For the data given in Problem 24.2, determine whether failure of material 
will occur or not according to maximum strain energy theory. 


Sol. Data from Problem 24.2 are : 
6, = 200 N/mm? (tensile) 
6, = 100 N/mm? (tensile) 
6, = 50 N/mm? (compressive) = — 50 N/mm? 
u=0.3 
Elastic limit in simple tension, o,* = 200 N/mm? 
The total strain energy absorbed per unit volume in the material is given by 
equation (24.5). 
Total strain energy per unit volume in the material 


a i [ 2 2 2 Dy) ( )] 
= 2k Oo; + Oy + O3 — 4 0195 i Oy05 + 020, 
1 
= OR [2002 + 100? + (— 50)? — 2 x 0.3 {200 x 100 
+ 100 x (— 50) + (— 50) x 200}] 
1 
= OR [40000 + 10000 + 2500 — 0.6(20000 — 5000 — 10000)] 
il il 
on [52500 — 0.6 x 5000] = of (495001 .(Z) 


Strain energy per unit volume corresponding to stress at elastic limit in simple tension 
is given by equation (24.6). 
Strain energy per unit volume at elastic limit in simple tension 


1 7 i * 
= OE x ig = oR x 2002 (3 Oo, = 200) 
_ 40000 Gi) 
= 2k oo ALL 


Now apply the theory of maximum strain energy. 
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If we compare equations (Z) and (ii), we find the total strain energy per unit volume in 
the material is more than the strain energy per unit volume at elastic limit in simple tension. 
Hence failure will occur. Ans. 


Problem 24.8. For the data given in Problem 24.6, determine the diameter of the bolt 
according to maximum strain energy theory. 


Sol. Data from Problem 24.6 are: 
P=9KN = 9000 N ; Shear force, F = 4500 N ; o,* = 225 N/mm? ; Safety factor = 3 ; 1 = 0.3 


* 225 
Now permissible simple stress in tension, 6, = Gaia factor _ fact = 3) = 75 N/mm? 
afety factor 


The other values as calculated in Problem 24.6 are : 


11459 29. 
o= Rp N/mm?, t = a e N/mm2?, where d = dia. of bolt 


The maximum and minimum principal stresses are : 


2 
1 S\ The value of 8 +77 has been 
5, ando,= 5 xot (<) +7 V2 
2 


calculated as is equal to ome 


d2 
_ 11459 , 8103 
aq” d* 
_ 5729.5 , 8103 
= d? ~~ d2 
5729.5 8103  13832.5 ; 
Oo; = d2 a7 d2 d2 N/mm 
5729.5 8103  - 2373.5 
and 6, = 2 oe N/mm? 
Hence the principal stresses at the point are : 6,, 6, and 0 
13832.5 -— 2373.5 
or de > dz ’ 0 


This is a case of two-dimensional stress system and diameter is to be calculated hence 
using equation (24.9) which is according to maximum strain energy theory, we get 


2 2 = 
0," + 04° — 2U(0, x 6) = 6, 


2 2 = 
a pases2] ,[=287857 2 05 [288028 .C28789)) _a52 (6, 75 
d2 d2 d d 
4 4 4 
ae 10° Es 10* Es 10° _ 5606 
d d d 
4 
ee 21667.25 x10* _ peo5 
d* 
21667.25 x 10)" 
= | = 10 x (3.852)"4 
or d SG05 x ( ) 


=10x 1.401=14.01 mm. Ans. 
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24.6. MAXIMUM SHEAR STRAIN ENERGY THEORY 


This theory is due to Mises and Henky and is known as Mises-Henky theory. This theory 
is also called the energy of distortion theory. According to this theory, the failure of a material 
occurs when the total shear strain energy per unit volume in the stressed material reaches a 
value equal to the shear strain energy per unit volume at the elastic limit in the simple tension 
test. 

The total shear strain energy“ (or energy of distortion) per unit volume due to principal 
stresses 6,,0, and o, ina —s material is given as 

-=5 [(o, — 6,)” + (6, — 03)? + (63, — 6,)7] ...(24,10) 
The simple tension test is a uniaxial stress system which means the principal stresses 


are 0,, 0, 0. 
At the elastic limit the tensile stress in simple test is 0,*. 
Hence at the elastic limit in simple tension test, the principal stresses are o,*, 0, 0. 
The shear strain energy per unit volume at the elastic limit in simple tension will be 


* _ ~))2 _1)2 _o« *)2 
= [20 lo? +O" 2 (0=0F 40 =o" 7 
[Here 6, = 6,*, 6, = 0, 6, = 0] 
1 
#2 
= oe [2x] Pe 7 ie 
For the failure of the material, 


1 1 
Fag (1 - 92)” + (0p - 05)” + (6, — 9)" 2 Fog [2 x (7 
or (0, — 6,)? + (Gy — Oy)? + (6, — 61)? = 2 x (G,*)? (24.12) 


For actual design (i.e., when some quantity is to be calculated) in stead of 0,*, the 
allowable stress (o,) in simple tension should be used where 


o,* 
= Safety factor 
Hence for design purpose, the following equation should be used : 
(0, — 6,)? + (6, — 64)? + (63 — 0)? = 2 x (6,)? ...(24.18) 


Equation (24.13) should be used for design purpose ealy, It should not be used for 
determining the failure of the material due to maximum shear strain energy. 
For a two-dimensional stress system, 6, = 0. Hence equation (24.13) becomes as 
(o, - 9)" + (6,)? + (6,)? = 2 x (G,)? 


2 2_ 9 
or 0,7 + 6,” — 20,6, + 0,2 + 0,2 =2 x 0, 
or 2(0,2 + 6,2 —0,6,) = 2x, 2 
oe 5,7 + 6,7 — 0,0, = 6/7 ...[24.13(A)] 


Problem 24.9. For the data given in Problem 24.2, determine whether the failure of the 
material will occur or not according to maximum shear strain energy. 
Sol. Data from Problem 24.2 : 
6, = 200 N/mm? (tensile) 
6, = 100 N/mm? (tensile) 
o, = 50 N/mm? (compressive) = — 50 N/mm? 
Elastic limit in simple tension, 6,* = 200 N/mm/?, pt = 0.3 


*Refer to Art. 24.9. 
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The total shear strain energy per unit volume due to principal stresses 6,, 6, and 6, in 
the stressed material 


1 
= =~ [(0, - 6,)? + (6g — 63)? + (63 — 0)? 


12C 

= ae [(200 — 100)? + {100 — (— 50)}? + {—50 — 200}?] 

= = [10000 + 22500 + 62500] 

= Tog * 95000 (0) 


The shear strain energy per unit volume at elastic limit in simple tension (here principal 
stresses are 6,*, 0 and 0) 


1 
= * _ ())2 _)2 _ag*)2 
= Fac Mo OP (O04 (0a) 
1 
a *)2 
wer 
1 
= 2 — iT 
= Fag * 2 x (200) = jag * 80000 . (it) 


Now apply the theory of maximum shear strain energy. 


If we compare equations (i) and (ii), we find that the total shear strain energy per unit 
volume due to principal stresses 6,, 6,, 6, are more than the shear strain energy per unit 
volume at elastic limit in simple tension. Hence failure will occur. Ans. 

Problem 24.10. For the data given in the Problem 24.6, determine the diameter of the 
bolt according to maximum shear strain energy. 

Sol. Data from Problem 24.6 : 


P = 9000 N ; F = 4500 N ; o,* = 225 N/mm? ; Safety factor = 3, = 0.3 


Bie ‘ o,* 
Allowable stress (,) in simple tension = Sage, ficior ty factor 
225 
Oo, = “3. = 75 N/mm2 
The other calculated values from Problem 24.6 are : 
o= oa N/mm? ; t = a N/mm2, where d = dia. of bolt. 


The maximum and minimum principal stresses are calculated in Problem 24.8 and they 
are as: 


13832.5 
2 ane 
The third principal stress i.e., 6, = 0 


N/mm? and o, = a N/mm? 


In this problem, diameter is to be calculated according to the theory of maximum shear 
strain energy. Hence equation (24.13) will be used. 


(6, — 6,)? + (6, — 64)? + (6, —6,)? = 2 x (6,)? 
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or 


or 


or 


2 2 2 
[ssssze (=28782) +|(3P2-9)} +0- = 2x 752 


2 2 2 
a + eed 2 eee | eg = es ~ 11250 


d d? 
262 104 : 10* 19134 x 10+ 
eee aa ee es 
4 
45960.35 x10" _ J j050 


d* 
qi = 45960.35 x 104 
7 11250 
d = [4.08536 x 104]4 = (4.08536)"4 x 10 
= 1.4217 x 10 = 14.217 mm. Ans. 


= 4.08536 x 104 


24.7. GRAPHICAL REPRESENTATION OF THEORIES FOR TWO DIMENSIONAL 
STRESS SYSTEM 


The different theories of failure can be represented graphically for two-dimensional 


stress system. This means only o, and o, are existing. The third principal stress is zero i.e., 6, 
= 0. The principal stress 6, is taken along x-axis having +ve value to the right of origin O. The 
principal stress 6, is taken along y-axis, having +ve value upwards. It will also be assumed 
that the elastic limit is the same in tension and compression. 


is, 


Hence o,* = 6,* = o* where o* = Elastic limit in tension and compression. 
Now the theories of failure may be represented graphically as follows : 
1. Maximum Principal Stress Theory. The criterion of failure according to this theory 


Maximum tensile, principal stress, 6, = 6,* = o* 
Maximum compressive principal stress, 6, = 6,* = o* 
Fig. 24.1 shows the graphical representation of this theory. The diagram is divided into 


four quadrant. In 1st quadrant o, and o, are +ve. In 2nd quadrant o, is — ve whereas 6, is +ve. 
In 3rd quadrant both o, and o, are —ve and in 4th quadrant o, is +ve and ©, is —ve. The 
maximum values of 6, = + o* and also maximum value of 6, = + o*. 


B 
o*—>| 


Fig. 24.1. Graphical representation of maximum principal stress theory. 
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The plotting” of 6, = o*, 6, = 0*, o, =— o* and 6, = — o* will give a square which is shown 
in Fig. 24.1 by ABCD. Hence the square ABCD represents the graphical representation of the 
maximum principal stress theory. 

The failure of the material will occur if any point having co-ordinates (6,, 6,) falls outside 
the square ABCD. 

2. Maximum Principal Strain Theory. The criterion of failure according to this theory 
for two-dimensional stress system is 

0, —Ho, = 0,* = o* -.:(é) 
and 0, — U0, = 6,* = 0% .-.(i) 

In these above two equations which represent the equation of a straight line o, and o, are 
+vei.e., they lie in 1st quadrant. At the point A (in Fig. 24.2) 6, is zero. If this value is substituted 
in equation (i), we get 

0, =0* 
Hence the location of point A is known i.e., OA = o*. 
The location of point D is obtained by substituting 6, = 0 in equation (zi). 


Hence 0, = 0% 
Hence OD = o* 
For point E, 6, = OD = o* 


Substitute this value of 6, = o* in equation (7), we get 
0,-Wxo*=0* or 6,=06*+po*=o0%* (1+). 
Hence DE = o* (1 + uw). Hence location of point H is known. Join A to E and produce both 
sides i.e., towards point G and point L. 
For point F, 0, = OA =0* 
Substitute o, = o* in equation (iz), we get 
O,-Wxo*=o* or 6,=0*+po*=o7%(1+ py) 
Hence AF = o* (1+). 
Hence location of point F is known. Join D to F and produce both sides i.e., towards point 
Gand H. 


Fig. 24.2. Graphical representation of maximum strain theory. 


*This plotting is like the equations x = o*, y = o*, x =— o* and y = — o*. The plot of x = o* willbea 
vertical line AB at a distance of o* from axis OY. Similarly other plots can be drawn. 
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For third quadrant, equations (i) and (zi) can be written as 
0, —Lo, =-0* ...(dii) 
0, —Uo, =—0* ...(iv) 
By using these equations the locations of points B, C, K and L can be obtained. Points B 
and K can be joined and produced both sides. Similarly point L and C can be joined and produced 
both sides. The points J, L and H can be obtained. We will get a parallelogram HGLJ as shown in 
Fig. 24.2, which represents the graphical representation of maximum strain theory. 
The failure of the material will occur if any point having co-ordinates (6,, 6,) falls outside 
parallelogram HGLJH. 
3. Maximum Shear Stress Theory. Criterion of failures according to this theory are as 
follows : 
@) Ifo, and o, are like*(z.e., they are in 1st and 3rd quadrant), the maximum shear stress 


1 
is = x o,[or Bs x 0: | obtained by taking half the difference between o, and 0 or o, and 0. 
2 2 


Hence failure is represented by 
Ist quadrant 3rd quadrant 


0} 
— = = o* =—o* 
i or 0,=0 and 6,=-6 
O, o* 

a -o0* -—o* 
5° 9 or 6,=0 and 6,=-6 


The lines are drawn according to above equations in the 1st and 3rd quadrant of 
Fig. 24.3. In first quadrant, line AE represent the equation 0, = o* whereas line DE represent the 
equation 6, = o*. In third quadrant, line CF represent the equation o, =— o* and line BF represent 
the equation 6, = — 0%. 


Fig. 24.3. Graphical representation of maximum shear stress theory. 


*Suppose o, and o, are tensile and are equal in magnitude. The maximum shear stress will not be 


ene: O71 oO 
zero. But it will be equal to > oF a 
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(i) Ifo, and o, are of opposite sign (7.e., one is +ve and other is —ve which means they are in 
2nd and 4th quadrant), the maximum shear stress is half the difference between o, and o,. 


Hence failure is represented by 


1 1 
5 (0,-0,)=+ 2% o* or (6,-0,)=+0* 

The equation 0, — 6, = + 6* gives 6, = 6, —6* (which is equivalent to y = mx +c). This is the 
equation of straight having intercept = — o* on y-axis and slope = 1i.e., 45°. This represent the 
line BA in Fig. 24.3. 


The equation 6, — 6, = — o* gives 6, = 6, + o*. This is also the equation of straight line 
having intercept = + o* on y-axis and slope of 45°. This represents the line CD in Fig. 24.3. The 
boundary ABFCDEA shown in Fig. 24.3 gives the graphical representation of maximum shear 
stress theory. 

The failure of the material will occur if any point having co-ordinates (6,, 6,) falls outside 
the boundary. 

4. Maximum Strain Energy Theory. The criterian of failure for two dimensional stress 
system according to this theory is 

6°46," -20.6,*6,=-6"=0" (-" o,* has been taken = o*) 

The above is the equation of an ellipse with centre at the origin and axes inclined at 45° as 
shown in Fig. 24.4 along with the boundaries of maximum strain theory and maximum principal 
stress theory. The ellipse is inscribed in the parallelogram GLKHG given by maximum strain 
theory. The boundaries of the maximum strain theory is shown in Fig. 24.4 as APBNCQDMA. 
The failure of the material will occur if any point having co-ordinates (6,, 6,) falls outside this 
boundary. 


Sietsek& : Max. strain theory 


Strain energy theory 


Fig. 24.4. Representation of strain energy theory (Boundary APBNCQDMA). 


5. Maximum Shear Strain Theory. The criterion of failure according to this theory is 
given by 
G/+6,7-6,% o,=6," <0" 
This is an equation of ellipse with centre at the origin and axes inclined at 45° as shown in 
Fig. 24.5 along with the boundary of maximum principal stress theory. 
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Principal stress theory 


Maximum shear strain theory 


Fig. 24.5. Representation of maximum shear strain theory (Boundary AFBGCHDEA). 


The boundary of the maximum strain energy theory is shown in Fig. 24.5 as AFBGCHDEA. 
The failure of the material will occur if any point having co-ordinates (6,, 6,) falls out side this 
boundary. 


24.8. IMPORTANT POINTS FROM THEORIES OF FAILURES USED IN DESIGN 


The cause of failure of a material depends not only on the properties of the material but also 
on the stress system to which it is subjected. The various theories of failure have been explained 
in the previous article, but no great uniformity of opinion has been reached so far. The followings 
are the important points from the theories of failures, which should be generally used in design : 

1. The maximum principal stress theory should be used in case of brittle materials such as 
cast iron. 

2. The maximum shear stress or maximum shear strain energy theories should be used 
for ductile materials. These theories give a good approximation. When the mean principal stress 
is compressive, the shear strain energy should be preferred. 

3. The maximum strain theory gives reliable results in particular cases, hence this theory 
should not be used in general. 


In some cases this theory becomes invalid. Let us consider a case where o, = 6, (i.e., equal 
tensions in two perpendicular directions). Then equation (24.2) for two-dimensional stress system 
becomes as 


-o* 
6, —HO,= 0, 


or 6,-H x0, =0,* CS G)=¢)) 
or 6,1 -w=o;* 

0, * 
or = Ga) 


As wis less than 1, the above equation shows that 
a> 6, 
This means then tensile stress at failure is more than the stress in simple tension. 
Experiments donot support this conclusion. 


4. The maximum shear stress theory should not be applied in the case where the state of 
stress consists of triaxial tensile stresses of nearly equal magnitude, reducing the shearing stress 
to asmall magnitude. In this case the failure would be brittle fracture rather than by yielding. 
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Problem 24.11.A hollow mild steel shaft having 100 mm external diameter and 50 mm 
internal diameter is subjected to a twisting moment of 8kNm and a bending moment of 
2.5 kNm. Calculate the principal stresses and find direct stress which, acting alone, would 
produce the same (i) maximum elastic strain energy, (ii) maximum elastic shear strain energy, 
as that produced by the principal stresses acting together. Take Poisson’s ratio = 0.25. 

(Engineering Services) 

Sol. Given : 

External dia., D= 100 mm =0.1m 

Internal dia., d = 50 mm = 0.05 m 

Twisting moment, T = 8 kNm = 8000 Nm 

Bending moment, M = 2.5 kNm = 2500 Nm 

Poisson’s ratio, Ut = 0.25 

Let us first calculate bending stress (,) due to bending moment and shear stress (t) due to 
twisting moment. 


Bending stress, j= —s 
where 


2 
= Wp 4 4), A 
re -d4]x = = og 0 - 0.05) * 5 


2 
70: .0001 — 0. rail Cag 


=92x10°m 
= 27.17 x 10° N/m2 
= 27.17 MN/m? 


i T 
Shear stress, t=—xR E 7 


™ [pt — d*] 2 
8000 x 32 0.1 
= x 
(0.14 -0.054) 2 
_ 8000 x 16 x 0.1 
~ [0.0001 — 0.00000625] 
= 43.46 x 10° N/m? = 43.46 MN/m?. 
(@) Principal stresses (6, and 6.) 
Now the principal stresses can be calculated. They are 


2 
Op So 2 
ae = 
6, ando, ag ( ae) 


2 
27.1 
[ if ") +4346? = 13.585 + 45.53 


STRENGTH OF MATERIALS 


a 6, = 13.585 + 45.53 = 59.115 = 59.12 MN/m?. Ans. 
and 6, = 13.585 — 45.53 = — 31.945 = - 31.95 MN/m?. Ans. 


(ii) Single direct stress which would produce the same maximum elastic strain energy as 
produced by the principal stresses acting together. 
Let o = single direct stress 


1 
Strain energy due to single direct stress = oR * 0” ...(Z) 
Max. strain energy produced by principal stresses = 5 oe (0,7 + .6,?—2u6, x 6) (Zi) 
Equating the two strain energies given by equations (i) and (iz), we get 
1 
OE [5,2 +0,?—2u6, xo] = on xo” 
or 6,7 +6,7-2u6, x 6,= 0” 
or 59.12? + (— 31.95)? — 2 x 0.25 x 59.12 x (— 31.95) =o? 
or 3495 + 1020.8 + 944.4 = 6? 
or 5460.2 =o? 


06 = 5460.2 = 73.89 ~ 73.9 MN/m?2, Ans. 


(iii) Single direct stress which would produce the same maximum elastic shear strain 
energy as produced by the principal stresses acting together. 
Shear strain energy by single direct stress 


1 
2 2 2 
Pe [(o — 0)? + (0 — 0)? + (0 — 0)?] 


[.: Single stress is uniaxial stress system i.e., 6, 0, 0] 


~ 4 


1 
ate 2 2] <= 
= Taq IO + l= TG 


Max. shear strain energy due to principal stresses 6,, 6,, 0 


x 207 (Zit) 


= Foc Mo- Oy)? + (6, — 0)? + (0-0)? I 
[Refer to equation (24.10)] 


1 
= jae Mo- 6,)? + 6,7 + 0,7] 

= Toe [(o,? + 6,? — 20,0,) + 6,7 + 0,7] 
1 ; 

=e [2(0,? + 6,?-9,6,)] ...(iv) 

Equating the two shear strain energies given by equations (iii) and (iv), we get 
1 2 1 2 2 
pe * 2° = joc * 2% © + Oo — 6,05) 
or o2 = of +o02— 6,05 [Cancelling = x 2 from both sides| 


= 59.12? + (— 31.95)? —(59.12) (— 31.95) 
= 3495 + 1020.8 + 1888.8 
= 6404.6 


= {6404.6 = 80.03 MN/m2. Ans. 
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Problem 24.12. A cylindrical shell made of mild steel plate and 1.2 m in diameter is to be 
subjected to an internal pressure of 1.5 MN/m2. If the material yields at 200 MN/ m2, calculate 
the thickness of the plate on the basis of the following three theories, assuming a factor of safety 
3 in each case: 


(i) maximum principal stress theory, 

(ii) maximum shear stress theory, and 
(iii) maximum shear strain energy theory. (Engineering Services) 
Sol. Given: 

Diameter, d = 1.2 m; Internal pressure, p = 1.5 MN/m? 
Yield stress, o,* = 200 MN/m? 

Factor of safety = 3 

O; _ 200 5 

Safety factor 3 oe 


Permissible stress in simple tension, 6,= 


Let ¢= thickness of the plate. 
Let us first calculate the circumferential (or hoop) stress and longitudinal stress produced 
by internal pressure in the material of the shell. 


_ pxd_15x12_ 09 


: ; ‘ 

Circumferential stress, 6, om ee ? MN/m 
ae pxd_ 15x12 0.45 ‘ 

Longitudinal stress, a ee MN/m 


At any point, in the material of cylindrical, the above two stresses which are tensile are 
perpendicular to each other. Also there is no shear stress. Hence these stresses are also principal 
stresses. 


0.9 
0,=90,= “ MN/m? 


0.45 
and oss" MN/m? [Here o,>0,] 


(i) Thickness of plate on the basis of maximum principal stress theory 
According to maximum principal stress theory for design purpose (here ¢ is to be calculated) 


6, =6, 
0.9 200 
or — === E O; = 20 MN/m* | 
t 3 3 
3x09 
or t= 200. = 0.0185 m=13.5 mm. Ans. 


(ii) Thickness of plate on the basis of maximum shear stress theory 
Here both the principal stresses are tensile and 6, > 6,. Hence maximum shear stress due 


0 
to these principal stresses will be (<] . And the maximum shear stress due to permissible stress 


1 
in simple tension will be 3 * oe Hence, we get 


1 1 
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or 


or 


6, =9, 
0.9 200 
t 3 
0.9x3 
= soy 0.0185 m=13.5mm. Ans. 


(iii) Thickness of the plate on the basis of maximum shear strain energy theory 
For two-dimensional stress system for design purpose in case of maximum, shear strain 


energy, equation [24.13(A)] is 


used 
2 2 _«2 
O,°+6,"-0, x0, =9, 


a (22) (248) 0.9 0.45 (200) 
+ x = 
t t t 3 

0.457 40000 

or a (4+1-2=—— 
0.45%, _ 40000 
or D xo= 9 
2 
or g2 = O40 X8X9 _ 1 3668 x 10-4 
40000 

or t = ./1.3668 x 10-2 =1.169 x 10-7 = 0.01169 ~ 0.0117mm. Ans. 


Problem 24.13. In a two-dimensional stress system, the direct stresses on two mutually 
perpendicular planes are 120 MN/m? and 6 MN/m?. These planes also carry a shear stress of 40 
MN/ m7”. If factor of safety on elastic limit is 3, then find : 


(i) the value of 6 when shear strain energy is minimum and 


(ii) the elastic limit of the material in simple tension. 


Sol. Given: 


Two-dimensional stress system. 
o, = 120 MN/m? ; 5, = 6, T,, = 40 MN/m2 


Factor of safety = 3 


Let us first find the principal stresses (6, and o,). They are given as 


6, ando, = = — + \(c 7 J + Ty 
_ in0+9 5 (320-2) 40 
2 2 
oe ae, (222-2) ae Ea 7” 
where x= (22) 40? 
a 2 ae i a) Agen Es = 
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(it) Value of owhen shear strain energy is minimum 
Shear strain energy is given by equation (24.10) as 


1 
U =~ (eo, -6,)* + (6,—6,) + (6, -6,)"] 


... for three-dimensional stress system 


1 
= Fog Mo- 6)? + (6, — 0)? + (0-6 ,)7] 
... for two-dimensional stress system (6, = 0) 
1 
= pe [(2x)? + 6,7 + 6,7] 
(=e (er 
0, -O9= +x x)= 2x 
2 2 
1 2 2 2 . 
= pe [4x? + 6,7 + 6,7] (0) 
Let us find the values of 6,7 + 0,” 
2 2 
120+ 
o2=| S| aa =| Oto | 


2 2 2 
120+ 
Geen el a AAO |g) 2 Sl aa 
1 2 9 9 D) 


Substituting this value in equation (i), we get 


2 
120-6 
Now substitute the value of x? in above equation x = | ( +40? 


2 
ea (2s) eae 
2 
[ 2 2 
y= 1 3 (=*) +402 +(e) 
6C| 2 2 
1 [ o) 2 o) 
= —~|35|60-—]| +40°;+| 60+ — 
6C| 2 2, 


o Se 
=—|3 [2600 += - 606 + 1600} + [2600 a cos} 
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1 

Se Qi 

= $C [14400 + o7— 1200 + 1600] 
1 

62 

= 6c [o2 — 1206 + 16000] 

For shear strain energy to be minimum, aa 0 
or 20 —120=0 
120 
oa, = 60 MN/m?2. Ans. 


(i) Elastic limit of the material in simple tension (6,*) 
Let us first find the values of principal stresses (o, and o,) 


2 
os os +402 


2 


2 
120 + 60 120-60 
= +f 2 +40? Ce o=60) 


2 


= 90 + 900+ 1600 = 90 + ¥2500 
= 90 + 50 = 140 MN/m? 
and 6, = 90 — 50 = 40 MN/m? 
Let o,= permissible stress in simple tension. 
Using equation [24.13(A)], we get 
6,7 +06,?—0,6,=6/ 


or 140? + 402-140 x 40 =62 
or 19600 + 1600 — 5600 = o 
or 6, = 15600 = 124.89 ~ 124.9 MN/m? 


o,* = Safety factor x 0, = 3 x 124.9 = 374.7 MN/m?. Ans. 


Problem 24.14. A thick cylindrical pressure vessel of inner radius 150 mm is subjected 
to an internal pressure of 80 MPa. Calculate the wall thickness based upon the 


({) maximum principal stress theory, and 
(ii) total strain energy theory. 
Take Poisson’s ratio = 0.30 and yield strength = 300 MPa. 


Sol. Given: 

Inner radius, r, = 150 mm = 0.15 m, 
Internal pressure, p, = 80 MPa 

Poisson’s ratio, u = 0.30 


Yield strength, o6,*=300 MPa 
In case of thick* cylinders the maximum value of o, and o, occurs at the inner radius r,. 
The three principal stresses at inner radius ‘r,’ are given as 
(@) Radial stress, o,, which is compressive and is equal to p, at radius r, 
(az) Circumferential stress 6, which is tensile and is equal to 


*Please refer to chapter 18 of thick cylinders. 
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pre e+]. pine (ry? + 7,") 
; ( 


Oo = 
. i =r ry i =t) re 
_ Pi 2 2 
= x (7,7 + 7,7) 
(4? — 72) 2 1 
2 
r 
Py [2] +1 5 
Pan? "1 Kea 
=p re s8 = =p,|sS2 , where K=+ 
T9 Sy t 2 K ry 
ry 
2 
r. 
Pir" ad Pp Pp 
(iii) Longitudinal stress, o, = —~++~ = i= Se 
gl Lon? Parad is 2 K2-1 
2 2 =| -1 
ry ry r, 


This stress is also tensile. 

Out of the three principal stresses, the circumferential stress is maximum. And if there is 
no longitudinal stress in the cylindrical shell, then we shall have two principal stresses at inner 
radius which are : 


2 
6/=0.=p; = (tensile) 
K*-1 


6, = 0, =p, at inner radius (compressive) = — p, 
0, =0,=0. 
(i) Thickness of the wall based on maximum principal stress theory. 
According to maximum principal stress theory : 
[Please note that for failure o, 20,*. But for design o, <o,*. 
Actually 6, = 6, where o, = 6,*/Safety factor] 


q,50;* 
K? +1 
or Pi| x2 _1| £300 (. 6,*=300 MPa) 
K? +1 
or 80 | 7-2 _ 7 | <300 (-" p, = 80 MPa) 
K* +1300 _ 
or K_-1 80 <3.75 
or K? + 1<3.75K? — 3.75 
or 4.75 < 2.75 K? 
or 2.75 K? > 4.75 
[4.75 
K2 ,J—— 1.314 
or 275 3 
But = 
r 
7 21.314 
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or 921.314xr, or 1314x150 or 197.1 (. r,=150 mm) 
. > 197.1 mm. 
Tat us take it equal to 197.1 mm. 
or r, = 197.1 mm. 
Thickness of wall =r, —r,=197.1-150=47.1mm. Ans. 
(ii) Thickness of wall based on maximum strain energy theory: 


According to maximum strain energy theory for two-dimensional stress system [Refer to 
equation (24.7)], we have 


0,7 + 0,2— 20,0, <0, 2 
[For failure L.H.S. should be > 6,*? and for design it should be <o, 7] 
Substituting the values of 6, and o,, we get 


K?+1)] Kd * 
Pil 24 + (—p,)— 2 | Pil Fay || Cp) <0,? 


K74+1 ‘ 
or p? K? 7 1 + 1+ y(t < (os? 
i p,2| (K? + D? +(K? - - + 2u(K? + D(K* -D) <6 *p 

(K? -1)? 
re pe o|K*+1+2K7+K* +1-2K? +QueK* +1) <(6,* 

(K? -1)? 

2K* +24 2u(K* -1) . 
" "| (K-10)? | — 
or 2{ 2K 4+) +20-w | <i» 
(K* - 1)? 
2 
or agin [K*(1 + pw) + (1-p)] < (o,*)? 
(Kody 


But p, = 80 and o,* = 300, hence the above equation becomes as 


K*(1+0.3)+(1-0.3 
2 x 802 | 2 : < 3002 
(K* - 
4 2 
om K es 300 ~ or 7.08 
(K? -1) 2x 80 
or 1.3K4 + 0.7 < 7.03 (K2 — 1)? 


< 7.03 (K4 + 1 — 2K?) 
< 7.03K4 + 7.03 — 14.06K2 

or 0 < 7.03 K* + 7.03 — 14.06K2 — 1.3K4 — 0.7 
< (7.03 — 1.3)K4 — 14.06K2 + (7.03 — 0.7) 
< 5.73K4 — 14.06K? + 6.33 

or 5.73K* — 14.06K2 + 6.33 >0 
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14.06 6.33 
or K*— Sie? eae 0 (Taking limiting case) 
or K*— 2.45 K?+1.1=0 
2.45 + 2.457 -4x1x1.1 


=0.592 or 1.858 


K= 0.592 or 1.858 


=0.769 or 1.363 


But K 40.769 as K = 2 and r, is more than r, and K is more than 1. 
1 


To 
K=1.3638 or —~ =1.363 
Lat 


r, = 1.863 x r, = 1.363 x 150 = 204.45 mm 
Thickness of wall =r, —r, = 204.45 - 150 = 54.45 mm. Ans. 


24.9. ENERGY OF DISTORTION (OR SHEAR STRAIN ENERGY) 


The total strain energy per unit volume is given by equation (24.5) as 
Us = [(o,? + 6,” + 6,7) — 2u(6,0, + 0,63 + 6,0,)] 
The above energy can be split up into the two strain energies as : 
(i) Strain energy of distortion (shear strain energy) 

(ii) Strain energy of uniform compression or tension (Volumetric strain energy or energy of 
dilation) 

The principal strains (e,, e,, e,) in the direction of principal stresses (6,, 6, and 6,) respec- 
tively are given by 


€1= F lo, — Mo, + o3)I 

Cy = Fe [52 — Mo; + 04) 
1 

e3= Fe lo; —H(G, + 6,)] 


Adding, we get 
1 
ey tegteg= [(o, +6, + 6,)— 2. (6, + 6, + 6,)] 
(6, +O, + G3) 
— 1-2 
E ( V0) 
But e, +e, + e, = Volumetric strain (e,,) 
(6, +05 +603) 
e,=— 7 °.(1 =u) 
Now the two important points are 
(a) Ifo, +6, + 6, = 0, thene, = 0. 
The above result shows that if sum of the three principal stresses is zero then volumetric 
strain is zero. This means there is no volumetric change. Only distortion occurs. 
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(6) Ifo, = 0, = 64, then e, =e, =e,. This means the linear strains in all three directions are 
equal. This also means that there is no distortion. No distortion means there are no shear stresses 
and no shear strains. But volumetric strains are present due to the presence of e,, e, and es. 
Hence in this case only volumetric change occurs. 


Energy of distortion and energy of dilation 
For a general case, let us introduce the notation 
0, +0,+63 

3 
Now the three given principal stresses can be broken into two parts as given below 


“e ) 


6,=p+o, ...(di) 
6,=pto, vo btt) 
6, =p +0, ...(iv) 


Adding equations (iz), (iii) and (iv), we get 
0, +0, +6, =3p +0,’ +0, + 05" ...(v) 
From equation (7), 6, + 6, + 6, = 3p 
Hence the above equation (v) becomes as 
3p = 3p + 0,' + 0, + 6," 

or 0,/+0,/ +0, =0 

As the summation of 6,’, 6,’ and 6,’ is equal to zero, this means this set of stresses produces 
distortion only. This has already been stated in important point (a). 


The other set of equal stresses p, p, p (i.e., 6, = 0, = 6) which is a case of uniform tension 
or compression produces only volumetric changes. This has also been stated in important point (0). 


The total strain energy is the sum of strain energy of uniform tension (or compression) and 
strain energy of distortion. Hence the strain energy of distortion is obtained by subtracting the 
strain energy of uniform tension (or compression) from the total strain energy. 


Total strain energy per unit volume is given by equation (24.5) as 
1 
ar [5,7 + 6,7 + 6,7 — 20,6, + 6,0, + 6,0,)] 


The strain energy of uniform tension (or compression) is produced by a set of equal stresses 
P>P;P. 

Hence substituting 0, = p, 6, = p, 6, = p in the above equation, we get strain energy of 
uniform tension. 


Strain energy of uniform tension per unit volume 
1 
= o5 lp +P? + p?- 2p xp +p xp +p xp) 


ema or ee 2 
= OE [3p7 — 2u x 38p7] 


1 
eke 21 — 
=3E x 3p* x(1 — 2u) 


0,+05,1t+90 
But rare oan 
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Strain energy of uniform tension 


2 
1 0,+09+03 
= oR *3* «( 3 x (1 — 2u) 


“= x (0, + 6, + Og)” x (1 — 2u) 
Now the strain energy of distortion can be obtained. 
Strain energy of distortion per unit volume 
= Total strain energy — strain energy of uniform tension 
1 


= OR Bq lO,? + 642+ 6,7 — 2U(0,6, + 6,03 + 0,6,)] 


— 6p Ot 2+ 63)” x (1 — 2u) 


1 
= GE [3{0,? + 6,?+ 6,7 — 2U(6,0, + 6,0, + 6,0,)} 

~(1-2u) (6, + 6, + 64)7] 
= —— [80,7 + 30,7 + 30,7 — 60,0, — 6110,6,— 610,06, 


— (1-2) x (6,2 + 6,?+ 6,74 20,6, + 20,0, + 20,6,)] 


2 2 2 
[20,° + 26,°+ 20,°— 20,6, — 26,6,— 20,0, — 60,0, 


— 66,0, — 610,60, + 2U(0,? + 6,7 + 64”) + 2U(20,6, + 26,0, + 26,0,)] 


GE [(20,? + 26,7 + 20,”) (1 + U) — (20,6, + 20,6, + 26,0,) 


— (26,6, + 20,6, + 26,0,) 


1 
en [(20,7 + 20,” + 20,7) (1+ UL) — (20,0, + 20,6, + 20,0,) (1 + W)] 
1+ 
7 on [20,7 + 20,7 + 20,?— 20,6, — 26,06, —20,0,] 
1+ 
= —_ [(o, — 6)? + (6, — 63)? + (63 —6,)?] 


But we know that EF = 2C(1 +) 
Hence the above equation becomes as 


__ (+w) 2 2 2 

= 6x 200+) [(G, —6,)* + (6, —6,)* + (G6,-6,)*] 
1 

= Fag [o- Oy)? + (0, — 0)? + (G3 -9,)7] 


Strain energy of distortion per unit volume 
1 
= Foc Mo- Oy)? + (0, — 04)? + (0, —0,)7] +2414) 
Equation (24.14) is also known as the equation of shear strain energy. 
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HIGHLIGHTS 


i 


For a three-dimensional stress system subjected to principal stresses 6,, 6, and o, the equations 
for criterion of failure and for design according to : 


(a) Maximum principal stress theory (or Rankine theory) are : 
Criterion offailure: 06, 26,* where o,* = Elastic limit in simple tension 
| 6, | 20,* o,* = Elastic limit in simple compression 
For design :6,=06, where o, = permissible stress in simple tension 
o,* 
. Safety factor 
(6) Maximum principal strain theory (or Saint Venant Theory) 


1 1 
Criterion of failure: = [o,—uU(o, + 63)] 2 E 6," or 6,—H(G,+63)20,* 


E 
| [o,-(o, + 6,)] | 20,* 
For design : 6,—H(O, +64) =9, 
or 0,—U(0, + Oy) =6, 
(c) Maximum shear stress theory (or Guest and Tresca Theory) 
At failure : (6,-6,)26,* 
‘ o;* 
For design : (0,;—6,)=6, where o,= Safety factor 


(d) Maximum strain energy theory (or Haigh’s Theory) 


At failure x [0,7 + 0,7 + 6,” — 21(6,6, + 6,03 + 6,0,)] = = (0,;* 
For two-dimensional stress-system : 
At failure : 0,7 + 0,?—2u(o, x 6,) 2 (0,*)? 
For design : 6,2 + 6,7 —2u(o, x 6,) = 0, 
(e) Maximum shear strain energy theory (or Mises and Henky Theory or Energy of distortion 
Theory) 
Criterion of failure : (0, —0,)? + (6, —63)? + (63 -9,)? 22 x (6,*)? 
For design : (6, —0,)” + (6, —03)? + (0, -0,)? 22 x 077 
For two-dimensional stress system in case of design 
6,7+06,?—-0,0, =6/. 


EXERCISE 


(A) Theoretical Questions 


What do you understand by the term “Theories of failure” ? Name the important theories of 
failure. 


Define and explain the following theories of failure : 
(i) Maximum principal stress theory. 

(ii) Maximum principal strain theory. 

(tit) Maximum shear stress theory. 

(iv) Maximum strain energy theory. 

(v) Maximum shear strain energy theory. 


3. 


4, 
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Derive an expression for the distortion energy per unit volume when a body is subjected to princi- 
pal stresses 6,, 6, and 63. 


Explain with reasons which theory of failure is best suited for : 
(i) Ductile materials 

(ii) Brittle material. 

State distortion energy theory for failure. 


(B) Numerical Problems 

The principal stresses at a point in an elastic material are 22, N/mm? (tensile), 110 N/mm? 
(tensile) and 55 N/mm? (compressive). 

If the elastic limit in simple tension is 220 N/mm? and p= 0.3, then determine whether the failure 
of material will occur or not according to 

(i) Maximum principal stress theory, 

(ii) Maximum principal strain theory, 
(iii) Maximum shear stress theory, 

(iv) Maximum strain energy theory, 

(v) Maximum shear strain energy theory. [Ans. (i) Yes (ii) No (iii) Yes (iv) Yes (v) Yes] 
Determine the diameter of a bolt which is subjected to an axial pull of 12 kN together with a 


transverse shear force of 6 kN, when the elastic limit in tension is 300 N/mm?, factor of safety 
= 3 and Poisson’s ratio = 0.3 using : 


(t) Maximum principal stress theory, 
(ii) Maximum principal strain theory, 
(iit) Maximum shear stress theory, 
(iv) Maximum strain energy theory, 
(v) Maximum shear strain energy theory 
[Ans. (i) 13.59 mm (iz) 138.925 mm (ii) 14.7 mm (iv) 14.02 mm (v) 14.22 mm] 


A bolt is under an axial thrust of 7.2 kN together with a transverse shear force of 3.6 kN. Calculate 
the diameter of the bolt according to : 


(t) Maximum principal stress theory, 
(ii) Maximum shear stress theory, 
(iii) Maximum strain energy theory 
Take elastic limit in simple tension = 202 N/mm’, factor of safety = 3 and Poisson’s ratio = 0.3. 
[Ans. (i) 12.8 mm (ii) 13.8 mm (iii) 13.33 mm] 
A steel shaft is subjected to an end thrust producing a stress of 90 MPa and the maximum 
shearing stress on the surface arising from torsion is 60 MPa. The yield point of the material in 


simple tension was found to be 300 MPa. Calculate the factor of safety of the shaft according to 
the following theories : 


(z) Maximum shear stress theory, 
(ii) Maximum distortion-energy theory. 

[Ans. (z) 2.5 (ii) 2.77] 
At a section of a mild steel shaft of diameter 180 mm, the maximum torque is 67.5 kNm and 
maximum bending moment is 40.5 kNm. The elastic limit in simple tension is 220 N/mm? . 
Determine whether the failure of the material will occur or not according to maximum shear 
stress theory. If not, then find the factor of safety. [Ans. (i) Not (ii) 1.6] 


25.1. INTRODUCTION 


In the chapter of bending stresses, it is assumed that neutral axis of the cross-section of 
the beam is perpendicular to the plane of loading. This means that the plane of loading is parallel 
to the plane containing the principal centroidal axis of the inertia of cross-section of the beam. 
This type of bending is known as symmetrical bending. 

If the plane of loading or the plane of bending does not lie in (or parallel to) a plane that 
contains the principal centroidal axis of the cross-section, that bending is known as unsymmetrical 
bending. In case of unsymmetrical bending, the neutral axis is not perpendicular to the plane of 
bending. 

The unsymmetrical bending will be when 

(i) section is symmetrical (such as rectangular, circular, I-sections) but load line is 
inclined to both the principal axes. 

(ii) the section is unsymmetrical (such as angle section or channel section etc.,) and load 
line is along any centroidal axis. 


25.2. PROPERTIES OF BEAM CROSS-SECTION 


The integral J xy dA is known as product of inertia and the pair of axes, for which it is zero, 
are known as principal axes of the cross-section. The moments of inertia of an area about its 
principal axes are known as principal moments of inertia. The bending moment about any other 
axis is known as unsymmetrical bending. 

25.2.1. Principal Moments of Inertia. The principal axes of any area are those axes 
about which the product of inertia (1,,) is zero. Axes of symmetry through centroid are 
automatically principal axes, as the product moments for opposite quadrants cancelling each 
other out. 

If OX and OY are two perpendicular axes through centriod and OUand OVare principal 
axes at an angle 0 with axes OX and OY in anticlockwise direction as shown in Fig. 25.1. then: 


(@ Condition for principal axes is 


21 
tan 29 = ——*— ..(25.1) 
yy Dov 
(ii) Principal moments of inertia about axes OU and OV are: 
1 1 : 
Iyy= 3 (i 1.) + 9 lex 1) cos 20 — Ly sin 20 also ...(25.1A) 
1 1 
Igg= a ies La)? 9 a —I,,) sec 20 ...(25.1B) 
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di 1 
Tyy= 5 Gee + Ly) — 5 Fee Fy) sec 20 (25.2) 
Also Fag + Tyy = Leg * Ly (25.2A) 


(iii) The co-ordinates u, v relative to OU, OV and x, y relative to OX, OY of any point Pare 
given by [Refer to Fig. 25.1(a)] 


u=xcos@+ysin 0 and 


. ..(25.2B 

v=ycos 8—x sin 8 ee) 

(iv) Iff, andl, are equal, then 26 will be 90° and cos 20 = 0. And sec 20 = t = ae 00, 
a a7 cos260 0 


Hence equation (25.18) will not give correct result for [,,,. Hence to find [,,,,in such cases, the 
equation (25.1A) should be used. 

(v) Arectangle of width 6 and depth d is shown in Fig. 25.2. The sides of the rectangle are 
parallel to the principal axes. The product of inertia Las will be 


aykte opr 

x y 

IT. = | xydA=|| xy dy dx=|— a 
on faa[ raved e) Ll 
2 2 
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3) a) ed ba) 


2 2 2 2 


=kb x hd = bd x hk = Ahk (. bxd=A)_ ...(25.2C) 
Hence the product of inertia of a rectangle whose sides are parallel to the axes is equal to 
area of rectangle X distance of its C.G. from one axis X distance of its C.G. from other axis. 


25.3. STRESS IN UNSYMMETRICAL BENDING 


The cross-section of a beam subjected to a bending moment Min the plane of Y- Yis shown 
in Fig. 25.3. The co-ordinate axes XX and YY pass through the centroid G of the section. 


Y V 


Fig. 25.3 


Let UU, VV= principal axes passing through G and inclined at an angle 9 to XX and YY 
axes respectively. 

It is required to find the resultant stress at any point P having co-ordinates (x, y) with 
respect to axes XX, YY and (u, v) with respect to axes UU, VV. 

To find the stress distribution over the section the moment Min plane YY is resolved into 
components in the plane UUand VV. (i.e., in the plane of principal axes UU and VV) 

The moment in plane UU= M sin 8 

Moment in plane VV= Mcos 8 

The moment in plane UU, will bend the beam about axis VV. The bending stress (6,) due 


(Msin®) (a 3 M 


to this moment will be equal to 


—=— or o=—x 
Tey i 4 i? 
Similarly, the moment in plane VV, will bend the beam about axis UU. The bending 
M cos 0 
stress due to this moment will be equal to Ee) XU. 


Tuy 
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Hence, the resultant bending stress at any point P(u, v) will be given by 
_ (Msin 8) x u . (M cos 8) x v 


b lw Igy 
=u! sin 0 , Ueos “ (25.3) 
Ivy Tuy 


In the above equation, the signs of u and v will determine the nature of bending stress. If 
the co-ordinates of a point with respect to XX, YY axes are known then the co-ordinates of the 
same point with respect of UU, VV axes will be given by equation (25.2.B) as 

u=xcos0+¥ysin 8 
and v=ycos80—x sin 8 
where 0 = Inclination of principal axes UU, VV with axes XX, YY. 

25.3.1. Neutral Axis (N.A.). At the neutral axis, the resultant bending stress is zero. 
Hence the equation of neutral axis is obtained by substituting the value of 6, equal to zero in 
equation (25.8). 

Hence for neutral axis, 


mu) “ene : 2eo28 -¢ 
Iw Tuy 
usin® vucosd 
+ =(0 


or 
Iw Tuy 

vcos®@ -—uwsin® 

or = 
Tuy Iw 

ot o= —-usin 0 Loy 

ly cos 0 

=— Hut 5,28 u= 2S ith u ws(BOA) 
Iyy cos 0 Lyy 


Equation (25.4) is the equation of a straight line (vy = mx) passing through the centroid G 


L . : 
of the section. Here m = - = tan | is the slope of neutral axis. 
Ww 


25.3.2. Slope of Neutral Axis. Let o = Angle made by neutral axis with axis UU. 
Then tan o = slope of the neutral axis. 
From equation (25.4), the slope of neutral axis is given as 


I 
tana=m= - —UY ian | ...(25.4A) 
Iw 
o = tan! - fou tan | ...(25.4B) 
Ty 


Notes. (i) The nature of stress on one side of N.A. will be same whereas on the other side of N.A., 
the stress will be of opposite nature. 


(ii) The stress will be maximum at a point which is having maximum distance from N.A. 
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25.4. DEFLECTION OF BEAMS IN UNSYMMETRICAL BENDING 


A transverse section of a beam with centroid G is shown in Fig. 25.4 along with rectangular 
co-ordinate axes XX’ and YY’. The principal axes UU’ and VV’ inclined at an angle 6 to the XY 
set of co-ordinate axes are also shown. Wis the load acting along line YY’. This load can be 
resolved into two components, Wsin 6 along UG and Wcos 0 along VG. 


Fig. 25.4 


The component Wsin 0 will bend the beam about VV’ axis whereas W cos 0 will bend the 
beam about UU’ axis. 


Let du = deflection due to load Wsin 0 along line UU’ and 
du = deflection due to load Wcos 8 along line VV’ 
The values of 6u and 6u are given as 


K(W sin 6) L? 
= 


bu pera nd s:(25.8) 
K(W cos 0) L’ 
$y ee (25.6) 
Ex Inu 
where K = Aconstant depending upon the end conditions of the beam and position of load along 
the beam 


L = Length of beam 
The resultant deflection ‘8 is obtained as 


b= 8u2 + §v2 ...(25.6A) 


2 2 
_ || K(Wsin 6) L’ , | KW cos 0) L? 
E x ly E x Loy 
KWL’ |sin?0 cos’ 6 
= a) 
E Iw Tou 


(25.0) 
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1 
K= 28 for a simply supported beam carrying a point load at the centre. 


The angle B made by resultant deflection 6 with the line GV’ is given by, 
K (Wsin 0) L’ 
du Ex ly _ sind Ing 


tan B = —= . 
éu. K (Wcos 6)L cos 8 Iyy 
E x Loy 
vf 
= 7 tan 0 ...(25.8) 


Iw 
From equations (25.4A) and (25.8), it is clear that magnitude of angles o and B are the 


VW 


direction. Angle « gives the direction of N.A. whereas B gives the direction of resultant deflection. 
Hence the resultant deflection will be in a direction perpendicular to neutral axis. 


same - fou tan 0) They are measured from perpendicular lines GU and GV in the same 


25.4.1. Method for finding Bending Stress in Unsymmetrical Bending 
(i) Find the C.G. of the given section. Draw horizontal and vertical lines XGX’ and YGY’ 
through G. Then XX’ and YY’ represent the rectangular co-ordinate axes. 
(u) Determine [.., I _ and i of the given section. 


I 
(iii) Calculate the value of 6 from tan 20 = ——~—. If the value of 0 is +ve, then the 
yy 7 xx 

principal axis UU’ will be in the counter-clockwise direction with X-axis. Now find the location 
of VV’ axis which is at right angle to UU’ axis. 

(iv) Find the values of I,,,, and yy. If L,,. = 1 NB then value of [,,,, will be obtained from 
equation (25.1A). 

(v) Find M and its components along principal axes GU and GV. 
(vi) Find the resultant bending stress using 


7 (M sin @) xu , (M cos 8) x v 


? Iw Iuu 
7 went ie Ucos J 
Iw Tuy 


Problem 25.1. Figure 25.5 shows an unequal angle of dimensions 100 mm by 60 mm 
and 10 mm thick. Determine : 


(i) position of the principal axes and 
(ii) magnitude of the principal moments of inertia for the given angle. 
Sol. Let us first find the location of centroid G of the given angle. 
Divide the angle into two rectangles 1 and 2. Then 
A, = 60 x 10= 600 mm? 
A, = (100 — 10) x 10 = 90 x 10 = 900 mm? 
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¥ 
i¢—_—————_ 60 mm —————-> 
I 
x ——_> 
Cc 
x A | x u 
| G) 10 mm 
ae | 
| y=35mm t 
_ toy. . 
x |G a x 
100 mm | 
(@) 90 mm | 
| 
65 mm 
1Y 
YY pL _| 
10 
— 7 mm 
Fig. 25.5 


Take horizontal distances from line AB and vertical distances from line AC vertically 
downwards. Let (x,, y,) and (x,, y,) are the co-ordinates of the C.G. of rectangles (1) and (2). 


10 
Then 1 my 
10 _ _ 
Xo > ~5mm, y= 10+ > =55mm 


Now the centroid G, is obtained as 
_ _ Ax, + Agx, — 600x3+900x5 _ 1800+ 4500 
“"A,y+4, ~—-«600+900~—«*2:000 
=12+3=15 mm and 
_ Ayy, + Agyg _ 600 x 5+900x55 3000 + 49500 
~~ Ape A 600 + 900 1500 
=2+33=385 mm 
Hence the centroid G is below line AC at a distance of y = 35 mm and towards right of line 


AB at a distance of x = 15 mm. 


Draw a horizontal line X-X and vertical line Y-Y through G. Then X-X and Y-Y are the 
axes through centroid. 


Now the moments of inertia about X-axis, about Y-axis and product of Inertia of the given 
angle are obtained as 


_ 60x 10° 
Exx= 12 
= 5000 + 600 x (35 — 5)? + 607500 + 900 x 202 
= 5000 + 540000 + 607500 + 360000 
= 1512500 mm4 


2 3 
+ (60 X 10) x ( >| Peau a ) £10 x 90 x (65 — 45)2 
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3 3 
Lys +90 10x (%—5)2+# + 10 x 60 x (30— x)? 
= 7500 + 900 x (15 — 5)? + 180000 + 600 x (30 — 15)? 
= 7500 + 90000 + 180000 + 600 x 225 
= 7500 + 90000 + 180000 + 135000 = 412500 mm‘ and 
As the sides of the rectangles 1 and 2 are parallel to axes X-X and Y-Y, hence product of 
inertia is given by equation (25.2C)as 
Zs =A,h,k, + Ashok, 
where _k, = Horizontal distance of C.G. of rectangle (1) from axis Y-Y 
= (80-— *)=380-15=15 mm 
h, = Vertical distance of C.G. of rectangle (1) from X-X 
= (y — 5) = (85-5) = 30mm 
k, = Horizontal distance of C.G. of rectangle (2) from Y-Y 
= (x —5)=15—5=10 mm. It is towards left of Y-Y. Hence —ve. 
=-10mm 
h, = Vertical distance of C.G. of rectangle (2) from X-X = (65 — 45) = 20 mm. It is below 
X-X and hence is —ve. 
=—20mm 
- = 600 x 15 x 30 + 900 x (— 10) (— 20) (A, =600 and A, = 900) 
= 270000 + 180000 = 450000 mm*4 
(i) Position of Principal Axes 
For principal axes, 
21. 
tan 20 = are 
yy Axx 
= 2 x 450000 -_ 0.818 
412500 — 1512500 
tan 20 is —ve in 2nd quadrant 
: 20 = tan! (— 0.818) =—39.28° = 180 — 39.28 = 140.72° 
0= = = 70.36°. Ans. 
The axis U-U will be obtained by drawing U-U at an angle of 70.36° with axis X-X through 
G in anticlockwise direction as shown in Fig. 25.5(a). The axis V-V is at right angle to U-U 
through G. The axes U-Uand V-V are principal axes. Ans. 


(ii) Value of Principal Moment of Inertia 
Moment of inertia about principal axes U-U is given by, 


Lo t £ (Loe — Lyy) 
wu=— > yy ; 2 sec 20 
1512500 + 412500 1512500 - 412500 
= a sec 140.72° 
2 2 
= 962500 + 550000 x (- an = 962500 — 710594 


=251905.6 mm‘. Ans. 
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¥ 
Fig. 25.5 (a) 


Le 
and Doge lee ling 
= 1512500 + 412500 — 251906 = 1673094 mm‘. Ans. 
Problem 25.2. A cantilever of length 1 m carries a point load of 2000 N at the free-end. 
The cross-section of the cantilever is an unequal angle of dimensions 100 mm by 60 mm and 
10 mm thick. The small leg of the angle (i.e., 60 mm) is horizontal. The load passes through the 
centroid of the cross-section. Determine: 


(i) position of neutral axis and 
(ii) the magnitude of maximum stress set up, at the fixed section of the cantilever. 
Sol. The position of centroid G has been obtained in Problem 25.1. The inclination of the 
principal axes UU’ and VV’ is also calculated. 


For a cantilever, the maximum bending moment is at the fixed end. Hence maximum 
B.M. is 2000 x 1000 = 2,000,000 Nmm. This bending moment is in the plane of YY’. As the given 
bending moment is not in the plane of principal axes, hence it is a case of unsymmetrical bending. 

Resolving this bending moment in the planes of principal axes VV’ and UU’ respectively, 
we get 

B.M. in the plane of UU’ = 2,000,000 sin 70.36° = 1880320 Nmm 
and in the plane of VV = 2,000,000 cos 70.36° = 643320 Nmm. 


The moment in plane UU’ will bend the beam about axis VV. Hence bending moment 
about axis VV = M,, = 2,000,000 x sin 70.36° = 1880320 Nmm 


1000 mm —————+| | }¢—10 mm 
Fig. 25.6 (a) Fig. 25.6 (6) Cross-section of cantilever 
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>| mim 


Fig. 25.6 (c) Enlarged view of cross-section 


Similarly, bending moment about axis UU’ = M,, = 2,000,000 x cos 70.36° = 643320 Nmm. 
The combined bending stress at any point (u, v) is given by 
M,xu M,xv 
= + 
Iw Tuy 
_ 1880320 x u n 643320 x v 
~ 1673094 251905.6 


oO [Here wu and v are positive in quadrant UGV] 


[" From Problem 25.1, [,,,= 1673094 mm 


and I 77= 251905.6 mm‘4] 
=1.128u + 2.65v (0) 
At the neutral axis, o = 0. Hence equation of neutral axis is obtained by putting o = 0 in 
equation (i). 
Equation of neutral axis is 
1.128u + 2.65v=0 


— 1.128 
v= 365. u =—0.4256u 
This is equation of a straight line passing through G (i.e., y = mx) with m =— 0.425 
or tana=—0.4256 or a=tan-! (—0.4256) =23.05°. 


Hence neutral axis will be inclined to — 23.05° to UU’ axis as shown in Fig. 25.7. As this 
is the case of a cantilever, the stress will be tensile above neutral axis and compressive below 
neutral axis. The point Lis having maximum distance above neutral axis whereas point Mis 
having maximum distance below neutral axis. Hence at point L there will be maximum tensile 
stress, whereas at point M there will be maximum compressive stress. 


Let us find the values of wu and v at points ZL and M. The values of wu and vu in terms of 
x, y co-ordinates are given by equation (25.2B) as 


u=xcos0+¥ysin 8 andv=ycos8—x sin 8 
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For point L 
x=—x =-15mm 
y= y =35 mm 
u =— 15 cos 70.36° + 35 sin 70.36° =— 5.04 + 32.97 = 27.93 
v = 385 cos 70.36° — (— 15) sin 70.86° = 11.76 + 14.13 = 25.89 
Resultant bending stress at point Lis 
o=1.128u+2.65v 
= 1.128 x 27.93 + 2.65 x 25.89 
= 31.504 + 68.608 = 100.112 N/mm ?(Tensile). Ans. 
For point M 
x=-—(x —10)=—(15-10)=—-5mm 
y = —(100—- vy) =— (100-35) =—65 mm 
u=xcos8+ysin 0 =— 5 cos 70.36 + (— 65) sin 70.36 
= —5 X 0.336 — 65 Xx 0.942 =— 1.68 — 61.23 =— 62.91 mm 
v= ycos 8—x sin 8 =— 65 cos 70.36° — (— 5) sin 70.36° 
= — 65 X 0.8386 + 5 x 0.942 =— 21.84+ 4.71 =—17.18 
and bending stress becomes as 
6 = 1.128u + 2.65v 
= 1.128 x (62.91) + 2.65 x (- 17.18) =— 70.96 — 45.39 
=-— 116.35 N/mm? (Compressive). Ans. 


Problem 25.3. A simply supported beam of span 8 m carries a load of 500 N at its 
centre. The section of the beam is an equal angle of size 100 mm by 100 mm and 12.5 mm thick 
as shown in Fig. 25.8. The load line passes through centroid G of the section and is along line 
YG. Determine: (i) Stresses at points A, B and C of mid-section of the beam, (ii) Deflection of 
beam at the mid-section and (iii) Position of neutral axis. Take E = 200000 Nimm?. 
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Sol. Let us find the location of centroid G of the given angle. Divide the given angle into 
two rectangles 1 and 2. 


A, = 100 x 12.5 = 1250 mm? 
A, = 87.5 X 12.5 = 1093.75 mm? 


Y; 


ol be 


Fig. 25.8 
Let (x, y) are the co-ordinates of the centroid G with respect to rectangular axes BX, and 
By: 
ass _ 100 _ 
Then x, = Distance of C.G. of rectangle (1) from BY, = = 50 mm 
: 12.5 
y, = Distance of C.G. of rectangle (1) from BX, = es 6.25 mm 
x, = Distance of C.G. of rectangle (2) from BY, = = = 6.25 mm 
. 87.5 
y, = Distance of C.G. of rectangle (2) from BX, = 12.5 + = = 66.25 mm 
Now z- Aix; + Ayx, _ 1250 x 50+ 1098.75 x 6.25 _ 62500 + 6836 
7 A, + Ay 1250 + 1093.75 2343.75 
69336 
= 9343.75 ~ 29.58 mm 
—_ Ayy, + Agyg _ 1250 x 6.25 + 1093.75 x 56.25 7812.5 + 61523 
oer ya 252 _ = 
A; + Ag 1250 + 1098.75 2343.75 
= 29.58 mm. 
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Now draw X-X axis and Y-Y axis through G. Then the moment of inertia about X-axis, 
about Y-axis and product of inertia of the given angle are obtained as 


100 x 12.5° _ 125) 
yx= a, 100 x 125%(7- 29) | 


22 x 87.5% 
+ —— le 


2 
+ 12.5 x 87.5 x (= - 5) | 
= [16274 + 1250 x (29.58 — 6.25)?] + [697835 + 1093.75 (56.25 — 29.58)?] 
= [16274 + 680361] + [697835 + 777972] 


-: Distance between C.G. of rectangle (2) and 


C.G. of the angle = [125 + = — y =56.25- ¥ 
= 2172442 mm* 

L, i. I. As the given section has equal dimensions. 

To calculate the product of inertia (I,,), we find first the co-ordinates of the C.G. of rectangle 
(1) and rectangle (2) with respect to axes X-X and Y-Y. 

As the sides of the rectangle 1 and 2 are parallel to axes X-X and Y-Y, hence product of 
inertia is given by equation (25.2C) as 

=A, h, ky, + Ag hg ky 
where k, = Horizontal distance of C.G. of rectangle (1), from Y-Y= (= - z) = 50 — 29.58 = 


20.32 mm. It is towards right of Y-Y and hence +ve = 20.32. 


2, AD: 
h, = Vertical distance of C.G. of rectangle (1) from X-X axis = (3 - ue = 29.58 —-6.25 = 


23.33. It is below X-X axis and hence —ve = — 23.33. 


k, = Horizontal distance of C.G. of rectangle (2) from Y-Y = x — = = 29.58 — 6.25 = 


23.33. It is towards left of Y- Y and hence it is —ve = — 23.33. 


h, = Vertical distance of C.G. of rectangle (2) from X-X axis = [125 + = —¥ =(12.5+ 
43.75) — 29.58 = 26.67. It is above X-X axis and hence +ve = 26.67 mm. 
I, = 1250 x 20.32 x (— 23.33) + 1093.75 x (— 23.33) x 26.67 
=— 592582 — 680543 =—1273125 mm+ 
Principal Axes 
Let us now find the principal axes. For principal axes, we have 
ee ee =e (asi =T) 
Ly — Ley = 
= tan 90° 
8, = 45° and 0, = 90 + 45 = 135° gives the position of principal axes UU’ and VV 
through G respectively as shown in Fig. 25.8. 
| 1063 
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Principal Moment of Inertia 


In this case 20 = 90°, hence principal moment of inertia about principal axis U-U will be 
obtained from equation (25.1A), 


1 1 ; 
loy= es (Lae tly) + 5 (Ly, — Ly) cos 20 — I,,, sin 20 
1 1 
[Here donot use [,,7;;= 3 (Ces i) + e se 45) sec 20] 
1 
a [2172442 + 2172442] + 0O—(—1278125) sin 90° 
= 2172442 + 1273125 = 3445567 mm?+ 
and Dw lext Fyy— Lou 
= 2172442 + 2172442 — 3445567 
= 899317 mm‘. 


(i) Stresses at the points A, B, C. For a simply supported beam of span L carrying a 
point load Wat the mid-span, the B.M. at the mid-section is given by, 
_ Wx 500x3 _ 500 x 38 


4 4 
This B.M. is acting in the plane Y-Y and will bend the beam in X-X plane. Let us resolve 
the bending moment Minto its components in the planes of principal axes UU’, and VV’. 


(a) Component of moment (M) in the plane UU’ = M sin 0. This component will bend the 
given angle in plane VV’. Hence bending stress due to this component at any point P having 


(M sin 8) x u 
lyy ; 


(b) Component of moment (/M) in the plane VV = M cos 8. This component will bend the 
given angle in plane UU’. Hence bending stress due to this component at point P(u, v) will be 


(M cos 8) x v 


Tuy 


M Nm x 1000 = 375000 Nmm 


co-ordinates (u, v) will be 


Fig. 25.8 (a) 
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Resultant bending stress at any point P(u, v) is given by, 
_ (Wsin 8) x u : (M cos 8) x v 


Iw Loy 
375000 x sin 45° x w | 375000 x cos 45° x v 
ly Tuy 

= 375000 x 0.707 t é 4) [-- sin 45° =cos 45° = 0.707] 

Iw Iuu 
u U 

= 375000 x 0.707 ( + (A) 

899317 3445567 


Let us find the values of u and v at points A, Band C. The values of uw and v in terms of 
x, y co-ordinates are given by equation (25.2B) as 
u=xcos0+ysin 8 and 
v=ycos80—x sin 8 
For Point A 
x=-x =—29.58 mm 
y = 100— y = 100 — 29.58 = 70.42 mm 
u = — 29.58 X cos 45° + 70.42 sin 45° = 28.87 mm and 
v = 70.42 cos 45° — (— 29.58) sin 45° = 70.7 mm 
Substituting these values in equation (A), we get 
28.87 n 70.7 
899317 3445567 
=8.51+5.44=13.95 N/mm?. Ans. 


6, at point A = 375000 x 0.707 ( 


For Point B 
x=-x =-— 29.58 mm and y= -— y =— 29.58 mm 
u=xcos0+y sin 0 =— 29.58 cos 45° + (— 29.58) sin 45° =— 41.83 mm 
v=y cos 0—x sin 0 =— 29.58 cos 45° — (— 29.58) sin 45° = 0 
Substituting these values in equation (A), we get 
41.83 
899317 


6, at point B = 375000 x 0.707 (- + 0] =-12.33 N/mm?. Ans. 


For Point C 
x=100- x = 100 —- 29.58 = 70.42 andy=-— y =— 29.58 mm 
u=xcos0+y sin 0 = 70.42 X cos 45° + (— 29.58) sin 45° = 28.87 mm 
v=ycos 0—x sin 0 =— 29.58 cos 45° — 70.42 sin 45° =— 70.7 mm 

Substituting these values in equation (A), we get 

28.87 — 70.7 


+ 
8993817 3445567 
= 8.51—5.44=3.07 N/mm”. Ans. 


6, at point C = 375000 x 0.707 ( 
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(ii) Deflection of the beam at mid-section (8). The deflection is given by equation 
(25.6A) as 


d= Su? + Sv” -(B) 
where 6,,= deflection along UU’ due to load component W sin 0 (which is along UU’ axis) for 
the bending of beam about VV’ axis 
_ K (Wsin 6) L’ 
ET is 
6,, = deflection along VV’ due to load component W cos 8 (which is along VV’ axis) for 


3 
the bending of beam about UU’ axis = K Wos 6) LY 
Ex Iug 


1 
where K=a constant = 78 for a simply supported beam carrying a point load W at the 


centre 
L = length of beam 
Now equation (B) becomes as 


7 [cess 6) #) [eee 0) “) 


Ex Ivy Ex Igy 


E Vdw)? Cov)’ 


Here W= 500 N, L=3 m= 3000 mm, K= = and EF = 200,000 N/mm? 


_ KWL j= 6 cos” 0 


b= 


1 | 500x (3000)? | sin? 45° ‘ cos” 45° 
48 200,000 (899317) (3445567)? 
_ 5x27 


x 10° [6.182 x 107! + 4.211 x 10-4 


x 10° 6182 x 10"! + 4.211x 10-4 


_ 5x 27 
~ 96 


eae 10° x 8125x107’ =1.1425 mm. Ans. 


The angle B made by the deflection with axis V V clockwise is given by 


vf 
tan B= = tan 0 
Ww 


3445567 
= ———— tan 45° = 8, 
899317 ie 


6B = tan! 3.831 = 75.37°. Ans. 
(iii) Position of the neutral axis. For neutral axis, resultant stress should be zero i.e., 
G, in equation (A) should be zero 


0 = 375000 x 0.707 [ a ee }=o 
899317 3445567 
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u U 
or + =0 
899317 3445567 
u 
= 3445567 = — 
or UV 399317 x 3.831lu 


This is a equation of straight line, passing through G. The slope of this line is 
m=tan «© =— 3.831 

- o=tan!— 3.831 =- 75.87% Ans. 

Problem 25.4. Calculate the maximum tensile stress in the I-section of a simply supported 
beam of span 3 m which carries a load of 7.5 RN at the centre of the beam. The load-line in 
inclined at an angle of 30° with the vertical as shown in Fig. 25.9 and passes through the 
centroid of the section. The dimensions of the I-section are shown in Fig. 25.9. 

Sol. The given section is symmetrical about XX’ and YY’ axes. The product of inertia about 
these axes will be zero. Hence these axes (i.e., X-X and Y-Y) will also be principal axes (i.e., U-U 
and V-V) as shown in Fig. 25.9. The centroid G of the section will be as shown in Fig. 25.9 i.e., 
at the centre of the web. The principal axes will be XX’ and YY’. (i.e., UU = XX’and VV= YY’) 

W= 7.5 kN = 7500 N 
L=3 m= 3000 mm. 


1Y, V 
I 
\}«<————- 90 _—— I 
M m 
W =7.5 kN 


Fig. 25.9 


The load is acting at the centre of the simply supported beam. The bending moment at the 
Wx L _ 7500x3000 _ 22500000 
7 4 4 
M= 5625000 Nmm. 


This bending moment is along a line which is inclined at an angle of 30° with vertical line YG 
as shown in Fig. 25.9. This bending moment is resolved into components in the plane of principal 
axes V-Vand U-Ui.e., one along YG and other along X’G. They are M cos 30° and M sin 30°. 


centre is maximum and is equal to = 5625000 Nmm. 
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The component along YG 

M, = M cos 30° = 5625000 x 0.866 = 4871250 Nmm 
The component along X’G 

M, = M sin 30° = 5625000 x 0.5 = 2812500 Nmm 


The component along YG will bend the beam about XX’ and component along X’G will 
bend the beam about YY’. Hence the resultant bending stress at any point (x, y) will be given as 


M, Mz 
o=—x y+ — xx 
Doe Tyy 


_ 4871250 | 2812500 
21591561” 1840298 
= 0.2256 y + 1.5283 x i) 


3 3 
where [,, = 2 “ +90 x 15 x (90 - 7.5)? | for the flanges + an for the web 


= 2 [25312.5 + 9188437] + 3164062 
= 21591561 mm4 


eal emis 15 x 90° , 150 x 11.25" 
a 12 12 
= 1822500 + 17798 = 1840298 mm* 

For a simply supported beam, there will be compressive stress in the upper half and 
tensile stress in the lower half of the section due to bending moment M, whereas there will be 
compressive stress in the left half and tensile stress in the right half of the section due to bending 
moment M,. Taking x positive towards right of YY’ and y positive below XX’, we will get tensile 
stress as positive and compressive stress — ve. 

The tensile stress will be maximum at point D where x = 45 mm and y = 90 mm. 
Substituting these values in equation (i), we get maximum bending stress. 

Maximum bending stress (tensile) will be as 
6 = 0.2256 x 90 + 1.5283 x 45 
= 20.304 + 68.7735 
= 89.0775 N/émm?2, Ans. 

Problem 25.5. Calculate the stresses at the corners of the rectangular section of a simply 
supported beam of span 5 m which carries a load of 4kN at the centre of the span. The load line 
is inclined at an angle of 80° to the vertical longitudinal plane as shown in Fig. 25.10 and passes 
through the centroid of the section. The dimensions of the section are shown in Fig. 25.10. 

Sol. Given: W=4 kN, L=5 m. The given section is symmetrical about XX’ and YY’ axes. 
The product of inertia about these axes will be zero. Hence XX’ and YY’ axes will be principal 
axes (i.e., VU and VV axes) also.The centroid G of the section is at the centre of the rectangular 
section. The principal axes are XX’ and YY’. Let us calculate moment of inertia Jy, and Iyy. 
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Pp (a) 


Fig. 25.10 


_ 40x 50° _ 1250000 


vi = 4.167 x 10° mm* 
a 12 
3 
i= “_—_ = 2.667 x 105 mm? 


For a simply supported beam, carrying a point load at the centre, the B.M. is maximum 
at the centre. It is given by, 
WxL 4x5 
aie? Cacia 
This bending moment may be resolved in two components, one along YG and other along XG. 
Component along YG, M, = Mx cos 30° 
= (5 x 10%) x 0.866 = 4.33 x 10° Nmm 
(This component will bend the beam about axis XX’. For a simply supported beam, there 
will be compressive stress in the upper half and tensile stress in the lower half of the section due 
to this component). 
Component along XG, M, = M x sin 30° = (5 x 10°) x 0.5 = 2.5 x 10° Nmm. 
(This component will bend the beam about axis YY’. There will be compressive stress in 
the right half of the section and tensile stress in the left half due to this component.) 
The resultant bending stress one due to bending about axis XX’ and other due to bending 
about axis YY’ at any point (x, y) will be given as 


=5 kNm = 5000 Nm =5 x 10° Nmm. 


o= Six yt exe .. (2) 


xx NA 


4.33 x 10° 2.5 x 10° 
a vt 5 
4.167 x 10 2.667 x 10 
= 10.4y+9.37x .. (Zi) 
There will be tensile stress due to bending about axis XX’ and due to bending about axis 


YY in third quadrant of Fig. 25.10. Hence taking x positive towards left of YY’ and y positive 
below XX’, we will get tensile stress as positive in third quadrant. 
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(i) Bending stress at point A. For point A, x and y are both negative. Hence x = — 20 
and y =— 25. Substituting these values of x and y in equation (ii), we get resultant bending stress 
at A, as 


0, = 10.49 + 9.387x 
= 10.4 x (- 25) + 9.387 (- 20) =— 260 — 187.4 
=— 447.4 N/mm?(Compressive). Ans. 


(ii) Bending stress at point B. For point B, x is positive whereas y is negative. Hence 
x= 20mm and y=— 25 mn. Hence resultant bending stress becomes as 


Oy = 10.4 x (— 25) + 9.37 x 20 
=— 260 + 187.4 =- 72.6 N/mm?(Compressive). Ans. 


(iii) Point C. For point C, both x and y are positive. Hence x = 20 mm and y = 25 m. The 
resultant bending stress becomes as 
Oco= 10.4 x 25 + 9.37 x 20 
= 260+ 187.4 = 447.4 N/mm? (Tensile). Ans. 
(wv) Point D. For point D, x is negative and y is positive. Hence x = — 20 mm and y = 
25 mm. The resultant bending stress becomes as 
Op = 10.4 x (+ 25) + 9.87 © 20) 
= 260 — 187.4= 72.6 N/mm? (Tensile). Ans. 
Equation of N.A. 
At the neutral axis (N.A.) the bending stress is zero. Hence o = 0 in equation (ii). 
or 0= 10.4y + 9.387x 


or tan a= — = -—— =- 0.9 


quadrant in which either x or y is negative. This is only possible in 2nd and 4th quadrant. Hence 
a line making an angle of 42° with XX’ axis in clockwise direction and passing through G, gives 
the position of N.A. This is shown in Fig. 25.10. Above the N.A., there will be compressive stress 
and below it tensile stress. 

Problem 25.6. Calculate the maximum load which a simply supported beam of T-section 
can carry at the centre. The span of the beam is 6 m and dimensions of T-section are shown in 
Fig. 25.11. The load is inclined to 30° to the Y-axis and passes through the centroid of 
T-section. The maximum tensile and compressive stresses are not allowed to exceed 30 Nimm? 
and 60 Nlmm? respectively. 

Sol. The given section is symmetrical about axis Y- Y. The centroid will lie on axis Y-Y. 
The product of inertia will be zero about this axis. Hence it will be the principal axis. The other 
principal axis will be X-X passing through centroid G. The principal axes will be XX and YY axes. 
Let us now calculate the position of centroid G. 


Let y = Distance of centroid G of the section from axis X’X’ (i.e., from horizontal line BA.) 
Then y= 


where A, = Area of flange = 60 x 10 = 600 mm? 
A, = Area of web = 80 x 10 = 800 mm? 
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10 
y, = Distance of C.G. of flange from X’X’ = cs =5mm 


80 
Yo = Distance of C.G. of web from X’X’ = 10 + = 50 mm 


600 x 5+ 800x50 3000+ 40000 _ 43000 


~~ ~~~ 600 + 800 1400 1400 
= 30.714 mm ~ 30.7 mm 
Now let us find te and Digs 


ee 60 x 10° 


+60 x 10x (y —5)? for Dane 


rc + 10 x 80 x (y, - ¥)? for web 


= [5000 + 600 x (30.7 — 5)?] + [426667 + 800 (50 — 30.7)?] 
= 5000 + 396294 + 426666.7 + 297992 = 1125953 mm4 
3 3 
and I _ 10x 60 , 30x10 
oy 12 12 
= 180000 + 6666.7 = 186666.7 mm4 ~ 186667 mm*4 


* x 80° 
+ Ck ee 


N M,=Mcos 30° ;w 


Fig. 25.11 


For a simply supported beam, carrying a point load Wat the centre, the maximum bending 
moment at the centre is given by, 
WxDL Wx6 
M= = 
4 4 
Resolving the above moment in two components. 


= 1.5W where W= load at centre in kN 


The moment in the plane of YG, 
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M, = MX cos 30° 
=1.5Wx 0.866 =1.3WkNm 
= 1.3W x 1000 x 1000 Nmm = 1.3 x 10°WNmm 
(This component will bend the beam about axis X-X ) 
For a simply supported beam, there will be compressive stress in the upper half and 
tensile stress in the lower half due to moment M,. 
The moment in the plane of XG, M, = M x sin 30° 
or M, = 1.5 Wx 0.5 = 0.75W kNm = 0.75 x 10°W Nmm 
(This component will bend the beam about axis Y-Y.) 
Hence there will be compressive stress in the right half and tensile stress in the left half 
due to moment M,. The resulting bending stress, one due to bending about axis XX and other due 
to bending about axis Y-Y at any point (x, y) will be given as 


o= Buse x yt M, xx 
xx oy 
_ 18x 10°W 0.75 x 10°W 
“1125953 ‘186667 
or o=1.1546Wx y+ 4.0178 Wx x .. (0) 
For neutral axis, o = 0. Hence equation of N.A. is 
0=1.1546Wx y+ 4.0178Wx x or 1.1546W x y =— 4.0178W Xx x 
_ y _ —40178 _ y _-—4.0178W  —4.0178 
= Bae ekg ge eo LAG 
a o = tan! — 3.48 =— 73.96° = — 74° 
Hence draw N.A. at an angle of 74° clockwise with XX axis as shown in Fig. 25.11. 
Maximum compressive stress will be at A where x and y are both negative and equal to x =— 30 
mm and y= — y =—30.7 mm. Maximum tensile stress will be at point C where x and y are both 
positive and equal tox =5 mm and y= 90— y = 90 — 80.7 = 59.3 mm. 


For maximum compressive stress of 120 N/mm? at point A, we have in equation (i) o = 
— 120 N/mm?, x =— 30 and y =— 30.7 mm. Hence equation (i) becomes as 


—120=1.1546W~x - 80.7) + 4.0178W x (-— 30) 
=— 35.44W- 120.53W=—- 155.97W 
120 


= 15597 > 0.769 kN 
From Fig. 25.11 in which N.A. is shown, at the point B, there will be tensile stress. The 
co-ordinates of point B are x =+ 30 mm and y= — y =— 30.7 mm. Let us assume that tensile 


stress 60 N/mm? is maximum at point B. Then load Wwill be as given by equation (i) in which 
o = 60 N/mm?, x = 30 mm and y = — 30.7 mm. 
Hence equation (i) becomes as 
60 = 1.1546W x (— 80.7) + 4.0178W x 30 
=— 35.44W+ 120.53W= 85.09W 


60 
=~, = 0. kN 
Ww 85.09 0.705 


From maximum tensile stress of 60 N/mm? at point C, we have in equation (i) 6 = 
60 N/mm?, x= 5 mm and y= 59.3 mm. Hence equation (i) becomes as 
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60 = 1.1546Wx (59.3) + 4.0178Wx (5) 
= 68.47W+ 20.09W= 88.56W 


w= =0.677 KN 
88.56 


Comparing all these cases, we find that maximum load carried by the beam will be 0.677 kN 
so that the max. compressive and max. tensile stress are within limit. 


25.5 SHEAR CENTRE 


Shear centre is a point (in or outside a section) through which the applied shear force 
produces no torsion or twist of the member. If the load is not applied through the shear centre, 
there will be twisting of the beam due to unbalanced moment caused by the shear force acting on 
the section. 

e The shear centre lies on the axis of symmetry, if the section is symmetrical about one 
axis. The shear centre does not coincide with the centroid in this case. 

e For sections having two axes of symmetry, the shear centre lies on the intersection of 
these axes and thus coincides with the centroid. 

e Shear centre is also known as centre of twist. 


25.6. DETERMINATION OF SHEAR CENTRE FOR CHANNEL SECTION 


Figure 25.12 shows a channel section. The given section is symmetrical about the axis 
X-X. Hence shear centre will lie on this axis. 


Vertical axis 
of web 


F* <¢ 


- 4 f 


Fig. 25.12 


Let FF = Applied shear force on the section 
t, = Thickness of flanges. 
t, = Thickness of web. 
F* = Shear force produced in flanges. 
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F,= Vertical shear force produced in the web. 
b = Length of flange. 
h = Distance between lines of action of F*. 

We know that shear stress follows the direction of boundary and hence shear stress 
distribution is horizontal in flanges and vertical in web. The shear forces due to these shear 
stresses will be horizontal in flanges and vertical in the web. The total shear force in the web 
must be equal to the applied vertical shear force. Hence the vertical force is balanced. But the 
shear forces in the flanges are unbalanced. They are equal and opposite and hence produce a 
clockwise couple of magnitude F* x h. 

If the applied force F acts through the vertical axis of the web and passes through O (.e., 
the centre of the web) then there will be no moments due to vertical forces (i.e., due to applied 
force F and due to shear forces produced in the web). But there is a clockwise moment F* x h 
which is unbalanced and can twist the section of the channel. 

Now if the line of application of the applied vertical force F'is displaced to the left by a 
distance of e from the vertical axis of the web as shown in Fig. 25.12, then the unbalanced 
clockwise moments /* x h can be balanced by the counter-clockwise moments due to applied 
force F and vertical force produced in the web. 

Taking moments of all forces about point Oi.e., centre of the web 

Fxe=F* xh [The moment of force F\, produced in the web is 
zero as it passes through O] 


The above equation gives the location of shear centre. 
In the above equation, 
F* = Shear force produced in flanges and it is equal to] tx dA 
where Tis the shear stress in the flange and it is given by, 
_FxAxy. 


[= Tee in which 


F'= Applied shear force 
A= Area of shaded portion of flange = x x t, 

b = Actual width of flange = t, 

I= Moment of inertia about axis of symmetry = Iyy 

h = Distance between horizontal shear forces in the flanges. 


For finding shear forces F* in the flange, consider an element at a distance x from the right 
hand edge of the top flange as shown in Fig. 25.12. The shear stress at a distance x is given by, 


_ Fx Ay 
~ Teed 
where Ay = Moment of shaded area about X-X axis 
h _ A 
= (ext) x > and b=t, E A=xxt and y=4] 
h 
_FXKOXI)X SD By exh 
ieee ee 
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The shear force in the elementary area dA, is given by 
=txdA=tXdx xt, [. dA=dxxt,] 
The total shear force in the top flange will be 


b m b 
P=[ xd = |exdext [.~ dA=dx.t,] 


The limits are from O to total length of flange i.e., b 


27 2 2 
= Epa e) RR Ee 


The shear force in the bottom flange will be also equal to F*, but it will be in opposite 
direction as shown in Fig. 25.12. 


Let us now find the location of shear centre. 


Let e = distance of shear centre along the axis of symmetry i.e., axis X-X from the centre 
of the web i.e., from point O. 


Taking moments of all forces about the centre O of the web, we get 
Fxe=F*¥xh [The moment of force F\,about point Ois 
zero as this force passes through O] 


. F**h 
CF 
_ Fuh. kh pe Pht 0? 
Alyy F Alyy 
_ win . 
aa? ..(25.9) 
b t? 2 
where x =2 | ~ br, (4) for two Danges 
F* Legs of 


the channel 


3 3 2 3 
ty xh Riedie b a ‘ ane n et 

For a section shown in Fig. 25.13, the shear centre is 
at O, the common point of intersection of applied vertical force 
Fand shear forces F* produced in the legs of the channel due 
to shear stress distribution in the channel section. If applied 
force Fis acting at O, the resultant moment on the section is 
zero as all forces pass through O. Hence there will be no Fig. 25.13 
twisting of the section. 
Problem 25.7. Determine the position of the shear centre for a channel section of 

120 mm by 120 mm outside and 10 mm thick. 


Sol. Given: 
Outside dimensions = 120 mm X 120 mm 


Thickness of flange and web = 10 mm 


STRENGTH OF MATERIALS 


The given section is symmetrical about the axis X-X. Hence shear centre lies on this axis. 
Let F= applied force on the section vertically downwards. 


The shear stress produced by the applied force in the channel section, has to follow the 
direction of the boundary, the shear stress distribution will be horizontal in the flanges and 
vertical in the web. The vertical upward shear force in the web will be equal to vertical downward 
applied shear force. Hence the vertical force is balanced. The horizontal force in the flanges will 
be equal and opposite. This pair of forces in the flanges will produce a twist in the cross-section. 
To balance this twist, the applied force should act at such a point so that the moment of the 
applied force and the couple due to horizontal forces in the flanges are balanced. The point at 
which the applied force acts is known as shear centre. 


If applied force F acts through the vertical axis of the web, there will be no moment from 
the vertical forces. But the horizontal forces in the flanges will give a clockwise couple, which 
can twist the cross-section of the channel. If the line of action of the vertical downward applied 
force Fis displaced to the left at a distance ‘e’ from the vertical axis of the web, then there will be 
a counter-clockwise couple which will balance the clockwise couple and there will be no twist in 
the cross-section. 


A 
+120 mm ——___> 
—_vY_ 
> > > > 10mm 
a 
120 mm 
10 mm h 
F Vertical axis 100 mm 
of web 
X 
a F 
Web 
F* _v_ 
Fre < < < < 10 mm 
a 
Flange 
Fig. 25.14 


For equilibrium, 
Counter clockwise moment about O= clockwise moment (or couple) 
Fxe=F*¥xh [The vertical force in the web passes through O 
and hence moment of this force is zero] 


* 


Foxh 


F 
To find the value of F* 


Shear force /* = t x Area. Let us find the shear stress in flange. 
Shear stress in flanges are equal. It is given by 


, where /* = shear force due to shear stress is flanges. 
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_ Fx Ay 
Ixb 


.-(Z) 


where F'= applied force on the section. 
Consider a length x and thickness dx from the tip of the flange as shown by section lines 
in Fig. 25.14 (a). 
For Flange 
Area of flange upto length x, 
A=xx10=10x 
y = Distance of C.G. of area A from N.A. 


oo =o 5=55 
= "5 Ae a 


I=M.O.I. of the complete section about X-X 
10 x 100° 


+120x10x | for flanges + —__——— for web 


12 


= 9 | 120x 10° 
12 


= 2 [10000 + 3630000] + 833333 = 8113333 mm+ 


b = Actual width at the section considered = 10 mm 


120 mm 
le 115 mm 


10 mm 


Fig. 25.14 (a) 
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Substituting these values in (i) 
F (10x) 55 
~ 8113333 x 10 


Shear force on area dA, dF* =tx dA=tx bx dx 
Total shear force in each flange becomes as 


t =6.778 xX 10°F xx 


115 
Pe=[txda=f exp ae [< dA=bx dx] 


115 6 
= I (6.778 x 10° F x x) 10dx 


115 - 2 115 
= 6.778 x 10°F [ dee = 6.778 x 10 F |= 
0 


io 


= 6.778 x 10° Fx = 0.448F 


Let the applied force F acts at a distance ‘e’ from O as shown in Fig. 25.14(a). For no twist 
in the section, we must have 
Fxe=F* x 110 


oa FXX110 _ 0.448 Fx 110 
F F 


=49.28mm. Ans. 


Alternate Method 
Using equation (25.9), we get 


_ Fab" _ 110" #10115" 


e 1 Ix = 4% 8113333.” 49.3mm. Ans. 
where h=120-—- 7? = 110 mm 


t, = 10 mm, thickness of flange 


b= 120-> =115mm 
Iyy= 8113333 mm‘. 
Problem 25.8. Determine the position of shear centre for a channel section of 400 mm 
by 200 mm outside and 5 mm thick. 
Sol. The given section is symmetrical about axis X-X. Hence the N.A. will coincide with 
X-X axis and shear centre will lie on axis X-X. 
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k¢————— 200 mm 4 


Fig. 25.15 
Let F'= applied external force on the section. 
Let us find Iyy. 
200 x 5° 2 5 x 390° 
= 2| ———— + 200 x 5 x 197.5 + —— 
Ly 12 for flange 19 for web 


= 2[2083 + 39006250] + 24716250 = 102732916 mm* 
Let us now find the shear stress in the flanges. 
Consider a length x and thickness dx from one tip of the flange as shown in Fig. 25.15. 
The shear stress (Tt) at a distance x is given by, 
os FAy _ Fx x) x 197.5 
Ixy xb 102732916 x 5 


= 1.922 x 10% Fxx 


where A= shaded area=xxX5=5x mm? 


y = Distance of C.G. of the shaded area from N.A. = 200 — . =197.5mm 
b = Width of section considered = 5 mm 
Shear force in the elementary area dA 
=txdA=tx bx dx [. dA=bdx] 
=tx 5x dx=5tx dx 


Total shear force F* in each flange, 


197.5 


F= | txdA=] tx 5dx 


0 
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197.5 
= J (1.922 x 10°° Fx x) x 5dx 
0 


_— 2 18 
= 5 x 1.922 x 10°F ih xdxe = 5 x 1.847x10-* | = 


0 


2 
= 5x90 x10-6| 05" p 


=0.1874F 


If the applied force Fis acting at a distance e from the centre line of the web, then for 
equilibrium, we have 


F xe= Fe 4 395 
F" .1874F 
pie, 395 _ 0.1874 F x 395 _ 74.02 = 74mm Ans. 
F F 
Alternate Method 


Using equation (25.9), we get 


_ he xt xb* _ 395" x 5x 1975" _ | 9s x 
e Alyy 4x 102782916 ADS: 


5 5 
where h= 400-3 — 5 = 395 mm 


t, = Thickness of flange = 5 mm 


b = Length of flange upto centre line of web = 200 — 3 = 197.5 mm 
Iyy= 102732916 mm‘ (calculated) 


25.7. DETERMINATION OF SHEAR CENTRE FOR I-SECTION 


In case of a section having two axes of symmetry, the shear centre coincides with the 
centroid. But in case of a section having one axis of symmetry, the shear centre does not coincide 
with the centroid, but lies on the axis of symmetry. The equal I-section is symmetrical about 
X-X axis and Y-Y axis. Hence shear centre coincides with centroid. 

But in case of an unequal I-section, the section is symmetrical about X-X axis hence shear 
centre does not coincide with the centroid but lies on the X-X axis. 

We know that shear stress follows the direction of boundary and hence shear stress 
distribution is horizontal in flanges and vertical in web. The corresponding shear forces due to 
these stresses will be horizontal in flanges and vertical in web. The total shear force in the web 
will be equal to the applied vertical shear force. Hence the vertical force is balanced. But the 
shear forces in the flanges are unbalanced. They are equal and opposite and hence produce 
couples as shown in Fig. 25.16. 
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|«— , —+'4—_ b. +] 


Fig. 25.16 


The unequal I-section is shown in Fig. 25.16. It is symmetrical about X-X axis, hence 
shear centre will lie on this axis. 


Let F = Vertical downward applied shear force 
b, + b, = Total length of flange 
t, = Thickness of flange 
t, = Thickness of web 
S, = Shear force in shorter length of top flange 
S, = Shear force in longer length of top flange. 
There will be equal and opposite shear forces in the bottom flange also as shown in Fig. 25.16. 


The vertical upward shear force in the web will be balanced by vertical downward applied 
shear force. 


To find S, and S,, consider an element at a distance x from the right hand edge of the top 
flange. The shear stress at a distance x is given by 


_ FAY 
aa 


h 
Paes. 


Tyy Xx ty 
Fxxxh 
QT yx 
where F = Applied shear force, 


h 
Ay = Moment of shaded area about axis of symmtery i.e., about axis X-X = (x x t,) x = 


I = Moment of inertia about axis X-X 
b = Width of the shaded section = t, 
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Shear force in elementary area (dA = dx x t,) is given by 


Fxxxh 
ds =t*dA=—_— *1, * ae 
2Ixx 


Total shear force in longer length of top flange 


ii dS = iis OO oe ae 


S, 
0 2T yx 


by 
= FRbxh (® ea -Fxpehle 


x = 
aT 10 a 


_ PReihek | by _Fxhxt, bd” 
“i> “| Bi - dey 4 


Similarly, the total shear force in the shorter length of the top flange will be 


by 
— ph bh Fxxxh Fxhxt, | x* 
Sy oe 


QI yx 2 
_ Fxhxt, : 6? 
Ixy a 
The total shear force in the bottom flange for shorter and longer length will be S, and S, 
respectively as shown in Fig. 25.16. 


The couple due to S, will be clockwise whereas the couple due to S, will be anticlockwise. 
Also couple due to S, is having larger value and hence net moment due to these couples will be 
clockwise. To balance this net moment the applied downward shear force F should act to the left 
of point O on the axis X-X to give anticlockwise moment. 


Let e = distance of point of application of F from point O. Taking moments of all forces 
about point O, we get 


S,xh-S,xh=Fxe [Moment of shear force in the web is zero 
as the shear force passes through O] 


_ (Sy - 8) xh | Fxhxty by" Fxhxt by au 
= F ie 4 an 4] F 
h® xt 
or e= "162-5, (25.10) 
ee 


UNSYMMETRICAL BENDING AND SHEAR CENTRE 


Problem 25.9. Determine the position of shear centre for unequal I-section shown in 
Fig. 25.17. 


Sol. The unequal J-section shown in Fig. 25.17 is symmetrical about XX-axis. Let us find 
the value of [yy (moment of inertia of J-section about axis XX). 


10 x 110? 
12 


= 2[46667 + 5915000] + 1109167 = 1303.2501 mm?* 


Y + 
yyy orm 


HE os 


3 ; ‘ 
ee + (70 x 20) (65)* | + 


Fig. 25.17 (a) 


Let = Shear force applied on the section. 
S, = Shear force produced by external applied shear force F'on one part of the flange. 
S, = Shear force produced on the other part of flange. 
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To find S, 
Consider a length x and thickness dx from one tip of the flange as shown in Fig. 25.17 (a). 
The shear stress (Tt) at a distance x is given by, 
FAy Fx 20x x 65 
7 Tx 13032501 x 20 


= 4.9875 x 10° Fxx 


Here A= shaded area = x X 20 = 20 x mm? 
y = Distance of C.G. of shaded area from X-X axis 
20 
=75—- 2 =65 mm 


I= Ixy = 1303.2501 mm* 
b = Width of the section considered = 20 mm 
Shear force in the elementary area dA 
=tx dA=tx bX dx=TX 20 x dx [. b=20mm] 
Total shear force S, for length 40 mm, 


40 
S.= | tx bx dx 


40 
= J (4.9875 x 10-8 x Fx x) x 20dx [ b=20 mm] 
0 


40 
= (4.9875 x 20 x 10° x F) a 
0 


= 9.975 x 105 Fx aoe 


= 7.98 x 10°? F. 
To find S, 
The total shear force S, for the flange length of 30 mm will be 


30 30 
S,=| txbxdx=| (4.9875x 10° x Fx x) x 20x dx 
7 0 0 


2 30 
= (4.9875 x 20 x 10-6 x F) =| 


0 


= 4.9875 x 20 x 10-6 Fx (S) 
=4.488x10° F 


Let e = distance of shear centre from the centre O of the web. Hence it is the point where 
external shear force Fis acting. 


Taking moments of shear forces S,, S, and F'about the centre O of the web, 
S,x 130-S, x 130=Fxe 
or (S,—S,) x 1380=F xe 
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(S,—S,)x 180 (7.98 x 10° F — 4.488 x 107? F) x 130 
F F 
= (7.98 — 4.488) x 102 x 130 = 4.5396 mm ~ 4.54mm_ Ans. 


e= 


Alternative Method 
Using equation (25.10), we get 
h* xt, *(6;" — 6,7) 
Alyy 


e= 


: : t, ty 20 20 
h = Height of J-section — oo 150 — 5 a 130 mm 
t, = Thickness of flange = 20 mm 
b, = Longer length of flange upto centre line of web = 40 mm 
b, = Shorter length of flange upto centre line of web = 30 mm 


Iyy= 13032501 mm‘ (calculated) 
130” x 20 x [407 - 307] _ 130? x 20 x 700 
4x 13032501 ~ 4x 13032501 
Problem 25.10. Determine the position of shear centre for the C-section shown in 


=4.538 mm. Ans. 


Fig. 25.18. 


Fig. 25.18 


Sol. The given section is symmetrical about axis X-X. Hence N.A. coincides with X-X 


Let F = applied shear force vertically downwards. 
S, = Shear force in the web in the upward direction. 
S,, S,, S,, S; = Shear forces in different portions. 


STRENGTH OF MATERIALS 


Also S,=S, and S,=S, (due to symmetry) 
Shear stress in any layer, 

_ FAy 

Deed 


\e 50 mm >| 


Flange 


Fig. 25.19 


Shear force S, (= S;) in vertical projection. Consider an element of length y, width 
2.5 mm and thickness dy. 


A= Area of element = 2.5 x y= 2.5y 


y = Distance of C.G. of area A from N.A. = (30 + 2») 


b = Width of element = 2.5 mm 
Ty = M.O.I. of whole section about X-X axis 


» 
Fx 25 30+ = 
x yx( +2) F 


=—y (30 ¢ 2| 
Tyy X25 ie 2 


dA = Area of thickness dy = dy x 2.5 = 2.5 dy 


T= 


Shear force, S,(=S;)= J tx dA 


20 20 2 
i) F-13042] x25 dy = 27 [205 +2] 
XX 0 


0 Ixy 
» 3 720 
_ 25F| 30y in _ 2.5F 15 x 202 , 20° 
Iyy | 2 Oh, Iyx 6 
2.5F 2.5 x 7333.33 F F 
= —— [6000 + 1333.33] = = 18333.38 —— 
Ixx Ixx Iyx 
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Shear force S, (= S,) in top and bottom flanges 


Consider an element of length x, width 2.5 mm and thickness dx as shown in Fig. 25.19 (a). 


ax—o| px 


Fig. 25.19 (a) 
The shear stress in the flange at a distance x is given by 
FAy 
Doe X 6 


xx 


Here A¥ is made up of two parts i.e., moment of flange area upto length x about N.A. plus 
moment of shaded area of vertical projection about N.A. 


Ay =Moment of flange area upto length x about N.A. + Moment of shaded area of 
vertical projection about N.A. 


= (2.5 x x) x (30 + 20) + (2.5 x 20) x (s0 2) 
= 125x + 2000 
and b= 2.5 


_ Fx (125x+ 2000) 
Ty + 2.5 
Area of thickness dx, dA = 2.5 X dx 


Shear force S, (= S,) = J tx dA 


_ ie F25x + 2000) | 5 Reedy = i F(125x + 2000) ay 
0 2.5 Iyy , 


F be x 


Ixx 
50 


sane 
F [12 F 
= x 50” + 2000 x 50 | = —— [156250 + 100000] 
2 Iyx 


+ 20003 
0 


~ Tex 
_ Fx 256250 


= Be 
Taking the moments of all forces about the centre of web, we get 
Fxe=S,x 100+ (S,+S,) x 50 
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_ Fx 256250 : 2x 18333.3F 
= pe he 
_ 25625000F in 1833330F 
7 Ixx Ixx 
F  27558330F 
= (25625000 + 1833330) = 
Ixx Ixx 
27558330 F 
or = —_ 
Ixx 
Now Iyy= Moment of inertia of the given section about axis X-X 


=M.O.I. of web + 2[M.O.I. of flange] + 2 [M.O.I. of vertical projection] 


2.5 x 100? 3 
_ 2.5x 100 49 | 50x25 
12 


2 
100 + 50 x 2.5 x 50 | 


3 2 
1 BEAT +25%20x(50- 22) 
12 2 


= 208338 + 2[65.1 + 312500] + 2[1666 + 80000] 
= 2083338 + 625730 + 163332 = 997395 


_ 27558330 
~ 997395 


HIGHLIGHTS 


1. The unsymmetrical bending will be when : 
(i) section is symmetrical but load line is inclined to both the principal axes, 


= 27.63 mm. Ans. 


(ii) section is unsymmetrical (such as angle section or channel section) and load line is along any 
centroidal axis. 
2. Principal axes are the axes about which product of inertia is zero. The moment of inertia about 
principal axes is known as principal moment of inertia. 
3. The condition for principal axes is 


tan 29 = ——™ _ 
I 


where 0 = angle in anti-clockwise direction of principal axes [UU and VV] with axes XX and YY. 
4. The principal moments of inertia about principal axes (UU and VV) will be 
Typ = cos” 8 X Ixy + sin’ 6 I, — sin 20 x I, 
1 1 
= xy t+ L,,] + 5 I... [,,] sec 20 
1 1 
= lee tt 2 [I,.,— Ly] sec 20 


x. 


and Lyw= 


5. The position of Neutral Axis (N.A.) is given by 


tan a= [- fou tan | 
Ivy 
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where a = angle made by neutral axis with principal axis UU in clockwise direction 
6= Angle made by principal axis UU with XX axis in anti-clockwise direction. 
Iyy and Iyy= Principal moment of inertia about principal axes UU and VV respectively. 


Shear centre is the point (in or outside a section) through which the applied shear force produces 
no torsion or twist of the member. 


The location of shear centre is given for different sections as: 
(a) For channel section 
h? x t,x b° 
Alyy 
where h= Distance between the centre lines of the flanges 
t, = Thickness of flange 


b =Length of flange upto the centre line of the web 
Iyy= Moment of inertia of the channel about axis of symmetry (X-X axis) 
e= Horizontal distance of applied vertical downward shear force from the centre 
of the web. 
(b) For unequal I-section 
h? x t1(by” — by”) 
Alyy 
where t, = Thickness of the flanges of J-section 


e= 


b, = Longer length of J-section from vertical centre line of web 
b, = Shorter length of J-section from vertical centre line of web 
Iyy = Moment of inertia of J-section about axis of symmetry (X-X axis) 


For sections having symmetry about the two-axes, the shear centre coincides with the centroid, 
whereas for sections having symmetry about one axis, the shear centre lies on the axis of symme- 
try but does not coincides with centroid. 


EXERCISE 


eo FS PS 


(A) Theoretical Questions 


Define and explain the terms: unsymmetrical bending and shear centre. 

State the condition for the two axes to be principal axes for the given two perpendicular axes. 
How will you find the resultant stress in unsymmetrical bending? 

Write a short note of deflection of beams in unsymmetrical bending. 

Define shear centre. What is the importance of shear centre? 

How will you determine the shear centre for channel section and J-section? 


(B) Numerical Problems 


Determine the maximum stress setup and position of the neutral axis for an angle of dimensions 
50 mm by 30 mm by 5 mm. The given angle is used as a cantilever of length 500 mm with 30 mm 
leg horizontal. A load of 1 KN is applied at the free end. 
[Ans. (i) 203 N/mm? (tensile) and 233 N/cm? (Comp.), (ii) a = — 23.08°] 
Find the position of principal axes and the values of the principal moments of inertia for an 
unequal angle 75 mm by 45 mm by 7.5 mm. 
[Ans. (i) 8 = 70.36°, (ii) Iyy = 8.05 x 108 mm‘, [,,,= 52.8 x 10° mm‘) 
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3. Asimply supported beam of span 3.6 m carries a load of 600 N at its centre. The section of the 
beam is an equal angle of size 120 mm by 120 mm by 15 mm as shown in Fig. 25.20. The load line 
passes through the centroid (G) of the section and is along line YG. Determine : 


(i) stresses at points A, B and C of mid-section of the beam 
(ii) deflection of beam at mid-section and 
(iii) position of neutral axis. Take E = 2 x 10° N/mm?. 
[Ans. (i) 6, = 11.65 N/mm?, 6, =— 10.3 N/mm?, 6, = 2.586 N/mm? 
(ii) 6 = 1.143 mm (iii) a = — 75.387°] 


4. Determine the position of shear centre of a channel having dimensions : flanges 120 mm X 20 mm 
and web 160 mm X 10 mm. [Ans. e = 50.84 mm] 


5. Determine the position of shear centre for the unequal J-section shown in Fig. 25.21. 
[Ans. e= 9.08 mm] 


tL }<— 60 mm —>'«— 80 mm —>| 


40 mm | 
ca 


26.1. OBJECTIVE TYPE QUESTIONS GENERALLY ASKED IN COMPETITIVE 


EXAMINATIONS 


Tick mark (V ) the most appropriate answer of the multiple choices. 


i 


Within elastic limit in a loaded material, stress is 

(a) inversely proportional to strain (b) directly proportional to strain 
(c) equal to strain (d) none of the above. 

The ratio of linear stress to linear strain is known as 

(a) Poisson’s ratio (6) bulk modulus 

(c) modulus of rigidity (d) modulus of elasticity. 

The ratio of lateral strain to longitudinal strain is called 

(a) Poisson’s ratio (6) bulk modulus 

(c) modulus of rigidity (d) modulus of elasticity. 

The ratio of shear stress to shear strain is called 

(a) Poisson’s ratio (6) bulk modulus 

(c) modulus of rigidity (d) modulus of elasticity. 

The ratio of normal stress of each face of a solid cube to volumetric strain is called 
(a) Poisson’s ratio (6) bulk modulus 

(c) modulus of rigidity (d) modulus of elasticity. 
Hooke’s law holds good upto 

(a) proportional limit (6) yield point 

(c) elastic limit (d) plastic limit. 


The property of a material by virtue of which a body returns to its original shape after 
removal of the load is known as 

(a) ductility (b) plasticity 

(c) elasticity (d) resilience. 


A tensile force (P) is acting on a body of length (Z) and area of cross-section (A). The 
change in length would be 
P PE 
() TAF () AL 
PL AL 
AE oY BE 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


The modulus of elasticity (EZ) and modulus of rigidity (C) are related by 


mE m 
OC" Sm=B OC" m+ 
(c= (@ c= AnD 


1 : ; 
where — = Poisson’s ratio. 
m 


The modulus of elasticity (E) and bulk modulus (K) are related by 


_ mE _ mE 
I Fi = 2) DE Fe ed) 
(k=? (k= 


i : : 
where — = Poisson’s ratio. 
m 


The elongation produced in a rod (by its own weight) of length (J) and diameter (d) 
rigidly fixed at the upper end and hanging is equal to 


wl wi? 
2B OE 
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where w = weight per unit volume of the rod, 
E= modulus of elasticity. 


The ratio of modulus of rigidity to modulus of elasticity for a Poisson’s ratio of 0.25 would 
be 


(a) 0.5 (b) 0.4 

(c) 0.8 (d) 1.0. 

The ratio of bulk modulus to modulus of elasticity for a Poisson’s ratio of 0.25 would be 
(a) 2/3 (b) 1/3 

(c) 4/3 (d) 1.0. 


The relation between modulus of elasticity (£), modulus of rigidity (C) and bulk modulus 
(K) is given by 


38KC 9KC 

(@) E- CroK OE" CraK 

C+9K C+3K 
ae 38KC Dae 9KC © 
The ratio of modulus of rigidity to bulk modulus for a Poisson’s ratio of 0.25 would be 
(a) 2/3 (b) 2/5 
(c) 3/5 (d) 1.0. 
The work done in producing strain on a material per unit volume is called 
(a) resilience (6) ductility 
(c) elasticity (d) plasticity. 
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OBJECTIVE TYPE QUESTIONS 


The property by virtue of which a metal can be beaten into plates is called 
(a) ductility (b) malleability 

(c) resilience (d) plasticity. 

Choose the wrong statement 


(a) Elongation produced in a rod (by its own weight) which is rigidly fixed at the upper end 
and hanging is equal to that produced by a load half its weight applied at the end. 


(b) The stress at any section of a rod on account of its own weight is directly proportional to 
the distance of the section from the lower end. 


(c) Modulus of elasticity is having the same unit as stress. 

(d) If a material expands freely due to heating, it will develop thermal stresses. 

A rod of length (/) tapers uniformly from a diameter D, toa diameter D, and carries 
an axial tensile load P. The extension of the rod would be 


(a) nPl ) 4Pl 
” 4ED,D» nED, Dy 
nEPI 4PEl 
© aD O50. 
12 TL) Llp 
If in question 19, the rod is of uniform diameter (D), then extension would be 
nmPl 4Pl 
2) —— vf aes es 
= 4ED* ” nED* 
nEPI 4PEI 
c d : 
(c) 1D? (d) D® 


A rod of length / and cross-sectional area A rotates about an axis passing through one end 
of the rod. The extension produced in the bar due to centrifugal forces would be 


1 wo l 

(a) a (b) a 

(© wl? @ 3gE 
3gEk wo? 


For the bars of composite section, 

(a) the load carried by different materials is the same as the total external load 

(b) the extension in different materials is different 

(c) the total external load is equal to the total sum of the loads carried by different materials 
(d) strain in all materials is equal 

(e) both (c) and (d). 

Two materials are having modulus of elasticities, modulus of rigidities and bulk modulus 
as (E,, E,); (C,, C,) and (K,, K,). The modulus ratio is given by 


Ey FL 
(a) C, (0) K, 

-E, Gy 
(c) E, (d) Ky 
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For uniform strength, a bar which is fixed at the upper end and is subjected to an external 
load P at the lower end, the area (A) at any section at a distance x from the lower end is 
given by 

BL ae 
(a) Ay ew (b) Ae ewx 

Wx 

= fo) 
OA.” (d) A, x ae 
where A, = area at the lower end, w = weight per unit volume 

o = uniform stress intensity in the bar. 

The thermal stress is given by 


(a) EaT (b) a 
Ea 1 
Oa OD) For 


where & = co-efficient of linear expansion, 
T = rise in temperature. 


The proof resilience is given by 


20” 28 
(a) acs (0) o2 

o” se 
(c) OE (d) 262 


where o = stress at the elastic limit. 

If Dis the diameter of a sphere, then volumetric strain is equal to 

(a) two times the strain of diameter (b) 1.5 times the strain of diameter 
(c) three times the strain of diameter (d) the strain of diameter. 


If /be the length and D be the diameter of a cylindrical rod, then volumetric strain of the 
rod is equal to 


(a) strain of length plus strain of diameter 

(b) strain of diameter 

(c) strain of length + twice the strain of diameter 
(d) strain of length. 


The extension per unit length of the rod due to suddenly applied load as compared to the 
same load gradually applied to the same rod is 


(a) same (b) double 

(c) three times (d) half. 

The stress due to suddenly applied load as compared to the stress due to the same load 
gradually applied to the same rod is 

(a) half (b) same 

(c) double (d) three times. 
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The tensile force at a distance y from support in a vertical hanging bar of length / which 
carries a load P at the bottom is equal to 

(a)P (6) P+ wil 

(c) P+ w(l-y) (d) P+ wy 

where w = weight per unit length. 

The normal stress on an oblique plane at an angle 0 to the cross-section of a body which 
is subjected to a direct tensile stress (0) is equal to 


(a) ; sin 20 (b) ocos 0 

(c) 6 cos? 6 (d) o sin? 0. 

In question 32, the normal stress on the oblique plane will be maximum when 0 is equal to 
(a) 90° (b) 45° 

(c) 0° (d) 30°. 


The tangential or shear stress on an oblique plane at an angle 6 to the cross-section of a 
body which is subjected to a direct tensile stress (6) is equal to 


(a) ; ain 38 (b) o cos 0 


(c) 6 cos? 0 (d) o sin? 0. 

In question 34, the tangential or shear stress on the oblique plane will be maximum 
when 9 is equal to 

(a) 90° (b) 45° 

(c) 0° (d) 30°. 

The resultant stress on an oblique plane at an angle 6 to the cross-section of a body which 
is subjected to a direct tensile stress is 


(a) 6/2 sin 20 (6b) o cos 98 

(c) 6 cos? 6 (d) o sin? 0. 

If a member is subjected to an axial tensile load, the plane normal to the axis of loading 
carries 

(a) minimum normal stress (6) maximum normal stress 

(c) maximum shear stress (d) none of the above. 

If a member is subjected to an axial tensile load, the plane inclined at 45° to the axis of 
loading carries 

(a) minimum shear stress (6) maximum normal stress 

(c) maximum shear stress (d) none of the above. 


The maximum shear stress induced in a member which is subjected to an axial load is 
equal to 


(a) maximum normal stress (b) half of maximum normal stress 

(c) twice the maximum normal stress (d) thrice the maximum normal stress. 
Ifa member, whose tensile strength is more than two times the shear strength, is 
subjected to an axial load upto failure, the failure of the member will occur by 

(a) maximum normal stress (b) maximum shear stress 

(c) normal stress or shear stress (d) none of the above. 
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41. The elongation of a conical bar due to its own weight is equal to 


wl wi? 
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where /= length of bar and w = weight per unit volume. 
42. Ifabeam is fixed at both its ends, it is called a 
(a) fixed beam (6) built-in beam 
(c) encastered beam (d) any one of the above 
(e) none of the above. 
43. Ifabeam is supported on more than two supports, it is called a 
(a) built-in beam (6) continuous beam 
(c) simply supported beam (d) encastered beam. 
44, Choose the wrong statement 


(a) The shear force at any section of a beam is equal to the total sum of the forces acting on 
the beam on any one side of the section. 


(b) The magnitude of the bending moment at any section of a beam is equal to the vector 
sum of the moments (about the section) due to the forces acting on the beam on any one 
side of the section. 


(c) A diagram which shows the values of shear forces at various sections of structural 
member is called a shear force diagram. 


(dq) Asimply supported beam is one which is supported on more than two supports. 
45. Asimply supported beam of span (J) carries a point load (W) at the centre of the beam. 

The bending moment diagram will bea 

(a) parabola with maximum ordinate at the centre of the beam 

(6) parabola with maximum ordinate at one end of the beam 

(c) triangle with maximum ordinate at the centre of the beam 

(d) triangle with maximum ordinate at one end of the beam. 


46. A simply supported beam of span (J) carries a uniformly distributed load (w N per unit 
length) over the whole span. The bending moment diagram will be a 


(a) parabola with maximum ordinate at the centre of the beam 
(6) parabola with maximum ordinate at one end of the beam 

(c) triangle with maximum ordinate at the centre of the span 
(d) triangle with maximum ordinate at one end of the beam. 


47. A cantilever of length (J) carries a point load (W) at the free end. The bending moment 
diagram willbea 


(a) parabola with maximum ordinate at the centre of the beam 
(6) parabola with maximum ordinate at the cantilever end 

(c) triangle with maximum ordinate at the free end 

(d) triangle with maximum ordinate at the cantilever end. 
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A cantilever of length (J) carries a uniformly distributed load over the whole length. The 
bending moment diagram will be 


(a) parabola with maximum ordinate at the centre 

(6) parabola with maximum ordinate at the cantilever end 

(c) triangle with maximum ordinate at the free end 

(d) triangle with maximum ordinate at the cantilever end. 

Asimply supported beam of span (J) carries a point load (W) at the centre of the beam. The 
shear force diagram will be 

(a) arectangle (6) a triangle 

(c) two equal and opposite rectangles (d) two equal and opposite triangles. 

A simply supported beam of span (/) carries a uniformly distributed load over the whole 
span. The shear force diagram will be 

(a) arectangle (6) a triangle 

(c) two equal and opposite rectangles (d) two equal and opposite triangles. 

A cantilever of length (J) carries a point load (W) at the free end. The shear force diagram 
will be 

(a) two equal and opposite rectangles (b) arectangle 

(c) two equal and opposite triangles (d) a triangle. 


A cantilever of length (J) carries a uniformly distributed load over the whole length. The 
shear force diagram will be 


(a) two equal and opposite rectangles (6) arectangle 

(c) two equal and opposite triangles (d) a triangle. 

The bending moment on a section is maximum where shearing force is 
(a) minimum (6) maximum 

(c) zero (d) equal 

(e) changing sign (f) none of the above. 


The point of zero bending moment, where the continuous curve of bending moment changes 
sign, is called 


(a) the point of contraflexure (b) the point of inflation 

(c) the point of virtual hinge (d) all of the above. 

The point of contraflexure occurs only in 

(a) continuous beams (6) cantilever beams 

(c) overhanging beams (d) simply supported beams 

(e) all of the above (f) none of the above. 

The bending moment at a section, where shear force is zero, will be 

(a) zero (6) maximum 

(c) minimum (d) either minimum or maximum 


(e) none of the above. 

A beam of uniform strength is one which has same 

(a) bending stress at every section (6) deflection throughout the beam 
(c) bending moment throughout the beam (d) shear force throughout the beam. 
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The shear force and bending moment are zero at the free end of a cantilever, if it carries a 
(a) point load at the free end 

(6) uniformly distributed load over the whole length 

(c) point load in the middle of its length 

(d) none of the above. 


A simply supported beam carries a uniformly distributed load of w N per unit length over 
the whole span (J). The shear force at the centre is 


wl wl? 
(a) 2 (0) eo 
(c) a (d) zero. 
For the question 59, the shear force at the supported ends will be 
wl wl? 
+ aera —_— 
@+> Oe 
l 
(c) a (d) zero. 
For the question 59, the bending moment at the supported ends will be 
wl wl? 
+ jas ——=—— 
(+5 Oe 
l 
() (d) zero. 
For the question 59, the bending moment at the centre will be 
wl wl? 
+ —— ———= 
@ts Oe 
l 
Ore (d) zero. 
For the question 59, the point of contraflexure is at 
(a) the supported end (6) the middle of the beam 


(c) a distance : from the supportedends_ (d) none of the above. 


A cantilever of length (J) carries a uniformly distributed load w N per unit length for the 
whole length. The shear force at the free end will be 


2: 
(a) wi (py) we 
2 
I 
(c) = (d) zero. 
In question 64, the shear force at the fixed end will be 
2 
(a) wi Os 
2 
l 
(0) (d) zero. 
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In a tensile test of a specimen, the ratio of maximum load to the original cross-sectional 
area of the test piece is called 


(a) yield stress (6) ultimate stress 
(c) safe stress (d) breaking stress. 


A short column of rectangular section carries a vertical point load W axially. The stress on 
the section of the column will be 


(a) uniform 

(6) zero at one end and maximum at the other end 
(c) zero at the axis and maximum on the outer ends 
(d) tensile on one end and compressive on the other. 


If in question 67, the short column carries a vertical point load eccentrically, then the 
stress on the section will be 


(a) uniform 

(6) zero at the axis and maximum on the outer ends 

(c) zero at one end and maximum at the other end 

(d) tensile on one end and compressive on the other 

(e) non-uniform and will depend upon the amount of eccentricity. 

A solid circular shaft of diameter D carries an axial load W. If the same load is applied 


D 
axially on a hollow circular shaft of inner diameter as 3° the ratio of stresses in a solid 


shaft to that of hollow shaft would be 


1 re 
(a) 9 (d) ri 

4 3 
Os (d) re 


Ifin question 69, the inner diameter of hollow shaft is D/3, then the ratio of stress in a solid 
shaft to that of hollow shaft would be 


A ai 
(a) 9 (d) ri 

8 9 
Os @) 3: 


Under tensile test, a test piece of a material is having 40% elongation whereas another test 
piece of the same dimensions but of different material is having 25% elongation. Then the 
ductility of the first material as compared to that of second material is 


(a) less (6) same 

(c) more (d) none of the above. 

The diameter of a cast iron round bar, on which tensile test is performed, at fracture will 
(a) increase (6) decrease 

(c) be approximately same (d) none of the above. 

The diameter of a mild steel round bar, on which tensile test is performed, at fracture will 
(a) increase (6) decrease 

(c) be same (d) none of the above. 
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If a member is subjected to a uniform bending moment (M), the radius of curvature of the 
deflected form of the member is given by 


M_E Mz 

M R M 

—_=— —=RI 
OZ" (d) = RI, 
Which one of the following equations is correct 

1_@y_# »idy_M 

d*y_M d?y_ EI 

R=—>=— R=—~=— 
(c) de EI (d) i M 
where R = radius of curvature and M= bending moment. 

, d” , 
The expression ET a at a section of a member represents 
x 

(a) shearing force (b) rate of loading 
(c) bending moment (d) slope. 


a° 
The expression EI ae x at a section of a member represents 
x 
(a) shearing force (b) rate of loading 


(c) bending moment (d) slope. 
d* 
The expression ET oa at a section of a member represents 
Be 


(a) shearing force (b) rate of loading 
(c) bending moment (d) slope. 


A cantilever of length (J) carries a point load (W) at the free end. The downward deflection 
at the free end is equal to 


(a) wr (6) ua 
Y ET oe ET 
In question 79, the slope at the free end will be 
(a) wr (6) wr 

2 2 
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A cantilever of length (J) carries a uniformly distributed load w per unit length over the 
whole length. The downward deflection at the free end will be 


wi? Wi 
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© Sar ©) SET 

SWI? wie 
(©) S4nT (1) teET 


where W=w X l= total load. 
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In question 81, the slope at the free end will be 


We we 
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where W= total load = w Xl. 


A uniform simply supported beam of span (J) carries a point load (W) at the centre. The 
downward deflection at the centre will be 


(a) wr (6) wr 
o SET ) I 
In question 83, the slope at the support will be 
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A uniformly simply supported beam of span (/) carries a uniformly distributed load w per 
unit length over the whole span. The downward deflection at the centre will be 


wee wee 

—_ se 
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where W=w X l= total load. 


A simply supported beam is of rectangular section. It carries a uniformly distributed load 
over the whole span. The deflection at the centre is y. If the depth of the beam is doubled, 
the deflection at the centre would be 


(a) 2y (6) 4y 
es x 
(5 (d) =. 
A simply supported beam carries a uniformly distributed load over the whole span. The 


deflection at the centre is y. If the distributed load per unit length is doubled and also depth 
of the beam is doubled, then the deflection at the centre would be 


(a) 2y (b) 4y 
y y 
(c) 2 (d) ZL 


The slope at the free end of a cantilever of length 1 mis 1°. If the cantilever carries a 
uniformly distributed load over the whole length, then the deflection at the free end will be 


(a) lcm (6) 1.309 cm 
(c) 2.618 cm (d) 3.927 cm. 
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A cantilever of length (J) carries a point load (W) at a distance x from the fixed end, then the 
deflection at the free end will be 


3 Ds 3 
(a) Wx : Wx ea (b) Wl 
3EI | 2EI 3EI 
Wx? Wx? Wx? = Wx? 
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A cantilever of length (J) carries a uniformly distributed load of w per unit length for a 
distance x from the fixed end, then the deflection at the free end will be 


4 3 4 
(a) Wx 4 Wx “a (b) Wx 
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A cantilever of length (J) carries a distributed load whose intensity varies from zero at the 
free end to w per unit length at the fixed end. The deflection at the free end will be 


wit wit 
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A cantilever of length (J) carries a distributed load whose intensity varies uniformly from 
zero at the fixed end to w per unit length at the free end. The deflection at the free end will 
be 


wi* wl4 
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The statement that ‘the deflection at any point in a beam subjected to any load system is 
equal to the partial derivative of the total strain energy stored with respect to the load 
acting at the point in the direction in which deflection is desired’ is called 

(a) Bettle’s law (b) the first theorem of Castigliano 

(c) Clapeyron’s theorem (d) Maxwell's law. 

A laminated spring 1 m long carries a central point load of 2000 N. The spring is made up 
of plates each 5 cm wide and 1 cm thick. The bending stress in the plates is limited to 
10 N/mm?. The number of plates required, will be 


(a) 3 (b)5 

(c) 6 (d) 8. 

In question 94, if H=2 x 10° N/mm? the deflection under the given load of 2000 N will be 
(a) lem (b) 1.25 cm 

(c) 1.8 cem (d) 1.40 cm. 

A fixed beam is a beam whose end supports are such that the end slopes 

(a) are maximum (b) are minimum 

(c) are zero (d) none of the above. 
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A fixed beam of length (J) carries a point load (W) at the centre. The deflection at the centre 
is 


(a) same as for a simply supported beam 

(b) half of the deflection for a simply supported beam 

(c) one-fourth of the deflection for a simply supported beam 
(d) double the deflection for a simply supported beam. 

For the question 97, the number of points of contraflexure 


(a) is one (b) are two 

(c) are three (d) is none. 

For the question 97, the points of contraflexure lies at 

(a) the fixed ends (b) the middle of the beam 
l 

(c) Z from the ends (d) none of the above. 


For the question 97, the bending moment at the centre is 

(a) same as for a simply supported beam 

(b) half of the bending moment for a simply supported beam 

(c) one-fourth of the bending moment for a simply supported beam 
(d) double the bending moment for a simply supported beam. 

For the question 97, the bending moment at the fixed ends is 


(a) zero (b) “ 
Wi Wi 
(0) ys (d) 2 


A fixed beam of span (/) carries a uniformly distributed load of w per unit length over the 
whole span. The deflection at the centre is 


(a) equal to the central deflection of a simply supported beam 

(b) half of the central deflection for a simply supported beam 

(c) one-fourth of the central deflection for a simply supported beam 
(d) one-fifth of the central deflection of the simply supported beam. 
For the question 102, the points of contraflexure lies at 


(a) the fixed ends (b) the middle of the beam 
l l 
(c) a from the ends (d) 2/3 from the centre of the span. 


For the solution of problems on fixed beam, the condition is 
(a) area of free B.M. diagram = area of fixed B.M. diagram 


(b) the distance of the centroid of the free B.M. diagram from an end should be equal to the 
distance of the centroid of fixed B.M. diagram from the same end 


(c) both (a) and (6) (dq) none of the above. 
In question 102, the end moments are each equal to 
wil? wi? 
a) — b) — 
(a) . (0) ; 
wi? wi? 
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The load on a circular column of diameter (d) for keeping the stress wholly compressive 
may be applied anywhere within a concentric circle of diameter 


d d 
(a) 8 (0) z 


d d 

= d)—. 
05 5 
Three beams of circular, square, rectangular (with depth twice the width) sections and of 
same length are subjected to the same maximum bending moment. If allowable stress is 


the same then the section which will require maximum weight of the same material will 
be 


(a) rectangular (6) square 
(c) circular (d) none of the above. 


For the question 107, the section which will require minimum weight of the same material 
will be 


(a) rectangular (6) square 
(c) circular (d) none of the above. 


For the question 107, the ratios of weight of circular beam, weight of rectangular beam and 
weight of square beam is 


(a) 1: 0.7938: 1.118 (6) 0.7938: 1:1.118 

(c) 1.118: 0.7938: 1 (d) 0.7938: 1.118: 1. 

Kernel or core of a section is the figure within which load may be placed so as 
(a) to produce tensile stress at one end and compressive stress at the other end 
(6) to produce tensile stress at both the ends of the section 

(c) to produce tensile stress in the middle of the section 

(d) not to produce tensile stress anywhere in the section. 


The ratio of moment of inertia about the neutral axis to the distance of the most distance 
point of the section from the neutral axis is called 


(a) moment of inertia (6) section modulus 
(c) polar moment of inertia (d) modulus of rigidity. 


The relation between maximum stress (0) offered by a section, moment of resistance (M) 
and section modulus (Z) is given by 


() M=> () M== 
(c) M=0XZ () M=—. 


Choose the correct statement 
(a) Section modulus of a hollow circular section of external diameter D and internal diameter d 
n(D* - d‘) 


is equal to 
64D 


4 


: . . : . mD 
(b) Section modulus of a circular section of diameter Dis e 
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; __. bd? 
(c) Section modulus of a rectangular section is at 


4 
(d) Section modulus of a square section b X b is -. 


A beam of uniform strength can be designed by 

(a) varying the depth of the beam but maintaining constant width 
(6) varying the width of the beam but maintaining constant depth 
(c) varying width and depth (d) any one of the above 
(e) none of the above. 


For a beam of uniform strength having constant depth, the width at a distance x from the 
support varries with 


(a) Jx (b) x 
(c) x4 (d) xl 


For a beam of uniform strength having constant width, the depth of the beam at a distance x 
from the support varies with 


(a) Vx (b) x 

(c) x4 (d) ld 

Flitched beam means a 

(a) continuous beam (b) fixed beam 

(c) beam of composite section consisting of a wooden beam strengthened by mild steel 
plates (d) none of the above. 

The shear stress required to cause plastic deformation of solid metal is called 

(a) proof stress (b) flow stress 

(c) rupture stress (d) ultimate stress. 


The stress which will cause a specified permanent deformation in a material (usually 
0.01% or less) is called 


(a) proof stress (b) flow stress 
(c) rupture stress (d) ultimate stress. 


The stress obtained by dividing the load at the moment of incipient fracture, by the area 
supporting that load is called 


(a) proof stress (b) flow stress 

(c) rupture stress (d) ultimate stress. 

The statement that ‘If unit loads rest upon a beam at the two points A and B, then the 
deflection at A due to unit load at Bis equal to the deflection at B due to unit load at A’ is 
given by 

(a) Mohr (b) Castigliano 

(c) Maxwell (d) Rankine. 

A short column of rectangular section carries a point load (W) acting with an eccentricity (e). 
The shape of Kernel area would be 

(a) square (6) rectangle 

(c) circle (d) rhombus. 
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123. Ifin question 122, the column is of circular section then the shape of Kernel area would be 


(a) square (6) rectangle 
(c) circle (d) rhombus. 
124. Every cross-section of a shaft, which is subjected to a twisting moment, is under 
(a) compressive stress (6) shear stress 
(c) tensile stress (d) bending stress. 


125. The shear stress at any point of a shaft, subjected to twisting moment, is 
(a) proportional to its distance from the central axis of the shaft 
(6) inversely proportional to its distance from the central axis of the shaft 
(c) proportional to the square of its distance from the central axis of the shaft 
(d) none of the above. 


126. When a shaft is subjected to torsion, the relation between maximum shear stress (t), 
modulus of rigidity of the shaft (C) and angle of twist (0) is given by 


Co R CO ot 
Sera OTR 
CO ot C Tt 
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where L = length of shaft and R= radius of shaft. 
127. Asolid shaft of diameter D transmits the torque equal to 


Tl ™ 
a = ¢ I)" 
(a) 357 () ea ° 
Tl Tl 
ea)" —71 D® 
(76° (da) ot 


where T= maximum allowable shear stress. 
128. The torque transmitted by a hollow shaft of external diameter (D) and internal diameter (d) 


is equal to 
Tt 3 3 1 3 3 
—t[D°-d —t[D°-d 
(@) ott ] (b) Ta ] 
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129. Polar moment of inertia of a solid circular shaft of diameter D is equal to 
nD? nD* 
b 
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nD? mD* 
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130. Polar moment of inertia of a hollow circular shaft is equal to 
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Torsional rigidity of a shaft is equal to 

(a) product of modulus of rigidity and polar moment of inertia 

(b) sum of modulus of rigidity and polar moment of inertia 

(c) difference of modulus of rigidity and polar moment of inertia 

(d) ratio of modulus of rigidity and polar moment of inertia. 

Polar modulus of a shaft section is equal to 

(a) product of polar moment of inertia and maximum radius of the shaft 

(6) ratio of polar moment of inertia to maximum radius of the shaft 

(c) sum of polar moment of inertia and maximum radius of the shaft 

(d) difference of polar moment of inertia and maximum radius of the shaft. 
The torsional rigidity of a shaft is defined as the torque required to produce 
(a) maximum twist in the shaft (6) maximum shear stress in the shaft 
(c) minimum twist in the shaft 

(d) a twist of one radian per unit length of the shaft. 

The flexural rigidity for the deflection of beams is expressed as 


I E 
(a) E (0) T 


1 
(c) EI (d) Er 


where E = modulus of elasticity and J= moment of inertia. 

The greatest twisting moment which a given shaft section can resist is equal to 

(a) polar modulus x f (6) polar modulus/t 

(c) polar modulus (d) none of the above. 

Choose the correct statement 

(a) Shafts of the same material and length having the same polar modulus have the same 
strength. 

(b) For a shaft of a given material, the magnitude of polar modulus is a measure of its 
strength in resisting torsion. 


(c) From a number of shafts of the same length and material, the shaft with greatest polar 
modulus will resist the maximum twisting moment. 


(d) all of the above. (e) none of the above. 

Two shafts, one solid and the other hollow, are made of the same materials and are having 
same length and weight. The hollow shaft as compared to solid shaft is 

(a) more strong (6) less strong 

(c) having same strength (d) none of the above. 

Two shafts, one solid and the other hollow, are of same length and material. They are 
subjected to the same torque and attain the same permissible maximum shear stress at 
the same time. The weight of hollow shaft will be 

(a) more (6) less 

(c) same as of solid shaft (d) none of the above. 


The torque transmitted, by a solid shaft of diameter 40 mm if the shear stress is not to 
exceed 400 N/cm?, would be 


(a) 1.6xaN-m (6) 16x N-m 
(c) 0.8 Xm N-m (d) 0.4 x t N-m. 
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140. Ifin question 139, the diameter of the solid shaft is doubled, then torque transmitted 


would be 
(a) same 
(c) four times 


(b) double 
(d) eight times. 


141. Ifin question 139, the diameter of the solid shaft is made 20 mm, then torque transmitted 


would be 
(a) same 
(c) one-eight 
142. The torsion equation is given by 


‘a Te L 
O77 RO 
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(6) one-half 
(d) one-fourth. 


oe B 


143. The assumption made, while determining the shear stress in a circular shaft subjected to 


torsion, is that 


(a) the material of the shaft is uniform 


(b) the twist along the shaft is uniform 


(c) cross-sections of the shaft is plane and circular before and after the twist 


(d) all of the above 


(e) none of the above. 


144, When a shaft of diameter (d) is subjected to combined twisting moment (7) and bending 
moment (J), the maximum shear stress (T) is equal to 


(= \M +7” 


(c) Sw +17) 


(b) = ar 7) 


(d) = (M2 + T”) 


where J = polar moment of inertia of the shaft. 


145. In question 144, the maximum normal stress is . by 


rp te re ae 
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146. A ied vessel is said to be thin if the ratio of its internal diameter to the wall thickness 


is 
(a) less than 20 
(c) more than 20 


(6) equal to 20 
(d) none of the above. 


147. The hoop or circumferential stress in a thin cylindrical shell of diameter (D), length (LZ) 
and thickness (¢), when subjected to an internal pressure (p) is equal to 


D 
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148. The longitudinal or axial stress in a thin cylindrical shell of diameter (D), length (Z) and 
thickness (¢), when subjected to an internal pressure (p) is equal to 
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The maximum shear stress in a thin cylindrical shell, when subjected to an internal 
pressure (p) is equal to 


pD pD 
"a (0) “3; 
pb 
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The maximum shear stress in a thin spherical shell, when subjected to an internal pres- 
sure (p) is equal to 


D 
(c) oe (d) 


D D 
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D 
(c) oe (d) zero. 


The hoop or circumferential stress in a thin spherical shell, when subjected to an internal 
pressure (p) is equal to 


pD pD 
ae arg 

pD 2pD 
(c) s (d) a 


The hoop or circumferential stress in a riveted cylindrical shell, when subjected to an 
internal pressure (p) is equal to 


pD pD 
@) At n) (2) 4t n. 
pD pD 


where D = internal diameter, n, = efficiency of longitudinal 

joint and 1, = efficiency of circumferential joint. 

The longitudinal stress in a riveted cylindrical shell, when subjected to internal pressure (p) 
is equal to 


pD pD 
(a) 4t n) (0) 4tn, 

pD P 
(c) 2t n) (d) Beas 


where n,= efficiency of longitudinal joint and 
n, = efficiency of circumferential joint. 
Choose the correct statement. 
(a) The hoop stress in a thin cylindrical shell is compressive stress. 
(b) The shear stress in a thin spherical shell is more than that of in a thin cylindrical shell. 
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(c) The design of thin cylindrical shell is based on hoop stress. 
(d) The ratio of hoop stress to longitudinal stress for a thin cylindrical shell is 1/2. 


A water main 1 m in diameter contains a fluid having pressure 1 N/mm”. If the maximum 
permissible tensile stress in the metal is 20 N/mm”, the thickness of the metal required 
would be 


(a) 2cm (6) 2.5cm 

(c) lcm (d) 0.5 cm. 

The circumferential strain in case of thin cylindrical shell, when subjected to internal 
pressure (p), is equal to 


pd/{1 1 pd 1 
@zaa- a) ora“ an] 
pd 1 3pd a 
crear) @ tea) 


The longitudinal strain in case of thin cylindrical shell, when subjected to internal pres- 
sure (p), 1s equal to 


pd{1 1 pd 1 
a) OE an 

pd 1 3pd 1 
cra @ tela 


The strain in any direction in case of a thin spherical shell, when subjected to internal 
pressure (p), is equal to 


pd{1 1 pd 1 
Ona a] aaa] 
pd 1 3pd 1 
Otel) Creatas 


The volumetric strain in case of thin spherical shell, when subjected to internal pressure (p), 
is equal to 


pd{1 1 pd 1 
Cora © g(a) 
pd 1 3pd 1 
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The circumferential strain in case of thin cylindrical shell, when subjected to internal 
pressure (p), 1s 


(a) more than diametral strain (6) less than diametral strain 
(c) equal to diametral strain (d) none of the above. 

In the assembly of pulley, key and shaft 

(a) key is made strongest link 

(b) key is made weaker link 

(c) all the three are designed for the same strength 

(d) pulley is made weaker. 
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A coil is having stiffness k. It is cut into two halves, then the stiffness of the cut coils 
will be 


(a) same (b) half 

(c) double (d) one-fourth. 

The hoop stress in case of thick cylinders across the thickness 

(a) is uniformly distributed 

(6) varies from maximum at the outer circumference to minimum at inner circumference 
(c) varies from maximum at the inner circumference to minimum at outer circumference 
(d) is zero. 

The longitudinal stress in case of thick cylinders 

(a) is uniformly distributed 

(6) varies from maximum at the outer circumference to minimum at inner circumference 
(c) varies from maximum at the inner circumference to minimum at outer circumference 
(d) none of the above. 


In case of thick cylinders, at any point the three principal stresses, i.e., radial, circumfer- 
ential and longitudinal 


(a) are all tensile stresses (6) are all compressive stresses 
(c) are all shear stresses (d) none of the above. 


In case of cylinders which have to carry high internal fluid pressure, the method adopted is 
to 


(a) wind strong steel wire under tension on the cylinder 
(6) shrink one cylinder over the other (c) both (a) and (6) 
(d) none of the above. 


The radial stress, at any radius x in case of a thick spherical shell subjected to internal 
fluid pressure p, is equal to 


2b b 
of (8) 


x? x? 
|p |-2 (@®|=|*4 


where a and 0 are constants. 


The circumferential stress, at any radius x in case of a thick spherical shell subjected to 
internal fluid pressure p, is equal to 


Choose the correct statement. 


(a) When a thick cylinder is subjected to internal fluid pressure, the circumferential stress 
is maximum at the outer surface of the cylinder. 


(b) In case of thick cylinders, the difference of circumferential stress and radial stress is 


constant. 
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(c) In case of thick cylinders, the minimum value of radial stress is equal to internal fluid 
pressure. 
(d) The single thick cylinder withstands high internal fluid pressure as compared to 
compound cylinder. 
170. When a thick cylinder is subjected to internal fluid pressure (p,), the maximum value of 
circumferential stress is 


2p; Rj 
(a) Rh? Re? (0) p; 
oO L 
(0 (| Pt Fx p 
c ao, i 
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171. The shearing strength per pitch length in case of butt joint is equal to 
T T 
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where n = number of rivets per pitch length 
t= shear stress. 
172. Thetearing strength per pitch length of a riveted joint is equal to 


(a) (p—d)xtxo, (b) (p-d) x txo, 
(c) (P—d)xtxt (d) (p- 2d) xt xo, 
where p=pitch 


d= diameter of rivet 
t = thickness of plates and 
6,,6,and t = safe crushing, tensile and shear stresses respectively. 
173. The bearing or crushing strength per pitch length of a riveted joint is equal to 


@ Td xo,xn (b) nd xtxo,xn 


(c)dxtxo,xXn (d)pxtxo,xn 
where n = number of rivets per pitch length 
6, = safe crushing stress. 
174. Incase of riveted joint ‘margin’ is the distance between the 
(a) centres of two consecutive rivets in a row 
(b) centre of rivet hole to the nearest edge of plate 
(c) centres of rivets in adjacent rows 
(d) none of the above. 
175. Ifthe margin in case of riveted joint is at least 1.5 d, there will be 
(a) tearing off the plate between the rivet hole and edge of the plate 
(b) tearing off the plates between rivets 
(c) no tearing off the plate between the rivet hole and edge of the plate 
(d) no crushing of the joint. 
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The expression p X t X 6, in case of a riveted joint is called 

(a) tearing strength (6) bearing strength 

(c) crushing strength (d) strength of solid plate. 

If P,, P, and P, are the maximum load per pitch length for a riveted joint from tearing, 


shearing and crushing considerations respectively, then efficiency of the joint is equal 
to 


P, P, 

(a) strength of solid plate (6) strength of solid plate 
P, least of P,, P, and P. 

() strength of solid plate (d) strength of solid plate 


maximum of P,, P, and P, 


strength of solid plate (f) none of the above. 


In riveted joint the tensile, shearing and crushing stresses are based on the 
(a) diameter of drilled hole (b) diameter of rivet 

(c) mean of the diameter of rivet and drilled hole 

(d) none of the above. 

Generally a rivet joint fails by 


(a) shearing of rivets (b) crushing of rivets 

(c) tearing of the plate across the row of rivets 

(d) all of the above (e) any one of the above. 
A welded joint as compared to riveted joint, has 

(a) less strength (b) more strength 

(c) same strength (d) none of the above. 


In the diamond-riveted arrangement, the nine rivets have been arranged in four rows with 
one rivet in the first row, two rivets in the second row, three rivets in the third row and 
three rivets in the fourth row. The weakest section is the section passing through 

(a) fourth row (6) third row 

(c) second row (d) one rivet hole in the first row. 

The efficiency of a diamond-riveted joint, having width of the plate as 6 and diameter of 
hole as d, is equal to 


d b+d 
Qs (6) | 

b-d b-d 
(c) b (d) ar 
The material, of which rivets are made, should be 
(a) hard (6) malleable 
(c) ductile (d) tough. 


Strut is defined asa 

(a) member of a structure which carries a tensile load 

(6) member of a structure which carries an axial compressive load 
(c) vertical member of a structure which carries a tensile load 

(d) none of the above. 
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Column is defined as a 

(a) member of a structure which carries a tensile load 

(6) member of a structure which carries an axial compressive load 

(c) vertical member of a structure which carries a tensile load 

(d) vertical member of a structure which carries an axial compressive load. 


The maximum axial compressive load which a column can take without failure by lateral 
deflection is called 


(a) critical load (6) buckling load 

(c) crippling load (d) any one of the above. 
Slenderness ratio is defined as the ratio of 

(a) equivalent length of the column to the minimum radius of gyration 
(6) length of the column to the minimum radius of gyration 

(c) length of the column to the area of cross-section of the column 

(d) minimum radius of gyration to the area of cross-section of the column. 
Buckling factor is defined as the ratio of 

(a) equivalent length of a column to the minimum radius of gyration 
(6) length of the column to the minimum radius of gyration 

(c) length of the column to the area of cross-section of the column 

(d) none of the above. 


A loaded column is having the tendency to deflect. On account of this tendency, the critical 
load 


(a) decreases with the decrease in length 

(6) decreases with the increase in length 

(c) first decreases then increases with the decrease in length 

(d) first increases then decreases with the decrease in length. 

A loaded column fails due to 

(a) stress due to direct load (6) stress due to bending 
(c) both (a) and (6) (d) none of the above. 


The crippling load, according to Euler’s theory of long columns, when both ends of the 
column are hinged, is equal to 


An? EI x EI 
a a 

2 2 

n° EI Qn“ KI 
Cer (d) 


where /= length of column. 


The crippling load, according to Euler’s theory of long column when one end of the column 
is fixed and other end is free, is equal to 


An? EI n EI 
(a) 2 (0) 2 
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The crippling load, according to Euler’s theory of long column when both ends of the column 
are fixed, is equal to 


An? EI n? EI 
(a 2 (0) as 
2 2 
n° EI 2n° EIT 
(c) TE (d) a 


The crippling load, according to Euler’s theory of long column when one end of the column 
is fixed and the other end is hinged, is equal to 


An” EI n? EI 
(a 2 (0) F 
a 2 
n° EI 2n° EIT 
(c) TE (d) pe 


The ratio of crippling load, for a column of length (J) with both ends fixed to the crippling 
load of the same column with both ends hinged, is equal to 


(a) 2.0 (b) 4.0 
(c) 0.25 (d) 0.50. 


The ratio of crippling load, for a column of length (J) with both ends fixed to the crippling 
load of the same column with one end fixed and other end free, is equal to 


(a) 2.0 (b) 4.0 
(c) 8.0 (d) 16.0. 


The ratio of crippling load, for a column of length (J) with both ends fixed to the crippling 
load of the same column with one end fixed and other end hinged, is equal to 


(a) 2.0 (b) 4.0 
(c) 8.0 (d) 16.0. 


The equivalent length of a given column with given end conditions is the length of a column 
of the same material and section with hinged ends having crippling load equal to 


(a) two times that of the given column (6) half that of given column 
(c) four times that of the given column (d) that of the given column. 
The equivalent length is equal to actual length of a column with 

(a) one end fixed and other end free (b) both ends fixed 

(c) one end fixed and other end hinged (d) both ends hinged. 

The equivalent length is twice the actual length of a column with 

(a) one end fixed and other end free (b) both ends fixed 

(c) one end fixed and other end hinged (d) both ends hinged. 

The equivalent length is equal to half of the actual length of a column with 
(a) one end fixed and other end free (b) both ends fixed 

(c) one end fixed and other end hinged (d) both ends hinged. 

The equivalent length is equal to actual length divided by /2 for a column with 
(a) one end fixed and other end free (b) both ends fixed 

(c) one end fixed and other end hinged (d) both ends hinged. 
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The equivalent length is equal to four times the actual length of a column with 

(a) one end fixed and other end free (b) both ends fixed 

(c) one end fixed and other end hinged (d) both ends hinged 

(e) none of the above. 

Choose the wrong statement 

(a) Column is a vertical member of a structure which carries an axial compressive load. 


(b) The ratio of length of a column to its minimum radius of gyration is called slenderness 
ratio. 


(c) Acolumn tends to buckle in the direction of the minimum moment of inertia. 


(d) The equivalent length of a column with one end fixed and other end free is half of its 
actual length. 


Choose the correct statement 
(a) Euler’s formula holds good only for short columns. 


(b) A short column is one which has the ratio of its length to least radius of gyration more 
than 100. 


(c) Acolumn with both ends fixed has minimum equivalent (or effective) length. 


(d) The equivalent length of a column with one end fixed and other end hinged is half of its 
actual length. 


Rankine’s formula is an empirical formula which is used for 

(a) long columns (b) short columns 

(c) both long and short columns (d) none of the above. 
The crippling load by Rankine’s formula is 


Ca ) 
1+a(7] 1+a(£) 
() o.A (@) o,A 


ry an 
l-a (=) l-a @ 
where A=area of cross-section of the column 
6. = crushing stress 
a= Rankine’s constant 
k= least radius of gyration 
1= actual length of column 


1, = equivalent length of column. 
The Rankine’s constant (a) in Rankine’s formula is equal to 
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The Rankine’s constant (a) for a given material of a column depends upon the 


(a) length of column (6) diameter of the column 
(c) length and diameter (d) none of the above. 
The expression a is known as 
l 
1+b/- 
[+9(5)) 
(a) Rankine’s formula (b) Gordon’s formula 
(c) Straight line of formula (d) Johnson’s parabolic formula 


where d=least diameter or width of the section 
b=constant and /, = equivalent length. 
A cantilever of length (J) carries a load whose intensity varies uniformly from zero at the 
free end to w per unit length at the fixed end, the bending moment diagram will bea 
(a) straight line curve (6) parabolic curve 
(c) cubic curve (d) combination of (a) and (6). 


A simply supported beam is overhanging equally on both sides and carries a uniformly 
distributed load of w per unit length over the whole length. The length between the supports 
is (2) and length of overhang to one side is ‘a’. If / > 2a then the number of points of contra- 
flexure will be 


(a) zero (b) one 

(c) two (d) three. 

If in question 212, /= 2a, the number of points of contraflexure will be 
(a) zero (b) one 

(c) two (d) three. 

If in question 212, /< 2a, the number of points of contraflexure will be 
(a) zero (b) one 

(c) two (d) three. 

In question 212, the shear force diagram will consists of 

(a) two triangles (6) two rectangles 

(c) four triangles (d) four rectangles. 


For the same loading, the maximum bending moment for a fixed beam as compared to 
simply supported beam is 


(a) more (b) less 
(c) same (d) none of the above. 


For the same loading, the maximum deflection for a fixed beam as compared to simply 
supported beam is 


(a) more (6) same 

(c) less (d) none of the above. 
In a fixed beam, temperature variation produces 

(a) large stresses (6) small stresses 

(c) zero stress (d) none of the above. 
Inasimply supported beam, the temperature variation produces 
(a) large stresses (6) small stresses 

(c) zero stress (d) none of the above. 
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101. (©) 
107. (c) 
113. (©) 
119. @) 
125. @) 
131. @) 
137. @) 
143. d) 
149. (6) 
155. (6) 
161. (6) 
167. @) 
173. (c) 
179. (e) 
185. (d) 
191. (6) 
197. @) 
203. (e) 
209. (d) 
215. (©) 


186. 


210. 


OBJECTIVE TYPE QUESTIONS 


26.3. OBJECTIVE TYPE QUESTIONS FROM COMPETITIVE EXAMINATIONS 


1. For the state of plane stress shown in Fig. 1, the maximum and minimum principal 


stresses are: 
10 MPa 
ane MPa 


50 MPa 50 MPa 
40 MPa a 
10 MPa 
Fig. 1 
(a) 60 MPa and 30 MPa (b) 50 MPa and 10 MPa 
(c) 40 MPa and 20 MPa (d) 70 MPa and 30 MPa. 
2. Which of the following is true (u = Poisson’s ratio) 
1 

(a)O<p<-F (b)1<p<0 
(c) l<p<-1 (d) o<pU~<—oo, 


3. For most brittle materials, the ultimate strength in compression is much large than the 
ultimate strength in tension. This is mainly due to 
(a) presence of flaws and microscopic cracks or cavities. 
(6) necking in tension 
(c) severity of tensile stress as compared to compressive stress 
(d) non-linearity of stress-strain diagram. 


4. Bending moment M and torque T is applied on a solid circular shaft. If the maximum 
bending stress equals to maximum shear stress developed, then Wis equal to 


T 
Oe ()T 


(c) 2T (d) 4T. 
5. When bending moment M and torque Tis applied on a shaft then equivalent torque is 


(a) M+T (b) JM? +7? 
(c) = {Mm 47? (d) (M+ {Mi 47), 
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6. The bending moment diagram for the case shown in Fig. 2 below will be as shown in 
figure 


(d) 


Fig. 2 


7. Ifa prismatic bar be subjected to an axial tensile stress o, the shear stress induced at a 


plane inclined at 0 with the axis will be 
o ., o 
(a) 9 sin 20 (b) 9 008 20 : 
ere © aie 
(c) 5 cos” 0 (d) 3 sin 0. | 
8. Avertical hanging bar of length L and weighing w N/unit length 


carries a load Wat the bottom as shown in Fig. 3. The tensile 


force in the bar at a distance y from the support will be given by r 
(a)Wt+wxL (6) W+ w(L—y) 


W . 
(©) W+w)x 7 () W+--(L-)). = 
9. Incase of bi-axial state of normal stresses, the normal stress on 45° plane is equal to 
(a) sum of normal stresses (6) difference of normal stresses 
(c) half the sum of normal stresses (d) half the difference of normal stresses. 


10. The temperature stress is a function of 
1. Co-efficient of linear expansion 
2. Temperature rise 
3. Modulus of elasticity. 
The correct answer is 
(a) 1 and 2 only (b) 1 and 8 only 
(c) 2 and 3 only (d) 1, 2 and 3 only. 


11. 


12. 


13. 


14. 


15. 


16. 


ii. 


18. 


OBJECTIVE TYPE QUESTIONS 


When two springs of equal lengths are arranged to form a cluster spring then which of the 
following statements are true: 


1. Angle of twist in both the springs will be equal 

2. Deflection of both the springs will be equal 

3. Load taken by each spring will be half the total load 

4. Shear stress in each spring will be equal 

(a) 1 and 2 only (6) 2 and 3 only 

(c) 8 and 4 only (d) 1, 2 and 4 only. 


When o and Young’s modulus of elasticity H remains constant, the energy absorbing capacity 
of part subjected to dynamic forces, is a function of its 


(a) length (6) cross-section 
(c) volume (d) none of the above. 


If the principal stresses corresponding to a two-dimensional state of stress are 6, and o, 
when 6, is greater than o, and both are tensile, then which one of the following would be 
correct criterion for failure by yielding, according to maximum shear stress theory ? 


01792 O yp O71 O yp 
a = ar b) 2 =4+-—" 
(a) 9 9 (0) 9 9 
Se _ , Ov = 
(c) o + ee (d) 6, =+20,,.. 


The buckling load will be maximum for a column, if 

(a) one end of the column is clamped and other end is free 

(6) both ends of the column are clamped 

(c) both ends of the column are hinged 

(d) one end of the column is hinged and other end is free. 

A length of 10mm diameter steel wire is coiled to a close-coiled helical spring having 8 
coils of 75 mm mean diameter, and the spring has a stiffness k. If the same length of the 
wire is coiled to 10 coils of 60 mm mean diameter, then the spring stiffness will be 

(a)k (b) 1.25k (c)1.56k (d) 1.95 R. 

A metal pipe of 1 m diameter contains a fluid having a pressure of 100 N/cm?. If the 
permissible tensile stress in the metal is 2 kKN/cm?, then the thickness of the metal required 
for making the pipe would be 

(a)5mm (6) 10mm (c) 20 mm (d) 25 mm. 
Circumferential and longitudinal strains in cylindrical boiler under internal steam pres- 
sure, are e, and e, respectively. Change in volume of the boiler cylinder per unit volume 
will be 

(a) e, + 2e, (b) e,e,” (c) 2e, +e, (dye? @5. 

In the assembly of pulley, key and shaft 

(a) pulley is made the weakest 

(b) key is made the weakest 

(c) key is made the strongest 

(d) all the three are designed for equal strength. 
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19. Shear stress distribution diagram of a beam of rectangular cross-section, subject to trans- 


20. 


21. 


22. 


23. 


verse loading will be 


. i 


A horizontal beam with square cross-section is simply supported with sides of the square 
horizontal and vertical and carries a distributed loading that produces maximum bending 
stress 0 in the beam. When the beam is placed with one of the diagonals horizontal, the 
maximum bending stress will be 

oO 
OE (b)o (c) V2 xo (d) 20. 
A shaft was initially subjected to bending moment and then was subjected to torsion. If the 
magnitude of the bending moment is found to be the same as that of the torque, then the 
ratio of maximum bending stress to shear stress would be 
(a) 0.25 (b) 0.50 (c) 2.0 (d) 4.0. 
A simply supported beam of rectangular section 4 cm by 6 cm carries a mid-span concen- 
trated load such that 6 cm side lies parallel to the line of action of loading ; deflection under 
the load is 6. If the beam is now supported with the 4 cm side parallel to the line of action 
of loading, the deflection under the load will be 


(a) 0.44 x8 (6) 0.67 x 8 (c) 1.50 x 6 (d) 2.25 x 8. 
A beam AB is hinge-supported at its ends and is loaded by a couple P x C as shown in 
Fig. 5. The magnitude of shearing force at a section x of the beam is 


P4ig 
Cc 


(a3 Ji. 
k¢—xX 
ip P 


P 
(a) 0 (6) P Oar (d) 


24, 


25. 


26. 


27. 


28. 


29. 
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The frictional torque for square thread at mean radius (R) while raising load (W) is given by 
(a) WR x tan (o-@) (b) WR x tan (0 + a) 

(c) WR X tan o (d) WR x tan 

where 6 = angle of friction and o = Helix angle. 

Design of shafts made of brittle materials is based on 

(a) Guest’s theory (b) Rankine’s theory 

(c) St. Venant’s theory (d) Von Mises theory. 


Principal stresses at a point in plane stressed element are 6, = 0, = 5000 N/cm?. Normal 
stress on the plane inclined at 45° to the x-axis will be 


(a) 0 (b) 5000 N/cm? 
(c) 7070 N/cm? (d) 10000 N/cm?. 


State of stress in plane element is shown in Fig. 6. Which one of the following figures 
shown in Fig. 7 is the correct sketch of Mohr’s circle of the state of stress ? 


(a) (b) 


(©) (d) 


Fig. 7 


A steel rod of 1 sq. cm cross-sectional area is 100 cm long and has a Young’s modulus of 
elasticity 20 x 10° N/cm?. It is subjected to an axial pull of 20 KN. The elongation of the rod 
will be 


(a) 0.05 cm (6) 0.1 cm (c) 0.15 cm (d) 0.20 cm. 


If the area of cross-section of a wire is circular and if the radius of this wire decreases to 
half its original value due to stretch to the wire by a load, then modulus of elasticity of the 


wire be 
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30. 


31. 


32. 


33. 


34, 


(a) one-fourth of its original value (b) halved 

(c) doubled (d) unaffected 

E depends upon the material. It is independent of area, load etc. 

Match list I with list II and select the correct answer using codes given below the lists : 


List I List IT 
(Material properties) (Test to determine 
material properties) 


Codes: A B C OD 
(a) 3 2 1 4 
(6) 4 2 1 3 
(c) 3 1 2 4 
(dd 4 1 2 3 


If a material had a modulus of elasticity of 21 x 10° N/cm? and a modulus of rigidity of 
8 x 10° N/cm?, then approximate value of the Poisson’s ratio of the material would be 

(a) 0.26 (6) 0.31 (c) 0.47 (d) 0.5. 

A shaft can safely transmit 90 kW while rotating at a given speed. If this shaft is replaced 
by a shaft of diameter double the previous one and rotated at half the speed of the previous, 
the power that can be transmitted by the new shaft is 

(a) 90 kW (b) 180 kW (c) 360 kW (d) 720 kW. 

A cold rolled steel shaft is designed on the basis of maximum shear stress theory. The 
principal stresses induced at its critical section are 60 MPa and— 60 MPa respectively. If 
the yield stress for the shaft material is 360 MPa, the factor of safety of the design is 

(a) 2 (b) 3 (c) 4 (d) 5. 

An eccentrically loaded riveted joint is shown in Fig. 8 with 4 rivets at P, Q, R and S. 
Which of the rivets are the most loaded ? 

(a) Pand Q (6) QandR (c)RandS (d) Sand P. 


35. 


36. 


37. 


38. 


39. 


OBJECTIVE TYPE QUESTIONS 


When a helical compression spring is cut into two equal halves, the stiffness of each of the 
resulting springs will be 
(a) unaltered (b) double (c) one-half (d) one-fourth. 


While calculating the stress induced in a close-coiled helical spring, Wahl’s factor must be 
considered to account for 


(a) the curvature and stress concentration effect 
(6) shock loading 

(c) poor service conditions 

(d) fatigue loading. 


A straight bar is fixed at the edges A and B as shown in Fig. 9. Its elastic modulus is F and 
cross-section is A. There is a load P= 120 N acting at C. Determine the reactions at the 
ends 


A k 
4 g 
j G 
aa C+——_> P= 120N ia 
A 
a 
Fig. 9 
(a) 60 N at A, 60 Nat B (6) 30 Nat A, 90 NatB 
(c)40 Nat A, 80NatB (d) 80 Nat A, 40 N at B. 


For a material, the modulus of rigidity is 100 G Pa and Poisson’s ratio is 0.25. The value of 
modulus of elasticity in G Pa is 

(a) 125 (b) 150 (c) 200 (d) 250. 

A rigid beam of negligible weight is supported in a horizontal position by two rods of steel 
and aluminium 2 m and 1 m long having values of cross-sectional areas 1 cm? and 2 
cm? and E of 200 G Pa and 100 G Pa respectively. A load P is applied as shown in 
Fig. 10: 


2m 
Steel 
im 
Aluminium 


Rigid beam 


vP 


Fig. 10 
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40. 


Al. 


42. 


43. 


44, 


If the rigid beam is to remain horizontal, then 

(a) the load on both rods should be equal 

(6) the load on aluminium rod should be twice the load on steel 

(c) the load on the steel rod should be twice the load on aluminium 
(d) the load P must be applied at the centre of the beam. 


A thin cylinder of radius r and thickness t when subjected to an internal hydrostatic 
pressure p causes a radial displacement u, then the tangential strain caused is 


du 1 du u 2u 
() 3 (0) 7 Ge ()~ (d) —. 
Determine the stiffness of the beam shown in Fig. 11 given below: 
Ae L pla L P 
2I 
I 
q 
Fig. 11 
When: J=375 x 10+ m4 
L=0.5m 
E=200 GPa 
The stiffness is given by 
(a) 12 x 101° N/m (b) 10 x 1019 N/m 
(c) 4x 10!° N/m (d) 8 x 10!° N/m. 
The strain energy stored in a body of volume V subjected to uniform stress 6 is 
ox ok? ox V2 e 
b d) — x V. 
Fy (0) = (c) E @) oF 


For the same internal diameter, wall thickness, material and internal pressure, the 
ratio of maximum stress, induced in a thin cylindrical and in a thin spherical vessel 
will be 


1 1 
(a) 2 () 5 (c) 4 (d) 7. 


Two identical springs labelled as 1 and 2 are arranged in series and subjected to force F'as 


shown in Fig. 12. 
j ® F @ 


Fig. 12 


Assume that each spring constant is k. The strain energy stored in spring 1 is 


Fe? 
(a) = (0) ap (c) — (d) —_. 


45. 


46. 


47. 


48. 


49, 


50. 


OBJECTIVE TYPE QUESTIONS 


Arod having cross-sectional area 100 x 10~° m? is subjected to a tensile load. Based on the 
Tresca failure criterion, if the uniaxial yield stress of the material is 200 M Pa, the failure 
load is 

(a) 10 kN (b) 20 kN (c) 100 kN (d) 200 KN. 

Wire diameter, mean coil diameter and number of turns of a closely-coiled steel spring 
are d, Dand N respectively and stiffness of the spring is k. A second spring is made of the 
same steel but with wire diameter, mean coil diameter and number of turns as 2d, 2D and 
2N respectively. The stiffness of the new spring is 

(a)k (b) 2k (c) 4k (d) 8k. 

If the diameter of a long column is reduced by 20%, the percentage of reduction in Euler’s 
buckling load is 

(a) 4 (b) 36 (c) 49 (d) 59. 

With one fixed end and other free end, a column of length L buckles at load P,. Another 
column of same length and same cross-section fixed at both ends buckles at load P,. Then 
Pol ie 

(a) 1 (b) 2 (c) 4 (d) 16. 

The principal stresses 6,, 6, and o, at a point respectively are 80 MPa, 30 MPa and 
— 40 MPa. The maximum shear stress is 


(a) 25 MPa (b) 35 MPa (c) 55 MPa (d) 60 MPa. 


The Poisson’s ratio of a material which has Young’s modulus of 120 GPa and shear modulus 
of 50 GPa, is 


(a) 0.1 (b) 0.2 (c) 0.3 (d) 0.4. 


26.4. ANSWERS WITH EXPLANATIONS 


49, 


(d) 2. (a) 3. (a) 4, (a) 5. (0) 6. (a) 
(2) 8. (6) 9. (c) 10. (d) 11. © 12. (©) 
(b) 14. (6) 15. (©) 16. (d) 17. (c) 18. (0) 
(d) 20. (c) 21. (©) 22. (d) 23. (d) 24. (6) 
(0) 26. (b) 27. (c) 28. (b) 29. (d) 30. (c) 
(0) 32. (c) 33. (0) 34. (d) 35. (0) 36. (a) 
(d) 38. (d) 39. (0) 40. (c) 41. (c) 42. (d) 
(@) 44, (c) 45. (b) 46. (2) 47. (d) 48. (d) 
(d) 50. (0). 


EXPLANATIONS 


i 


Here o,=50MPa 
o,=—10MPa 
T,, = 40 MPa 
The principal stresses 6, and o, are given as 


2 
O, +o O,-Oo 
= y x y 2 
0), 05> 9 + 5 ) Aig 
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2 


= 20+ 30? + 40? 
= 20+ 50, 
6, = 20+ 50 = 70 MPa 
6, = 20-50 =— 30 MPa = 30 MPa. (compressive) Ans. 


_ 50+ (10) = [2 oy) ae 
7 2 


and 
Lateral strain 

Longitudinal strain 

The lateral strain is opposite to longitudinal strain. This means if longitudinal strain is 

tensile, then lateral strain is compressive. Hence i is negative. For most of the material 

hes between — 0.25 to — 0.40. 


. M 
4, Bending stress, 6,= - xy 


2. w= Poisson’s ratio = 


d 
x= wheer=——a- 


(Sse 7 T 9 64 
_ M d 32M 
= x = 
TO d’ 2 nd? 
64 


™ 
P= 7g EX Tnax 


_ 16T 
Tmax — nd? 
If Onax = Tax 
T 
Then eee or M=—. Ans. 
md nd 2 
5. Due to bending moment (M), the bending stress will be produced in the shaft. This bending 
stress (6,) 1s given by 
_ 82M 
5 nd® 
Due to torque (7), the shear stress will be produced. This shear stress (T) is given by 
167 
_ nd? 


The principal stresses due to bending and shear stresses are 
fo) fo) 
6, and 6, = —~+ (s*) +77 


_1. 32M, (16M) (167) 
=e 3 | + 3 
2 nd nd nd 
For finding equivalent torque (7) when the shaft is subjected to bending moment and 
torque, we should determine the maximum shear produced by the principal stresses. 


OBJECTIVE TYPE QUESTIONS 


Max. shear stress due to principal stresses is given by 


01 —~ 92 
T = 
max 2 


_ lem) (167) 
= sl Ee 
nd nd 
16 
=e Me? 49° 


T 
Equivalent torque is 


_16M |(16M)\" (167) 
where 6,= ad a. ad + od 


16M |(16M)\ (167) 
a nd® nd® nd® 


E Tmax = = . ia +7" | 


nd? 


(a) 


Plane inclined at 
angle 0 with x-axis 


Fig. 13 


o x AB x cos 0 


(b) 


Force on AB=o x Area 
=oxABx1 
Force on AC =(o X AB) X cos 0 


(Thickness = unity) 


T, = Shear stress on the plane AC 


_ Shear force _o x ABxcos0 


=o X sin @ X cos 8 


Area 7 ACx1 


oO “ oO 3 
= 3 *2sin 0 cos @= > x sin 26. Ans. 


The tensile force in the bar at a distance y from the support 
= Weight at the lower end + Weight of bar for a length (LZ — y) 


=W+w(L-y). Ans. 


The normal stress on the inclined plane in case of biaxial stress system is given by 


1 1 
Oy = 9 Ox + 0,) + 9 Sr — 0,) cos 20 


1 1 
S450 5 (a, +0,) + 9 Gx 6,) cos 90° 


1 
= 2 (o, + O,). Ans. 
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10. Temperature stress = 0 x (At) + E 
where o=Co-efficient of linear expansion, 
At = Temperature rise, and 
E= Modulus of elasticity. 
Hence temperature stress depends upon all the three and (d) is the answer. 
12. The energy absorbed by a part subject to dynamic force is given by 


2 
U= oe xX volume 


when o and Fare constant then 
U« volume 
Hence (c) is the answer. 
13. The criterion of failure according to maximum shear stress theory is 
01 —92 © yp 


- = - when the principal stresses 6, and 6, are opposite 


l.e., oneis tensile then other is compressive 


O,-9 . : 
——— will not represent the maximum 


But if both are tensile (or compressive), then 5 


; , Oo : 
shear stress. It will represent the stress less than maximum shear stress. But 7% will 


represent the maximum shear stress. Hence criterion of failure is 
oO fey 
—1=+—P,. Ans. 
nm’ EI 


P, =— ...both ends hinged 


= ...one end is fixed (or clamped) and other is hinged 


= ..one end is fixed (clamped) and other is hinged 


= ... both ends fixed (or clamped) 


When both ends are clamped, the buckling load is maximum. 
15. The spring stiffness (k) for a close-coiled helical spring in terms of dia. of wire (d), mean 
radius of coil (R), no. of turns (n) and modulus of rigidity (C) is given by 


pa W__ Cal 
5 64k? xn 
When the dia. of wire (d) and material of coil is same, then 
1 
R®xn 
-, kx R® X n=constant 
or k,xR,xn, =k, xR 2X n, 


ke« 


[.. For the same material, Cis constant] 
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16. 


17. 


18. 


i: 


=}-e/{ 75) 1 8 : D,= 75mm, n,=8 
1” eo} *\40 D, = 60 mm, nz = 10 


Answer is (c). 
Here d=1m=100cm 
p = 100 Nicm? 
Max. permissible tensile stress = 2 kN/cm? = 2000 N/cm? 
For thin cylinder, the maximum stress is circumferential (or hoop) stress. 
Hence here o, = 2000 N/em? 


Let t = thickness. 
pxd . 
Then O.= OH [Here p ando, should have same unit. 


Then d and ¢ will have the same unit] 
_ pxd__ 100x100 
~ 2xo, 2x 2000 


or =2.5cm=25 mm. Ans. 


Original volume, V= rs x L 
Change in volume, dV will be obtained by taking differential as 
dV= 7D x dL+ , Ld(2D2) 
= 2 Dx dh +7 Lx 2D dD) 


ay * p? x dL+=Lx2Dx d(D) 
Volumetric strain, 4 4 


*p?xL 
4 

_ dL , 2d(D) 

ZL D 


aL a : 
TE = Longitudinal strain = e, 


a a eT eee ae. dD) - nD _ 2) 
D = Ulrcumfterential strain aD D 
dV dV 
ye a + 2e, = 2e, +e, eo Change in volume per unit vote 


The part which is cheapest in overall cost and can be easily replaced when there is some 
damage, is made the weakest part. The key in comparison to pulley and shaft can be 
replaced easily. 

The shear stress distribution in a beam of rectangular cross-section is parabolic and having 
maximum value at the neutral axis. Hence the answer is (d). ust 
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Shear stress is given by 


2 
T= where A X y for rectangular section = 1s = v) 


Rectangular Shear stress 
cross-section distribution 


(a) (b) 
Fig. 14 


d 
where A=shaded area =b xX (¢ - y] 


y = section where shear stress is T 
= . 1 
y = distance of C.G. of shaded area from N.A. = y + a (¢ - y] 


2 
I= M.O. Inertia 
b = width at section y which is 6 here. 


b 


d? 
(ee oe 
2\ 4 “(= : 


t= T : ; = Or 
which is the equation of a parabola. 
20. When beam is placed as shown in Fig. 15(a) 1st position, then bending stress is given by 
M 


OS ge Oe 


(a) 1st position (b) 2nd position 
Fig. 15 
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=e ~ I= 


d = 
Pa (p)max bd? 2 12 12 12 


d M d bd? dxd*_ d* 
2 


6M 6M 6M : 
= bd? ee, = a (. b6=dbeing square) _...(i) 


The bending stress when beam is placed as shown in Fig. 15(6) 2nd position is given by 


M 
(0,)* ax = T# x y* where y* = Distance of top layer from 
N.A. i.e., distance OC 
= half of diagonal of the square = OC 
d 
=d xX sin 45° = yo 
= a x 5 I* = M.O.L of 2nd position about N.A. 
12M bh? d 
= a = 2 x ——_ hi b = BD = 2, x — 
d® x 2 a where 5 
nu - d 
Bee 
3 
12M 2x J2d x (=| i A 
(Gx) * mag d® x J2 = v2 = 1d _d 
(Sy) max 6M ie 6 2 - 
ro 
2 
= __= yi 
42. 


Oa 2% tC) piag 
Hence the answer is (c). 


" sees Md 82M 
ae a ea ee 
64 
™ 
T=—xd?x 
ig 
167 
t nd? 


= = 2. . M= 
1 ad? 167 T ( ” 
22. Fora simply supported beam carrying a point load at the centre, the deflection (8) is given 
by 
_ PL 
48EI 
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(a) 1st position (b) 2nd position 
Fig. 16 
Here load P, span of beam L and Fis same for both positions, 
1 
bo T or 6 x [=constant 
[, 
or 6% =o, #1, or aaa 
3 
Now 1-428 <7 
12 
6x 4? 
and I,= = 32 
12 


72 
5, = 45, x ag 2.25 6,. Ans. 
Hence answer is (d). 
23. Couple acting on beam = PX Canticlockwise moment at any point should be zero 


a M,=0 
or Rzx 2L+ Px C=0 
-~PxC ; : ; ; 
or R3= on (-ve sign shows that reaction R, is acting downwards) 
There is no load on the beam 
_ _ _PxC 
R,+R,=0 or R,=-R,= OL 
The reaction R, is acting upwards. 
PxC 
Shear force at x, F=R,= a Ans. 
24. Resolving forces along the inclined plane and normal to the plane, we get 
P’cosa=—R, + Wsin a se(L) 


26. 


27. 


28. 
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Ry =Wcosa+ P sino (2) 
Substituting the value of Ry, in (1), we get 
P’ cosa=ul[Wcos a+ P’sin a] + Wsin o 


: sin o 
Taking u=tano= cet 


and substituting in the above equation and simplifying, we get 
P=Wtan (a+ 6) 
Frictional torque at mean radius (R) is=Rx P=Rx Wtan (a+ O). 
_ er Gy. Gey 


4 + xX cos 20 
2 2 


(ey 


C.F, G.-C, 

O450= ; + ; x cos 90° 
_ Ogre, 
“3 

5000 + 5000 
= a = 5000 N/em2. Ans. 


There is no normal stress either in x-direction or in y-direction. 

6, =0ando,=0. While drawing Mohr’s circle of stresses, 6,, and 0, are taken along 
x-axis from origin and shear stress (t) along y-axis. Hence shear stress (t) will be taken on 
the origin of axis along y-direction upward and downwards. 


Hence answer is (c). 
A=1cm?;L=100cm; E= 20 x 108 N/cm?, P= 20 kN = 20 x 1000 N 


o (a) 


6h _ 96 _\A) 
L E E 
P 20,000 x 100 
8L =—~ x L= ——"—_ = 0. . ; 
AE none ee 
2 
A, =mr,?, A, = “(7 “a 


The modulus of elasticity for a material is independent of area and load applied etc. Hence with 
the increase or decrease of area (i.e., radius), the modulus of elasticity will be unaffected. Ans. 


STRENGTH OF MATERIALS 


30. To find the correct answer proceed as given below 
Ductility is determined by tension test (8) 
Toughness is determined by Impact test (1) 
Endurance limit is determined by Fatigue Test (2) 
Resistance to penetration is determined by Hardness test (4) 
Hence the correct code is which contains 8, 1, 2, 4. 
Hence the correct code is (c). 


Si, E=21 x 108 Niem?2, C=8 x 106 Nicm? 
E=2C(1 +h) 
E 
Hee 7" 
6 
=e ya 2t _1=1.3125-1=0.3125. Ans. 
2x 8x 10° 16 
32. P=2nNT, where T=—- xx . T= xd 2x2 
; 16 1 16°71 
_— _N, _ 3 
P,=20nN,T, N,= = x (2d,) XT 
P, = 2nN,T, = ig 8x axt 
Ny 
= 2m x a xT, =8x 7) 
=2nN,xT,x4 


=P,x4=90x4=360 kW. Ans. 
33. According to maximum shear stress theory for design purpose, we have the equation 
(6,—6,)=6, where o,= Permissible stress in simple tension 


or 60 — (— 60) =a, or 60 + 60 =6, 
or 6,=120 and safety factor = Pili 20) 2 3. Ans. 
o, 120 


34. Here each rivet is subjected to direct stress due to load Wand bending stress due to bending 
moment. Bending moment is equal to WX e where e = eccentricity. 


The value of e is maximum for rivets Pand S. The direct stress is same for all the rivets, 
Bending stress is maximum when e is maximum. Eccentricity is maximum for rivets P 
and S. Hence rivets Pand S are having maximum bending stress. Hence rivets Pand S 
are most loaded. Ans. 
35. The stiffness of a helical compression spring is given by, 
eee 83s 
- 64 R2 xn 
where C=Modulus of rigidity 
d= dia. of wire 
n=no. of turns 
R=mean radius of coil. 


36. 


37. 


OBJECTIVE TYPE QUESTIONS 

When spring is cut into two equal halves, only no. of turns will be effected it will become 
half. Other value such as C, d and R will be same. 
_ Cd* _  2Cd ; 

64x R3 (3) 64R? xn 

2 
For close-coiled helical spring, 
_ 16WR 
ts 3 
nd 


While deriving this equation, the effect of curvature of spring and stress concentration 
effect are neglected. Hence the correct expression for shear stress will be 


k 


. =2xk. Ans. 


16 WR 
a nd® * 
where K=Wahl’s correction factor 
_ 48-1, 0615 
4S-—4 S 


ee D_ mean dia. of coil 
where S=spring index = —= 


d dia. of wire 
Free body diagram through C 
R,+R,=120N ..(i) 
4 
y 
A 
A y C +——> P=120N B 
q 
Je— L —>}« aL 
A\ 
Ry R, Ro Ro 
<< 
A Cc Cc B 
Fig. 19 


Extension in AC= Compression in CB 


For ac: 54-2 or 8b, = Sb x 1,= 5b x1, ( 0-72] 
For cB: 2-52 or SL, = 2 Ly = x1, E 0-2) 
As dL, = 5L, 

R,xL, _ Ry x Ly 

AE AE 
or Re Hh, <i, Boy BH Land: 1.290 
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o RxD = RSL 
or R.=2R, (ii) 


From (i) and (ii), 3R,=120N . R,=40N. Ans. 
and R,=120-—40=80N. Ans. 
38. C= 100 G Pa= 100 x 10° N/m? 
u=0.25 
E=2C(1+yp) 


= 2x 100 x 10° (1 + 0.25) 
= 200 x 1.25 x 109 
= 250 x 109 N/m? = 250 GPa. Ans. 


39. Steel rod Aluminium rod 
L,=2m L,= 1m 
A,=1cm? A, = 2 cm? 
E, = 200 GPa E, = 100 GPa 


The rigid beam will be horizontal if : 
Extension of steel rod = Extension of aluminium rod 
6L, =6L, 
Pxl, BRxl, 
A,xE, A,~x EH, 


or p=p,x“,Fy bap tx, 1 iF 
Ay Hy Ly 2 100 2 2 
or ey areas at or P,=2P,. Ans. 
or load on aluminium rod = 2 times the load on steel rod. 
40. Radial displacement =u 
Initial radius =r 
Final radius =rtu 


Final circumference — Initial 


Tangential strain = Circumferential strain = —— 
Initial circumference 


Ans. 


7 2n(r+u)—2nr 2nu u 
2ur Qnr xr 
Load P 


41. Stiff = = 
acre Deflection Deflection under P 


. (i) 
Let us find deflection under load P. This can be done by conjugate Beam Method. In this 


M 
method, the beam carries the EI load corresponding to actual load. The deflection at any 


section will be equal to B. M. at that section due the load carried by conjugate beam. 
Refer to Fig. 20 (6). 


M 
Load for conjugate beam is Er 


M 
B.M. at A= 0, hence value of ii at A=0 


Px2L PL 


M 
B.M. at C= Px 2L, hence value of Fr at C= Ex(QD EI 


OBJECTIVE TYPE QUESTIONS 


M PxL PxL PL 
B.M. at B= Px L, hence value of Sr at B for AB= a , for BC= GaGn on 
4e L pla L P 
2I 
I 
C4 B A 
M _M 
EI EI 
(b) Conjugate beam 
Fig. 20 


Deflection (6) at A= B.M. at A* due to load carried by conjugate beam 
2 &EI 3 2EI 2 2EL 3 


3 3 3 
- 2 a 5). 18 _ 1.5 x PL 


a io) Ef 19 EI 
«, Bee e P ___ EI ___ (200 x 10°) x (875 x 10°) 
8 (15x PL) 15x LD 1.5 x (0.5)? 
a | 


200 x 10° x 375 x 10% x 10° 


= =4x 101° ‘ , 
15x 125 4x10'° N/m. Ans 
42. The maximum stress induced in a thin cylinder is hoop stress (6,). It is given by 
ee 
Oe oF 
. ' pxd 
The maximum hoop stress produced in spherical vessel = ——— 
pa 
Max. stress in cylindrical vessel Qt _ 2.0 
Max. stress in spherical vessel px d ~ 
At 
© - © 
44, 
k k 
Fig. 21 


Strain energy stored in spring 1, 
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45, 


46. 


1 
U,=>5 *F, x6, where F, = force carried by spring 1 


2 
1 F F F 
= a x = x oh = 7 (-. both springs are identical) 
6, = Deflection of spring 1. 
2 F, 
a2 . Ans. =— 
8k k 
= fF ( FE, = =] 
2k 2 
A=100x10% m? 
Let P= tensile load at failure .. For one-dimensional stress system, 


we have stresses as (=. 0, 0] 


P 
Tensile stress due to load P, 6, = a 


This stress is 1n one-direction only 1.e., (o, 0, 0) 
Max. shear stress due to stress system (6,, 0, 0) = 5 (5,—0)= = 
Uniaxial yield stress, o,* = 200 MPa = 200 x 10° N/m. 

For uniaxial yield stress, we have stress system as (6,*,0, 0) 
Max. shear stress due to uniaxial yield stress = 5 (o,*—0)= 


According to Tresca failure criterion, 
Max. shear stress developed = Max. shear due to yield stress 


* 
i.e., CS or 0, =6," 
P * 6 2 ‘9 
or — = 200x108 N/m? ~ 0,*=200x 10° N/m” and o, a 
A 
or P=200x10°xA 


= (200 x 10%) x (100 x 10-6) = 20000 = 20 kN. Ans. 
We know that stiffness of a close-coiled helical spring is given by 


1st case, k, = ———_.—_ [here R= 2 and n= v} 


2nd case, 


(here dia. of wire = 2d; Mean coil dia.=2D and number of turns = 2N) 


OBJECTIVE TYPE QUESTIONS 


Cd* x 16 Cd* Ca" 
= D 3 = D = k, Gar k, = (py. Ans. 
64 x @ x8x2N 64 @ x N 6 | x N 


47. Euler’s buckling load, 


2 
Tl 


EI T 
P= Pp where I= @ 


For circular column when diameter is reduced by 20%, then dia. of new column = 0.8 d 


New moment of inertia, I* = a x (0.8 d)t = 7 x d4 x (0.8)4 


Initial buckling load, P= 72 x 64 d‘ 
2 
: _ Tt E Tl 4 4 
New buckling load, Pe= TE x vi xd° x 0.8 
P == * 
% reduction in load = x 100 


= - x 100 
Tl E x uae 
Pp o4 
_ 9 94 
= a = (1 — 0.4096) x 100 = 59%. Ans. 
48. For acolumn of one end fixed and other free, the bucking load is 
_ WEI 
1 4L? 


For a second column of same length and same cross-sectional area when both ends are 
fixed, the buckling load is 


_ 4n® EI 
27° Lv 
(a) 
2 
P, Maw =4x4=16. Ans. 


PL (x?EI 
4? 


1 1 
49. Ona.= 5 [5,-55] = 5 80-40] = 60 MPa. Ans. 


2 
50. E=2C(1+y) 
E 120 
= — —-] =" -1=1.2-1.0=0.2. Ans. 
B 2c 2x50 


A 


Analysis of bars of varying 
sections, 14 

—of composite sections, 30 
Analysis of a compound weld, 916 
Area moment method, 550 
Assumption made in the theory of 
simple bending 296 


Bar of uniform strength, 51 
—composite sections, 30 
— varying sections, 14 
Beams, continuous, 658 
— fixed, 619 
— deflection of beams, 515 
— propped, 609 
—columns, 867 
Bending, 291 
— plane, 296 
—moment, 237 
— moment and shear force, 237 
— stresses in beams, 295 
—of curved bars, 969 
Bulk modulus, 70 
Buckling load, 818 
Butt joint, 881 
—weld 912 


Cc 


Cantilever, 237 

— propped, 602 

—truss, 476 
Centre of gravity, 171 
Circumferential stress, 748 
Centroid, 171 
Chain riveting, 882 
Chimneys, 462 

— wind pressure, 462 
Clapeyron’s equation, 659 
Columns and struts, 817 

—long, 817 

—beams, 868 

—with eccentric load, 858 

— with initial curvature, 862 
Combined direct and bending, 381 


Composite shaft, 713 
Composite sections, 30 
Combined bending and torsion, 717 
Complementary shear stresses, 73 
Compressive stress, 3 
— strain, 3 
Conjugate beam method, 583 
Continuous beams, 658 
Coupling, 702 
Crippling load, 818 
Critical load, 818 
Curved bars, 969 
— Rectangular, 977 
— Triangular, 978 
— Circular, 981 
—Trapezoidal, 980 
Cylinders, thin, 747 
— thick, 786 


D 


Dams, 413 

Deflection of beams, 515 
—in unsymmetrical bending, 1055 
—of cantilever, 559 

Thin cylindrical shell, 784 

Riveted joint, 892 

Diamond riveting, 882 


Direct and bending stress com- 
bined, 381 


Disc of uniform strength, 948 


E 


Earth pressure, 449 
Eccentric loading, 397 
Elasticity, 5 
Elastic constants, 59 
Elastic limit, 5 
Elastic modulii, 6 
Efficiency of a joint, 753, 890 
Energy of distortion, 1033 
Effective length, 827 
Euler’s theory, 818 

— limitations of, 829 


F 


Factor of safety, 6, 857 
Failure of a column, 817 
Failure of riveted joints, 886 


Fixed beams, 619 
Formula —Johnson’s, 856 
—LS.Code, 857 
— straight line, 856 
Frames, 469 
Flanged coupling, 702 


G 


Graphical method, 501 
— principal stresses, 85 

Guest’s theory, 1022 

Gyration, radius, 196 


H 


Haigh’s theory, 1026 
Helical spring, 728 
Hooke’s Law, 6 
Hoop stress, 748 


Impact loading, 143 
—load, 152 

Inclined loads, 281 

I-section, 359 


J 


Johnson’s formula, 856 
Joints, 881 

—riveted, 881 

— welded, 911 


K 


Kernel, 408 
— of hollow circular section, 408 
— of hollow rectangular section, 408 


L 


Lap joint, 881 
—weld, 911 
Lateral strain, 59 
Leaf springs, 728 
Long columns, 817 
Longitudinal, strain, 59 
—stress, 742 


Macaulay’s method, 535 
Maximum principal stress theory, 
1017 
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—strain theory, 1018 
—shear stress theory, 1022 
— strain energy theory, 1026 
— shear strain energy theory, 1030 

Middle third rule, 402 

Middle quarter rule, 404 

Mises-Henky theory, 1030 

Method of joints, 471 

— sections, 492 

Modulus, bulk, 70 

—of elasticity, 6 

—of rigidity, 6 

Mohr’s circle, 128 

Mohr’s strain circle, 137 

Mohr’s theorem, 552 

Moment area method, 550 

Moment of inertia, 195 
—resistances, 298 


N 


Neutral axis, 297 
— layer, 296 


O 


Oblique, 85 
Overhanging beams, 237 


P 


Pitch of rivets, 902 
Poisson’s ratio, 60 
Polar moment of inertia, 694 
Polar Modulus, 695 
Power transmitted by shafts, 684 
Principal planes, 85 
— Strain, 85 
— Stress, 85 
Principle of complementary 
stresses, 73 
Proof resilience, 143 
Propped cantilevers and beams, 583 


R 


Rankine’s formula, 844 
Rankine theory, 449 


Relationship between modulus of 
elasticity, 78 


—S.F. and B.M. 286 
Resilience, 143 

— proof, 143 
Resistance of moment, 299 


Riveted joints, 881 
— failure, 886 
—strength, 889 
— efficiency, 890 
— design, 902 
Rotational stress, 780 
—in a thin cylinder, 780 
—ina thin disc, 931 


S 


Safety factor, 6 
Simple bending, 295 
Section modulus, 303 
Shafts, torsion of, 679 
Shafts, composite, 713 
Shear centre, 1073 
Shear force, 241 
— for cantilevers, 241 
—for a simply supported beam, 
254 
Shear in strain energy, 1033 
Shear modulus, 6 
Spherical shells, 771 
Springs, 728 
—leaf, 728 
—helical, 728 
Straight line formula, 856 
Strain, 2 
—types of, 2 
—compressive, 2, 3 
— shear, 2 
—tensile, 2 
Strain energy, 143 
Stress, 1, 2 
—inacurved bar, 969 
—in unsymmetrical bending, 1053 
—compressive, 3 
— shear, 4 
— principal, 85 
—tensile, 2 
—thermal, 42 
—types of, 2 
Strength of a shaft, 695 
—riveted joint, 889, 892 
Struts, 867 
—with lateral load, 867 


T 


Thermal stresses, 42 


Tensile, 2 
—strain, 2 
—stress, 2 
Thick cylinder, 789 
Thick spherical shells, 808 
Thin cylinder, 747 
—spherical shells, 777 
Theorem of 
— parallel axis, 197 
— perpendicular axis, 196 
Theories of failure, 1036 
Theory of 
— maximum principal stress, 1017 
— maximum principal strain, 1018 
—maximum shear stress, 1022 
—maximum strain energy, 1026 
—maximum shear strain energy, 
1036 
Torsion of shafts, 679 
Torsional rigidity, 695 
Types of riveted joints, 881 
—welded joints, 911 


—beams, 237 
—load, 237 
U 
Uniform strength, 51 
V 


Value of h? for curved 
—rectangular bar, 977 
—triangular bar, 978 
—circular bar, 981 
— trapezoidal bar, 980 

Volumetric strain, 62 

V-butt joint, 912 


W 


Walls retaining, 447 
Welded joints, 911 
—butt weld joint, 912 
—fillet weld joint, 912 
—compound weld joint, 916 
Winkler-Bach Formula, 964 
Wind pressure on chimneys, 462 


Y 
Young’s modulus, 6, 59 


Zz 
Zig-Zag riveted joint, 882 
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